
Recall : different versions of Hamiltonian

action
.

G G

?⃝ Hamiltonian : # B- of
w

dw=0

veg : ww=Id✓← wear fn -
oj

⇒ west /×)G

② Poisson spaces ( tu) :

G Poisson lie group
G
g RG - dressing
✗ 1- action

w

veg : -4W = 2p*<ridxx" >
⇒ ↳w=dirw=2p*d<r,dx.x

"

> =



⇐ 2piE<v",d✗x→^<rYdax
"

>

where fr=Er"hrl2)



"

Formal Poisson -
its he bids-1 he

group
"

AIGCGA!Sp?Bit

'Siiem%a[B§ [B issue : how

respect⊕ ?
*19pm

,
AI ( Alg ,p

,

)
BIA.it/=BarCYAiA) DETOUR

ALI : A

Bitty→ AlGA1g)_
Defiant / ↑ Quant iii. Cobar / [Bar

Sense

Bit 's
,;e

? 11g ( Alg)

/ ↑ EYE,=EÑ Dunn - Lurie
↓

⇒

C- (AIA) Alg
,p
,

A "9Ez
Gerst
_ alg ⇒C' [A.A) E-zalg



Recall : A assoc als ; C. (A.A) = How /AFA)
@v4) /ai , - - iawm-elaii-i.am/tl9ax;y--i9md

✗{ +, , - ice} Cai , - ran)= -2+-91-91-1 - if.tt
where
_

is Cai , - - -
• 9N)

[e. 43=4943-+454 } Gerst
.
bracket

Mla ,

.az/--l-i)lHq9z8---m,-JBlA.A)=BarCYA.A)--TensCYA
, -111-1]

co product cofree ;
left -14m)•(4,1 . _ . /%) :

1) shuffle them : -21=1-141-19.1-1
2) For any fragment

1%14×+11 - - - 14k¥ :

replace it with 9- {4mi
,
-- ihre} .COR NOT) .



e.g. (e) • 141=(9141+-1414)+-1494})
Fact (Gerst . -Voronov

,
Gettler

- Jones '9y) .
This is a bialgebra , in fact a Hopfalg .

Why 1311-11-1 ?

BIA ,
,
1-a) dog cocategory

objects : f : A.→ Az
BIA , .AZ/--BarCilAi.Az)TgFesory

1-

objects : f : A ,-Az
morphisms @ (Ai

,
Az) / fig) :

C. (Ai
,# g)
-

A
,
- biunodule vis fig



Fast : BIA ,
,
1-2)④ Blitz

,

1-3) F-BIA :-B)
dog functors ; associative_

(in addition :

Barla) ⊕ BIA, .dz/→ Bar (Aa))
§ : Algebras form a category in
cocategories .
Should Cobar make it into a

category in categories
,
i. e. a

2- category ?
issue : how does 6bar ( and Bar)
behave under ④ ?

Foratgebras :

Bar (A.) ④ Bar (Aa ) → Barla, Az)
shuffleBÉcosh

. 1-
strictly associative . GBCB ,/④ 6b$



Waytousethis:

CIA , ,
-

→ A.+ .)=GbarÉBAk
Two types of Morpheus :

I : @ (Ai
,
-1 Anti) induced

byt
O@ClAi.Ai

,
,

- - -

. Air
,

Anti) product

I CIA
,
,
- - - . Anti)
L

CCA ,
,
- . .

.
1-e) ④ Cltu

,

- - iAux)
2 ≤ k ≤ n

induced by @ shuffle.

I
,
I agree

with themselves

and with each others II is weak
ego .



This is Leinster 's definition of a
2- category . It is Segal - like
but not quite .

e"

@ CA , , tats) CIA:B)
↓

CCA ,
,
-12)⊕C(Az

,
-13)

Toi/ poj
CIA

,
,
Az) Clt≥

,As)
If those where allowed :

would get a Segal simplicial
@ CCAi.AZstructure

@ (A ,,taAz)#CIA
,
As)

↳ @ (Az
. As)PerÑÉÉ do



END DETOUR

How do we define Poly# a) for①
=

a derived stack ?

② that could it be for [✗IG ] ?
(and how do we naturally arrive

at lie bialgebras / Poisson
- he

group /spaces ?

① Bigissue:_ focus on Jf much

more straightforward _ Reach : forms
pull back ; standard dfus work

.

( i. e. : forms Rita are functional in -14.
I = him AT
¥1k

1-→*

where
1-= Spec (A) . . .



But : Polycn ,A) = Sym,+(Der (A.A)En])
= Sigma ( Hom Of ,

A)En])
is NIT functional in A.

Answer CCPTTV) : format geometry
a- la Gelfand - Fuks . (Had been used in

def. quant . for decades ; turns out

works in this vast generality )
.

(LATER)
.

②
.
Let us try to find our way

towards PolyChok ) where

* = [✗ IG]
.

0 1

Recall : Two]
= /
of④ ◦✗→ Tx)

(we are not sure what this is; its dual



T¥•] was C;gCG ; T×*→g%) )
- I 0

Anyway , start with
0

[Symly) ④ ATE ]G
11

Sym -1×1-1
%

0( ×? a) = nx? "ectx ^ ✗

Try to impose { ,} of degree -1 :

{Xx ,Yp}=XY{xp}
Fast : yes , 2 is a derivation of
{
,
} Coed of the product) .



Pref {OH . . . Xm 4. Y - Yn p}
= E ± . - -

É
-

i

ved-
✗in {xp}

- - -É
- d. vectxilp )

= I ± - - Ii - - .

- rect
✗in {xp}

1*1 + I ± _Yj- [✗i. Yj] .

t.PE?-E+-(--xi-t).Xi(Y;--.YmnPh0Elq...Ymp)H..ÉiÉ { ×, _ ✗a. HY
.
. - - Ynpl} =

= I ± _ %.
__ vectig. ^ {xp}

¥d±FÉ. . ✗
→
a) . 1-%- p)



WEI : { . } well - defined on

[Symlg)⊕NT×]G

There is a natural way
to extend it

to C. Cog , Symlg )@ NT×),0cE :

11

Symlg 'T-D) ④ §mlg1⊕g;I
= ✓

{
, } { }sch

shiftedversion-i.ci/g,Symlg-L-n1)xSywqTx-H-n1)
"

symcoj-E-i-H-lsyuy-l-njxosg.gg?!i!fIt
of degree - 1- - n



For n=1 and ✗ = pt :

City , symg-L-i-D-symfg-l-J-y.tt)
@
CE ~

of {
,
} of degree -2

working candidate/approximation for

Poly ( BG 1) .
Clay : A MC element of this
dgla sitting in C- (g. 112g )

↑

turning g. E. ] into a lie bialgebra .

( 8 C- C' Cg , Ng) ; 04=8--0 ;
[ 8,83=0- coJacobi)

Roughly: Lie cobracket compatible with
given E.I ↳ 1-shifted PoissonBÉ



Obvious next sl :

Do this with

C. (Gsyugfntxsymq
,

-1×-4-1)
I

£}%hSchouten - like
bracket

Big : a Poisson - lie structure on G

is a coyote in 2-1-16 , Ng) subject to

a condition
.

¥⇔Ei
☐ Kab})={a ,b}G±£a)=
(a⑦ b) Iggy .#

'Sis)
{a"',b

"'} . a'"b'49,92)=
=@⑧b)Gita's .) Sa) --6*418,9,- Adgiitlsi



On try
① Classic (Gelfand - Fuks - Kathleen /

-Grothendieck

M smooth ; or complex analytic .

The jet bundle on M :

43 9opHp)=✗a

Ñ,F;¥- Bundle of
algebras :

fiber 0=6%3
Hi

,
- - - i ✗u)

%+Ñ&=9&pl✗p-✗p)
Inothrwor Gap :EExID≈EEñpD

In- ggscxptnp)- ✗&
= 953 /xp ) - + . _ .



Get a bundle of algebras ; filtration by
powers of nsc ① ;

gr
" @ = Sym

"

-1¥
M

Than = dpr - %;d✗a on Us ;

well - defined flat connection .

% -4^8--710^1=8- valued
forms ;

guis of dga
Creason : locally , Gai =c•txLTHD{DX}1-

-

→

f-↳ f- 1%+2,) ¥d✗ -
"

leading
term" in

A "

Om 2- 1- f'" 1%7×5
Ran

n !

well - defined -

No hobnomy : exp Gy-×)¥) :x^i→x^+y-✗
not well-defined on CIERI ;

only defined if y-✗ is itself a forint var .



Leaming: Ñµ lifts to a sheaf of modules

doon

M#MIME - - -

di

Ñµ on µ ; do*Ñµ←dIÑµ on MIM ;

d.%;§- did:&

on Mx^M✗^M .

8 0

New : natural geometric structures like

multivectors or forms produce modules
over § .

For polyvectors, fiber : ① { Egri;}
With this in mind : algebraic case

.

1) Recall the standard Éech- Derham

2) Bhatt : apply 1) in a derived setting .

3) Apply to ✗ ⇐ ✗§✗E . . .

Important
part :
interprett
completion

--- XDR
{ in
terms of ✗dR
as a Derham cplx



Remiges
" classical

" Cech- Derham Gaal : express
I- adic compl .

/ ±
☒ polynomial over A- terms of

derived DeRham .

↳ = Karl →B) wi⇔
A-→ B

P→→PP→=P+P+p . . . 9- Koa . a)
='

=%④_ _

⊕ /②g.⑧
⑦Ga

Éech complex . A- → (P} . _ .
) is a

suis

( homotopy: if s :P-A lactually any
section of A -P) , then

Ela) 9, ⑦. _⑦an C-I Go
① - - •

①9h

New : Jig?- keolp# B)

P(n+i)=^p⊕A " (JB
'"'
-
adic)

No longer acyclic b/c E does not extend to

completions .
Fact : upto homotopy , does not depend on

choice of P→ A.
Pf I PjyIQ

2) V-P¥sP A. 4. extend
It to completions ;
A are howotopic .



Homotopy: 411941
-

2/01%110. -10419/-419-+110419*118. . 4191<-1
boo - - - •a

land similarly higher houiotopies
h Hi

,
-"

The Zech- De Rham complex : @
"

pin, completed
i①

→

↑d ↑
are→Sip,,=ñµ

"""""

All

↑dN°'pµ=ÉpaF
ñ¥É=¥paF

"

#↑↑_
② All vertical complexes are
same up to hour . eq .

If Jpi" differs from Jps by adding

formal free variables ×!"-✗ i'¥. . . ,✗
'FIX?

where Xilitz - free generators of PIA .



The horizontal complex ItP(*) /* acquires

a tensor factor
ZAdx.to)
→

EA taxi'd

⑦
→ EA da!

't - - .
ZA - d✗?

'I
-2A . dxi"
→Adxi"

which is NO .

So Ñ'p⇔,,+ , and by Kiiuneth
Ñ
PCH /A

are contractible to zero .

②: Ñ•pµµ
.

differs from ÑPINA

by tensor rug by
the Derham complex

of Atx!
"
- x;
"! . _ . ,✗i"

-"
-×
,
!"] over A

Completed) .
Bs

wege-t.si ≈ . . .

≈.
Pl*)

VA hour . eq . D= do-di - - -
↳R



Next : replace P t*

/ d- polynomial § / £2
A- B A-→ B

dg her simplicial )
resolution .

IDI : JB __ Ker (P- B )

JB
,
*
= Ker (P*→B)

Jp
,
*
=Ker (P*→P◦ )

1) The above works without change if

you complete % JB,*
- adic-11g ; get

the same answer .
(extended iudep. of#

2) . Can replace JB
,
* by JP

,
*

.

3)
.

When complete wrt Jp
,
*

: nothing
m+ '

does not intersectchanges ( b/c Jp,*
⑦
≤m) . Will get : completed wrt

f Hodge filtration

ftp.dpr/~-Rp*s7-+dDR



Out version : FT
'

85 . Bhatt
' 12 : simplicial cage .

EYEY.EE?:iY:::-ian .

"

B

AI¥É% D. (*1,5 deals (now double)
complex

iRH→p,→=(Chaired)⇔
tech/A p.li#pgw=- ↳ need ↳

complete Jj
adicallg )

and i it
ftp.#Fi?1A-CderinedDR)dRiBk-{

sEp◦¥ÑPdA→
than Both compute the I - adic

completion of A (Bhatt '

12)
.



More generally , for M Noetherian A-module
,

M④ʰ Éech (A-At) ≈ Ñ (I-adic) .
A

(same for DR
'

_
)

Direct proof for Each ; then do deck-derham
comparison .

2

we now have our new interpretation of
I- adic completion .

Now back to formal

geometry .

2

Recall : For ✗ a smooth scheme
,

☆ ✗
ar
≈ ✗ E- ✗§ ✗ E- - - .

In general , we will define for a derived

stack :

Xdr (A) = ✗ Cared) Are! # Yoga- a)
ted

for a usual nng ,
•

Bred-_ B){ nilp}



Proof of ☆ : say , for 11=14
"

:

lied)
"

A÷AiA{I . . .

Hae

CAH
"

✗dR and completion : for f : ✗
→ Y

tf → ✗
dk↓

Y - &dR
Example S←RJ

?- Arial ? - {s → Are}
1- ↓4%-1
-Trial {RIA}→{R→A"}

i. e. R- Au
S.t. J°→kerlA→Aʳd)

in Noetherian case : ( continuous)

morphisms
→ A.

(J- adic)



p : ✗
→ ×dR

General definitions via formal geometry will

be given in terms of the QQ,
- algebra

P*0✗ ; and they ,
in turn ,

will be expressed

in terms of dR•(1-→ B) studied above
.

But#t: p.ch, and % : what to expect
?

¥E :

✗
an

- modules = G-modules / ✗ E- ✗ § ✗ ¥ .
.

" Cover 0h)

① - modules on ✗ w/flat
corn

.

11

dg modules/ ⑤× ,dpr)
"

Spears
"

#
"

speech
"

Ri→ Ox
E- 0 (awkward: Ri ¢ edga

≤ ° )
.

p*0✗ : Ox on which Facts by 0 .

semi free resolution :



61×1 , -- in] /¥ , - - f. { 4×1 , _. - . din} ; D= DDR
_

-2¥;d✗i
very close to Ox -

€ : general (enough) derived stack

× :

Ax → Bx

cdga ; Ax in terms of Opar;
By in terms of P*0×
Polycxin) = Sym,z×(Der (13×11-1-1)Ax

a- shifted Poisson structures on ✗
d-

MC elements of Poly IX. n ) .



¥ .X affine smooth scheme

d×= six B×=Rjl% )
- valued forms

↑

bundle of jets

Poly / × , a) = shjlpolylnll
11

forms on ✗ with coeffs

in jets of polyvectors.

What to expect when ✗ = BG ?

OBG = ① (GTF
""

cosinplieial
Comm alg

↑ (resolution of) .

QBG)
,,

= Di (G) - •simplicial
cdga



Could take for Qsoi

%.ci.)

%-%. %)
take big and use strict edge

model for that [
i.e Dedham -

Sullivan forms) . This is our

ABG→ BBG '

Again , roughly :
we know 52%3%1 C;g(Gy*Ez])

R•BG≈C:ig(G,symoj-EDOBG~C.mg(G)



Resolution of ftp.g over ÑBG :

B×≈C;g(G. symojl-I-symj.FI)
new term

in 2

the

Poly#Bx) : poly#
tors

go.GE#osgfj-..s.:g?ji..g----i--
new term in 2

"

C. (G, sym g ENDalg

By transfer of structure :
↳ structure of degree - I-n
ITS MC ELEMENTS = shifted Poiss . stores



3) Perhaps EK. -Takeda-V. ? ) construct a

pre- CY structure for a right CY
structure .


