
Putnam Training Exercise
Counting, Probability, Pigeonhole Principle

November 24th, 2015

1. Find the number of integer non-negative solutions to the following Diophantine equa-
tion:

x1 + x2 + x3 + x4 + x5 = 17 .

2. Prove that the number of subsets of {1, 2, . . . , n} with odd cardinality is equal to the
number of subsets of even cardinality.

3. Let a1, a2, . . . , an an ordered sequence of n distinct objects. A derangement of this
sequence is a permutation that leaves no object in its original place. For example, if the
original sequence is {1, 2, 3, 4}, then {2, 4, 3, 1} is not a derangement, but {2, 1, 4, 3}
is. Let pn be the probability that a random permutation of n elements (with all
permutations having the same probability) turns out to be a derangement. Find
limn→∞ pn.

4. Peter tosses 25 fair coins and John tosses 20 fair coins. What is the probability that
they get the same number of heads?

5. From where he stands, one step toward the cliff would send a drunken man over the
edge of a cliff. He takes random steps, either toward or away from the cliff. At any
step his probability of taking a step away is p, of a step toward the cliff 1 − p. Find
his chance of escaping the cliff as a function of p.

6. We pick n points at random on a circle. What is the probability that the center of
the circle will be in the convex polygon with vertices at those points?

7. Prove that any (n+ 1)-element subset of {1, 2, . . . , 2n} contains two integers that are
relatively prime.

8. Prove that if we select n + 1 numbers from the set S = {1, 2, 3, . . . , 2n}, among the
numbers selected there are two such that one is a multiple of the other one.



9. Prove that among five different integers there are always three with sum divisible by 3.

10. Prove that every convex polyhedron has at least two faces with the same number of
edges.

11. In the Z×Z integer lattice made of all points (x, y) with integer coordinates (x, y ∈ Z),
we paint all points using 2 different colors, say read and blue. Prove that the lattice
contains a rectangle with its four vertices painted with the same color.

12. (IMO 1972.) Prove that from ten distinct two-digit numbers, one can always choose
two disjoint nonempty subsets, so that their elements have the same sum.

13. Let A be the set of all 8-digit numbers in base 3 (so they are written with the digits
0,1,2 only), including those with leading zeroes such as 00120010. Prove that given 4
elements from A, two of them must coincide in at least 2 places.


