CONVERGENCE OF CONZE-LESIGNE AVERAGES
BERNARD HOST AND BRYNA KRA

ABSTRACT. We study the convergence of % S (T ) fo (T2 ) f3(T*3™x),
for a measure preserving system (X, B, u, T') and f1, f2, f3 € L°(u). This gen-
eralizes the theorem of Conze and Lesigne on such expressions and simplifies
the proof. As well, we obtain a description of the limit.

1. INTRODUCTION

1.1. Background. An open problem is the existence of limits of expressions of the
form

N-1
(1) lim > AT ) fo(T%" ) .. fo(T" ),
n=0

N—oo N

where T is a measure preserving automorphism of a probability space (X, B, i),
fisfayoo s fe € L®(X) and ay,aq,...,a, are distinct integers. Limits of such
expressions arise in Furstenberg’s proof of Szeméredi’s Theorem and have been
studied in various forms by Bourgain[2], Bergelson[l], Furstenberg and Weiss[7]
and Conze and Lesigne[5].

If one assumes that T is weak mixing, Bergelson[1] proved a convergence theorem
for more general expressions. However, without the assumption of weak mixing,
one can easily show that the limit need not be constant and proving convergence
becomes much more difficult. The existence of limits for the case with ¢ = 3
and with the added hypothesis that the system is totally ergodic was proved by
Conze and Lesigne in a series of papers (see [3], [8], [9], [5], [4] and [10]). Similar
expressions were considered by Furstenberg and Weiss|[7] in order to study the limit

1= 2
Jim e S (T ) (T )
n=0
1.2. Statement of results. We reprove the convergence obtained by Conze and
Lesigne directly, without needing the elaborate machinery they used. Furthermore,
we eliminate the reliance on the hypothesis of total ergodicity. As for the other
known methods for analyzing expressions of the form of Equation (1), we are unable
to extend our proof to more than three terms. In offering a new and simpler proof
of the convergence for three terms, we hope to gain insights into limits of more
general expressions.
In Section 4.3, we show:
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2 BERNARD HOST AND BRYNA KRA

Theorem 1.1. Let (X,B,u,T) be a measure preserving system, ai,aq,as three
distinct integers and f1, fo, fs € L>°(u). Then

Jm 5 X Tz

2

exists in L*(p).

In fact we prove more than just existence, giving an description of the limit in
Section 4.4. A more precise value for the limit will be given in a forthcoming paper.

1.3. Organization of the paper. Our proof, like those of Conze and Lesigne[5]
and Furstenberg and Weiss|[7], is roughly split into two parts. First we reduce
the problem to studying convergence on a simpler system. We follow classical
methods, using ideas introduced by Furstenberg[6] in the proof of the Szeméredi
theorem, such as the Van der Corput lemma[l] and isometric extensions. However,
we have no need for the detailed structure of the modified system, as used by Conze
and Lesigne, nor of the normal systems introduced by Furstenberg and Weiss. We
include few details of this portion of the proof, referring the reader to the literature.
This is carried out in Section 2.

The second part of the proof is the demonstration of the convergence in the
modified system. Our method is more elementary than that previously known, and
we obtain a description of the limit. One of our main tools is a lemma in harmonic
analysis, proved in Section 3. In Section 4, we prove the convergence and then in
Section 4.4, we give the actual formula.

2. REDUCTION TO A SIMPLER SYSTEM

We can always assume ergodicity of the system, without loss of generality, by
using ergodic decomposition.

We plan to modify the original measure preserving system three times, showing
each time that proving the theorem for the new system implies the result for the
old system. First, we clarify the ideas needed for such reductions.

2.1. Characteristic factors.

Definition. Given distinct integers a1, as, ... ,ap and a factor (Y,Y,v,S) of a sys-
tem (X, B,u,T), we say that Y is o characteristic factor of X for the scheme
ai,as, ... ,ap if for any fi1, fa, ... fo € L>(u), whenever there is somei € {1,2,... £}
with B(f; | ¥) =0, the limit

N-1 ¢

a;n
i S e
n=0 i=

exists in L2(n) and is equal to 0.
This property implies that for fi1, fa,..., foe € L (u)

N-1 ¢ 1N—lé
A}Enoo<_ZHfz o N 1E(fi°Tl |y)>:

n=0 i=1 n=0 i=
in L2(u).
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Therefore, finding a characteristic factor Y for a system X allows us to restrict
to functions defined only on Y, and this restriction simplifies computations when
Y has a simple form.

2.2. The Kronecker is a characteristic factor for two terms. Throughout
the sequel, (X, B, u,T) is an ergodic measure preserving system and (Z, Z,m, S)
denotes its Kronecker factor. More specifically, S : Z — Z is the rotation defined
by Sz = z+ a, and we use 7 : X — Z for the natural projection. For f € L?(u),
we write f the function on Z defined by for =E(f | Z).

Using the Van der Corput lemma (see Bergelson[l]), Furstenberg and Weiss
showed that the Kronecker factor is characteristic for two arbitrary terms by, bo,
and deduced:

Theorem 2.1 (Furstenberg and Weiss[7]). Let (X, B, u,T) be a measure preserv-
ing system, with notations as above. Let by, by be integers. Then for any f1, fo €
L>(p)

lim — Z f1(T0"z) fo (TP )
exists in L*(p) and equals

/Z f1(z + b10) fo(z + baB) dm(6),
where z = 7(x).

2.3. Two joinings. We assume here that a,as,as are given integers. Let Z be
the closed subgroup

Z={(z+ait,z+ast,z+ast) : z,t € Z}

of Z3 and let m be its Haar measure. We write Z = (21, 22,23) for an element
Z € Z. These notations will be used throughout the sequel.
By Theorem 2.1, for f1, fo, f3 € L™(u),

Jn e 3 [ T areaint)
3

(2) - /Z T1 7oy (2)
=1

The subgroup Z is invariant under the transformation S = S x §% x §%
Writing

3
/ H fi(z + aif) dm(z) dm(6)

a = (ar1a, aza, aza)
the transformation S is given by
Si=zi+a.
Thus, (Z,m,S) is a joining of the systems (Z,m, S%), for i = 1,2,3, and each
of these is a factor of the corresponding (X ,u,T‘“). Therefore we can form the
“conditionally independent product” (X, fi,T) of these systems over this joining.

It is a joining of (X, u, T%) for ¢ = 1,2, 3. (See Furstenberg[6] and Furstenberg and
Weiss[7].)
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Using this, we rewrite Equation (2) and have

| Nl 3 3
J\}iinoo N ,;0 /X ll;llfl(T‘“"x) du(x) = /X ll;llfl(acz) dii(zy, z2,x3) .

2.4. Group extensions. We recall some basic facts about group extensions.

Let (X,B,u,T) be an ergodic measure preserving system and let (Y,D,v,T)
be a factor. By definition, X is an isometric extension of Y if there exists a
homogeneous space H = L/K of a metrizable compact group L and a measurable
map o : Y — L so that (X, B, u,T) is isomorphic to the skew product (Y x H,B®
Br,v x myg,Ty), where By is the Borel o-algebra of H, my is the L-invariant
measure on H and T, (y,u) = (Ty,o(y)u). o is called the cocycle of the extension.
If H =L, we say that X is a group extension of Y.

We note for later use that by Lemma 7.2 in Furstenberg and Weiss, given an
ergodic isometric extension X = Y x H, one can express H = L/K and X =
Y x L/K so that the group extension X; =Y x L defined by the same cocycle is
also ergodic.

2.5. Reduction to an isometric extension of the Kronecker. We now use
these structures to make our first change in the measure preserving system, allowing
us to assume that X is an isometric extension of the Kronecker factor Z.

Lemma 2.2 (Conze and Lesigne[3]). Let ai,az2,a3 be distinct integers. Assume

that f1, f2, f3 € L*(n) and let F (21, 22, 23) = f1(21) f2(22) f3(z3). If F' is orthogonal
to the space of T x T x T -invariant functions in L*(ji), then the averages

1 N-1 3
v 2 [Lsrea)
n=0 =1

converge to 0 in L?(u).

Proof. The lemma is proved via an application of the Van der Corput Lemma, with
un(x) = fL(T"z) fo(T**"x) f3(T™x). For details, see Furstenberg and Weiss|[7].
O

For an ergodic system (X, B, u, T) with Kronecker factor (Z, «), let (2, ﬁ, v, T)
denote the maximal isometric extension of (Z, ) in (X, T).

Theorem 2.3 (Furstenberg and Weiss[7]). Z is a characteristic factor of X for all
schemes {a1,a2,a3}.

Proof. The proof uses Lemma 2.2, the fact that fi defines a joining of the systems
(X, u, T%) and a theorem on joinings of Furstenberg[6]: invariant functions on a
conditionally independent product factorize through the conditionally independent
product of the maximal isometric extension. Again, we refer to Furstenberg and
Weiss|[7] for the details. O

Thus in order to prove the existence of
| N=18
3 a;n
A}gﬂoo N nz:% 11;[1 fi(T* ")
in L%(m), it suffices to show the convergence for functions defined on the isometric
extension Z of Z. We express the extension Z=27x L/K in such a way that the
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corresponding group extension X7 = Z x L is ergodic. Clearly it suffices to prove
the convergence for this system X;. Let Z; be the Kronecker factor of X;. By
Lemma 7.3 of Furstenberg and Weiss, X is a group extension Z; x L; of Z;. The
following diagram explains these relations:

X

o

Z:ZXL/K — ZXL:X1:Z1><L1
| 1
Z — Zl

For simplification of notation, from now on we can forget the initial system and
assume that X is itself a group extension Z x L of its Kronecker factor Z.

2.6. The Mackey groups. The notion of the Mackey group (also referred to as
the group of essential values) is not completely classical and so we recall the basic
facts.

We consider an ergodic system (Y, v, S) with an extension by a compact group
H, defined by a cocycle 0. Thus o is a measurable map from Y to H. We say
that o is a coboundary if there exists a cocycle ¢ with o(y) = ¢(Sy)p(y)~t. Two
cocycles o and ¢’ are said to be cohomologous if there exists a cocycle ¢ so that

o' (y) = ¢(Sy)a(y)p(y) "

Proposition 2.4. For each cocycle o, there is associated a closed subgroup M of
H (uniquely determined up to conjugacy) satisfying:

1) o is cohomologous to some cocycle o’ with values in M and M is a minimal
closed subgroup of H with this property.

u) For allm € M, each S,/ -invariant function f on'Y x H satisfies f(y, mh) =
f(y,h) for almost every (y,h) €Y x H.

Given a cocycle o, the associated closed subgroup M is called its Mlackey group.
Proof. The proof, again, is outlined in Furstenberg and Weiss[7]. O

Property () combined with Lemma 2.2 explains the important role of the
Mackey group in our setup.

2.7. The subgroup M of L3. Recall that we have defined X and Z in Section 2.3.
We have that X = Z x L3 is a group extension of Z with cocycle

5(%) = (U(al)(zl),U(a2)(22),0(a3)(23)) )

Thus the transformation T on X is given by

T(Zlv 22, 23, 617 é?a 63) =
(3) (21 + @10, 22 + aza, z3 + aza, 0\ (21) 0, 01" (20) L, U(a3)(z3)€3) :

We can not immediately apply the theory of Mackey groups to the group ex-
tension (X', I, T) of (Z, m, 5’), as the second system is not ergodic, and so we need
some preliminaries.

For every z € Z the subset

Z.={(z+ait,z+ast,z+ast) : te Z}
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of Z is invariant under S. The uniform measure 1. on this set is invariant by S
and is ergodic. It gives an ergodic decomposition

m:/zmz dm(z)

of m. (This is not the standard ergodic disintegration, as the measures m, are not
necessarily distinct.)
Consider the corresponding decomposition

i / fiz dm(z)

of fi. For each z the system (X, fi-, T) is an extension of (Z., ., S) by the group L?,
with the restriction of the cocycle &, and so has a Mackey group M, defined up to
conjugacy. We write [M.] for the conjugacy class of M,. The family of conjugacy
classes of closed subgroups of the compact metrizable group L? can be endowed
with a structure of Polish space so that the map z — [M.,] is Borel. Moreover,
the measure [ is invariant under the transformation 7" x T x T', which commutes
with 7. Tt follows that [M. ] = [M.] for all z € Z. By ergodicity of the rotation
S': z+— z4 a, the class [M.] is constant almost everywhere. Thus we can take M,
equal for almost all z to a fixed subgroup M of L3. We call M the Mackey group
of the cocycle & on Z. As for the true Mackey groups, it satisfies the properties
of Propositions 2.4.

2.8. A final reduction. The final step is to reduce to an abelian group extension.

Theorem 2.5 (Furstenberg and Weiss[7]). X has a characteristic factor for all
schemes a1, as,as that is an abelian group extension of its Kronecker factor Z.

Proof. We give a sketch of the proof given by Furstenberg and Weiss[7]. Recall
that the transformation 7 on X = Z x L? is given by Formula (3). Using that Z is
the Kronecker factor of X, they deduce that for all i # j € {1,2,3} and almost all
z, the (4, j)-two dimensional marginal of s, is T% x T -ergodic. Therefore, each
two dimensional projection M — L x L is surjective. By an algebraic lemma, they
prove that M contains L’ x L’ x L', where L’ is the commutator subgroup of L.
Applying Lemma 2.2 and property (1) of Proposition 2.4, the factor Z x L/L’ of
X = Z x L is characteristic for all schemes a1, a9, as. O

From now on, we write G = L/L’ and write this group additively.

At this point, we simplify without loss of generality and assume that our system
X itself is Z x GG, a compact abelian group extension of its Kronecker.

Our new X is a factor of an extension of a factor of the original X. Many
properties of the original system may be lost in this construction, for example total
ergodicity. This has no implication for our present work.

2.9. The Mackey group in an abelian extension. We have reduced our orig-
inal system to an abelian group extension of its Kronecker, and in this set-up we
can say more about the Mackey group. We make frequent use of some elementary
results about the duality in compact abelian groups and we review the necessary
facts here.

Let H be a compact abelian group. The characters of H are the continuous
group homomorphisms from H to the circle group S'. They form a multiplicative
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group H called the dual group of H. For a closed subgroup M of H, its annihilator
M is the subgroup of H given by

~

M* ={xeH : x(m)=1foralme M} .
Also,
M=M"={heH : x(h)=1forall y € M*}.
Let (Y, u,S) be an ergodic system and o a cocycle with values in a compact,
abelian group H. The Mackey group M associated to o is unique. This means

that in Proposition 2.4, the minimal, closed subgroup of H satisfying property (z)
is actually the smallest.

Proposition 2.6. Using notations as above:

1) A character x € H belongs to the annihilator M+ of M if and only if x o o is
a multiplicative coboundary (as a cocycle with values in the circle group S*).

1) For allm € M, each Sy-invariant function f on'Y x H satisfies f(y,h+m) =
f(y, h) for almost all (y,h) €Y x H.

Proof. Part 1): By Proposition 2.4, property (z), o is cohomologous to a cocycle o’
with values in M and there is a function b: Z — H with

o(z) = o'(2) +b(Sz) — b(z) .
For y € M+,
x 0 0(2) = x(b(52)) x(b(2))

and x o ¢ is a coboundary.
Conversely, let x € H and assume that x o ¢ is the coboundary of a function

b . That is, x 0 0(z) = b(Sz)b(z). The function B(z,h) = b(z)x(h) defined on
X = Z x H is invariant by T,. By property (1) of Proposition 2.4, for every
m € M, B(z,h +m) = B(z,h) for almost all z and h. Thus x(m) = 1 and
x €M™t

Part #2): The proof follows immediately from Part ) of Proposition 2.4. |

2.10. Conclusion of the reduction. We summarize the results of our modifica-
tions. We have X = Z x G for some compact abelian metrizable group G (written
additively) and the natural projection X — Z is given by 7(z,g) = z. The trans-
formation T on X is given by the cocycle ¢ : Z — G and can be written

T(z,9) = (Sz,g+0(2)) .

The measure p = m X mg, where mg is the Haar measure of G.
As usual, we write ¢(®)(2) = 0 and for n > 0,

o™ (2) = 0(2)+0(S2) + -+ (S 12),
with a similar formula for n < 0. For every integer n we have
T"(2,9) = (S"2,+0™(2))
and for integers m,n we have the “cocycle equation”

oM (2) = oM (S™2) + o™ (2) .
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As before, X = Z x G3. For i = 1,2, 3 the i-th projection of X on X is given by
(21, 22, 23, 91, 92, 93) — (2i, g;). The measure [ is the product m x mg X mg X mg
of the Haar measures. The transformation 7' =T x T* x T on X is given by

T(z,91,92,93) = (F+a, g1 + ' (21), g2 + () (22), g3 + U(as)(23)) .

This means that the system (X, /i, T) is a compact abelian group extension
of (Z,im,S) by the group G3, given by the cocycle 6 : Z — G3, where § =
ola1) x glaz) « s(as)

The results of Proposition 2.6 remain valid for the cocycle ¢ and the subgroup
M of G? defined as in Section 2.7.

3. A LEMMA IN HARMONIC ANALYSIS

Here we stop following the paper of Furstenberg and Weiss[7]. Our main technical
tool in proving Theorem 1.1 is a result in harmonic analysis and its corollaries.

Unless otherwise noted, all L2-norms || - ||2 are relative to the the measure m,
Haar measure on Z, and are assumed to be taken with respect to the variable z.

We recall that Z is a compact monothetic group and so Z« is dense in Z. We
say that a function w is affine if w = ¢, the product of a constant ¢ and a character
v on Z.

Lemma 3.1. Let f be a function of modulus 1 on Z so that the following two
conditions are satisfied:

L [,1f(z+a) = f(2)|>dm(z) < 2/9
2. For all s € Z there exists an affine function ws on Z such that

(4) /Z (24 8) — wa(2) [ (2)2 dm(z) < 62

for some § > 0.
Then there exists an affine function w so that ||f — w|| < 3v/26.

Proof. If § > \/2/3, there is nothing to prove. We assume that § < 1/2/3.

Write ws(2) = cs7s(2) for a constant ¢, and a character v, on Z. Since § < v/2/3,
the character ~; is uniquely defined by the bound (4). Moreover, by the first
hypothesis, v, = 1.

The constant ¢, is not defined by the bound (4) and we can choose it so that
the integral in (4) is minimal. By the continuity of translations on L?(Z), the map
S +— ¢ 18 continuous on Z.

For s,t € Z, applying bound (4) with s, ¢ and s + ¢, we have

llesttVotrt — csceys(t)Vsvell2 < 30 < V2.

Thus s+ = vsv:. Furthermore, if s is sufficiently close to 0 in Z, by again using
the same continuity argument we have that ||f(z + s) — f(2)[l2 < v/2/3 and so
~vs = 1. Thus the map s — 7, is a continuous group homomorphism from Z to
Z. Since Yo =1, 75 = 1 for all s € Z by continuity and density. The bound (4)
becomes
If(z+s) —csf(2)ll2 <6 .

Taking the Fourier transform with respect to z and integrating with respect to

s in this bound, we get

S TIF0)2 (1 - Re(2(0))) < 6%/2

ez
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where
c(0) = /csé(s) dm(s) .

Since Y, 7 |F(6)]2 = 1, there exists v € Z such that 1 — Re(¢(y)) < 62/2. Thus
[e(7)[* > 1 — 6% Since Y, 5 [€(0)]* = 1, for all § # ~ we have |¢(f)| < d and thus
1 —Re(c(0)) >1—4. We get

—~ 52
;|f(9)|2< 50 5) < 6%,

~ ~ ~

That is, ||f — f(7)7|l2 < §. Taking ¢ = f(v)/|f(7)| and we get the statement of the
lemma. g

Proposition 3.2. Let a be a non-zero integer. There exists a constant C > 0
(depending only on a) such that whenever [ is a function of modulus 1 on Z so
that for some § > 0 the following two properties are satisfied:

1. fZ If(z+a) — f(z)]2dm(z) < 62

2. For all s € Z there exists an affine function ws on Z such that
o) [ 1+ as) —w @) dm) < 8
z

then there exists an affine function w on Z so that ||f — w2 < C4.

Proof. We use C' to denote any positive constant depending only on a. Without
loss of generality we can assume that J is as small as needed.

Let K be the open subgroup aZ of Z and let k be its index in Z. As Za is dense
in Z, (ka)Zis dense in K, K = kZ, and the K-cosets are K, a+K, ... ,(k—1)a+ K.
As K is monothetic with generator ka, we can apply Lemma 3.1 with K substituted
for Z and ka substituted for a.

Fix j € {0,... ,k — 1}, define a function f; on K by f;(2) = f(ja + z) and so

/ Ifi(z + ka) — f;(2)]? dmi (2) < k*6% .
K
Furthermore, for all s € K,
/ 1fi(z 4+ 8) — fi(2)ws(z + ja)|? dmk () < ké* .
K

The restriction of the function ws(z + ja) to K is affine and so we can apply
Lemma 3.1 with the function f;. As ¢ is small, there exists a constant c¢; and a

character y; € Z with
1) = eI dmic(z) < €26°

for some constant C. The character «; is defined only modulo K.
By the first hypothesis, we have

k—2
Z/ lejr17j4+1(2) = €% (2) P dmgc(2)
j=0"K

+ / lcovo(z + ka) — cr—17k—1(2)|? dmk (2) < C5?
K
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for some constant C. Thus ;41 = v; mod K+ for 0 < j < k— 1, and we can
choose v € Z with vj =~ mod K= for all j. Moreover we have |cj+1 — ¢;| < C§
for 0 < j < k—1and |cpy(ka) — cx—1| < Cd. Thus there exists ¢ with |¢| = 1 and
lc—¢j| < Cd for 0 < j <k—1, and we have also |1 — y(a)*| < C6.

There exists a complex number ¢ with ¢*¥ = 1 and |y(a) — ¢| < C3. But, since
the index of K in Z is k, there exists a character § € K+ with () = €.

It is now immediate that the affine function w = cfy satisfies || f — w||2 < C§ for
some constant C. O

Although we only use the following results for three terms, we state them more
generally for ¢ terms.

Lemma 3.3. Let £ > 1 be an integer and let a1, as,...,ap be distinct integers.
There exists a constant C' > 0 such that whenever fi, fa,..., fo are functions of
modulus 1 on Z so that
) [ 156 +a) = o) P () < 2
z
fori=1,... 0 and
‘

(7) / 11 =[] £i(z + ait)]? dm(z) dm(t) < 6

ZxZ =1
for some § > 0, then there exist affine functions wy,ws, ... ,we with
(8) 11— wifilla < C6§

fori=1,2,... ¢ and

¢
(9) H wi(z+ait) =1
i=1

forall z,t € Z.

Proof. The result is obvious for £ = 1 and we proceed by induction. Let £ > 1 and

assume that the statement holds for any choice of ay,as,... ,a¢—1.
Fix a1,...,as. As before, we write C for any constant depending only on the
data ai,...,ar and all Ly norms are assumed to be taken with respect to z.

Let f1,..., f¢ be functions of modulus 1 such that conditions (6) and (7) hold
for some § > 0. Clearly we can assume that § is as small as needed.

Fori=1,... ¢, set b, = a; —ay. Fix s € Z. Substituting z — ays for z and t + s
for t in (7) we get

¢
/ 11— ] fi(z + bis + ait) 2 dm(z) dm(t) < 6 .
ZXZ =1
Setting g;(2) = fi(z + b;8) fi(2), using the bound (7) again we get
—1

/ 11— H 9i(z + a;t)? dm(z) dm(t) < 46°
ZxZ ey

because by = 0. Moreover, for each i,

llgi(z + ) — gi(2)]|2 < 26 .
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Using the induction hypothesis, fori =1,... ,£—1 and for all s € Z there exists
an affine function w,; such that

(10) 1fi(z + bis) — wsi(2) fi(2)l|l2 < C6

for some constant C'. By Proposition 3.2, there exists an affine function ¢;y; such
that

(11) |l fi = civilla < C6

for some constant C'. Exchanging the role played by the indices £ and ¢ — 1 we find
an affine function ¢y, satisfying the relation (11) for i = £.
Using (7) again we have

(12) /sz‘l - f[ci%'(z + ait)r dm(z) dm(t) < C6% .

Since § is small,

¢ ¢
H%‘ = Hﬁ =1
i=1 =1

and |1—]_[f:1 ¢i| < Cd. Modifying ¢, by an amount less than C'§ so that Hle =1
and setting w; = ¢;7y;, we have the affine functions satisfy the announced properties.
O

Lemma 3.4. Let ay,as,...,a; be distinct integers. For 1 < ¢ < £ and k € N,
let fr: be a function of modulus 1 on Z such that the following two properties are
satisfied as k — oco:

1. Fori=1,...,, fri(z + ) fri(z) converges in L*(Z)
¢
2. H fr.i(z + a;t) converges in L*(Z x Z).
I=1
Then, fori=1,...,0 and k € N, there exists an affine function wy; such that the
following two statements hold:

1. wiifri converges in L?(Z) as k — oo
2. For all k € N and for all z,t € Z,

¢
(13) [Twriz+ait)y =1.
i=1

[
In particular, H fr.i(2) converges in L*(Z) as k — oo.
i=1
Proof. Let {k;} be an increasing sequence of integers such that for all j and all
k> kj,
‘

/Z Z\1 — I fr,i(z + ait) iz + a;:t)|* dm(z) dm(t) < 47"

=1

and for all ¢ € {1,... ,/},

/Z | fioi(z + )T aE T ) — i) Fora )| dmi(z) < 4" .
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Proceeding by induction and using Lemma 3.3 at each step, for each i € {1,...,¢}
and each j € N there exists an affine function wy; ; such that relation (13) is valid
for k = k; and

Hwk]‘+1,ifkj+1,i - wkj,ifkj,iHQ < 027‘] .
For k; < k < kjy1 we use Lemma 3.3 applied to the functions f ;fx;: and obtain
affine functions wy ; such that the relation (13) is valid and

lwr,ifryi — Wy ,ifryille < C277 .

The affine functions wy, ; now defined for all values of k satisfy the required prop-
erties. |

We note that it follows immediately from Lemma 3.3 that, if all the limits arising
in the hypothesis of Lemma 3.4 are equal to the constant 1, then the limits arising
in the conclusion can all be taken equal to the constant 1 too.

4. PROOF OF THEOREM 1.1

We now return to our original problem. We assume that ai,as,as are fixed,
distinct and non-zero integers and that we are given f1, f2, f3 € L°(u). We prove
the existence in L?(u) of

N-1 3

(14) J\}EDOO N Z I_IfZ Tazn

n=0 i=1

However, it now sufficies to prove the existence in L?(p) of the limit (14) for the
modified system described in Section 2.10.
By density, it suffices to consider the case when the functions f; are of the form

(15) fi(z,9) = wi(2)xi(9)

for i = 1,2,3, where w; € L*(m), x; € G and z = (z,9). We consider two cases,
depending on whether or not the character ¥ = (x1, x2, x3) belongs to M=.

4.1. The easy case. For Yy ¢ M=, the proof is straightforward.
Lemma 4.1. Let the functions f; be given by Formula (15) and assume that X ¢

M*. Then
| N1
Jim 5 2 L)
exists in L2(p) and equals 0.

Proof. Let mys denote the Haar measure of M. For z € Z and g € G we have

3
/ Hfi(zi;gi + u;) dmar(ur, ug, us) =
M =1

3

sz Zi Xz gz / HX’L Uj de(Ul,UQ,U3) O

=1

since ¥ ¢ M~+. On the other hand, each T-invariant function F in L?(ji) satisfies
for all (uy,us,u3) € M,

F(Z, 91+ u1, 92 + u2, 93 +u3) = F(Z,91,92,93) fi-a.e.
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3
by property () of Proposition 2.6. Consequently, the function H fi(zi, g:) is or-
i=1
thogonal in L?(ji) to the space of invariant functions. Thus by Lemma 2.2 (see the
remark at the end of Section 2.10), the averages converge to 0 in L?(u). O

4.2. The function ¢;. For Y € M, the proof is a bit more involved, and we use
the following lemma to express the limit as a continuous map.

Lemma 4.2. Let Y € M~*. There exists a continuous map s — ¢s(.) from Z to
L?(m) such that

3

Pnalz) = H Xi (U(nai) (Z))

i=1
foralln € Z.

We note that ¢ is of modulus one for all .

Proof. Let {ny} be a sequence of integers such that {nra} converges to some s € Z.
For 1 <i <3 and k € N we write

fri(2) =xi (U(n"‘“)(z)) .

We have to prove that [J°_, fx.i(2) converges in L?(Z) as k — occ.
By property (2) of Proposition 2.6, the multiplicative S*-cocycle

3

xoa(2) = [[xi(e“(z))

i=1
is a multiplicative coboundary of (Z, S). Therefore, there exists a function b(z,t)
of modulus 1 on Z x Z such that for all k € N

3 3
H f;m(z +ait) = H Xi (o’(nkai)(z + ait)) = b(z,t + nra)b(z,t)
i=1

i=1

for m x m-almost all (z,t) € Z x Z. As the translations act on L?(Z x Z) in a
continuous way,
3

H Jri(z + ait) — b(z,t 4 s)b(z,t)
i=1

in L?(Z x Z) as k — oo. Moreover, for i =1,2,3 and k € N,
Jri(z 4+ @) fri(2) = xi (U(n’“ai)(z +a) - U(nkai)(z)) = Xi(0(z + nra;a) — o(2))

by the cocycle relation, and it follows as above that

iz + ) fri(z) = xi(0(z + ais) — 0(2))

in L?(Z) as k — oo.
The result follows now immediately from Lemma 3.4 O
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4.3. Proof of convergence and a first expression of the limit. In order to
show that the limit in Equation (14) exists, we are left with considering the case
X € M*. For z = (z,9) and fi(z,9) = w;i(2)xi(g), we have

N—-1 3 N—-1 3

% Z H fi(Te™ ) HXl Z le z + na;«o l( (’ﬂai)(z)) .
— - L

i=1 i=1 n=0 i=
The function H ' wi(z 4+ na;a)xi (0" (2)) is exactly the value at ¢ = na of the
mapping
3
t— ¢u(2) le(z + a;t) ,
i=1

a continuous map from Z to L?(m) by Lemma 4.2.

Lemma 4.3. Let Z be a compact metric space, S : Z — Z a homeomorphism so
that Z is uniquely ergodic with invariant measure m. Let f : Z — H be a continuous
map into a Hilbert space H. Then for all z € Z,

o1 o
dm, o ) = | #twyimta)
in H.
Proof. Without loss, we can assume that [, f(u)dm(u) = 0. For an integer k, we

consider the continuous, complex valued functlon 2+ (f(S*2), f(2)) on Z, where
(, ) denotes the inner product on H. By unique ergodicity,

. 1 N-1 . . .
dim, S DU, (5" = [ (540 1) i)

Using % to denote this limit, by the Hilbert space Van der Corput lemma (see
Bergelson[1]) it suffices to show that -+ Zk o Yk — 0 as K — oo, and this follows
from the ergodic theorem. [l

By the lemma and the fact that (Z, S) is uniquely ergodic,

N-1 3

J\}i—{nooNZleZ_FnQZ 1 (nal) /¢t szz+az dm()

n=0 i=1
in L?(m).
Thus, the limit in Equation (14) exists and equals

3
[ oo [Tstounts + astyami)
z i=1
The proof of Theorem 1.1 is complete.

4.4. A global expression of the limit. The function ¢(z) constructed in Sec-
tion 4.2 depends on the character y € M L used to decompose the f;. To take this
into account, we write ¢)(z). By construction, the dependence on x is multiplica-
tive. More specifically, for ¥,0 € M+

(2) = 68(2)) (2)
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for all z € Z. As M~ is the dual group of the compact group G*/M, it follows
that there exists a measurable map Fy(z) with values in G®/M such that ¢)(z) =
X(Fi(z)) for all Y € M+. We can lift this map to a measurable map

Dy(2) = (Pr1(2), Pr2(z), Pr3(2))
taking values in G2. Then for ¥ = (X1, X2, x3) € M+,

3
¢y (2) = sz' (®1i(2)) -
i=1

For f1, f2, f3 € L (), consider the function on ¥ on X = Z x G given by

3
V(z,9) = /H fi(z + ait,g + gi + 1i(2)) dm(t) dmas (g1, g2, g3)
=1

where m s is the Haar measure of M.
We first consider the case that for each 4, the function f;(z,g) is of the form
w;(2)xi(g), with w; € L>(m) and x; € G. Then ¥(z, g) equals

3 3
/HXi(g)wi(Z +ait)¢ (2) dm(t) /HXi(Qi)de(m,gz,%) :
i=1 1=1

If Y ¢ M* the last integral equals 0. Therefore, ¥(z,g) = 0 for all z and g and
so ¥ = 0. Thus, ¥ is the limit in Theorem 1.1 by the discussion of Section 4.1. If
X € M+, we also have that ¥(z, g) is equal to the limit already obtained.

By density, ¥ equals the limit for all choices of the functions f;. We have proven
the following theorem, with Theorem 1.1 as a corollary.

Theorem 4.4. Let (X,B,p,T) be a measure preserving system, ai,as,ag distinct
integers and f1, fa, f3 € L>°(p). Assume that X = Z x G, a compact abelian group
extension of the Kronecker Z, and let M C G® be the Mackey group constructed
in Section 2.7. There exists a measurable map ®4(z) = (Pe,1(2), Pr2(2), Pr3(2))
Z — G3 so that
. p N=1 s o
Jim < ; 1211 [T (@)

exists in L*(m) and equals

3
/H fi(z+ ait, g + gi + ©14(2)) dm(t) dmas (g1, g2, 93)
i=1
at the point x = (z,9).
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