THE AUTOMORPHISM GROUP OF A SHIFT OF LINEAR
GROWTH: BEYOND TRANSITIVITY

VAN CYR AND BRYNA KRA

ABSTRACT. For a finite alphabet A and shift X C A% whose factor complex-
ity function grows at most linearly, we study the algebraic properties of the
automorphism group Aut(X). For such systems, we show that every finitely
generated subgroup of Aut(X) is virtually Z¢, in contrast to the behavior
when the complexity function grows more quickly. With additional dynamical
assumptions we show more: if X is transitive, then Aut(X) is virtually Z; if
X has dense aperiodic points, then Aut(X) is virtually Z4. We also classify
all finite groups that arise as the automorphism group of a shift.

1. INTRODUCTION

Given a finite alphabet A, a shift system (X,0) is a closed set X C A? that is
invariant under the left shift o: A% — A% and its automorphism group Aut(X) is
the group of homeomorphisms of X that commute with o (these notions are made
precise in Section . For general shift systems, while Aut(X) is countable, it can
be quite complicated: for the full shift [8] or for mixing shifts of finite type [3],
Aut(X) is not finitely generated and is not amenable (see also [2, [10, [7, [16], @]).
The assumption of topological mixing can be used to construct a rich collection of
subgroups of the automorphism group. For example, the automorphism group of
such a shift contains isomorphic copies of all finite groups, the direct sum of count-
ably many copies of Z, and the free group on two generators. In these examples, the
topological entropy is positive, and the complexity function Px(n), which counts
the number of nonempty cylinder sets of length n taken over all elements x € X,
grows quickly.

When the complexity function of a shift system grows slowly, the automorphism
group is often much simpler and the main goal of this paper is to study the algebraic
properties of Aut(X) in this setting. In contrast to mixing shifts, we study general
shifts of low complexity, without an assumption of minimality or transitivity. We
show that the automorphism group of any shift of low complexity is amenable, yet
its behavior can still be be quite complicated.

As Px(n) is non-decreasing, boundedness is the slowest possible growth prop-
erty that Px(n) can have. As expected, this case is simple: the Morse-Hedlund
Theorem [I1] implies that if there exists n € N such that Px(n) < n, then X is
comprised entirely of periodic points. Thus Aut(X) is a finite group (and we clas-
sify all finite groups that arise in this way in Section @ It follows that if (X, o) is

n—oo

a shift for which Px(n)/n —— 0, then |Aut(X)| < oc.
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2 VAN CYR AND BRYNA KRA

It is thus natural to study shifts for which Px(n) > n for all n € N. The smallest
nontrivial growth rate that such a system can have is linear, by which we mean

PX(TL)

0 < limsup —— < o0
n—o00 n
In previous work [5], we studied the algebraic properties of Aut(X) for transitive
shifts of subquadratic growth and showed that Aut(X)/(c) is a periodic group,
where (o) denotes the subgroup of Aut(X) generated by o. In particular, this
holds for transitive shifts of linear growth. Periodic groups, however, can be quite
complicated: for example, a periodic group need not be finitely generated, and
there are finitely generated, nonamenable periodic groups. In this paper, we study
Aut(X) for general (not necessarily transitive) shifts of linear growth. In the transi-
tive case, we prove a stronger result than is implied by [5], showing that Aut(X) /(o)
is finite. However, the main novelty of this work is that our techniques remain valid
even without the assumption of transitivity.
Depending on dynamical assumptions on the system, shift systems with linear
growth exhibit different behavior. Our most general result is:

Theorem 1.1. Suppose (X,0) is a shift system for which there exists k € N such
that

limsup Px(n)/n < k.

n—oo

Then every finitely generated subgroup of Aut(X) is virtually Z¢ for some d < k.

Let [o] denote the full group of a shift (X, o) (see Section [2.4] for the definition).
With the additional assumption that (X, o) has a dense set of aperiodic points, we
have:

Theorem 1.2. Suppose (X,0) is a shift system for which there exists k € N such
that

limsup Px(n)/n < k.

n—oo

If X has a dense set of aperiodic points, then Aut(X) N [o] = Z< for some d < k
and Aut(X)/(Aut(X) N [o]) is finite. In particular, Aut(X) is virtually Z.

With the additional assumption that (X, o) is topologically transitive, meaning
there exists a point whose orbit is dense in X, we show:

Theorem 1.3. Suppose (X, 0) is a transitive shift system for which
0 < limsup Px(n)/n < cc.

n—r oo

Then Aut(X) /(o) is finite. In particular, Aut(X) is virtually Z.

For minimal shifts, meaning shifts such that every point has dense orbit, we
show (note the growth condition on the complexity only assumes lim inf instead of
lim sup):

Theorem 1.4. Suppose (X,o) is a minimal shift for which there exists k € N
satisfying
liminf Px(n)/n < k.

n—oo

Then Aut(X)/(o) is finite and |Aut(X)/{o)| < k.



THE AUTOMORPHISM GROUP OF A SHIFT OF LINEAR GROWTH 3

For periodic minimal shifts, it is easy to see that Aut(X) = Z/nZ where n is
the minimal period. Salo and T6rmé [I4] asked if the automorphism group of any
linearly recurrent shift is virtually Z. Linearly recurrent shifts are minimal and
the factor complexity function grows at most linearly, and so Theorem gives an
affirmative answer to their question.

Roughly speaking, the proof of Theorem splits into two parts. We start
by studying shifts with a dense set of aperiodic points in Section [3:2] showing
that the automorphism group is locally a group of polynomial growth, with the
polynomial growth rate depending on the linear complexity assumption on the shift.
We sharpen this result to understand transitive shifts of linear growth, leading to
the proof of Theorem in Section [3.3] We then combine this with information
on existence of aperiodic points, completing the proof of Theorem [I.1]in Section [4]
The proof of Theorem in Section [5] proceeds in a different manner, relying on a
version of a lemma of Boshernitzan used to bound the number of ergodic probability
measures on a shift with linear growth, which we use to bound the number of words
in the language of the system that have multiple extensions.

For some of these results, we are able to give examples showing that they are
sharp. These examples are included in Section [6]

While writing up these results, we became aware of related work by Donoso,
Durand, Maass, and Petite [6]. While some of the results obtained are the same,
the methods are different and each method leads to new open directions.

2. BACKGROUND AND NOTATION

2.1. Shift systems. We assume throughout that A is a fixed finite set endowed
with the discrete topology. If z € A%, we denote the value of z at n € Z by z(n).
The metric d(z,y) = 2~ »HInl: 2()#y(M} generates the product topology on A%
and endowed with this metric, A% is a compact metric space; henceforth we assume
this metric structure on AZ.

The left shift o: A2 — A% is the map defined by (oz)(n) := z(n + 1) and is a
homeomorphism from A% to itself. If X C AZ is a closed, o-invariant subset, then
the pair (X, o) is called a subshift of A%, or just a shift of A%. If the alphabet A is
clear from the context, we refer to (X, o) as just a shift.

The set

O(z) :={o"xz: n € N}
is the orbit of x and we use O(z) to denote its closure. The shift (X, o) is transitive
if there exists some x € X such that O(z) = X and it is minimal if O(z) = X for

all z € X. A point x € X is periodic if there exists some n € N such that o™z =z
and otherwise it is said to be aperiodic.

2.2. Complexity of shifts. For a shift (X,0) and w = (a—pmy1,.-.,a—_1,0a0, a1,
ey Q1) € AP the central cylinder set [w]g determined by w is defined to be

[w]p :={z € X: z(n) =a, forall —m <n<m}.

The collection of central cylinder sets forms a basis for the topology of X. If
w = (ag,...,am-1) € A™, then the one sided cylinder set [w]§ determined by w is
given by

[w]d :={x € X:x(n) =a, forall 0 <n < m}.
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For m € N, define the set of words L,,(X) of length m in X by
Ln(X) :={weA™: [w]] #0}

and define the language £(X) of X to be L(X) := ,_; Lm(X). For w € L(X),
we denote the length of w by |w|. A word in & € X is also referred to as a factor
of z.

A measure of the complexity of X is the (factor) complezxity function Px: X —
N, which counts the number of words of length n in the language of X:

Px(n) == |Ln(X)].
If P,(n) is the complexity function of a fixed z € X, meaning it is the number of

configurations in a block of size n in z, then Px(n) > sup,¢ y P;(n), with equality
holding for all n when X is a transitive shift.

2.3. The automorphism group of a shift. Let Hom(X) denote the group of
homeomorphisms from X to itself. If hy,...,h, € Hom(X), then (hy,...,hy)
denotes the subgroup of Hom(X) generated by hi,...,h,. Thus the shift ¢ €
Hom(X) and its centralizer in Hom(X) is called the automorphism group of (X, o).
We denote the automorphism group of (X,o) by Aut(X) and endow it with the
discrete topology.

A map ¢: X — X is a sliding block code if there exists R € N such that for
any w € Lop+1(X) and any x,y € [w]o, we have (¢x)(0) = (¢y)(0). Any number
R € NU {0} for which this property holds is called a range for ¢. The minimal
range of ¢ is its smallest range.

If : X — X is a sliding block code of range R, there is a natural map (which,
by abuse of notation, we also denote by ¢) taking U, o511 Lm(X) to L(X). To
define this extension of ¢, let m > 2R and let w = (ag,...,am-1) € A™. For
0 <i<m—2R, choose z; € [(aj,...,a;42r)]o and define

p(w) = ((¢20)(0), (21)(0),. .., (pm-21-1)(0)).
Therefore if w is a word of length at least 2R + 1, then ¢(w) is a word of length
|lw| — 2R.
The elements of Aut(X) have a concrete characterization:

Theorem 2.1 (Curtis-Hedlund-Lyndon Theorem [8]). If (X, 0) is a shift, then any
element of Aut(X) is a sliding block code.

For R € NU{0}, we let Autr(X) C Aut(X) denote the automorphisms of (X, o)
for which R is a (not necessarily minimal) range. Thus Aut(X) = [Jp_, Autz(X).
We observe that if ¢; € Autg, (X) and p2 € Autg,(X), then p10pe € Autpg, + g, (X).

In general, the automorphism group of a shift can be complicated, but Theo-
rem implies that Aut(X) is always countable.

2.4. Automorphisms and the full group. The full group [o] of a shift (X, o) is
the subgroup of Hom(X) comprised of the orbit preserving homeomorphisms:

[0] == {¢ € Hom(X) : ¢(x) € O(x) for all x € X}.
Thus if 1 € [0], then there is a function ky: X — Z such that 1 (z) = o*+(®) (z) for
all z € X.
It follows from the definitions that the group Aut(X) N [o] is the centralizer of

o in [o]. We note two basic facts about Aut(X) N [o] which we will need in order
to study Aut(X)/(Aut(X) N[o]) in Section
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Lemma 2.2. If (X, 0) is a shift, then Aut(X) N [o] is normal in Aut(X).

Proof. Let ¢ € Aut(X) and suppose ¢ € Aut(X) N [o]. Let k,: X — Z be a
function such that ¢(z) = o%*(@)(z) for all z € X. Fix 2 € X and observe that
since ¢ and ¢ commute,

oo l(z)=po ohe (@1 @) 4 o Hz) = gkw(wl(z))(z)_

As this holds for any = € X, it follows that ¢ 0¥ o p~! € Aut(X) N [o]. Since
¢ € Aut(X) and ¢ € Aut(X) N [o] are arbitrary, we have

Aut(X) N [o] = ¢ (Aut(X) N [o]) - 7"
for all p € Aut(X). So Aut(X) N [o] is normal in Aut(X). O
Lemma 2.3. If (X,0) is a shift, then Aut(X) N [o] is abelian.

Proof. Suppose ¢1,p2 € Aut(X) N [o]. Fori=1,2, let ky,,: X — Z be functions
such that ¢;(z) = o%#i@ (z) for all z € X. For any = € X,

propa(z) = @roote(®(z) = o) o ()

ohex(@) o Uk‘”(m)(x) = gher(®) kaz(gﬂ)(x)
= "1 opy(a) = gy 00" P(a)
= p20p1(2).
Therefore 1 0 s = s 0 1. 0

2.5. Summary of group theoretic terminology. For convenience, we summa-
rize the algebraic properties that we prove Aut(X) may have. We say that a group
G is locally P if every finitely generated subgroup of G has property P. The group
G is virtually H if G contains H as a subgroup of finite index. The group G is
K-by-L if there exists a normal subgroup H of G which is K and such that the
quotient G/H is L.

3. SHIFTS OF LINEAR GROWTH WITH A DENSE SET OF APERIODIC POINTS

3.1. Cassaigne’s characterization of linear growth. Linear growth can be
characterized in terms of the (first) difference of the complexity function:

Theorem 3.1 (Cassaigne []). A shift (X, o) satisfies px(n) = O(n) if and only if
the difference function px(n+ 1) — px(n) is bounded.

Definition 3.2. Let w = (ao,...,au|—1) € L}y|(X). For fixed m € N, we say
that w extends uniquely m times to the right if there is exactly one word w =
(boy -+ + s ) 4m—1) € Ljw|+m(X) such that a; = b; for all 0 < < |wl.

Corollary 3.3. Assume (X,0) satisfies px(n) = O(n). Then for any m,n € N,
the number of words of length n that do not extend uniquely m times to the right
is at most Bm, where B = max,en(px(n+1) — px(n)).

Note that it follows from Cassaigne’s Theorem that B is finite.

Proof. For any N € N, the quantity px (N + 1) — px () is an upper bound on the
number of words of length IV that do not extend uniquely to the right. For any
word w of length n which does not extend uniquely m times to the right, there
exists 0 < k < m such that w extends uniquely k& times to the right, but not k£ + 1
times. For fixed k, the number of words for which this is the case is at most the
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number of words of length n + k that do not extend uniquely to the right. So the
number of words of length n that fail to extend uniquely m times to the right is at
most

> (px(n+k) —px(n+k—1)) < Bm. 0
k=1

3.2. Assuming a dense set of aperiodic points. We start by considering shifts
with a dense set of aperiodic points. This assumption holds in particular when the
shift has no isolated points: if X has no isolated points then, for any fixed period,
the set of periodic points with that period has empty interior. Then the Baire
Category Theorem implies that the set of all periodic points has empty interior. In
particular, the set of aperiodic points is dense. The two assumptions are equivalent
if the set of aperiodic points is nonempty.

Lemma 3.4. Suppose (X,0) is a shift with a dense set of aperiodic points and
there exists k € N such that

lim sup
n—oo

n

Then there exist x1,...,xr_1 € X such that
X = 6(1‘1) U@(.Z‘Q) U--- U@(l‘k_l).

Proof. Suppose not and let z; € X. Since O(x1) # X, there is a word w; € £(X)
such that [wy]d N O(z;) = 0. Choose x5 € X with x5 € [wy]{. Let i < k and
suppose that we have constructed z1,...,2; € X and wy,...,w;—1 € L(X) such
that [wj,]o N O(zj,) = 0 whenever jo < ji. Since O(z1)U---UO(z;) # X, there is
a word w; € £(X) such that [w;]§ NO(x1)U---UO(x;) = 0. Let 2,11 € [w;]§ and
we continue this construction until ¢ = k.

Let N > maxi<;<j |w;| be a fixed large integer (to be specified later). Since z; is
aperiodic, there are at least N + 1 distinct factors of length N in O(z1). Therefore
there are at least N + 1 distinct factors of length N in X which do not contain
the words wy,...,w;—1. We claim that for 1 < i < k, there are at least N — |w;|
distinet factors in O(z;41) which contain the word w; but do not contain any of the
words W;41, Wiy, ..., Wg—1. Assuming this claim, then for any sufficiently large N
we have px(N) > kN — Zle |w;|, a contradiction of the complexity assumption.

We are left with proving the claim. Let 1 < ¢ < k be fixed. By construction,
the word w; appears in O(z;11) but [w;]d N O(z41) = O for any j > i. If w;
appears syndetically in x;,1 then so long as N is sufficiently large, every factor
of z;41 of length N contains the word w;. In this case, since z;11 is aperiodic,
there are at least N + 1 distinct factors in O(z;41) which contain w; but not w;
for any j > i. Otherwise w; does not appear syndetically in ;1 and so there are
arbitrarily long factors in x;41 which do not contain w;. Since w; appears at least
once in x;41, it follows that there are arbitrarily long words which appear in z; 1
which contain exactly one occurrence of w; and we can assume that w; occurs as
either the rightmost or leftmost factor. Without loss of generality, we assume that
there exists a word w of length N which contains w; as its rightmost factor and has
no other occurrences of w;. Choose j € Z such that

w= (zip1()), i1 (G + 1), .,z (G + Jw| = 1)).
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By construction, if 0 < s < |w| — |w;| then the word
w® = (21 (G +8), w1 (G + s+ 1), ziga (G + s+ |w = 1))
is a word of length N for which the smallest ¢ € {0, ..., |w| — |w;|} such that
w; = ((Ei+1(j +t),l’i+1(j +f4 1), N ,ZL’iJrl(j +t+ |U)1| — ].)

is t = |w| — |w;| — s. Therefore, the words w(®) are pairwise distinct and each
contains w; as a factor. By construction, they do not contain w; for any j > ¢, thus
establishing the claim. O

Proposition 3.5. Suppose that (X, o) is a shift with a dense set of aperiodic points
and there exists k € N such that

lim sup Px(n) < k.
n—00 n
Then Aut(X) is locally a group of polynomial growth with polynomial growth rate
at most k—1. Moreover, if ¢ € N is the smallest cardinality of a set x1,..., x4 € X
such that O(z1) U O(z2) U--- U O(xy) is dense in X, then the polynomial growth
rate of any finitely generated subgroup of Aut(X) is at most q.

In Section 6.1 we give an example showing that the growth rate given in this
proposition is optimal.

Proof. By Lemma there exist y1,...,yx—1 € X such that the union of the
orbits O(y1) UO(y2) U--- U O(yk—_1) is dense in X. Let z1,...,2, € X be a set of
minimum cardinality for which O(z1) U O(z2) U--- U O(z,) is dense.

For 1 < i < ¢, define the constant

C; = inf{|w|: w is a factor of z; and [w]d contains precisely one element}

and define C; := 0 if no such factor exists. Define

(1) C = max C;.

1<i<q
Fix Re N. Fori=1,...,q, let w; be a factor of x; such that
(a) [wi| = 3R+ 1;
(b) for all u € Log41(X), there exists ¢ such that u is a factor of w;.
Note that is possible since O(x1) U O(z2) U--- U O(x,) is dense.

Without loss of generality, we can assume that there exists M; > 0 such that
[12)1]8' contains precisely one element for all ¢ < M; and contains at least two
elements for all ¢ > M; (otherwise reorder z1,...,x,—1). For each i > My, either
there exists a > 0 such that w; extends uniquely to the right a times but not a + 1
times, or there exists a > 0 such that w; extends uniquely to the left a times but
not a + 1 times. Again, reordering if necessary, we can assume that there exists
Moy > M such that the former occurs for all M; < ¢ < M, and the latter occurs
when ¢ > M. For i =1,...,q, we define words wy, ..., wq as follows:

(i) Fori=1,..., My, the set [@;]¢ contains precisely one element. This must
be a shift of z;, and without loss of generality, we can assume it is x; itself.
In this case, we define u; to be the shortest factor of z; with the property
that [u;]d contains precisely one element and define w; to be the (unique)
extension 2R + 2 times both to the right and to the left of u;. Observe
that if ¢, =1 € Autg(X), then p~(¢(w;)) = u;. Since ¢~ ! is injective
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and sends every element of [p(w;)]¢ to the one point set [u;]], it follows
that [p(w;)]d contains precisely one element and the word ¢(w;) uniquely
determines the word ¢(w;). Moreover, |u;| < C, where C is the constant
in (), and so |w;| < C + 4R + 4.

(ii) For i = M; +1,..., Ma, there exists a; > 0 such that w; extends uniquely
to the right a; times but not a; + 1 times. Define w; to be the (unique)
word of length |@;] + a; which has w; as its leftmost factor. By choice of
the ordering, w; does not extend uniquely to its right.

(iii) Fori = Ms+1,...,q, there exists a; > 0 such that w; extends uniquely to
the left a; times but not a; + 1 times. Define w; to the be (unique) word
of length |w;| + a; which has w; as its rightmost factor. By choice of the
ordering, w; does not extend uniquely to its left.

For ¢ € Autr(X), we have that ¢(w;) determines the word ¢(w;) and so by
property (]E[) in the definition of w;, the block code determines what ¢ does to every
word in Lor11(X). Thus the map ®: Autr(X) — Ly, |—2r(X) X Ljw,|—2r(X) X
oo X Ly, —2r(X) defined by

D(p) = (p(wr), p(w2),- .., p(wy))
is injective. We claim that for 1 <17 < ¢, we have

(2) {p(w:): @, 7" € Autr(X)}| < BE(C +4)(R+1),

where B is the constant appearing in Corollary and C' is the constant in .

Before proving the claim, we show how to deduce the proposition from this
estimate. It follows from (2] that [{®(p): ¢, ¢! € Autr(X)}| < (Bk(C'+4))4(R+
1)?. Since ® is injective, it follows that we have the bound

(3) [{p € Autr(X): o7 € Autp(X)}| < (BE(C +4)7(R +1)7.

Given @1, ..., o, € Aut(X), choose R € N such that 1, ..., 0m, 07 5. .., 0! €
Autr(X). Then for any n € N, any ej,...,e, € {—1,1}, and any f1,...,f, €
{1,...,m}, we have

©f 0 9F 00y € Autyr(X).

In particular, if S := {p1,...,m, <pf1, ooy oml} is a (symmetric) generating set
for {¢1,...,¢m), then any reduced word of length n (with respect to §) is an
element of {¢ € Aut,g(X): ¢~ € Aut,r(X)}. By (3)), there are at most (Bk(C +
4))?(nR 4+ 1)7 such words. Therefore (1, ..., pm) is a group of polynomial growth
and its polynomial growth rate is at most ¢q. This holds for any finitely generated
subgroup of Aut(X) (where the parameter R depends on the subgroup and choice
of generating set, but B, C, k, and ¢ depend only on the shift (X,0)). As ¢ < k—1,
the proposition follows.

We are left with showing that holds. There are three cases to consider,
depending on the interval in which ¢ lies.

(i) Suppose 1 <14 < M;. Then |w;| < C+ 4R+ 4 and so p(w;) is a word of
length |w;| — 2R < C' + 2R + 4. Therefore, there are at most

px(Jwi] =2R) <px(C+2R+4) <k-(C+2R+4) <Kk(C+4)(R+1)

possibilities for the word ¢(w;).

(ii) Suppose M1 < i < Ms. Then w; does not extend uniquely to its right.
If ¢ € Aut(X) is such that ¢,o~! € Autg(X), then the word ¢(w;) €
L)w,;|—2r(X) cannot extend uniquely R+ 1 times to its right (as otherwise
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this extended word would have length 2R + 1 and applying ¢! to it
would show that there is only one possible extension of w; to its right).
By Corollary there are at most B(R + 1) such words. Therefore
{o(w;): ¢, ! € Autr(X)} has at most B(R + 1) elements.

(iii) Suppose i > My. Then w; does not extend uniquely to its left. As in
Case (i), if ¢ € Aut(X) is such that ¢,¢~! € Autr(X), then ¢(w;)
cannot extend uniquely R+ 1 times to its left. By Corollary [3.3] there are
at most B(R + 1) such words. Therefore {p(w;): ¢, o~ € Autg(X)} has
at most B(R + 1) elements.

This establishes , and thus the proposition. [
3.3. The automorphism group of a transitive shift.
Lemma 3.6. Suppose (X,0) is a transitive shift and there exists k € N such that

P
lim sup x () <k.

n—oo

If xg € X has a dense orbit, then the set
{o(z0): ¢ € Aut(X)}

is contained in the union of finitely many distinct orbits.

Proof. If X consists entirely of periodic points, then the result follows easily. Thus
we assume that X contains at least one aperiodic point. We proceed by contradic-
tion and suppose that the result does not hold.

Let ¢1,p2,... € Aut(X) be such that ¢;(zo) ¢ O(p;(z0)) whenever i # j. For
N € N, let R(N) be the smallest integer such that we have p1, ..., on, 075, ..., <,0R,1 €
Autpny(X). For 1 <4 < N, m € N, and —n < j < n, we have gofl ool €
Autg(ny4+,(X). As automorphisms take aperiodic points to aperiodic points, for
fixed 1, the set

{piod?: —n<j<n}
contains 2n + 1 elements. If i1 # iy and —n < ji,jo < n, then ¢;, o 091 (xg) ¢
O(piy, 0 072(z0)). Thus the set

{pio07:1<i<Nand —n<j<n}
contains 2Nn + N elements. Therefore,
|{§D S AutR(N)Jrn(X): (p_l c AutR(N)+n(X)}| >2Nn+ N.

It follows that
Hp € Autr(X): ¢! € Autr(X)}|

lim sup i > 2N.
R—o
Since N € N was arbitrary, we have
R |

R—o0 R

On the other hand, since (X, o) is transitive, the parameter ¢ in the conclusion
of Proposition is 1. Then by , we have

{e € Autg(X): ¢! € Autr(X)} < BE(C +2)(R+1),

where B, k,C are as in Proposition which depend only on the shift (X, o) and
not on R. This estimate holds for any R € N, a contradiction of . [
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We use this to complete the proof of Theorem [I.3] characterizing the automor-
phism group of transitive shifts of linear growth:

Proof of Theorem[1.3 Assume (X, o) is a transitive shift satisfying
limsup Px (n)/n < k
n—oo
for some £ € N. An automorphism in a transitive shift is determined by the
image of a point whose orbit is dense, and so Lemma [3.6] implies that the group
Aut(X)/(Aut(X)N[o]) is finite (Lemma[2.2)implies that Aut(X)N[o] is normal in
Aut(X)). However, the only orbit preserving automorphisms in a transitive shift
are elements of (o), since such an automorphism acts like a power of the shift on a
point whose orbit is dense. ([

Theorem m shows that if (X, o) is transitive and has low enough complexity,
then Aut(X) is highly constrained. One might hope to have a converse to this
theorem: if (X, o) is transitive and is above some “complexity threshold” then
Aut(X) is nontrivial. In Section we give an example showing that no such
converse holds.

3.4. The automorphism group of a shift with dense aperiodic points.
Lemma 3.7. Suppose (X,0) has a dense set of aperiodic points and there exists
k € N such that
P
n

lim sup
n—oo

Let z1,...,24 € X be a set (of minimal cardinality) such that O(z1)U---UO(z,)
is dense in X. Then for each 1 < i < q, the set

{p(zi): p € Aut(X)}

is contained in the union of finitely many distinct orbits.

Proof. By minimality of the set {z1,..., 24}, we have
z; ¢ | Ol;)
J#i

for any 1 < i < g. Therefore there exists w; € £(X) such that [w;]d N O(z;) # 0
but [w;]g N U, O(x;) = 0. This implies that [wi]§ C O(x).

Let ¢ € Aut(X) and note that ¢ is determined by ¢(z1),. .., ¢(zq). If for some
1 < i < g we have O(p(z;)) N [w;lg = 0 for all 4, then ¢(X) N [w;]d = 0 and
@ is not surjective, a contradiction. Therefore, for each i there exists 1 < j; < ¢
such that O(p(x;,)) N [wi]§ # 0. By construction, if O(p(z;,)) N [w;]d # 0, then
¢(x;,) € O(x;) and so O(p(z;,)) N[wg]d = 0 for any k # i. That is, the map i — j

is a permutation on the set {1,2,...,¢}. Let m, € S;, where S; is the symmetric
group on q letters, denote this permutation.
Let

H:={n,: p € Aut(X)} C S,.
For each h € H, choose ¢, € Aut(X) such that h = m,,. Then if ¢ € Aut(X) and
h = m,, the permutation induced by 90;1 o ¢ is the identity. It follows that <p;1 oy
preserves each of the sets O(z1),...,0(z,). Consequently, for each 1 <i < g, the

restriction of ¢, ' o ¢ to O(z;) is an automorphism of the (transitive) subsystem
(O(x;),0). By Lemma 3.6 the set {¢(2;): ¢¥ € Aut(O(z;))} is contained in the
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union of finitely many distinct orbits. Therefore, the set {¢,. i op(zi): p € Aut(X)}
is contained in the union of finitely many distinct orbits. Since

fo(e): € Au(X)} € | on ({72 0 w(wi): » € Aut(X)})
heH
and automorphisms take orbits to orbits, it follows that {¢(z;): ¢ € Aut(X)} is
contained in the union of finitely many distinct orbits. ]

Lemma 3.8. Let (X,0) be a shift with a dense set of aperiodic points and assume
that there exists k € N such that

lim sup
n—oo

Then Aut(X) N [o] = Z2 for some d < k.

Proof. By Lemmas 2.2/ and Aut(X)NJo] is abelian and normal in Aut(X). By
Lemma [3.4] there exist points z1,...,2z5_1 € X such that O(z1) U--- U O(zj_1)
is dense in X. If ¢ € Aut(X) N [o], then there exist e1(p),...,ex—1(p) € Z such
that ¢(x;) = 0% (x;) for all 1 < i < ¢q. As an automorphism is determined
by the images of z1,...,25_1, the map ¢ — (e1(p),...,ex—1(p)) is an injective
homomorphism from Aut(X) N [o] to Z*¥~1. O

n

Proof of Theorem[1.4 By Lemma there exist x1,...,75_1 € X such that
O(z1)U---UO(zg—1) is dense in X. If ¢ € Aut(X), then ¢ is determined by the val-
ues of p(x1), ..., p(xx—1). By Lemma[3.7] the set {¢(z;): ¢ € Aut(X)} is contained
in the union of finitely many distinct orbits in X. Therefore, modulo orbit preserv-

ing automorphisms, there are only finitely many choices for ¢(z1),...,p(zg—1). It
follows that the group Aut(X)/(Aut(X) N [o]) is finite. By Lemma [3.8] Aut(X) =
74 for some d < k. |

4. GENERAL SHIFTS OF LINEAR GROWTH

Lemma 4.1. Suppose (X,0) is a shift and w € L(X) is such that [w]§ is infinite.

Then there exists aperiodic x,, € X such that ., € [w]].

Proof. Either w occurs syndetically in every element of [w]] with a uniform bound
on the gap, or there exists a sequence 7, of elements of [w]ér along which the gaps
between occurrences of w in y,, grow.

In the first case, the subsystem

{oiz: e w]],icZ}

is infinite and so contains an aperiodic point z,,. Since w occurs syndetically with
the same bound in every element of [w], it also occurs syndetically in any limit
taken along elements of [w]{, and in particular in z,,.

In the second case, there is an element of z,, € O(y,) N [w]] for which either
w occurs only finitely many times or infinitely many times with gaps tending to
infinity in the semi-infinite word {z(n): n > 0}, or the same behavior occurs in the
semi-infinite word {z(n): n < 0}. In either case, z,, is aperiodic. O

We use this to complete the proof of Theorem [I.I] characterizing the finitely
generated subgroups of a shift of linear growth:



12 VAN CYR AND BRYNA KRA

Proof of Theorem[I1. Let (X,0) be a shift and assume there exists k¥ € N such

that
P
lim sup M < k.
n

n—oo

Let

Xnp:={x € X:ol(zx) #xforall i #0}
be the closure of the set of aperiodic points in X. As automorphisms take aperiodic
points to aperiodic points, every element of Aut(X) preserves Xyp. Consequently,
restriction to Xy p defines a natural homomorphism h: Aut(X) — Aut(Xnp).

Let 1,...,on € Aut(X) and choose R € N such that gpl,...,gpN,gol_l,...,goj_Vl €
Autr(X). By Lemma there exists a set x1,...,x5_1 € Xnyp such that

O(l‘l) u---u O(I‘kfl)
is dense in Xyp. Let {z1,...,24} C Xnp be a set of minimal cardinality with the
property that
O(z1)U---UO(zq)

is dense in Xp. Then for any ¢ € (p1,...,¢nN), the restriction of ¢ to Xyp is
determined by ¢(21), ..., ¢(z4). By Lemma [3.7] for each 1 < j < g, the set

{e(xs): 0 € (1, on)}

is contained in the union of finitely many distinct orbits. Therefore there exists
a finite collection of automorphisms 1, ...,¥n € (@1,...,9n) such that for any
© € (p1,...,0N), there exists 1 < t(p) < M such that for all 1 < j < ¢, we have

o(x;) € O(Yy(yp)(75))-
Thus the restriction of ¢i;) oy to Xyp is orbit preserving. Let
K :={p € (p1,...,0n): the restriction of ¢ to Xyp is orbit preserving}.

Clearly K is a subgroup of {(¢1,...,pN)-
For each 1 <17 < N, we have that ¢; is a block code of range R. Let

Wg = {w € £2R+1(X): [w]g NXyp = @} .
Then by Lemma the set
vie U Wl
weWR

is finite. Since every element of Y is periodic and automorphisms preserve the
minimal period of periodic points, the ({¢1,...,@xN)-invariant) set

Z = {gofllo~~o<pfss(y):i1,...,is6{1,...,N}, 61,...,65G{—Ll},SGN,yGY}

is finite. For any 1 < ¢ < N, the restriction of ¢; to Xyp uniquely determines the
restriction of ¢; to X'\ Z (since by definition of Wg, all words of length 2R+ 1 that
occur in elements of X\ Z also occur in Xy p). Since @1, ..., py are automorphisms
that preserve Z, they take elements of X \ Z to elements of X \ Z. Thus for any
© € {p1,...,pnN), the restriction of ¢ to Xp uniquely determines the restriction
of ¢ to X'\ Z. In particular, this holds for all ¢ € K. Since Z is finite, there exists
a finite collection of automorphisms a;,...,ar € K such that for all ¢ € K, there
is an integer 1 < s(¢) < T such that Oés_(}p) o @ acts trivially on Z.
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With the functions ¢(¢) and s(¢) defined as above, we have that for any ¢ €
(¢1,...,pnN), the automorphism

-1

“(eztyer) " ¥
acts trivially on Z and its restriction to Xy p is orbit preserving. Define H C
(p1,-..,9nN) to be the subgroup of elements ¢ € (¢p1,...,¢n) such that ¢ acts
trivially on Z and the restriction of ¢ to Xyp is orbit preserving. Every element
of H is uniquely determined by its restriction to X p, and so H is isomorphic to a
subgroup of Aut(Xyp)N[o]. By Lemma this subgroup is isomorphic to Z¢ for
some d < k. On the other hand, for any ¢ € (p1,...,pN), there exist 1 <t < M
and 1 < s < T such that a;l o 1/);1 o@ € H. Therefore H has finite index in
<()01a"'7S0N>'

Finally, if ¢ € H, then there is a function k: Xyp — Z such that forall z € Xyp
we have ¢(x) = o*®)(z). Thus if ¢ € (p1,...,¢N) and x € Xyp, we have

Yopop H(z)=1ho @ (@) o v (z) = Uk(wfl(w))(x)

and if x € Z, we have
YopoyTi(z) =2
Therefore 1) o p 0 p~! € H and so H is a normal subgroup of Aut(X).
It follows that (1, ..., @n) is virtually Z¢. This argument holds for any finitely
generated subgroup of Aut(X) and so every finitely generated subgroup of Aut(X)
is virtually Z? for some d < k. (]

Remark 4.2. We note that the proof of Theorem[I.1]actually gives a slightly stronger
result: for every finitely generated subgroup of Aut(X), there exists d < k such
that this subgroup is Z?-by-finite (i.e. the finite-index subgroup isomorphic to Z?
is normal).

5. MINIMAL SHIFTS OF LINEAR GROWTH

For minimal shifts, we need more information on the words that are uniquely
extendable:

Definition 5.1. For z € X, define
xr:={y € X:y(i) =z(i) for all i > 0}.

For 2,y € X, we write x ~g y if g = yg and define X := X/~g to be X modulo
this relation.

It is easy to check that ~pg is an equivalence relation on X and so Xp is well
defined. We view (Xg,o0) as a one sided shift. If ¢ € Aut(X), then ¢ is a block
code (say of range N) and so determines an endomorphism on (Xg, o) as follows:
if y € 2 and N € N is the minimal range of ¢, then ¢(zg) := (¢V o ga(y))R. It is
easy to check that ¢(xzg) is well defined.

Definition 5.2. For z € X, we say that zy is uniquely left extendable if it has a

unique preimage under the shift o in Xg and nonuniquely left extendable otherwise.
If we £,(X) is a word of length n in the language of X, we say that w is

uniquely left extendable if there is a unique w € L,,+1(X) that ends with w.
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Boshernitzan [I] showed that if (X, o) is minimal and there exists k& € N such
that
liminf Px(n) — kn = —o0,
n—oo

then the number of ergodic probability measures on (X, o) is finite. In his proof,
he makes use of a counting lemma and we use an infinite version of this lemma to
study minimal shifts of linear growth:

Lemma 5.3 (Infinite version of Boshernitzan’s Lemma). Let (X, o) be a shift for
which there exists k € N such that
(5) liminf Px (n) — kn = —oc.

n—oo

Then there are at most k — 1 distinct elements of (Xgr, o) which are nonuniquely

left extendable.

Proof. We first claim that for infinitely many n, the number of words of length n
that are nonuniquely left extendable is at most k — 1. If not, let L,, be the number
of words of length n that do not extend uniquely to their left. Then by assumption
there exists IV € N such that for all n > N we have L,, > k. However,

Px(n+1) > Px(n) + Ly,

and so Px(n) > Px(N)+k-(n— N) for all n > N. This contradicts (7)), and the
claim follows.

We use this to show that there are at most £ — 1 elements in X which are
nonuniquely left extendable. If not, there exist distinct elements x4, ...,z € Xg
which are all nonuniquely left extendable. Choose M € N such that for any 1 < i <
J <k, there exists 0 < m < M such that x;(m) # x;(m). By the first claim, there
exists n > M such that there are at most k& words of length n that are nonuniquely
left extendable. For all 1 < ¢ < k, the word

(:(0),2;(1),...,2;(n — 2),2;(n — 1))
is a word of length n that is nonuniquely left extendable and these words are pairwise

distinct since n > M, leading to a contradiction. Thus the number of elements of
(Xg, o) that are nonuniquely left extendable is at most &k — 1. (]

Notation 5.4. We write Yo C Xg for the collection of nonuniquely left extendable
points in Xg. For m € N, we write T, := ¢™(Yy) for the collection of elements of
X whose preimage under m iterates of o contains more than one point.

Lemma 5.5. Suppose X is infinite and Xg, Yo are as in notation 5.4 Then
To # 0.

Proof. Since X is infinite, X is also infinite. The Morse-Hedlund Theorem implies
that Px,(n) is unbounded and so there are infinitely many n € N such that Px,, (n+
1) > Px,(n); let (n;) be a sequence of such n. If every word of length n in £(X)
extended (left) uniquely to a word of length n + 1, then Px,(n+ 1) = Px,(n). So
for all ¢, there exists a word w; € L,,(Xg) and two words u;,v; € Ly, +1(Xr) such
that u; # v; but the rightmost factor (of length n;) of both w; and v; is w;. For
each i € N, let z; € [u;]{ and let y; € [v;]§. By compactness of Xg, we can pass
to a subsequence x;; that converges to some 7, € Xgr. By passing to a further
subsequence if necessary, we can assume that y;. also converges to some yo, € Xg.
By construction, 0(Ze) = 0(Yoo) DUt Zoo # Yoo. Thus o (o) € To. O
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Lemma 5.6. Ify € Xg\U;_, Ti, then there is a unique z € X for whichy = zg.

Proof. If not, there exist distinct z1,20 € X and y = (21)r = (22)gr. Thus
there exists ¢ € N such that z1(—i) # z2(—i). Set ig to be the minimal such 4.
Then o=ty = (o7%F 2 ) = (67T 2) g, but (67%2)r # (07 %2)g. Thus
o~t+ly € Ty, which implies that y € T_; 1, a contradiction. O

Lemma 5.7. If (X,0) is a shift, ¢ € Aut(X), and y € Yy, then there exists m > 0
such that o(y) € Tpp.

Proof. Tt not, then ¢(y) € Xz \ U, _o T and so Lemma implies that there is
a unique z € X such that ¢(y) = zg. Since ¢ is an automorphism, it follows that
¢~ 1(2) is the only solution to the equation y = g, a contradiction of y € To. [

We use this to complete the characterization of the automorphism group for
minimal aperiodic shifts with linear growth:

Proof of Theorem[I]] Assume (X, o) is an aperiodic minimal shift such that there
exists k € N with liminf,, o Px(n)/n < k.

Fix y € Yy (which is nonempty by Lemma and let ¢ € Aut(X). By
Lemma there exists m € N such that ¢(y) € T,,. Let m, > 0 be the smallest
non-negative integer for which ¢(y) € T, . Then there exists z, € T¢ such that
o™ (24) = ¢(y).

Now suppose @1, @2 € Aut(X) and z,, = 2z,,. We claim that ¢, and ¢2 project
to the same element in Aut(X)/(c). Without loss of generality, suppose my,, <
My,. Then

S02(y) — o_mc;JQ (Z¢2) — J(mcpgfmtpl) o o-mcpl (Zsﬂl) — J(mwzfmcpl) o) Spl(y)

By minimality, every word in £(X) of every length occurs syndetically in every
element of (X,0). It follows that all words occur syndetically in every element
of (Xg,0), and in particular, all words occur syndetically in y. Both ¢o and
o(Mme2=me1) o o) are sliding block codes. Since @o(y) = o(Me2=me1) 0y (y), it
follows that oo and o(™#2="¢1) o ¢, have the same image on every word, meaning
that they define the same block code. In other words, ¢; and ¢5 project to the
same element in Aut(X)/(o), proving the claim.

Since |To| < k — 1, Lemma implies that there can be at most k£ — 1 distinct
elements of (Xg, o) that arise as z, for ¢ € Aut(X). Therefore, there are at most
k — 1 distinct elements of Aut(X)/(o). O

This can be used to characterize the automorphism groups for particular systems.
We note the simplest case of a Sturmian shift for later use (see [12, Example 4.1]):

Corollary 5.8. If (X,0) is a Sturmian shift, then Aut(X) = (o).

Proof. For a Sturmian shift, (X, o) is minimal, aperiodic, and Px(n) = n+ 1 for
all n € N. Applying Theorem [1.4] with k£ = 2, we have that [Aut(X)/{o)| =1. O

More generally:
Corollary 5.9. If (X,0) is aperiodic, minimal and there exists k € N such that

liminf Px(n) — kn = —o0,
n—oo

then Aut(X) is the semi-direct product of a finite group and Z.
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Proof. By Theorem Aut(X)/{(o) is finite. Since (o) has infinite order and is
contained in the center of Aut(X), it follows from the classification of virtually
cyclic groups (see [15]) that Aut(X) is the semi-direct product of a finite group and
Z. O

6. EXAMPLES

6.1. Automorphism group with large polynomial growth. Proposition [3.5
shows that if (X, o) is a shift satisfying

P
lim sup M <k

n—o00 n
then Aut(X) is locally a group of polynomial growth, with polynomial growth rate
at most k— 1. The following proposition shows that this estimate of the polynomial

growth rate of Aut(X) is optimal.

Proposition 6.1. Let k € N be fized and let A = {0,1} x {1,...,k}. There is a
shift X C A% with o dense set of aperiodic points such that Px(n) = kn + k and
Aut(X) =2 ZF.

Proof. Recall that a Sturmian shift is an aperiodic, minimal shift of {0,1}* whose
complexity function satisfies Px(n) = n + 1 for all n. There are uncountably
many Sturmian shifts and any particular Sturmian shift only factors onto countably
many other Sturmian shifts (since the factor map must be a sliding block code, of
which there are only countably many). Therefore there exist k Sturmian shifts
X1,Xs,..., X}y such that there exists a sliding block code taking X; to X; if and
only if i = j. We identify X; with in a natural way with a shift of A% by writing
the elements of X; with the letters (0,¢) and (1,%) and will abuse notation by also
referring to this shift as X;. Let X := X;U---UX}, (which is clearly shift invariant,
and is closed because the minimum distance between a point in X; and X, is 1
whenever i # j).

Let o € Aut(X). As ¢ is given by a sliding block code, ¢ must preserve the sets
X1,..., Xk. Therefore Aut(X) = Aut(X;y) x -+ x Aut(Xy). By Corollary we
have Aut(X;) = (o) 2 Z for i = 1,..., k. So Aut(X) = Z*, O

6.2. Quickly growing transitive shifts with trivial automorphism group.
Next we describe a general process which takes a minimal shift of arbitrary growth
rate and produces a transitive shift with essentially the same growth, but whose
automorphism group consists only of powers of the shift. This shows that there
is no “complexity threshold” above which the automorphism group of a transitive
shift must be nontrivial.

Lemma 6.2. If (X,0) is a transitive shift with precisely one dense orbit, then
Aut(X) = (o).
Proof. Suppose that there exists ¢y € X such that

{y € X : y has a dense orbit} = O(z).

If ¢ € Aut(X), then (o) has a dense orbit and so there exists k& > 0 such that
¢(x0) = o¥(z0). Tt follows that ¢ and o* agree on the (dense) orbit of zy. Since
both functions are continuous, they agree everywhere. ([
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Example 6.3. Let A ={0,1,2,...,d—1} and let X C A% be a minimal shift. Let
A = AU {d}, where we add the symbol d to the alphabet and d ¢ A. Fix o € X
and define 7y € AZ by:

o [wl) ifi£0

d if i = 0.

Let X C A” be the orbit closure of Zo. Then X = X U O(&), (X, 0) is transitive,
ps(n) = px(n) +n forall n € N (for n € N, £,(X) C £,(X) by minimality
but £, (X) has exactly n additional words that contain the symbol d), and X has
precisely one dense orbit. By Lemma [6.2, Aut(X) = (o).

6.3. Aut(X) and Aut(X)/(Aut(X) N[o]) are not always finitely generated.
Theorem shows that every finitely generated subgroup of Aut(X) is virtu-
ally Z?. When X has a dense set of aperiodic points, Theorem shows that
Aut(X)/(Aut(X) N [o]) is finite. In this section we show that the result of The-
orem cannot be extended to the general case, and the words “every finitely
generated subgroup of” cannot be removed from the statement of Theorem [I.1
We begin with an example to set up our construction.

Example 6.4. Let A= {0,1} and for n € N, let x,, € A% be the periodic point

i) = 1 ifi=0 (mod 2");
"7 10 otherwise.

Let X be the closure of the set {z,: n € N} under o. If we define

1 ifi=0;
xoo(i)Z{ =0

0 otherwise,

and 0 to be the A-coloring of all zeros, then we have
(oo}
X ={0}UO(zs) U U O(xy)-
n=1

Suppose R € N is fixed and ¢ € Autr(X). Since ¢ preserves the period of periodic
points, ©(0) = 0. In particular, the block code ¢ takes the block consisting of all
zeros to 0. It follows that there exists k € [~ R, R] such that () = 0 (24). For
any m > 2R + 1, the blocks of length 2R + 1 occurring in z,, are identical to those
appearing in 2., and so ¢(z,,) = o*(x,,) for all such m.

Now let @1, ..., ¢, € Aut(X) and find R € Nsuch that ¢1,..., 00,01 ..., 05' €
Autr(X). For 1 < i < n, let k; € [-R,R] be such that for all m > 2R + 1
we have @;(z,,) = 0¥ (z,,). Then for N € N, any ey,...,ex € {1,...,n}, any
€1,...,exy € {—1,1}, and any m > 2R + 1, we have

(651 055 0+ 0 98) () = ol b Ferba ttenhen) g,

Then if ¢ € Aut(X) is the automorphism that acts like ¢ on O(zar+2) and acts
trivially on X \ O(z2r+2) (this map is continuous because zapyo is isolated), then
¢ & (p1,...,0n). Therefore (p1,...,pn) # Aut(X). Since ¢1,...,0, € Aut(X)
were general, it follows that Aut(X) is not finitely generated.

On the other hand we can compute the value of Px(n) as follows. There are
exactly n+1 words in £,,(X) that contain at most one 1. For all m < |logy(n)| —1,
there are exactly 2™ words in £, (X) that arise as factors of z,, (all such words
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contain at least two 1’s and their period can be read off as the spacing between the
1’s). In addition, there are exactly n — 2Ulog2 (M) words in T|log,(n)) that contain at
least two 1’s. Therefore

Llog, (n)] —1
Px(N)=(n+1)+ > 2"+4(n—[logy(n)]) = 2n+21°8(M]—|log,(n) | -1 < 4n

m=1

for all n, so Px(n) grows linearly. We also remark that Aut(X) = Aut(X) N [o] for
this shift.

Proposition 6.5. There exists a shift (X, o) of linear growth that has a dense set
of periodic points and is such that none of the groups Aut(X), Aut(X) N [o], and
Aut(X)/(Aut(X) N [o]) are finitely generated.

Proof. Let X, be the shift of {0,1}? constructed in the previous example. Let
X be the same shift, constructed over the alphabet {2,3} (by identifying 0 with
2 and 1 with 3). Let X = X; U X5 and observe that d(X;,X5) = 1. Since
Aut(X;) N[o] = Aut(X;) for ¢ = 1,2, we have Aut(X) N[o] =2 Aut(X;) x Aut(X3).
Therefore Aut(X) N [o] is not finitely generated. On the other hand,

Px(n) = PXI(H) +PX2(71) =2 PXl(n) < 8n

so X is a shift of linear growth (and has a dense set of periodic points).

We claim that Aut(X)/(Aut(X) N [o]) is not finitely generated. Define ¢ €
Aut(X) to be the involution of range 0 (or, equivalently, the 1-block code) that
exchanges 0 with 2 and 1 with 3. For each m € N let §,, € Aut(X) be the
involution of range (2" + 1) which exchanges the (unique) orbit of period 2™ in
X1 with the (unique) orbit of period 2™ in X5 by exchanging 0 with 2 and 1 with
3 in these orbits only (and fixing the remainder of X). For i € N let §; be the
projection of &; to Aut(X)/(Aut(X) N [o]) and let § be the projection of §. These
involutions commute pairwise and one can check that the set {d;: i € N} U {5}
generates a subgroup of Aut(X)/(Aut(X)N|[o]) that is isomorphic to [[;-,(Z/2Z).

Now let x € X; be the point x(i) = 1 if and only if i = 0, and let y € X3 be
the point y (i) = 3 if and only if i = 0. Let ¢ € Aut(X) be fixed and observe that
either p(x) € O(x) or p(x) € O(y). In the former case define € := 0 and in the
latter case define € := 1, so that o 0¢ preserves the orbit of x (hence also the orbit
of y). As o ¢ is given by a block code which carries the block of all 0’s to 0,
there are at most finitely many m such that ¢ o §¢ does not preserve the orbit of
the (unique) periodic orbit of period 2™ in X;. Let my < --- < m,, be the set of
m for which it does not preserve the orbit. Then

90 0y, 0 0dy,, €Aut(X)N][o].

Therefore Aut(X)/(Aut(X) N [o]) is the group generated by 8,8y,d2,0s3,... This
group is isomorphic to [];2,(Z/2Z) so Aut(X)/(Aut(X) N [o]) is not finitely gen-
erated. Finally, as Aut(X) factors onto a group that it not finitely generated, it is
not finitely generated either. O

7. AUTOMORPHISMS OF PERIODIC SHIFTS

We characterize which finite groups arise as automorphism groups of shifts.
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Definition 7.1. For n > 1 and m € N, let
Lyt =Ty X L X -+ X L,

m times

where Z,, denotes Z/nZ. Let S,, denote the symmetric group on m letters and
define a homomorphism : S,, — Aut(Z}") by

(7)) (i1, -y im) = (ir(1)s -+ s dn(m))-
Then the generalized symmetric group is defined as in [I3] to be
S(n,m) =27 Xy Spm.
Equivalently, S(n,m) is the wreath product Z,, 1 S,.

Theorem 7.2. Suppose G is a finite group. There exists a shift (X, o) for which
Aut(X) = G if and only if there exist s € N, ny <ng < --- < ng, andmy,mag,...,mgs €
N such that

G = S(ny,mq) X S(ng,ma) X -+ x S(ng, mg).

Proof. Suppose (X, o) is a shift for which Aut(X) is finite. Since o € Aut(X), there
exists k € N such that o*(z) = x for all z € X. That is, X is comprised entirely of
periodic points such that the minimal period of each point is a divisor of k. Since
a shift can have only finitely many such points, X is finite. Let x1,...,2y € X
be representatives of the orbits in X, meaning that O(x;) N O(z;) = 0 whenever
i # j and for all 2 € X there exist i,k € N such that = o*(z;). Fori=1,..., N,
let p; be the minimal period of z; and, without loss of generality, assume that
p1 < pg <--- < ppy. Define ny := p; and inductively define no, ns,...,ns by

N1 = min{p;: p; > n,},
where s is the number of steps before the construction terminates. Define
m; = |{j: pj = ni}l.
Let ¢ € Aut(X). Then for 1 < ¢ < s, ¢ induces a permutation on the set of
periodic points of minimal period n;. More precisely, for fixed 1 < i < s, we can
define 7rf € S, to be the permutation that sends j € {1,2,...,m;} to the unique

integer k € {1,2,...,m;} such that ©(Zm,4..chom; ,+j) € O(@my4-tm;_1+k). For
1 < j < m;, choose k; € Zy, such that

i

@(mm1+"'+mi_1+j) = Ukj (x’rn1+~~~+'rni,1+7rf(j))‘
Then the map ® given by
D(p) = (ki kg, .. kL w8 kD K2 S Kk )

s Vimyo s Mmoo s Vmgo
is a homomorphism from Aut(X) to S(ny,my) x - - x S(ns,ms). The kernel of
this map is trivial since any such automorphism fixes z; for all ¢ (and so also fixes
every element of X). To check that it is surjective, if m,..., 7 are permutations
(m; € Sy, for all 7), then define

Py, ms (xM1+---+mi71+j) = Tmy+-4mi—1+m(5)

and extend this to an automorphism of (X, ). Similarly, for 1 < ¢ < N, define

k+§1J(

pi(o*(x;)) =0 zj),
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where 0; ; is the Kronecker delta. Note that each of these maps is given by a block
code, where the range is the smallest R such that of*(z) = x for all z € X. Taken
together, this shows that the map ® is surjective and thus is an isomorphism.

Conversely, suppose that n; < --- < ng and mq,...,ms € N are given. For
1<i<sand1l<j<m,, define

j it k=0 (mod n;);

i.7 k‘ =
i (k) 0 otherwise.

Let

s n;
X =UU=
i=1j=1
and let X be the closure of X’ under 0. Then X consists of periodic points, with
precisely m; distinct orbits of minimal period n;, for 1 < ¢ < s. The reader can
check that the automorphism group of a shift that consists of exactly m distinct
orbits of minimal period n is isomorphic to S(n,m). Thus we have

Aut(X) = S(ny,mq) X -+ X S(ng,ms). O
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