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Abstract

For any set A of natural numbers with positive upper Banach density and any k£ > 1, we show
the existence of an infinite set B C N and a shift ¢ > 0 such that A — ¢ contains all sums of
m distinct elements from B for all m € {1,...,k}. This can be viewed as a density analog of
Hindman’s finite sums theorem. Our proof reveals the natural relationships among infinite
sumsets, the dynamics underpinning arithmetic progressions, and homogeneous spaces of
nilpotent Lie groups.
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1. Introduction

1.1. Infinite sumsets

In 1927, van der Waerden [32] proved a classic result in Ramsey theory: no matter how
one partitions the natural numbers N = {1,2,3,...} into finitely many pieces, some piece
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contains arbitrarily long arithmetic progressions. Settling a long standing conjecture of Erdés
and Turdn, Szemerédi [30] proved in 1975 a density version of van der Waerden’s theorem.
Namely, he showed that any set A C N whose upper Banach density, meaning

) ::]&i_r){l)osup{|Aﬂ{M+1}\.[..,M+N}| :MeN},

is positive contains arbitrarily long arithmetic progressions.

Around the same time, in a major breakthrough, Hindman [13] settled a conjecture of
Graham and Rothschild showing that no matter how one partitions the natural numbers
into finitely many pieces, some piece always contains an IP-set (also called a finite sums set)

{b(i1) + - +b(im) :m ENiy < -+ < ip € N} (1.1)

for some strictly increasing sequence b: N — N. Erdés [5] then tried to find the underlying
behavior connecting these two results, writing “I have tried to formulate a conjecture which
would be in the same relation to Hindman’s theorem as Szemerédi’s theorem is to van der
Waerden’s.” We believe that our main theorem comes as close as is possible to giving a
density version.

Theorem 1.1. If A C N has positive upper Banach density then for every k € N there is a
strictly increasing sequence b: N — N and an integer t > 0 such that

{b(i) + -+ (i) : 1 <m <k, 4 <+ <ip €N} (1.2)
is a subset of A —t.

The shift is in general necessary: for example, the odd numbers do not contain a con-
figuration of the form (1.2) when k& > 2. Furthermore, an example of Straus (published by
others, see for example [14]) exhibits a set with density arbitrarily close to 1 that contains
no shift of an TP-set, explaining the need to curtail m.

The k = 2 case of Theorem 1.1 was proved in our previous work [24]. The methods
used there do not generalize to the setting of Theorem 1.1, which was conjectured in [24,
Conjecture 1.5] and [25, Conjecture 2.4]. Apart from the initial translation of Theorem 1.1
into a dynamical statement (Theorem 1.2), our proof of Theorem 1.1 is new even in the case
k = 2 and gives, in particular, a simpler proof of the main result in [24].

Theorem 1.1 follows a long history of results on infinite sumset configurations in large
subsets of the integers, initiated by various conjectures of Erdés from the late 1970s and early
1980s (see [8, p. 85], [5, p. 305], [6, pp. 57-58], and [7, p. 105]). Hindman [14, 15] gave various
examples and provided reformulations and refinements of some of these conjectures. Early
results include the existence [29] of sumsets B + C with B C N infinite and C C N finite but
arbitrarily large, and the existence [1] of restricted sumset configurations {b+c:b € B, c €
C, b < c} where B and C are infinite. In [4], it was proved that any set of density strictly
greater than 1/2 contains B + C with both B and C infinite. In [28], the weakest of Erdés’s
conjectures was resolved. A more streamlined proof [17] simplified many of the technical
arguments in [28]. The generalization to k-fold sumsets By + - - - + By with By,..., By C N
infinite was proved by the authors in [23]. Recent related results include work on analogs of
Erd8s’s conjectures in more general groups [3], work on unrestricted sumsets [22, 21], and
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work on sumsets in the primes [31]. We refer to our survey [25] for further references and
variations.

Our proof of Theorem 1.1 relies on ergodic theory: the first step is to reduce the combi-
natorial problem to a dynamical statement, following Furstenberg’s framework for recasting
combinatorial questions in terms of properties of orbits in a measure preserving system.
Our main dynamical theorem, from which we derive Theorem 1.1 in Section 2, states the
following.

Theorem 1.2. Let T be a homeomorphism of a compact metric space X and let i be a
T-invariant Borel probability measure on X. For every point a € X with

p{Tma:n eN}) =1,
for every k € N, and for every open set E C X with u(E) > 0, there exist an integer t > 0,

points 1, ...,z € X, and a strictly increasing sequence c: N — N such that
lim T°™q = z;, lim 7™z =25, ..., lim Tz = 24, (1.3)
n—oo n—00 n—00

all hold, and x; € T*E foralli =1,...,k.

The proof that Theorem 1.2 implies Theorem 1.1 is contained in Section 2 and uses by
now well-understood techniques. The proof of Theorem 1.2 then occupies the rest of the

paper.

1.2. Outline of the proof of Theorem 1.2

We describe the strategy used to prove Theorem 1.2, referring as needed to terminology and
notation introduced later in the paper.

We start by introducing a new class of measures on X**! defined by a recurrence property
which we call progressive (Definition 3.1). We show that if a measure on X**! is progressive,
then any open set U C X**! with positive measure contains a point (a,z, ..., Ts) satisfy-
ing (1.3) — we call such points Erdds progressions (Definition 2.1). Thus every progressive
measure is supported on the closure of the set of ErdGs progressions.

Our goal, then, is to associate to each system (X, u,T) a measure o on X**! that
is progressive. In the extreme case when the system is a rotation on a compact abelian
group, there is a concise algebraic description of the set of Erdds progressions, which allows
for a simple and explicit construction of a progressive measure (see Example 4.1). More
generally, if X is a nilmanifold and (X, u,T) is a nilsystem (see Definition 4.3), one can
also give an explicit description of a progressive measure as the Haar measure on a suitable
sub-nilmanifold. In the opposite case of weakly mixing systems, we can easily show that
the product measure is progressive due to the randomness inherent in such a system (see
Example 4.2).

Motivated by the insights of these two contrasting examples, we construct in Section 4
for any system (X,T’) a measure o on X**! (see Definition 4.5) consisting of a structured
component arising from the maximal pronilfactor of (X,7T) and a random component that
is relatively independent over the maximal pronilfactor. The proof of our main result then



reduces to two tasks:

(i) Showing that for some t € N, we have o({a} X T7*E x --- x T™*E) > 0;

(ii) Proving that o is a progressive measure.
Since (i) and (ii) together imply that {a} x T*E X --- x T~*E contains an Erd&s progression,
namely, a point (a, 1, ..., zs) satisfying (1.3), the conclusion of Theorem 1.2 follows.

The proof of (i) is carried out in Section 5 and uses Furstenberg’s multiple recurrence the-
orem, that the maximal pronilfactor is the characteristic factor for multiple ergodic averages,
that products of pronilsystems are pronilsystems, and that orbit closures in pronilsystems
are uniquely ergodic. Our proof of (ii), which occupies Section 6, includes a novel extension
(Theorem 6.3) of Furstenberg’s multiple recurrence theorem, several advanced properties of
uniformity norms (established in Section 6.3), and again basic facts about pronilsystems such
as being closed under products and that every orbit closure in a pronilsystem is uniquely
ergodic.
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references, and we thank the International Centre for Mathematical Science and Northwest-
ern University for hosting and funding activities at which the authors collaborated. Finally
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2. Translation to measure preserving systems

In this section, we show that Theorem 1.1 follows from Theorem 1.2.

By a topological system we mean a pair (X,T) where X is a compact metric space and
T: X — X is a homeomorphism. Given a compact metric space Y, let M(Y') denote the
set of all Borel probability measures on Y. By a measure preserving system we mean a tuple
(X, p, T) where (X,T) is a topological system and p € M(X) is invariant under 7. All
spaces are implicitly endowed with their Borel o-algebras and so we do not include the o-
algebras in our notation. A measure preserving system is said to be ergodic if any T-invariant
Borel subset of X has either measure 0 or measure 1.

Building on Furstenberg’s dynamical approach to combinatorial problems [12], in our
earlier work [24] we established a connection between sumsets in N of the form (1.2) for
k = 2 and “Erdds progressions” in topological systems. We extend that definition to handle
sumsets of the form (1.2).

Definition 2.1 (cf. [24, Definition 2.1]). Given a topological system (X,T) and k € N, a
point

k+1
(w0, %1, .., Tp—1,%x) € X



is a (k + 1)-term Erdds progression if there exists a strictly increasing sequence ¢ : N — N
such that

TMgq — x4, TM gy — o, e T Mg 1 — x4 (2.1)
as n — 0o.

The next lemma demonstrates the connection between (k + 1)-term Erdés progressions
and sumsets.

Lemma 2.2. Fix k € N, a topological system (X,T), and open sets Uy,..., U, C X. If
there exists an Erdés progression (zo, . ..,xx) € X*™ with z; € U; for j = 1,...,k, then
there exists a strictly increasing sequence b: N — N such that

{b(1) + - +b(im) 161 < -+ <im €N} C {n € N: Tz € Uy}

form=1,...,k.

Proof. The special case k = 2 was established in [24, Theorem 2.2], and the proof of the
general case is essentially the same, with only slightly more complicated notation.

Let ¢: N — N be a strictly increasing sequence such that (2.1) holds as n — oo. Set
Uj,o = Uj for all 1 S] S k.

Each U, is a neighborhood of z;, and so there exists n; € N such that b(1) := c(n,)

satisfies T?Wz;_y € Ujp for j = 1,...,k. Set Ujy := Ujo N T MU0 for each j =
1,...,k—1 and set Uy := Uy.
Note that U, is an open set that contains z; for j = 1,...,k and so there exists ny > n4

such that b(2) := c(ng) satisfies T*Pz; ; € U;; for j = 1,...,k. We then set U, :=
Ui N T‘b@)UjH,l for each j =1,...,k — 1 and set Uy 2 := U.

We continue inductively, noting that for each ¢ € N and j = 1,...,k the open set Uj;
contains x;, so that we can find some n; > n;_; such that b(s) := c(n;) satisfies T®Wz;_; €
Uj,i—l for i=1,..., k. We then let Uj,i = Uj,i—l N T_b(i)Uj+1,i_1 for each ji=1,..., k—1
and set Uy ; := Uy.

Let m < k and fix 41 < -+ < 4, in N. We need to verify that 70+ +blim) . c U7, We
have

TYm)gy € Uy, 1 C Uy, s

because ¢y, —1 > 4,—1. Noting that, from the construction, Uy,, , C T_b("'"—l)Uz,im_l_l,
and since %,,_1 — 1 > %,,_o, We have

Tb(im_l)—'_b(im).’lig € Tb(im_l)Ul’im_l C U2,im_1—1 C U2,im—2'
Proceeding in this manner, we deduce that

Tb(im—h)+"‘+b(im—1)+b(im)$0 € Upt1, h—1

for h=0,...,m—1. As Uy o = Uy, the desired result is the case h =m — 1. O]

To connect Lemma 2.2 to Theorem 1.1, we use a version of Furstenberg’s correspondence
principle.



Theorem 2.3 (Correspondence principle, cf. [11, 12]). Given a set A C N with positive
upper Banach density, there exists a measure preserving system (X, u,T'), a point a € X
with p({T™a : n € N}) = 1, and an open set E C X such that A= {n € N: T"a € E} and
u(E) > 0.

Throughout we work with invertible measure preserving transformations, but for our com-
binatorial conclusions, we need the measure to be supported on the forward orbit closure
of a. This explains the slight differences in the formulation of the correspondence princi-
ple from those used to prove density regularity of finite configurations, such as arithmetic
progressions.

Using Theorem 2.3 and Lemma 2.2, we can quickly derive Theorem 1.1 from Theorem 1.2.

Proof that Theorem 1.2 implies Theorem 1.1. Suppose A C N has positive upper Banach
density. Invoking Theorem 2.3, we find a system (X, u,T’), a point @ € X, and an open set
E C X with u(E) > 0 and such that A = {n € N: T"a € E} and py({T"a:n € N}) = 1.
Fix k¥ € N. Theorem 1.2 gives an integer ¢ > 0, points z1,...,7; € X with T%z; € E

for each i = 1,...,k, and a strictly increasing sequence c: N — N such that (1.3) holds,
which is equivalent to the assertion that (a,z1,...,z) forms an Erdés progression. Setting
U; = TE for all 1 < j < k, the desired conclusion then follows from Lemma, 2.2. O

We are left with establishing Theorem 1.2. We end this section with a standard argu-
ment reducing Theorem 1.2 to the statement in Theorem 2.4. We start by recalling some
definitions. A Fplner sequence in N is a sequence ® = (®y)nen of finite nonempty subsets
of N satisfying

Lo l@v ) ney]

1.

Note that, throughout, although we work with homeomorphisms we only use Fglner se-
quences in N. We restrict to such Fglner sequences because we must be able to conclude
that the sequence (b(n))nen that we construct is a sequence in N and not just in Z. This
necessitates our assumption in Theorems 1.2 and 2.3 that the forward orbit closure of the
point @ have full measure. Recall that whenever A C N has positive upper Banach density,
there is a Fglner sequence ® = (®y)nen such that the limit
. AN ®y|
lim ———
N—oo |(I) N|
exists and is positive.
Given a measure preserving system (X, p,T), a point a € X is generic for p along a
Fglner sequence ® = (®y)nen, written a € gen(u, D), if

1
= lm —— Y Opng,
AT PIL,

where §, is the Dirac measure at the point x € X and the limit is taken in the weak*
topology.



Theorem 2.4. Let (X, u,T) be an ergodic measure preserving system. For every k € N,
every Fglner sequence ®, every a € gen(u, ®), and every open set E C X with u(E) > 0,
there exists an integer t > 0 and an Erd8s progression of the form (a,x1,...,%) with
z;€T'E fori=1,...,k.

Proof that Theorem 2.4 implies Theorem 1.2. Suppose X,T,a,u, E are as in Theorem 1.2.
Using ergodic decomposition of the measure i, we can find a T-invariant ergodic measure /i
such that fi(E) > u(E) and i({T"a : n € N}) = 1. It follows from [12, Proposition 3.9] that
there exists a Fglner sequence @ in N such that a € gen(f, D).

By Theorem 2.4, for each k € N there exist an Erdds progression (a,z1,...,xs) and
an integer ¢ > 0 such that z; € T'E for ¢ = 1,...,k. Therefore, there exists a strictly
increasing sequence c: N — N such that (1.3) holds. O

The proof of Theorem 2.4 occupies the rest of the paper.

3. A variation on recurrence in X*t1

Starting with this section, we depart significantly from earlier approaches [28, 17, 23, 24] to
similar problems.

Fix a topological system (X,T). If (a,21,...,2) is an Erd6s progression and U; is
a neighborhood of z; for 1 < j < k, then there is n € N such that a € T7"U; and
z; € U;NTU;;q for 1 < j <k—1. In X*1 we can write this as

(a,wl,...,wk_l,wk) € (XX U1 X oo X Uk—l X Uk)ﬂz—;—n(Ul X U2 Xoeoe XUk XX)
where

TAzg"xTx...xT

J

WV
k+1 times

denotes the product transformation. This leads us to consider when the intersection
(XX U1 X+ X Uk—l X Uk)ﬂz—;—"(Ul X U2 X e-- XUk XX)
is nonempty, motivating our next definition.

Definition 3.1. Let (X, T) be a topological system and k € N. We say that a probability
measure 7 € M(X**1) is progressive if for all open sets Uy, ...,Uy C X with

T(X xUp x---xUg) >0
there exist infinitely many n € N such that
T(X xUr X -+ X Upmy X U) NI (U X Up X+« x Uy X X)) > 0. (3.1)

The notion of a measure being progressive depends on the value of £ but we omit this
from our terminology.

Though we view this as a form of recurrence, it differs from standard notions in several
ways. For example, the measure 7 is not assumed to be T, invariant, and (3.1) is not of the
form p(B N S™™B). While usually there is no distinction between requiring a single return
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to the set and infinitely many returns, in our setting of distinct sets U;, one can construct
choices of the sets showing that the two notions are different.

The next proposition shows that a progressive probability measure produces Erdés pro-
gressions.

Proposition 3.2. Fix k € N and let (X,T) be a topological system. Let a € X, let
Ui,...,Uy C X be open sets, and let T € M(X*!) be a progressive measure satisfying
7({a} x X*) = 1. If (X xUy x---xUy) > 0, then there is an Erdés progression (a, 1, . . . , Tk)
withz; € U forall1 < j < k.

Proof. Let V. = Uy x --- x Ug. Using the assumption that 7 is progressive, we can find
¢(1) € N such that

(X x V) NIV x X)) > 0.

Since V' is open, it follows that the intersection above contains some point (vp,v1,. .., Uk)
in the support of 7. From the assumption that the closed set {a} x X* has full measure,
it follows that v9 = a. Letting V; C X* be an open ball centered at (vy,...,vx) with a
sufficiently small radius, we have all the following properties.

o 7({a} x V1) >0

e diam(1}) < %diam(V)

e {a} xV; c ({a} x V)NTTD(V x X)
We proceed inductively, setting V; = V and constructing, for each n € N, an open set
V,, C X* and a recurrence time c(n) € N satisfying the following properties:

() Vo C Vg and diam(V,) < %diam(Vn_l);
(i) 7({a} x V4.) > 0;
(iii) {a} x V,, € Tx ™ (V,_y x X);
(iv) ¢(n+1) > ¢(n).
The case n = 1 is already established. The inductive step is the same: using (ii) and the
hypotheses on 7 we can find ¢(n + 1) > ¢(n) for which

({a} x Vo) N TV, x X)

has positive 7 measure. Since V}, is open, it follows that there exists a point in this intersection
that belongs to the support of 7. By intersecting a small ball around that point with {a}x X*,
we can find an open set V;,1; C X* satisfying properties (i)—(iii).

We now produce the desired Erdds progression. Using property (i), the intersection

({a} x Vi

is a singleton. Calling this point (a, 1, ..., zx), then property (iii) gives that
Tf(n)(a’a Ty, -- 7$k‘—1) € Vn—l
for all n € N. Tt thus follows that

lim TAc(")(a,ml, ey ZTp—1) = (21, T2y - .+, Tk),
n—0o0
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as desired. ]

We remark that the Erd6s progression found in the proof of Proposition 3.2 is in the
support of 7. Therefore it follows that the support of 7 contains a dense set of Erd6s pro-
gressions. In our earlier work [24] we constructed a measure which was not only progressive,
but had the property that almost every z € X3 is an Erdds progression. Due to the reliance
on Proposition 3.2 in the current work, we do not know if the measure we produce has this
stronger property. It would be interesting to know whether the conclusion of Proposition 3.2
can be strengthened to match earlier work.

Using Proposition 3.2, we can now derive Theorem 2.4 from the following result.

Theorem 3.3. Let (X, u,T) be an ergodic measure preserving system. For every k € N,
every Fglner sequence ®, every a € gen(u, ®), and every open set E C X with u(F) > 0,
there exists an integer t > 0 and a progressive measure o € M(X**1) such that

c(XXxTTPEx---xT"E)>0 (3.2)
and o({a} x X¥)=1.

Proof that Theorem 3.8 implies Theorem 2.4. We apply Proposition 3.2 with U; = T'FE
for all 1 < j < k and 7 = 0. The hypotheses of Theorem 3.3 allow us to conclude from
Proposition 3.2 that there is an Erdés progression (a,z1,...,zx) with z; € U; for all 1 <
j<k. ]

4. Constructing a progressive measure

4.1. Two motivating examples

To motivate our approach to constructing a progressive measure, we consider two special
cases that represent complementary behaviors: irrational rotations and weakly mixing sys-
tems.

Example 4.1. Let X = T = R/Z be the unit circle and let a € R be irrational. The map
T: X — X given by Tx = x + a mod 1 is ergodic with respect to the Haar measure on T.
In this case, (a,z1,...,2x) is an Erd6s progression if and only it is an arithmetic progression
in T, meaning that

(a,z1,...,2) = (a,a+ B,...,a+ kpB)

for some B € T. In particular, the set of all Erdés progressions starting at a is a subtorus of
T*+1. Writing o for the Haar measure on this subtorus, we can describe o dynamically via
the formula

N
) 1
a:l\;gr;oﬁz_:léaxéwax---xéﬂna

with the limit taken in the weak* topology. Open sets Uy, ..., Uy C T satisfy
o(TxUy x--+xUg) >0
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precisely when there exists § € T with a +i8 € U; for i = 1,...,k. In this case, choosing
an integer n such that na = 8, we have that a +:6 € U;NT"U;;; foralli =1,...,k— 1.
This in turn implies that

o((Tx U1 x- X U) NI (Ui X -+ x Uy x T) ) >0

showing that o is progressive.

In view of this example, a natural candidate for ¢ in the general setting is

1
o= lim — Oa X Opng X +++ X Orkng 4.1
N-ooo | Dy neZQN T Tk (4.1)

where ® is a Fglner sequence along which the limit exists. where one would pass to a
subsequence of (®y)yen if necessary to guarantee the existence of the limit. Unfortunately,
even in the complementary case of weakly mixing systems, we are unable to prove that the
measure defined by (4.1) is progressive. It would be interesting to know whether it always
is. This makes it necessary for us to take a different approach for weakly mixing systems,
illustrated by the following example.

Example 4.2. If (X, u, T) is weakly mixing, then we can take o to be the product measure
0 =20, X p X+ X u€ M(X*1). To verify that o is progressive, fix Ui,...,Uy C X with
w(U;) > 0 for each 7. Weak mixing implies each of the sets {n € N : u(U;NT~"U;;;) > 0} has
full density with respect to every Fglner sequence. Setting Uy = U4, := X for convenience,
we conclude that

(neN:o(Uyx - xU) NI Uy x -+ x Ugyy)) > 0}

k
D) ﬂ{n eEN: [,I,(U,L nT=—r" ,,;_|_1) > 0}

i=0
has full density with respect to every Fglner sequence. This shows that o is progressive and
hence satisfies the conclusion of Theorem 3.3. In fact, one can prove that for g x --- X p-
almost every (zy,...,zx) € X* the point (a,zy,...,zx) is an Erdds progression; when u is
weakly mixing with respect to 7', it follows that u X - - - X p is ergodic with respect to 7T, and
hence almost every point is both generic for and in the support of this measure.

To define o in general, we construct a measure that combines structured behavior, like
that of Example 4.1, with mixing behavior, like that of Example 4.2. To make this precise,
we use the notion of pronilfactors.

4.2. Pronilfactors

Let (X, u,T) and (Y,v,S) be measure preserving systems. We say that (Y,v,S) is a factor
of (X, u,T) if there exists an almost surely defined and measurable map 7: X — Y called
the factor map such that moT = Som holds p-almost everywhere and mu = v. Of particular
importance for us are the factors which are nilsystems.

Definition 4.3 (Nilsystems, pronilsystems). Let G be an s-step nilpotent Lie group and let
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' C G be a discrete and cocompact subgroup. The compact manifold X = G/T is an s-step
nilmanifold.

The group G acts on X by left translation, and there is a unique Borel probability measure
1 on X that is invariant under this action, the Haar measure on X. Letting T: X — X
denote left translation by a fixed element of G, the resulting measure preserving system
(X, u,T) is called an s-step nilsystem (as usual endowed with the Borel o-algebra).

An inverse limit of s-step nilsystems is called an s-step pronilsystem.

We note that we can view the inverse limit in the category of measure preserving systems
or in the category of topological dynamical systems, as both describe the same system.

A topological system (X, T') is uniquely ergodic if there is a unique T-invariant measure. A
pronilsystem is uniquely ergodic if and only if every point is generic for y along every Fglner
sequence. It is a classical result that for all s-step promilsystems (X, u,T) the properties
(i) minimal; (ii) transitive; (iil) ergodic; (iv) uniquely ergodic; are equivalent. (See [20,
Theorem 11, Chapter 11] for a summary and discussion.) Moreover, every orbit closure in a
pronilsystem supports a unique invariant measure (see [27, 26]).

For each s € N, every ergodic system (X, 4, T) has a maximal factor that is isomorphic
to an s-step pronilsystem (see [20, Chapter 16]); this system is called the s-step pronilfactor
of (X, u,T) and is denoted (Zs, ms,T'). By a standard abuse of notation we use T to denote
the transformation not only in the system but also in the pronilfactor.

4.3. Constructing the measure o

We are now ready to construct the probability measure o on X**! that we later show to be
progressive. This is carried out in two steps: first we define a progressive measure on Z,’jfll
where (Zg_1, mg—1,T) is the (k— 1)-step pronilfactor of the given system (X, u,T'), and then
we lift this to a measure on X*+1.

For the first step, when (X, u,T) is a pronilsystem, the measure o described in (4.1) is
progressive; this follows from Theorem 4.9 below but a direct proof is more involved than
the special case in Example 4.1 of a rotation.

For the second step, we need to overcome the obstacle that the definition of ¢ in (4.1)
depends on the single point a € gen(u, @), but the map 7s: X — Z; to the s-step pronilfactor
is, a priori, only a measurable map and only defined almost everywhere. To remedy this
issue, we restrict attention to systems where the map 7 is continuous.

Definition 4.4. We say that (X, u,T) has topological pronilfactors if for every s € N, there
is a continuous factor map ms: X — Z,, where (Z;, m,, T) denotes the s-step pronilfactor of
(X, 1, T).

Fortunately, it is possible to reduce Theorem 3.3 to the case when (X, u, T') has topological
pronilfactors. This maneuver has been used in related situations, such as [19], and was first
adapted to this setting by Host [17]. See [23, Section 5] for a more complete discussion. The
reduction of Theorem 3.3 to the case of topological pronilfactors is proven in the next section

If (Y,v,S) is a factor of (X, u,T) with factor map m: X — Y, then the conditional
ezpectation of a function of f € L2(u) onto Y, denoted E(f | Y), is the unique function in
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L*(v) such that

/1r_1(B)fdu=/BlE(f 1Y) dv

for all Borel measurable sets B C Y.
Using this, we can define the measure o.

Definition 4.5. Let (X, u,T) be an ergodic system with topological pronilfactors and fix
k € N. Let (Zg—1, mg—1,T) denote the (k—1)-step pronilfactor of (X, u,T') and let m_1: X —
Zy—1 denote the corresponding continuous factor map. Given a Fglner sequence (®y)yen
and a € gen(u, ®) define the measure £ € M(ZF_,) by setting

= lim L

N—oo |¢N| Z (5Tn(ﬂ'k_1a) ® 6T2n(7|'k—1(1,) ® e ® 5Tk"(1rk_1a,)‘ (4.2)

nedy

We then define the measure o € M(X**!) via the formula

fr®fi®-® fudo = fola) / E(fy | Zi) ® - ©E(fi | Ze)dE  (43)

Zk

k+1
Xkt k—1

for all continuous functions fy, f1,..., fr: X = C.

The limit in (4.2) exists and is in fact independent of ®, since (ZF_;,T x T% x --- x T*)
is a topological pronilsystem and hence every point has a uniquely ergodic orbit closure. It
follows from this that £ is the unique measure on M(ZF_,) such that (mz_1(a),. .., m-1(a))
is a generic point (along ®) with respect to the transformation 7' x T?% x - -- x T*

We stress that the measures £ and ¢ depend on the choice of the point a, as well as the
system (X, u, T) and the positive integer k. For ease of reading, we omit these dependencies
from the notation. Note also that while & is defined on a k-fold product space indexed by
{1,...,k}, the measure o is defined on a (k + 1)-fold product space indexed by {0,1,...,k}
and distinguishes the zeroth coordinate.

For a measure 7 € M(X*) and each i = 1,...,k, we let 7; denote the i-th marginal of T,
meaning the projection of 7 onto the i-th coordinate. Given two measures 7,7’ defined on
the same space, we say that 7 < 7/ if 7(A) < 7/(A) for all measurable sets A.

Lemma 4.6. Fix an ergodic system (X,u,T) with topological pronilfactors, an integer
k € N, a Fglner sequence (P y)nen, and a point a € gen(u, ®). For every 1 < i < k, the i-th
marginal o; of the measure o in Definition 4.5 satisfies o; < ip.

Proof. Note that &;, the i-th marginal of the measure ¢ from (4.2), is T*-invariant. Since the
system (Z—1,T) is uniquely ergodic, we have that & < 9mz,_, and hence

/ gd§; < z/ gdmgz, . (4.4)
Zk—1 Zg—1
whenever g: Z;_; — [0, 1] is Borel measurable. Therefore, for any Borel set A C X, we have
0'7,(A) = / E(].A | Zk—l) d&, < Z/ E(].A | Zk—l) d?’)’bzk_1 = Z/,I,(A) D
Zp_1 Zg—1
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We also record the following which follows directly from the definition.

Lemma 4.7. The measure o defined in Definition 4.5 is invariant under Idx T x T2 x - - - x T*.

4.4. Outlining the proof of Theorem 3.3

To prove Theorem 3.3, we need to verify that o has the required properties, which are
captured by the following two theorems.

Theorem 4.8. Fix an ergodic system (X, u,T) with topological pronilfactors. Let k € N,
let (Pn)nen be a Fglner sequence, let a € gen(u, ®), and let o be the measure described in
Definition 4.5. Then for every open set E C X with u(E) > 0, there is an integer t > 0 such
that o(X X T'E x --- X T*E) > 0.

Theorem 4.9. Fix an ergodic system (X, u,T) with topological pronilfactors. Let k € N,
let (®n)nen be a Folner sequence, and let a € gen(u, ®). Then the measure o described in
Definition 4.5 is progressive.

These ingredients, together with the ability to pass to an extension with topological
pronilfactors, combine to give a quick proof of Theorem 3.3.

Proof that Theorems 4.8 and 4.9 together imply Theorem 8.8. Fix an ergodic system (X, p, T),
a Fglner sequence (®y)nen, & point a € gen(u, @), and an open set £ C X with u(E) > 0.
By [23, Proposition 5.7 and Lemma 5.8], there exist an ergodic system (X, ji, T) with topo-
logical pronilfactors and a continuous factor map 7: X — X such that (X, u, T) is a factor of
(X, ji,T). Moreover, there is a Fglner sequence (®Pn)nen and @ € gen(i, ®) such that 7 () =
a. Let & denote the measure on (X)**! defined by (4.3) and let £ := n~1(E). Applying
Theorems 4.8 and 4.9 to 7, it follows that & is a progressive measure, that 5({a} x X*) =1,
and that there exists an integer ¢ > 0 satisfying a(X XTtE x - x T~ tE) > 0.

Letting o to be the push-forward of & under the map © x 7 x - -+ X m, it follows that o
satisfies the conclusion of Theorem 3.3. O

5. Proof of Theorem 4.8

We are left with proving Theorems 4.8 and 4.9. The proof of the former is given in this
section, whereas the proof of the latter is in Section 6. In both proofs we relate certain
dynamical averages of o to the Furstenberg joining of (X, u,T).

Definition 5.1 (The Furstenberg joining). Given a measure preserving system (X, pu,T)
and k € N, let A be the Borel probability measure on X**! uniquely determined by

hefio-@fdi=lin oo 3 [ fo TR TG 6D

k41
Xkt nedy

for all fo, f1,..., fx € L°(p). The measure A\ determined this way is called the Furstenberg
joining of (X, u,T).

13



This joining is well defined, as it is shown in [18] that the limit exists and is independent
of the choice of Fglner sequence ® = (®y)nen-

As we show, Theorem 4.8 follows quite quickly from the following theorem and Fursten-
berg’s multiple recurrence theorem.

Theorem 5.2. Fix an ergodic measure preserving system (X, pu, T')) with topological pronil-
factors, k € N, a Fglner sequence (®n)nen and a € gen(u,®). Let o be the measure
described in Definition 4.5. For any ¢, ..., g € C(X) we have

lim Z/ TN1®a®:-- ®gk)d0'—/ 11 ® - ® grdA (5.2)
Xk+1 X

i 22

where \ is the Furstenberg joining.

Proof that Theorem 5.2 implies Theorem 4.8. Since p is a Borel measure on the compact
metric space X, it is regular. Therefore, given an open set £ C X with u(E) > 0, one can
use Urysohn’s lemma to find g € C(X) with [gdu > 0 and 0 < g < 1. Thus

/ 1;"(1®1E®---®1E)daz/ T"1Rg® - ®g)ds
Xk+1 Xk+1

for all n € N. Combining this observation with Theorem 5.2 gives that

lim —— (11 1g)de > |1 - ® gdX.
N%|¢N|Z/)<k+l ®1p®- ®E)a//®g® ®g

By the definition of A, this last express10n is equal to
lim / Tg---T"gd
N—oo |(I) N| nEZQ g
and this is positive by Furstenberg’s multiple recurrence theorem [11, Theorem 11.13]. We

have shown that

lim inf o(XXxT'Ex---xT*E)>0,
iy 3, )

which is a stronger statement than what is required in the conclusion of Theorem 4.8. [
It remains to prove Theorem 5.2.

Proof of Theorem 5.2. Fix g¢1,...,gx € C(X). Our goal is to establish (5.2). It follows
from [18, Theorem 12.1] that

/ g1 ®  Qgrd) = lim Z / TB(g1 | Zi—1) -+ T*E(gr | Zi—1) dmp_y
Zy—

L—oo |(I)L| P

where (Zg_1,mg—1,T) is the (k — 1)-step pronilfactor of (X, u,T). Combined with (4.3) it
follows that, in order to establish (5.2), it suffices to prove

lim —— Z / T"hy @+ @ T"hy d§ = lim
Zk

ned®y k—1

Z / Tzhl cee Tkehk dmk_l
Zjo—

|q)L| ted;,
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whenever hq, ..., : Zr_1 — C are bounded and measurable. By a standard approximation
argument and Lemma 4.6 it suffices to establish this when the functions hq,...,h; are
continuous, which we henceforth assume. Writing @ = m,—1(a) we have the following from
the definition of &:

lim Z/ T ® - @ T hy dE

N—o0 |®N| 'n€<I>

(5.3)

= lim lim Z Z ha(T™Ha) - - - by (T™*G).

N—)oo L—oo |<I>N| n€<I>N KE<I>L

On the other hand, ergodicity of (X, u,T’) ensures ergodicity, and hence unique ergodicity,
of the pronilfactor (Zx—1, mk-1,T), and so it follows that

— e « e . ke
nggo Z/Z Thy - - - T*hy, dmy,_;

1
= lim lim Z Z By (T47G) - - - by (T*"a).
2] S, 1o

L—oo N—oo
n€<I>

(5.4)

Consider now the commuting nilrotations
S=TxTx---xT
R=TxT%x...xT"
on (Zx-1)*. Together they induce an action of Z? on ZF . Set
Y :={S"RYa,...,a):n,L €L} C Z¥_,

to be the orbit closure of (@,...,a) € Z¥ | under S and R. Since (Zy_1,my-1,T) is a
pronilsystem, the Z2-system (Y, S, R) is also a pronilsystem and hence is uniquely ergodic [20,
Theorem 17, Chapter 11]. Therefore, there is a unique invariant mean for these averages,
which implies (see for example [2, Lemma 1.1]) that the expressions in (5.3) and (5.4)
coincide, finishing the proof. n

6. Proof of Theorem 4.9

6.1. Ingredients in the proof of Theorem 4.9

We are left with proving Theorem 4.9. The main ingredients are the following two theo-
rems. The first — a consequence of Furstenberg’s multiple recurrence theorem — is proved in
Section 6.2. The second is proved in Section 6.4 and uses material about uniformity norms
covered in Section 6.3.

Theorem 6.1. Let (X,T) be a topological system, let ® = (®y)nen be a Fglner sequence
in N, and let v € M(X*) be T x T? x --- x T* invariant. If G: X* — [0,1] is continuous
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and satisfies [, Gdv > 0, then

lim inf —— Z G TIGdv>0.

N—o0 | N| n€{>

Theorem 6.2. Fix an ergodic measure preserving system (X, pu, T') with topological pronil-
factors, k € N, a Fglner sequence (P y)nen, and a point a € gen(p, ®). Let o be the measure
given in Definition 4.5. For any continuous function G: X* — C we have

1
lim ||[—— S TG @1 TM1®G
N%oH|<I>N|Z (Go1) - |<I>N|Z )

nedy nedy

=0.

L2(0)
Using these two theorems we can quickly prove Theorem 4.9.
Proof that Theorems 6.1 and 6.2 imply Theorem 4.9. Our goal is to show that the measure
o defined in Definition 4.5 is progressive. Fix open sets Uy, ..., U with
o(X xUp x---xUg) >0

and set V = Uy x --- x Uy. Since V is open and o(X x V) > 0, there exists a continuous
function G € C(X*) such that 0 < G < 1y and

/ 1® Gdo > 0.
Xk+1

Applying Theorem 6.2, we obtain

liminf — (X xV)NT™(V x X)
N—oo |(I)N|n€Z{>N )

han)loI;fWZ/XHl 1®G’ (G®1)d0

nedby
_hzvnl)lo%fm Z/Xk+1 1®G’ (1®G)d o.

Let v € M(X*) denote the projection of o to the last k coordinates. In view of Lemma 4.7,
v is invariant under 7' x T2 x --- x T* and hence we can use Theorem 6.1 to conclude that
the last expression is positive. This shows that o is progressive and completes the proof. [

6.2. An extension of Furstenberg’s multiple recurrence theorem

We derive Theorem 6.1 from the following more general result, which is an extension of
Furstenberg’s multiple recurrence theorem that may be of independent interest.
Given a vector v = (vy,...,v;) € N¥, we write T, = T X - -+ x T,

Theorem 6.3. Let (X, T) be a topological system, let u,v € N¥, and let ® = (®5)ney be
a Folner-sequence in N. If v € M(XF) is T,-invariant and A, ..., Ay C X are such that
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A=Ay x--- x Ay C X* satisfies IJ(A) > 0, then

lim inf — Z (ANT,™A) > 0. (6.1)

N0 |(I)N| nedyn

When v = v, the conclusion of Theorem 6.3 follows quickly from the mean ergodic
theorem.

The next example shows that in general one cannot drop the assumption that A is a
product set in Theorem 6.3.

Example 6.4. Let T: T — T be an irrational rotation 7': x — = + o and let v denote the
Haar measure on the subtorus H := {(z,2z) : ¢ € T} C T2. With v = (1,2) and u = (2,1)
we have that v is T),-invariant, but T,,"H = H + (0, 3nc) is disjoint from H for every n € N.
In particular (6.1) does not hold with A = H.

Consider the case that (X,u,T") is a measure preserving system, u = (1,...,k), v =
(1,...,1), and v is the diagonal measure on X*, meaning that v is the push-forward of u
under the diagonal embedding = + (z,z,...,z) of X into X*. Taking A= B x --- x B in
the theorem specializes (6.1) to

hmlnf— wW(BNT™BN---NT~*™B) >0

which is Furstenberg’s multiple recurrence theorem. We do not, however, give a new proof
of Furstenberg’s theorem, as it is an ingredient in our proof of Theorem 6.3.

When applying Theorem 6.3 to prove Theorem 6.1, we take u = (1,...,1),v = (1,...,k);
this interchanges the roles of v and v in Furstenberg’s multiple recurrence.

Proof of Theorem 6.3. Define ¢ = LCM(vy,...,v;) to be the least common multiple of
v1,...,U; and let w; = %‘l, so that

T X1 x Ay x XF9) = T6( X x Ay x XF9),
It follows that

k k
TymA=Trm(X7 x Ay x XF70) = [T, (X! x Ay x XPF)
=1 =1
> ﬂ T win 4,

It is clear that

hmmf— v(ANT,"A hmlnf— v(ANT, ™A
N—oo |@N| n;{)N ( ) Nes n;{)N )
cln

and so taking ¥y = &ny/c={n € N:cn € ®y}, we have

hNni)loréfWZ v(ANT,™A) lll{ln_)loréfd Tn]

> vANT;"A)

nedby ne¥y
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k
1
> lim inf E viAn( |T,“"A
=z N—oo c|\I}N|nG\IIN ( Q )

as in (6.10). Since v is T,-invariant, the last expression is positive by applying Furstenberg’s
multiple recurrence theorem to the system (X*,v,T). H

Proof of Theorem 6.1. Since G: X* — [0,1] is continuous and has positive integral, there
exist open sets Uy, ..., Uy and ¢ > 0 such that ¢- 1y, ® - - -®1y, < G and v(Uy X --xUy) > 0.
Applying Theorem 6.3 with v = (1,...,1), v =(1,...,k), the conclusion follows. O

6.3. Uniformity norms

For the proof of Theorem 6.2 we make use of the structure theory of measure preserving
transformations via uniformity seminorms [18, 19]. Roughly speaking, these seminorms
capture the idea that functions orthogonal to the pronilfactor do not contribute to multiple
ergodic averages. We use this in the proof of Theorem 6.2 to, roughly speaking, replace the
function G by a function that is measurable with respect to ZF_; without changing the L?(o)
norm. This reduces the proof of Theorem 6.2 to analyzing the behavior in pronilsystems,
which have additional structure.

Definition 6.5 (Uniformity Norms). Given a measure preserving system (X, u,T") and s >
0, the s-step uniformity seminorm || f||ys(x,u,r) of a function f € L*(u) is defined inductively
as

I lloocenn = [ £ 62)
L H
s+1 . - 38
A1 ey = Jim 2 ST - Pl (639
h=1
The fact that the limit always exists and that || - ||ys(x,,,r) defines a seminorm on L*°(y) for

s > 1 is proven in [18].

The mean ergodic theorem gives

11 ey = IECS T D)3

where 7 denotes the o-algebra of invariant sets and so

/deu

when the system (X, u,T) is ergodic, in agreement with the standard definition. The main
result in [18] states that given an ergodic system (X, u,T), for each s > 1, all functions
f € L*®(u) satisfy

1 f o2 ey = : (6.4)

”f”USH(X,u,T) =0 << E(f | Zs) = 0, (6.5)
where (Z;, ms, T') denotes the s-step pronilfactor of (X, u,T).
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Theorem 6.6. Let (X, pu,T) be ergodic, let k > 2, let (®y)nyen be a Folner sequence, and
let 7 € M(X**1) be invariant with respect to the transformation Id x T x T? x -+ x T*.
Assume that the marginals 19, T1,..., 7 of T satisfy 7; < iu for all 1 < ¢ < k — 1. Then for
any fi,..., fr—1 € L*°(u) and any bounded sequence b: N — C, we have

hmsupH e S o) AT i® T fi1® 1)‘ ) (6.6)
nedy .

< Cr - [[blloo - min{|| fillgs (xury : 1 S i < k—1}

where Cy, is a constant depending only on k.

For the proof of Theorem 6.6, we make use of various properties of uniformity seminorms,
which we collect in the following lemma.

Lemma 6.7. Let (X, u,T) be a measure preserving system.
(i) For allk > 1 and f € L*°(u), we have
If ® Fllorxxxuxprxr) < ||f||?]k+1(X,y,,T)‘
(ii) Let ¢ > 1 be an integer. For all f € L>°(u) and all k > 1 we have that

”f”Uk(X,y,,T) < ”f”Uk(X,/,L,TC)a
and for all k > 2 we have that

k.
£ llere ey < €2 (| f lloe ) - (6.7)
(iii) For any k > 1 and integers ci, ...,cx > 1, there is a constant C, independent of the
system, with the following property: for all fi, ..., fr € L*®(u) with || fi|| Loo(n) < 1 and
all Fglner sequences (®n)nen, we have

1
lim H_ § : Tclnfl"'TCknfk;
|q)N| nedby L

N—o0

) S C'min{”fi”Uk(X’u’T) 01 < ) < k}

(iv) Let k > 2, c € N, and let p € M(X) be invariant with respect to T° and satisfy
<Cu (6.8)
for some constant C' > 0. Then for any f € L*>(u), we have

k.
1f ko) < V2 - 2 || Fllo . (6.9)

Proof. Part (i) is proved in the appendix of [10, Equation (A.5)]. Part (ii) is a special case
of [9, Lemma 3.1]. Part (iii) follows by combining [16, Proposition 1] and [9, Lemma 3.1].
Finally, for part (iv), using (6.8) and that p is T°-invariant, it follows quickly that

11 x pirey < CNS oz

using (6.4) for the case k = 1 and (6.3) to prove the cases £ > 1 by induction. Thus (6.9)
follows from (6.7). O

We include a short lemma to clarify how to decompose averages over Fglner sequences
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along residue classes.

Lemma 6.8. Let a(n) be a bounded sequence taking values in a Banach space, let & =
(PN )nen be a Folner sequence in N, let ¢ € N, and let ¥ = (V) yen be the Fglner sequence
defined by Uy := ®y/c. Then

|‘I’N| 2 aln

nedy

Z hm sup

Proof. Since ® is a Fglner sequence, for every j € N we have

|\IIN| Z cn-i-]

nev

1 1
Soi|@v—)neN| > -
BN ‘( v =) NeN| =
as N — oco. Hence we have that
c—1
1 V|
oy N cUy+j||—1 and ——>— (6.10)
[®n] UO ) [P
as N — oo. It follows that as N — oo, we have that
1
— 'S am)| - Z Y " a(en+3j)|| = 0.
|(I)N| nedy |q> | 7=0 ne¥y
The conclusion is obtained by using the triangle inequality. m

On the way to proving Theorem 6.6, we first establish the following related result, corre-
sponding roughly to the case b(n) = 1 in Theorem 6.6.

Theorem 6.9. Let (X,u,T) be a measure preserving system, k € N, and let v € M(XF)
be invariant under the transformation (T x T? x - - - x T*). Assume that the marginals v; of
v satisfy

v; <ip
for all1 < i < k. Then for all fi,..., fx € L®(n) with || fi||ze(u) < 1, we have

: 1 n
hmsupHm GZ:{) (T" f1
nedy

< Dymin{|| fillyrxpm 1 1 <i <k} (6.11)

N—o00

where Dy, is a constant depending only on k.

Proof. Let ¢ = LCM(2,...,k) be the least common multiple of the first k positive integers
and set ¢; = ¢/t for all 1 < i < k. Let Dy be the constant in part (iii) of Lemma 6.7. Set
Uy =®y/c={neN:cn e dy}

which defines a Fglner sequence. Then, in view of Lemma 6.8,

limsupH— T"fi®---QT"f
N—soo II|®n] nZ};N

L2(v)
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L (V))

¥l 120 < Dy min{|| fi|lprx,ur : 1 <4 <k} (6.12)

1+ 1 : .
—Z limsupH— Z T Q- QT f
¢ |\IIN| nevy

—1
=0 N—o0

and so it suffices to show

lim sup” —_—
Nosoo Il |Un] ol

for each fixed integer j < c. For each 1 < i < k, define g;: X* — C by
gi(@1, .., zx) = (T7 fi) (xs).
Set S =T x T? x --- x T* and note that
Sci"gi:1®...®1®T0"+jfi®1®...®1

for all n € N. Thus we can rewrite (6.12) as

1

I H— Y gang, ... gon ‘

111 sup |\I/N| s [ 9k
N

S Dk min{”fi”Uk(X,u’T) 01 < ) < k,'}

N—o0

L2(v)

By part (iii) of Lemma 6.7 applied to the system (X*,,S) and our choice of Dy, we have
that

1
timsup|| o 3 557155 < Dyminflgllyegens 1< < k.
|\IIN| nevy

N—oo L*(v)
For i =1,...,k, we have
||9i||Uk(Xk,u,S) = ||ijz'||Uk(X,u,-,Ti)
and so the conclusion follows by applying part (iv) of Lemma 6.7. O

Lemma 6.10. Let (Y,7) be a probability space, ® C N be a finite set, b: & — C, and
(vn)nea be a collection of vectors in L*(t). Then

Zb

n€<I>

< [BlI5 -
iz

Zvn@)vn

n€<I>

L2(TxT)

Proof. We expand the square and obtain

o | = S b)) [ wnndr < Bl g

n€<I> L2(7) n,med n,med

/ UnUm d7| .

(6.13)

Using the Cauchy-Schwarz inequality, we estimate

( > /vnmd7)2 Z /vnmdr

n,med n,med

= |<I>|2 Z /YXY Un @ Up) * (Um ® ) d(T X T)

n,med

2
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2

/ qun®vn TXT qun®vn
YxY |(I)|

n€<I> ned L2(Tx71)
Combining this with (6.13), we obtain the conclusion. O

Proof of Theorem 6.6. Let v € M((X x X)*~1) be the pushforward of 7 x 7 under the map

p: (wOa‘ < s Tky Yoy - - - ayk) = (w17y1ax27y27‘ .. axk—layk—l)'

Note that v is invariant under (T x T) x (T2 x T?) x --- x (T*"! x T*1) and that each of
the & — 1 marginals v; € M(X x X) of v are v; = 7; X 7; and hence satisfy v; < 42(u X u)
fori=1,...,k—1. Applying Theorem 6.9 to the system (X x X,y x p, T x T) with k — 1
instead of k and f; ® f; instead of f;, it follows that

lizrvn—folipHWnZ};N(T xT)"(i®fi)®-- & (T x T)(

L2(v)
< Dgp-1 - min{”f,- ® fi”U’f—l(XxX,uxu,TxT) 1<i<k-— 1}'
Part (i) of Lemma 6.7 implies that

£ ® filloe- WX xX,uxp,TxT) S ”fz”U’“(X,p,T)

and so we deduce that

ujrvnjgpuﬁ n;{ww X T ®F) ® & (T X T)(fi1 ® Ficr)

L) (6.14)
< Dy - min {|| fillZw(x oy : 1 <4 < k= 1}
Setting
Vp=1T"i®---@T"fr_1 ®1 € L*(1),
we note that
I ®Tp = (T XT)"(fr ® f1) ®+- & (T X T)"(fr—1 ® fr-1)) © .

Since v = . (7 X T), combining Lemma 6.10 (applied to each ® = ®y) with (6.14), it follows
that
2

lim sup
N—oo

|‘I’N| Z bln

nedy

< [18l1%, - Dy - min {|| filln(x pry 0 1 <8 < k= 1},
L2(7)

Taking square roots on both sides, we obtain the desired conclusion with Cy = /Dg_;. O

6.4. Proof of Theorem 6.2
For the proof of Theorem 6.2 we need one more lemma.

Lemma 6.11. Let (X, u, T) be an ergodic system, let a € gen(u, ®) for some Folner sequence
®, and denote by (Zy_1,my—_1,T) the (k — 1)-step pronilfactor of (X, u,T). Assume (Y, S)

22



is a (k — 1)-step pronilsystem. Then for every g € C(X),y €Y, and F € C(Y),

lim sup
N—oo

)| < B9 | Zs-1) || N F oo (6.15)

@l Z g(T"a)F(S™y)

nE<I>N

(mg_1)

We stress that (6.15) requires the function g to be continuous, as we could otherwise
modify it on the orbit of a without changing the right-hand side.

Proof. Pick an increasing sequence (N;);en of natural numbers such that

lim sup
N—oo

= lim Z (T"a)F(S™y)| .

j—ro0 |<I)NJ| n€<I>N

@l ZgT" )F(S™y)| =

'n€<I>N

By refining (NV;);en if necessary, we can assume that (a,y) is generic along (®y; ) en for a
measure p on X X Y with respect to T' x S.

Since (Y,S) is a pronilsystem, there is an invariant measure v on Y for which y €
gen(v, @). Replacing Y with the support of v we may assume that (Y, v, S) is ergodic. Since
a € gen(u, @) we have that the first marginal of p is p and the second marginal is v. Letting
§=E(g | Zk_1) o mk_1, we obtain

lim Z (T"a)F(S™y)

j—o0 |(I)N3|ne<I>N
=‘/ g®de‘< / (g—ﬁ)@de’-l—‘/ §®de‘.
XXY XXY XXY

Note that

||g g®1||Uk(X><Y,p,T><S) ”9 g”Uk(X,u,T) 0.

Thus (g — §) ® 1 is orthogonal to the maximal (¥ — 1)-step pronilfactor of (X x Y,(,T x S)
for almost every ergodic component ¢ of p by [20, Proposition 18, Chapter 8]. On the other
hand, since (Y, v, S) is an ergodic (k — 1)-step nilsystem it is a factor of (X x Y,(, T x S).
Thus (Y,v,S) is a factor of the maximal (k — 1)-step pronilfactor of (X x Y,(,T x S).
Therefore, as 1 X F' is measurable with respect to the latter factor, the functions (¢ —g) ® 1
and 1 ® F are orthogonal in L2(¢) for almost every ergodic component ¢ of p, and hence

/ (9—9) ® Fdp=0.
XxXY

We are left with

lim sup |q) | Z (T"a)F(S™y)| <
N

N—oo nEd N

/ §®de‘
XxY

< IFloo /X 1§ dit = || Flloo - / (g | Ze_v)| dmss,
k—1

and the claim follows. 0
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Proof of Theorem 6.2. By a standard approximation argument, it suffices to show that for
all f17 .- 'afk € C(X) with ||f1,||00 < ]'

lim H TMfi®...Q frel) N1 f1®...Q fr) =0. (6.16)
N—oo |(I)N| 'nEZ{)N | ’I’LEZ{HV L2(0)
To ease the notation, we write g; = E(f; | Zg—1) o mx—1 for i = 1,..., k. Note that for every
neN

'(fi®...8 fi®l)=fi(T") - IT(1Q fo®...® fr ®1)

holds o-almost everywhere. Using (6.5), we have that || f; — gilly*(x,u) = O for each 3. In
view of Lemma 4.6, o satisfies the assumptions of Theorem 6.6, which now implies that

Iggr;oH@N'n;flT T1®H®...0fiel)
ZflT” "1®gp®..0gol)| =0
’ILG@N L2(U)
On the other hand, Theorem 6.9 implies
lim H Y IM1®A®...® fi) — Y M1ea®...q%)| =0
N—oo |(I)N| nedy | N| nedy L2(0)
This shows that (6.16) is equivalent to
A}gr;oH'@ | ;fl(T 0) M1 p®...0 g ®1)
TN (6.17)
N1 n Q...Q gk) =0.
|¢N| neZ@ L2(0)
Using the definition of o, we can rewrite (6.17) as
dim HW > ATa) - (T"E(f2 | Ze1) ® ... @ T"E(fi | Zr—1) ® 1)
neeN (6.18)
3 Z TnE f1 | Y 1) . ®TnE(fk | Lj_ 1)) =0,
Y] N| ol 12(¢)
where ¢ is as in (4.2). Fix 1 > ¢ > 0 and choose hy, ..., hr € C(Z;_1) such that
[E(fs | Zk-1) = hill L2(mi_y) <€ (6.19)
As the functions fi, ..., fr are uniformly bounded by 1, we can assume that the functions
hi,...,hy are as well.
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To prove (6.18), we establish the following three statements:

. ]- n T
lim sup o] S (TE(f1] Zk—1) ® ... @ T"E(fx | Ze1))
N—oo N nedy (6 20)
. :
- ) (T"m®...0 T"h) < ke,
|®N| nedy L2(§)
1
limsup||i— Y fi(T"a) - (T"E(f2 | Zk-1) ® ... @ T"E(fx | Zi—1) ® 1)
Nooo || |®n| sl
1
- = Z hl(wk_l(T"a)) . (Tnh2®®Tnhk®1) < k2€+\/g,
®n] S 12(¢)
(6.21)
1
N@&HW Y hmea(Tre)-(TMhy ® ... @ T @ 1)
nedy
22
LS (.. @ T ) 0 o2
— 1 v k = V.
|¢N| nedy L2(£)

Since € can be taken arbitrarily small, (6.18) follows by combining (6.20), (6.21), and (6.22)
and using the triangle inequality.
To prove (6.20) we first combine (6.19) with the fact that my_; is T-invariant and (4.4)
to deduce that for every n € N,
IT"E(fi | Zk1) — T hillz2ey < Vi,
where &; is the i-th marginal of ¢£. This, in turn, implies that

|(T"E(f1 | Ze=1) ® ... @ T"E(fr | Zk-1)) — (T"h1 ® ... ® T"hy) ||L2(§) < k%

by estimating coordinate-wise, and hence (6.20) follows by averaging.
To prove (6.21) we first note that, by the same argument, we have

< k%e. (6.23)

H (TE(f2 | Ze1)® .. OT"E(fi | Z1)®1) ~ (T"ho .. @ T @ 1) |

Defining g(x) = fi(z) — hi(mr—1(x)), we then have that
fi(T"a) — hi(m-1(T"a)) = g(T"a).

Since mg—1 is continuous, the function g is continuous. Multiplying (6.23) by fi(T™a) and
using the triangle inequality, we reduce (6.21) to

lim sup
N—oo

> 9(Ta)- (T*hy® -+ @ T"hi ® 1)

nedy

< Ve (6.24)

L2(¢)
To establish (6.24) we use Lemma 6.11. Defining Y = Zf ;, § = T x --- x T, and

1
DN
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F(zy,...,2k) = ha(x1) - - - hg(zg—1), we then have
2
> g(Ta)- (T*he® - @ T"hi ® 1)

nedy

hm sup

1
@] 12(9)
> 9T ) (T"hy®--- @ T"hy, ® 1)

nedy

e > g(Tna)-F<sny>\ds<y>

nedy

< lim sup
N—oo

</limsup
Y N—ooo

< sup lim sup
ye€Y N—oo

1
[P L)

| @1N| Z o(T"a) - F(S”y)‘.

Since m_1 is continuous, the function g is continuous and therefore we can apply Lemma 6.11
to conclude that

lim sup
N—oo

o 3 (")~ ha(mees (1) - F(S™)

nedy

< B | Zi)prm, - WPl < EGA | Zimt) = Pl o, - 1o <,

and the estimate in (6.24) follows.

To finish the proof, we are left with verifying (6.22). For this we use the definition (4.2)
of £ and the fact that orbit closures in pronilsystems are uniquely ergodic pronilsystems. We
have

lim ||—— hi(mp—1(T"a)) - (T"ho @ --- QT "hi @ 1 (T"hy ®---®@T"h
N%H@N'ne% s (mea(T70)) - (T, c®1) - |@N|n§N 1 N
1
= hm ‘— hl Wk_l(Tna) (Tnh2®®Tnhk®1)
N—oo Z,’j_l |q)N|neZ{>N ( )
2
™ ™
@N'Z( h1®---@T hy)| dé
nedy

" N| nedy

Z hy (T (-10)) - - hk(T""'km(ﬂk_la))

nedy

|‘I’N|

Since Zj_; is a pronilsystem, arguing as at the end of the proof of Theorem 5.2 we can
interchange the order of the limits, and this last expression becomes

Z by (T™(mg-1a)) he (T ™ (mp-10)) . . hk(T"+(k_1)m(7rk_1a))

n€<I>

e 3 |
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Z hl 7Tk 1aQ )h2(T ntm (ﬂ'k_la)) e hk(Tn+(k_1)m(7Tk_1

L2()

a))



— ﬁ Z hq (Tn+m(,n_k_1a))h1 (Tn+2m(,n_k_1a)) L. hk (Tn+km(7rk_1a)) .

nedy
Making the change of variables n — n — m in the second term shows that the two limits are
identical, concluding the proof. m
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