NONEXPANSIVE Z2:-SUBDYNAMICS AND NIVAT’S
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ABSTRACT. For a finite alphabet A and n: Z — A, the Morse-Hedlund The-
orem states that 7 is periodic if and only if there exists n € N such that the
block complexity function P,(n) satisfies P,(n) < n, and this statement is
naturally studied by analyzing the dynamics of a Z-action associated with 7.
In dimension two, we analyze the subdynamics of a Z2-action associated with
n: Z? — A and show that if there exist n,k € N such that the n x k rect-
angular complexity P,(n, k) satisfies P,(n,k) < nk, then the periodicity of
n is equivalent to a statement about the expansive subspaces of this action.
As a corollary, we show that if there exist n,k € N such that Py(n,k) < %k,
then 7 is periodic. This proves a weak form of a conjecture of Nivat in the
combinatorics of words.

1. INTRODUCTION

1.1. Periodicity and complexity. Given a finite alphabet A, if n € A% is an
infinite word, the block complexity function P,(n) is defined to be the number of
distinct words of length n appearing in 1. The word 1 = (1,)nez is said to be
periodic if there exists an integer m € N such that 7, = 4 for all n € Z. The
classical Morse-Hedlund Theorem gives the relationship between these two notions:

Theorem 1.1 (Morse-Hedlund [I5]). The infinite word n € AZ is periodic if and
only if there exists an integer n > 1 such that Py(n) < n.

For n € AZd, the (n1 X ... X ng)-block complexity function P, (n,...,ng) is the
number of distinct nj X ... x ng blocks occurring in 7. Periodicity also has a natural
higher dimensional generalization, and we say that the infinite word n = (97)7eze
is periodic if there exists a period vector, meaning a vector m € Z% such that
Ni = Ny for all 7 € Z4.

Nivat conjectured that there is a simple analog of the Morse-Hedlund Theorem
in two dimensions:

Conjecture (Nivat [16]). Forn € A% | if there eist integers n,k > 1 such that
P,(n, k) < nk, then n is periodic.

In a first step toward the conjecture, Sander and Tijdeman [20] showed that if
there is some n such that P,(n,2) < 2n (or such that P,(2,n) < 2n), then 7 is
periodic. Soon after, Epifanio, Koskas and Mignosi [10] proved a weak version of
the conjecture showing that if P,(n, k) < 1"711 for some n and k, then 7 is periodic;
Quas and Zamboni [I7] improved the constant to L.
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Conversely, Sander and Tijdeman [I8, Example 5] found counterexamples to the
analog of Nivat’s Conjecture in higher dimensions: if d > 3 and n € N, there
exists aperiodic n € {0,1}2", depending on n and d, for which Py(n,...,n) =
2n9=141. This even rules out the possibility that an analog of Quas and Zamboni’s
Theorem holds for d > 3. The construction described by Sander and Tijdeman is
a discretization of two skew lines in R¢, and so does not provide a counterexample
to Nivat’s Conjecture in dimension two.

As with the Morse-Hedlund Theorem, Nivat’s conjectured relation between com-
plexity and periodicity is sharp: the aperiodic coloring ¢ € {0, 1}Zz with a 1 at (0,0)
and 0 elsewhere satisfies Ps(n,k) = nk + 1 for all integers n,k > 1. In contrast
to the Morse-Hedlund Theorem, the relation is not an equivalence. Berthé and
Vuillon [I] and Cassaigne [8] gave examples of infinite 2-dimensional words 7 that
are periodic, but whose block complexity satisfies P, (n, k) = 2"T*~1 for all integers
n,k>1.

Further partial results connected to Nivat’s Conjecture and its generalizations
are given in [II, [6, [0, [I8] 19l 20], and we refer the reader to [B, [8, 12] for additional
discussion.

Our main result is an improvement on Quas and Zamboni’s Theorem:

Theorem 1.2. Forn € AZQ, if there exist integers n, k > 1 such that P, (n, k) < %k,
then n is periodic.

Our proof is dynamical in nature: we associate a Z2-dynamical system with 7,
and study its subdynamics to prove the periodicity of 7.

1.2. Expansive subdynamics and the conjecture. Suppose A is a finite al-
phabet; throughout we assume that |A| > 1. In a classical way, we endow A with
the discrete topology, AZ" with the product topology, and define a Z%-action on
X = A% by (T%)(%) = n(Z + u) for @ € Z¢. With respect to this topology,
the maps T%: X — X are continuous. In a slight abuse, we omit the transforma-
tions 7% from our notation, and let O(n) := {T%: @ € Z} denote the Z%-orbit of
n € AL and write X, := O(n).

In this dynamical setup, we can rephrase periodicity. The statement that 7 is
periodic is equivalent to saying that Z? does not act faithfully on X,. A word 7 is
doubly periodic if it has two non-commensurate period vectors, and for d = 2, the
statement 7 is doubly periodic becomes X, is finite.

Expansiveness is a classical notion: a Z?-action by continuous maps (77: 7 € Z%)
on a compact metric space X is expansive if there exists 6 > 0 such that for any
distinct points x,y € X, there exists @ € Z¢ such that d(T7z,T%y) > §. In a
symbolic setting, every Z% action is expansive. In particular, the space X, endowed
with the translations T% for @ € Z? is expansive. To study Z%dynamical systems,
Boyle and Lind [4] introduced a finer notion, that of expansiveness for subspaces
of RY.

The condition of expansiveness for a given Z%action is open in each of the Grass-
mannian manifolds of R% and important dynamical quantities, such as measure-
theoretic and topological directional entropy, vary in a controlled manner within
each connected component of this set [4]. Boyle and Lind define a subspace V' C R?
to be expansive if there exist an expansiveness radius r > 0 and an expansiveness
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constant § > 0 such that whenever z,y € X satisfy
d(T%, T) < §

for all @ with d(@,V) < r, then x = y. If V = R%, we recover the usual definition
of expansiveness. Any subspace that is not expansive is called a nonexpansive
subspace. They showed that Z?-dynamical systems with nonexpansive subspaces
are cOmmon:

Theorem 1.3 (Boyle and Lind [4]). Let X be an infinite compact metric space with
a continuous Z-action. For each 0 < k < d, there exists a k-dimensional subspace
of R¢ that is nonexpansive.

When restricting to d = 2 and the context of X = X, a simple corollary is that
7 is doubly periodic if and only if every subspace of R? is expansive. (As throughout
the paper, we mean this with respect to the Z2-action on X, by translation.) When
there exist n,k € N such that P,(n,k) < nk, the connection between expansive
subspaces of R? and periodicity of 1 goes deeper. We show:

Theorem 1.4. Suppose n € A% and Xy = W If there exist n, k € N such that
P,(n, k) < nk and there is a unique nonexpansive 1-dimensional subspace for the
Z2-action (by translation) on X,. Then n is periodic but not doubly periodic, the
unique nonexpansive line L is a rational line through the origin, and every period
vector for n is contained in L.

Thus Nivat’s Conjecture reduces to:

Modified Nivat Conjecture. If n € A%, X, == O(n), and there exist n,k € N
such that P,(n, k) < nk, there is at most one nonexpansive 1-dimensional subspace
for the Z*-action (by translation) on X,,.

Under a stronger hypothesis, on the complexity, we show that this holds:

Theorem 1.5. Ifn € AL and there exist n,k € N such that Py(n, k) < "7’“, then
there is at most one nonexpansive 1-dimensional subspace for the Z*-action (by
translation) on X,,.

Theorem follows immediately by combining Theorems and
Summarizing, if 1 € AZ® and there exist n,k € N for which P,(n, k) < nk, we
prove that there is a trichotomy for the Z2-action by translation on Xy

(i) No nonexpansive 1-dimensional subspaces. In this case, Theorem
implies that n is doubly periodic.

(ii) A unique nonexpansive 1-dimensional subspace. In this case, The-
orem implies that 5 is periodic, but not doubly periodic.

(iii) At least two nonexpansive 1-dimensional subspaces. If one could
show that this case can not hold, Nivat’s Conjecture follows. In Theo-
rem [L.5] we show that this case is impossible if we strengthen the hypoth-
esis on 7 to the existence of n,k € N such that P, (n, k) < 2.

To fully take advantage of the complexity assumption, we require a finer notion
than expansiveness studied by Boyle and Lind. Namely, we define a one-sided ver-
sion of expansiveness (see Section for the precise definition) which corresponds
to a subspace determining a pattern in only one direction. Similar to the use of
expansiveness by Boyle and Lind, the more relevant notion is that of one-sided
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nonexpansiveness. While expansive implies one-sided expansive and one-sided non-
expansive implies nonexpansive, the converse statements do not necessarily hold.
A similar notion was studied in [2] and [3].

1.3. Another reformulation of the conjecture. The proofs of Theorems
and ultimately rely on the fact that if there exist n,k € N with P,(n, k) < nk,
then the value of 77 can be deduced from information about the value of 7,3 for m €
7?2 that are nearby in an appropriate sense. Following Sander and Tijdeman [1§],
we make the following definition:

Definition 1.6. For S C 7%, let W(S,n) := {(T"n)|s: @ € Z?} be the set of
distinct n-colorings of S (or S-words) and define the n-complexity function to be

By (S) == V(S m)] -

Note that this generalizes the definition of the complexity function P, (n, k) for
rectangles. It is immediate that if 7 C S, then P, (7) < P,(S). We also note that
if S C 72 is a fixed, finite set and 1 € A%, then P,(8) = Pra,(S) for any @ € Z°.
Moreover if o € X, = O(n), then P,(S) < P,(S). This is particularly useful in
our constructions, since any complexity bound on 7 implies a (possibly stronger)
complexity bound on any element of X,,.

If 7 c 8 and a € W(T,n), we say that 8 € W(S,n) is an extension of a if
BT = a. Moreover, we say that a extends uniquely to an n-coloring of S if there
exists a unique 8 € W(S,n) that is an extension of .

We define a discrepancy function that measures the difference between the com-
plexity of a set and its size:

Definition 1.7. For n: Z? — A, the n-discrepancy function D,(S), or just the
discrepancy function when 7 is clear from context, is defined on the set of all
nonempty, finite subsets of Z? by

Dy (8) := Py(S) = |51

The discrepancy function has the useful property (Lemma [2.3) that if S C Z2
contains at least two elements and € S, then either D, (S\{z}) < D, (S) or every
n-coloring of S\ {x} extends uniquely to an n-coloring of S . The discrepancy of
any one element subset of Z? is | A| —1 > 0 and the hypothesis of Nivat’s conjecture
is that there exists a rectangular subset of Z2? whose discrepancy is non-positive.
This implies (Corollary the existence of a set S C Z2 with the property that
for many x € S, every n-coloring of S\ {z} extends uniquely to an 7n-coloring of S.

In this terminology, the Modified Nivat Conjecture becomes:

Modified Nivat Conjecture (second version). If n € A2 X, = 0(n), and
there exists an n by k rectangular subset R of Z2 satisfying D, (R) <0, then there is
at most one nonexpansive 1-dimensional subspace for the Z*-action (by translation)
on X,,.

Theorem uses the set S to show that for all @ € Z2, the value of T%n along a
strip depends only on its restriction to a particular finite set. Theorem is more
subtle. The stronger hypothesis on the complexity P,(n, k) allows us to show that
one-sided nonexpansiveness gives rise to periodicity along strips (a more precise
statement is contained in Proposition . When there are multiple one-sided
nonexpansive subspaces, this forces n to be doubly periodic on large, finite subsets
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of Z?. We then complete the argument with an elaborate proof by contradiction
by analyzing 77 on the boundary of these subsets.

1.4. A guide to the paper. Sections [2| and [3| develop tools for analyzing the
nonexpansive subspaces of X,,. In Section@ we define n-generating sets, which allow
us to extend colorings to large regions, and prove a number of elementary lemmas
establishing their existence and properties. In Section [3] we use this machinery to
prove Theorem [1.4] Along the way, we provide a new proof of Boyle and Lind’s
Theorem (Theorem adapted to our setting. The remainder of the paper is
devoted to the proof of Theorem In Section [d] we show how the stronger
complexity bound assumed in Theorem [I.5| can be used to obtain additional control
over the set of one-sided nonexpansive directions for X, and in Section [5] we use
the machinery from Section {4| to complete the proof of Theorem [1.5

Acknowledgment. We thank Mike Boyle, Alejandro Maass, and Anthony Quas
for helpful conversations and we particularly thank the referee for numerous helpful
suggestions and corrections.

2. PERIODICITY AND GENERATING SETS

2.1. One dimension: the Morse-Hedlund Theorem. For studying periodicity,
we ultimately rely on the Morse-Hedlund Theorem. Although this result is classical,
for completeness we include the statement and proof for the various versions we use.
We start by defining the complexities for each of the possible settings: the integers,
the natural numbers and a finite interval.

Definition 2.1. If f: Z — A, define Tf: Z — A by (Tf)(n) := f(n+ 1). Define
Py(n) to be the number of distinct functions of the form (T f)[{0,1,... ,n — 1},
where m ranges over Z.

Similarly, if f: N — A, define Tf: N — A and Pf(n) to be the analogous
quantities, but with m ranging over N.

IfaeZand f: {a,a+1,a+2,...,a+i—1} > A, define Tf: {a—1,qa,...,a+
i—2} = Aby (Tf)(n) := f(n+1) and define P¢(n) to be the number of distinct
functions of the form (T™ f)[{a,a +1,...,a4+n — 1}, Where 0 < m < i —n and
0<n<u.

Theorem 2.2 (Morse-Hedlund [15]). Suppose f: U — A, where U C Z is one of
Z, N, or an interval of the form {a,a+1,... a+i—1} for some a € Z, and suppose
there exists ng € N such that Ps(ng) < no.
(i) If U = {a,a+1,...,a+1i— 1} and i > 3ng, then the restriction of f to
the set {a+ng,a+no+1,...,a+i—ng} is periodic of period at most ngy;
(i) If U = N, then f[{x > ng} s periodic of period at most ng;
(i5i) If U = Z, then f is periodic of period at most ng.

Proof. Let ng € N be such that Py(ng) < no.

First suppose U is a finite interval. Let a € Z, i € N, U = {a,a+1,...,a+i—1},
and i > 3ng. For n < ng, let Pf(ng,n) denote the number of distinct functions
of the form (Tmf)[{a7a+ 1,...,a+n—1}, where 0 < m < i —ng. Note that
Pr(ng,ng) = Pr(ng). For 0 < iy < iz < ng, we have that Pr(ng,i1) < Pr(no,i2).
If Py(ng,1) = 1, then the restriction of f to the set {a,a+1,...,a+17 —ng} is
constant, and hence periodic on the claimed interval, with period 1. Otherwise
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Pr(ng,1) > 1 and so there exists minimal o < ng such that Py(ng, o) < a. It fol-
lows that Py(ng,a — 1) = Pf(ng,«). Then for any 0 < m < i — ng, the restriction
of T™f to the set {a,a +1,...,a + a — 2} uniquely determines its restriction to
the set {a,a+1,...,a+ a — 1} (note that this relies on the definition of Pf(ng,n)
and the analogous statement for P;(n) does not suffice). By the Pigeonhole Prin-
ciple, there exist 0 < m; < ma < a such that (T™ f)[{q,a+1,...,a + o — 2} =
(T™ f){a,a+1,...,a+a—2}. It follows by induction that 7™ f and 7™ f
agree on the set {a,a+1,...,a + i —ng + o —iz}. Therefore, f is periodic with
period ig —i1 < ng on the set {a+141,a+i1—1,...,a+i—ng+a} and, in particular,
on the claimed interval.

For U = N, by taking i = oo, the result follows using the same argument. For
U = Z, for any a,m € Z, the restriction of T™f to the set {a,a+1,...,a+a —2}
extends uniquely to the sets {a—1,a,a+1,...,a+a—2} and {a,a+1,...,a+a—1}.
Hence there are at most Py(ng, @) < Py(ng) < no many functions of the form 7™ f
and the result follows as before. ]

2.2. Geometric notation and terminology. If R C R?, we denote the convex
hull of R by conv(R). A subset & C Z? is called convex if conv(S) is closed and
S = conv(S) N Z2. We view the boundary of a convex subset of Z? as a (possibly
infinite) convex polygon. The elements of S are the integer points contained in and
enclosed by this polygon. E|

We let 0S denote the boundary of conv(S). An extreme point of a convex set
S C Z? is a point in OS N Z2? which is a vertex of the convex polygon 8S, and a
boundary edge of S an edge of 9S. We use V(S) to denote the set of extreme points
of § and E(S) to denote the set of boundary edges of S.

If S C Z? is convex and conv(S) has positive area, our standard convention is
that the boundary of S is positively oriented. When |S| < oo, this orientation
endows each w € E(S) with a well-defined successor edge, denoted succ(w) € E(S)
and a predecessor edge, denoted pred(w) € E(S). In the case that |S| = oo, the
definitions of successor and predecessor extend in the natural way, noting that there
may be two edges without predecessors and two without successors (for example, for
a strip). We extend the functions succ(-) and pred(-) to infinite convex sets in the
natural way (leaving pred(wy) and succ(w,,) undefined). With these conventions,
each w € E(S) inherits an orientation from the boundary of S, and so we make a
slight abuse of the notation by viewing w € F(S) as both a set and an oriented line
segment. Thus we can refer to an oriented line in R? as being parallel or antiparallel
(or neither) to a given element of E(S).

We make use of two notions of size:

(i) If S C Z?, then |S| denotes the cardinality of S.
(ii) If w C R? is a line segment, then [Jw|| denotes the length of w.

In particular, if S C Z? is a finite convex set and w € E(S), then ||w]| is the length
of w, while |w N §| is the number of integer points on it.
We denote the n by k rectangle based at the origin by

Rn’k::{(x,y)€Z2:0§x<n,0§y<k}.

L The assumption that the convex sets are closed avoids pathological behavior on the boundary,
as for example the convex hull of {(z,y) € Z?: < 0} U {(0,0)} is the set {(z,y) € R?: 2z <
0} U {(0,0)}. Such behavior is avoided when we assume that the convex hull of a convex set is
closed.
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2.3. The discrepancy function and 7-generating sets. We use the discrepancy

function to derive a number of useful properties of functions n € A% satisfying
P,(R, ) < nk for some n,k € N.

Lemma 2.3. Suppose S C Z? is finite and |S| > 2. If x € S, then either every
n-coloring of S\{z} extends uniquely to an n-coloring of S or D, (S\{z}) < D,(S).

Proof. If there is some 7-coloring of S \ {z} that extends non-uniquely to an 7-
coloring of S, then P,(S\ {z}) < P,(S). Thus

Dy(S\{z}) = Py(S\{z}) = IS\ {z}| < (P4(S) = 1) = (IS| = 1) = Dy(S). O
Motivated by Lemma we make the following definition:

Definition 2.4. If S C Z? is a finite set and x € S, we say that x is n-generated
by S if every n-coloring of S\ {«} extends uniquely to an n-coloring of S. A finite,
nonempty, convex subset of Z2 for which every extreme point is generated is called
a weak n-generating set.

Lemma 2.5. Suppose S C Z? is a finite, convex set and D, (S) < 0. Let T be
a minimal set (with respect to partial ordering by inclusion) among all nonempty
conver subsets of S with discrepancy at most D, (S). Then T is a weak n-generating

set, and if y € V(T), D, (T \{y}) = D,(T) + 1.

Proof. We proceed by contradiction. Let = € T be a extreme point that is not
generated. Since any one element set has discrepancy |A| —1 > 0, 7 must contain
at least two elements; in particular 7 \ {z} is nonempty. Furthermore, 7 \ {z} is
convex and by Lemma 2.3} D, (T \{z}) < D,(T), a contradiction of the minimality
of T.

For the change in discrepancy, note that any extreme point y € V(7T) is generated
and so P,(T) = P, (T \ {z}). The statement follows since |T|= [T \ {z}|+1. O

Corollary 2.6. If S C Z? is a finite, convex set with n-discrepancy d < 0, then S
contains a (strictly decreasing) nested family of weak n-generating subsets

S1D...D S‘d|+1.

Proof. Let 81 be a nonempty, convex subset of S which is minimal (with respect to
inclusion) among all convex subsets having discrepancy at most d; such a set must
exist because a one element subset of S has positive discrepancy. By Lemma[2.5 S
is weak n-generating and contains at least two elements (because it has nonpositive
n-discrepancy).

Suppose that for some ¢ < |d| + 1, we have constructed weak r-generating sets
S D8 D ...:)SsuchthatD(S) D,(S) + j—lforalll<j<z Let
z; € V(S;) and set S; := S; \ {x;}. Then by Lemma. =D,(S)+1=
D, (8) 4+ ¢ < 0. We can then pass to a subset S; 11 of \S; Wthh is minimal among
all convex subsets of S; that have discrepancy at most D, (S;), and note that by
Lemma Si+1 is weak n-generating. This process continues for at least |d| + 1
steps. O

Corollary 2.7. Suppose that S C Z? is a finite, convex set with n-discrepancy
d <0. For anyi € N and any x1,...,x; € S such that S\ {x1,...,2;} is convex
and nonempty, we have that D,(S\ {z1,...,2;}) < Dy(S) +1
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Proof. Since P,(S\ {z1,...,2;}) < P,(S), we have that

Dn(S\{J,‘l,...7l‘i}) :PU(S\{J,‘l,,J}z}) - |S\{.’I}1,...,$i}‘
< Py(S) = |S| +i = Dy(S) +1i. O

We remark that the inequality in the corollary is strict unless every n-coloring
of S\ {z1,...,2;} extends uniquely to an 7-coloring of S.

This corollary becomes relevant in our constructions: if we know that D, (S) < 0,
we are free to remove any |D,(S)| elements from S and are guaranteed that the
resulting set contains a weak 7-generating subset (provided it is convex).

A key fact about the discrepancy function which is crucial in Sections [4] and [f] is
the following:

Lemma 2.8. Suppose that S C Z2 is a convex weak n-generating set for which every
nonempty proper convex subset has strictly larger n-discrepancy and let w € E(S).
If S\ w # 0, then there are at most |lwN S| — 1 n-colorings of S \ w that extend
non-uniquely to n-colorings of S.

Proof. We have D, (S \ w) > D,(S) (by assumption) and |S\ w| = [S] — [wNS|.
So, Py(S\ w) > P,(S) — [wNS|. On the other hand, there are no more than
P,(S) — P,(S \ w) distinct n-colorings of S \ w that extend non-uniquely to an
n-coloring of S. (]

This lemma leads to the key definition:

Definition 2.9. A weak n-generating set S C Z? is an n-generating set if every
nonempty proper convex subset has strictly large n-discrepancy.

If S C Z? is weak n-generating with D, (S) < 0, then if 7 is minimal among
convex subsets of S with D, (7T) < D,(S), we have that 7 is n-generating. In
particular, if D, (S) < 0, then S contains an 7-generating set.

Remark 2.10. Many of our constructions assume that we have fixed a function
n: 7Z? — A, an n-generating set S, and an edge w € E(S). It is often convenient
to assume that the oriented line segment w points vertically downward. Such an
assumption is not restrictive: if A € SLy(Z), then A=(S) is convex and

Dyoa(A7YH(S)) = D, (S).

Therefore S is an 7-generating set if and only if A71(S) is an (n o A)-generating
set, and we have no change in the discrepancy. Since SLo(Z) takes positively
oriented polygons to positively oriented polygons and acts transitively on directed
rational lines through the origin in R?, in constructions that only rely on S being
n-generating, we can always make a change of coordinates such that a given edge w
is vertical with downward orientation. This is useful to simplify the notation and
the pictures used to explain various definitions and arguments.

Lemma 2.11. Suppose that S C Z? is a finite convex set and there are two edges
wy,we € E(S) that are antiparallel. Then any line parallel to wy that has nonempty
intersection with S contains at least min;—; o{|w; N S| — 1} integer points.

Proof. Without loss of generality, suppose that |wy NS| < JweNS|. If £ is a
line parallel to w; that has nonempty intersection with S, then by convexity
[I£ N conv(S)|| > [Jwi|l (recall that || - || denotes the length of a line segment in
R?). The distance between any two consecutive integer points on ¢ is the same as
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the distance between two consecutive integer points on the line determined by w;,
since the two sets differ only by a translation taking the integer points on one to
the integer points on the other. Since the distance between |w; N S| integer points
on a line parallel to ¢ is exactly ||w1 ||, any interval in £ of length at least ||w || must
contain at least |w; N S| — 1 integer points. In particular, £ N conv(S) does. O

We finish this subsection with two quick applications of generating sets. The
first is a relation that we use in the sequel to eliminate irrational nonexpansive
directions. We define:

Definition 2.12. A convex set H C Z? is called a half plane if conv(H ) has positive
area and E(H) contains only a single edge. In this case, the unique boundary edge
is a line in R2. Given ¥ € R? \ {0}, a @-half plane is a half plane whose (positively
oriented) boundary edge is parallel to .

If S C Z? is convex and ¥ € R? \ {0}, then the intersection of all #-half planes
containing § is a ¢-half plane whose boundary ¢(¥,S) has nonempty intersection
with 0S. We call ¢(¢,S) the support line of S determined by .

By definition, a half plane is closed and contains the integer points on its bound-
ary edge. Note that (7, S)Nconv(S) is either a boundary edge or an extreme point
of S. When the intersection is an extreme point of S, £(7,S) NS # 0. If S is finite
and £(7,S) Nconv(S) is a boundary edge of S, then £(7,S) NS # 0.

Lemma 2.13. If n: Z? — A and there exist n,k € N such that P,(n,k) < nk and
L C R? is an irrational line through the origin, then L is expansive on Xy

Proof. Let S be an n-generating set. Choose an expansiveness radius r > 0 such
that S is contained in the set

U:={a:d(u,L) <r}.
Choose an orientation on L and set ¢ := ¢(L,S), and @ = SN ¥ € V(S). Define

c:= inf d(v,0).
geS\{w} @9
Since S is finite, ¢ > 0.
We claim that 7|7 determines all of n. If not, set
d = inf{d(y,L): n]yy does not determine (%)}
Then d is finite (or we are already finished) and d > r. Defining Ur = {@: d(@, L) <
R}, then [y determines n[(/,,, where d’ is either d — c/2, when this is positive, or
d/2, otherwise. Choose i € Z? such that d(¥, L) < d + ¢/4 and such that n(7) is
not determined by n[g7. Translating S, we can assume that @/ = ¢. Then there are
two possibilities. The first is that S\ {¢} C Uy, and then since S is 7-generating
we have a contradiction. Otherwise, S\ {w} NUy = 0, and then replacing L in the
proof by its opposite orientation, the same argument leads to a contradiction. [

The second application relates to entropy:
Definition 2.14. Suppose 1: Z? — A and S C Z? is finite. Define
Xs(n) = {f: Z* — A such that W(S, f) CW(S,n)}

to be the Z2-subshift of finite type generated by the S-words of 1.
An (8, n)-coloring of a set T C Z? is any function of the form {f7: f € Xs(n)}.
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(In more common terminology, if Fis := A%\ W(S, ) is the set of all S words not
occurring in 7, then Xs(n) is the Z2-subshift of finite type whose set of forbidden
words is Fs.)

Lemma 2.15. Ifn: Z2 — A and there is an n-generating set S C Z2, then for any
finite 8’ O S the Z*-dynamical system (Xs:(n), {T%}aczz) has topological entropy
zero.

Proof. Choose n,k € N such that S’ C R, ;. We claim that for any n’ > 2n and
k' > 2k, the function n| R is determined by is restriction to the (square annular)
set

n’ k’

0,7 —1] x [0,k — 1]\ [n,n" —n] x [k, k' — K].

Since any translation of an 7-generating set is n-generating, we can assume without
loss that S C R, and SN ({n — 1} x [0,k — 1]) # 0. Then S + (1,0) lies entirely
inside the square annular region. It follows that there exists j € N and a vertex
v € V(S) such that V\{v}+(1, j) lies inside the square annular region, and v+(1, )
is the point (n,k). Since S 4 (1,7) is n-generating, it follows that any 7-coloring
of the square annular region extends uniquely to the point (n, k). By induction it
follows that, for all 0 < j < k' — k, any n-coloring of the square annular region
extends uniquely to an 7-coloring of {n} x [k, k+ j]. A similar induction shows that
it extends uniquely to an n-coloring of [n,n +i] X [k, k + j] for any 0 < j < k' — k
and any 0 <4 < n/ —n. The claim follows.

S ‘A| onk’+2kn’ —4nk

The claim gives P, (R i) , and so

1

n;lj}[loo W log PV](Rn/,n’) = 0. (I
Remark 2.16. In dimension one, the analog of Lemma holds and leads to
a proof of the Morse-Hedlund Theorem: a one-dimensional subshift of finite type
either has positive entropy or every element is periodic. In dimension two, there are
zero entropy Z2-subshifts of finite type that do not contain any periodic elements.
Thus Lemma [2.15] serves as an indication that generating sets are dynamically
interesting, but does not seem to provide an approach to Nivat’s conjecture.

2.4. Ambiguous half planes and periodicity. In this section, we develop a re-
lationship between the notions of nonexpansivity and periodicity. The main results
are Lemma [2.24] and Corollary Unfortunately, to state and prove them we
need a significant amount of terminology. This is introduced in the following four
definitions (with Figures |1 and [2| accompanying Definitions and . Their
complicated nature is necessitated by the need to bound the periods appearing in

Lemma 2.241

Definition 2.17. If S € Z2, T, C T C Z2, then a coloring f € Xs(n) is
(S, T1, T2, m)-ambiguous if there exist g1, g2 € Xs(n) such that g1[7; = g2l = f
but g1 175 # 92 75-

Note that g1,¢2 do not necessarily lie in X,,, but only in Xg(n), the set of
Z2-colorings whose S-words coincide with the S-words of . Ambiguity becomes
especially interesting when 75 D 77 is produced in some way by 7, and this is
captured in Definition [2.19

Definition 2.18 (Enveloping set). If 7, ..., 7, € Z*\ {0} is a collection of vectors,
we say that a convex set T C Z2 is {#, ..., ¥, }-enveloped if for every w € E(T),
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there exists i € {1,...,n} such that w is parallel to ¥;. An enveloping set for T is
a set of vectors that envelops it. A minimal enveloping set for T is a collection of
vectors that envelops T and such that no proper subset suffices.

Given a convex region, we define an extension over an edge of the region (it may
help to refer to Figure |1] while reading this definition). The definition splits into
several cases depending on the type of edge (recall that a rational line in R? is a
line of rational slope that contains a rational point):

Definition 2.19 (See Figure . Suppose T C Z? is convex, conv(7 ) has positive
area, and each w € E(T) determines a rational line in R2.

(i) Suppose w points vertically downward. Without loss of generality, assume
it is a subset of the y-axis.

(a)

If w has both a successor edge and a predecessor edge in E(7T), choose
a,b,c,d € Q such that pred(w) C {(z,y) € R?>: y = ax + b} and
succ(w) C {(z,y) € R?: y = cx + d}. If there is an integer A < 0
such that ¢cA+d < aA+band cA+d,aA+b € Z, then for maximal
such A (i.e., with minimal absolute value), we define the w-extension
Ext.,(T) of T to be the set

Ext,(T) =T U{(z,y) €Z*: cx+d<y<ax+b A<z <0}.

(b)

(d)

If no such A exists, we define Ext,,(7) := 7.

If w has a successor edge but does not have a predecessor edge, choose
¢,d € Q such that succ(w) C {(z,y) € R*: y = cx + d}. Choose
maximal A < 0 such that cA+d € Z. Then we define the w-eztension
Exty,(T) of T to be

Ext,(T) =T U{(z,y) €Z*: cx+d <y, A<z <0}.

If w has a predecessor edge but does not have a successor edge, choose
a,b € Q such that pred(w) C {(z,y) € R?: y = ax + b}. Choose
maximal A < 0 such that aA+b € Z. Then we define the w-eztension
Ext,(T) of T to be the set

Ext,(7) =T U{(z,y) €Z*: y <azx+b, A <z <0}.

If w has neither a predecessor edge nor a successor edge (i.e. if T
is a half-plane whose boundary has rational slope), then Ext,,(7) is
the smallest half plane in Z? that strictly contains 7. It is immediate
that the boundary of Ext,,(7) is parallel to w.

(ii) If w does not point vertically downward, let A € SLy(Z) be such that
Aw points vertically downward. We define the w-extension of 7 to be
A=Y (Exta,(AT)). (Note that this set does not depend on the choice of

A)

It follows that Ext,,(7) is a convex, E(T )-enveloped set containing 7, and may
be T itself. If Ext,, (7T) strictly contains 7, then there is a finite collection of lines
l1,...,4,, such that

e /; is parallel to w for all i;
o (; N (Exty,(7)\ T) is nonempty and convex for all i;
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FIGURE 1. T is the set of integer points enclosed by the solid lines.
If w points vertically downward, then Ext,,(7) is enclosed by the
dashed lines and the nonvertical solid lines. The set Ext,,(7)\ T
decomposes into five vertically aligned sets which determine the
subextensions. The depth of the extension is five.

e we can decompose Ext,,(7)\ T into the disjoint union:

Ext,(T)\T = Ii| (6; NExty(T)) .

i=1

In this case, m is called the depth of the extension. For 1 < j < m,

J
T U (& N Exty(T))
i=1
is the (w, j)-subextension of T (note that the (w, j)-subextension may not be E(T)-
enveloped). The (w,0)-subextension of T is defined to be T itself.

Remark 2.20. The assumption in Definition that the edges of 7 determine
rational lines may seem restrictive. However, observe that whenever 7 is finite its
convex hull only has edges of this type. When 7 is infinite, the convex sets that
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arise in our constructions also turn out to be bounded by edges that determine
rational lines.

Definition 2.21. Suppose S, 7 C Z? are convex and w € E(T). If Ext,,(T) # T
and if f € Xs(n), we say that f[7 is (S, w,n)-ambiguous if it is (S, T, Exty (T),n)-
ambiguous.

Suppose H is a half plane and w € E(H) is its unique boundary edge. If w
is a rational line and f € Xgs(n), we say that f[f is (S,n)-ambiguous if it is
(S, w,n)-ambiguous.

Remark 2.22. We remark that ambiguity is a property of a specific coloring of
72, rather than a dynamical property of Xs(n) like expansivity, nonexpansivity
or the one-sided versions that are introduced in Section An (S, n)-ambiguous
coloring of a half plane can be thought of as a “witness” to the nonexpansiveness
of the direction that borders the half plane. An (S, 71, T2,n)-ambiguous coloring of
a finite set 77 similarly witnesses a finite analog of nonexpansiveness.

Definition 2.23 (See Figure [2). If 7 is a convex set, S C T is convex, and
w € E(S) is parallel to an edge w* € E(T), let Vs 7, be the (possibly empty) set
of translations that take S to a subset of 7 such that the translated edge of S is
contained in the edge of T paralleﬂ to w:

Vs rw={0€ZL (S+7)CT, (w+7) Cw'}.
When Vs 7., # 0, there exist vectors ds 7w, 53311” € Z? such that

Vs, rw = {8s 7w + Nos, 70 A €T},

where
{0,1,..., Vs 7wl — 1} if |w*]| < oo
I={NU{0} if w* is a semi-infinite line;
Z if w* is a line.

Let I'min, Imax be the minimum and maximum elements of I, respectively (allowing
Imin = —00 and Iax = +00 if necessary). Then the (S, w)-border of T is the set

U ©s+a).
VEVS T w
For integers 0 < g < %(Imax — Imin), the g-interior of the (S, w)-border is the

set
Imax_g_1

U (S+assw+AbsTw).
A=Inin+g

We now show that ambiguity is a source of periodicity:
Lemma 2.24. Suppose n: Z?> — A, S C Z?* is an n-generating set and there exist
antiparallel wy,ws € E(S). Suppose |wi| < |wa|, H is a wi-half plane, and the

restriction of f € Xs(n) to H is (S,n)-ambiguous. Then the (S \ wy,ws)-border of
H is periodic with period vector parallel to wy. Its period is at most jwy NS| — 1.

2We note that since the boundaries of & and 7 are endowed with orientations, the edge of T
parallel to w uniquely identifies a single edge.
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F1GURE 2. Suppose T is the set of integer points contained in the
largest convex region, S is the set of integer points in the dark grey
region, w € E(S) is the downward oriented vertical line segment on
the set of integer points in the union of the light grey regions and

the dark grey region. The 2-interior of the (S, w)-border of T is
the set of integer points in the region enclosed between the dashed

line segment on the left side of 7. Then the (S, w)-border of T is
lines and the vertical line segments connecting them.

the left side of S, and @ € E(T) is the downward oriented vertical

Proof. Without loss of generality (see Remark [2.10), we assume that w; and ws

|wy N'S] — 1 and for each vertical

line ¢ with nonempty intersection with S, let Z; denote the bottom

of £{NS. By Lemma [2.

are vertical, and wy points downward. Let h :

most element

11

h—1

) € Z*: £ vertical, {NS # 0} CS.

0,i

(

U {@+

i

R :=

0

i 18

@ € 72 such that R +

R \ wy, and fix a vector

S \ w1, 7€ =
contained in the (S, wy)-border of H.

Define S
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We claim that for any A € Z, the 7-coloring of S given by f|§ + 1+ (0,)) has
at least two extensions to an 7n-coloring of S§. Instead, suppose not. Then the
coloring f| g uniquely determines the n-coloring of H U {S + @ + (0, A)}, which
in particular determines the 7n-coloring of all but one of the elements of the set
S+ d+ (0, \+1). Since S is n-generating, this uniquely determines the n-coloring
of HU(S+ @+ (0,\+1)). Now for i > 0, suppose the 7-coloring of

HU{S+d+(0,A+5):0<j<i}

has been determined. Then the 7-coloring of all but one of the elements of the set
S+ @+ (0,\+14+1) is determined. Since S is n-generating, this determines the
n-coloring of H U {S + @ + (0, A +¢ + 1)}. By induction, this holds for all ¢ > 0.
Similarly for all ¢« < 0. But this contradicts the ambiguity of the n-coloring of H.

Recall that since S is n-generating, D, (S) > D, (S) and so P,(S) > P,(S) —
|w; N'S|. Therefore, the number of 7-colorings of S that do not uniquely extend
to n-colorings of S is at most h = |wy N S| — 1. In particular, there are at most h
n-colorings of R that arise as the restriction of f to a set of the form R + @+ (0, 1),
where ¢ € Z.

Define a color set A whose colors are 7-colorings of {i: £ is vertical, /NS # 0}
occurring as the restriction of f to a set of the form

B, := {Z: £ is vertical, NS # 0} + @ + (0, 1),

where i € Z. Define g: Z — A by g(i) = fIB;- Then the (one-dimensional) block
complexity Py(h) is the number of 7-colorings of R occurring as the restriction of
f to a set of the form R + @+ (0,7). But we have shown that this is at most &, so
in particular Py(h) < h. By the Morse-Hedlund Theorem, g is periodic with period
at most h. The result now follows from the definition of g. O

The proof of Lemma holds in a slightly more general setting, and we make
use of this in Section @

Corollary 2.25. Suppose n: Z> — A and there exists a finite, conver set S C Z?
such that

(i) There exists w € E(S) such that for any line ¢ parallel to w that has
nonempty intersection with S, we have [{NS| > |JwNS| —1;
(i) The two endpoints of w are n-generated by S;
(iii) D, (S \ w) > Dy(S).
Suppose further that T C Z? is a convex set and there is an edge w* € E(T) parallel
to w and such that Ext,«(T) # T. Finally suppose that the (S \ w,w)-border of
Exty«(T) has nonempty (|lwN S| — 1)-interior.
If f € Xs(n) and flI7 is (T,w*,n)-ambiguous, then there is some j between
0 and the depth of the w*-extension of T such that the restriction of f to the
(lwN'S| = 1)-interior of the (S \ w,w)-border of the (w,j)-subextension of T is
periodic with period vector parallel to w. Moreover, the period is at most |lw N S|—1.

Proof. Choose j to be the largest integer such that f[7 extends uniquely to the
(w, j)-subextension of 7. Thereafter, the proof is identical to that of Lemma
except that the application of the Morse-Hedlund Theorem is for a finite (or semi-
infinite) interval in Z, rather than to Z. (I
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3. ONE-SIDED EXPANSIVENESS AND PERIODICITY

3.1. Nonexpansive directions. Suppose that 7: Z? — A satisfies D, (R, 1) < 0
for some n, k € N. By Corollary there is an n-generating subset S C R, . A
half plane cannot have an (S,n)-ambiguous coloring unless the unique boundary
edge is parallel to an edge of S, as otherwise we can use S to extend the coloring
uniquely to a larger half-plane. However the generating set S may not be uniquely
determined (and by Corollary it is not unique if the discrepancy is strictly
negative) and so a ¥-half plane cannot have an (S, n)-ambiguous coloring unless
every n-generating subset of R, ; has an edge parallel to ¥. This motivates the
following definition:

Definition 3.1. Suppose that n: Z?> — A, ¢ C R? is an oriented rational line
through the origin and A € SLy(Z) maps the (downward oriented) y-axis to .
For a,b € N, we say that £ is one-sided n-expansive with parameters (a,b, A) if
every (n o A)-coloring of [0,a] x [—b,b] extends uniquely to an (1 o A)-coloring of
[0,a] x [-b,b]U{(—1,0)}. An oriented rational line is one-sided n-expansive if there
exist a,b € Nand A € SLs(Z) such that it is one-sided n-expansive with parameters
(a,b, A), or just one-sided expansive when 7 is clear from the context.

An oriented rational line through the origin which is not one-sided expansive
is called one-sided n-nonexpansive, or just one-sided nonexpansive when 7 is clear
from the context.

We can also refer to a vector 7 € Z2 \ {0} as being one-sided expansive or one-
sided nonexpansive, meaning that the span of ¥ (with the orientation inherited from
¥) is one-sided expansive or one-sided nonexpansive, respectively.

Although the y-axis seems to play a distinguished role in the definitions of one-
sided expansiveness and one-sided nonexpansiveness, the choice of this direction
is arbitrary (see Remark [2.10). The insistence on dealing with directed rational
lines instead of just rational lines is to allow the possibility that a line can be one-
sided expansive with one orientation and one-sided nonexpansive with the other.
These definitions are one-sided generalizations of the definitions of expansive and
nonexpansive subspaces used in Boyle and Lind [4].

In a similar vein, the parameters (a,b, A) used in the definition of one-sided
expansiveness are merely the choice of a convenient coordinate system. With re-
spect to a different choice of A, the line would still be one-sided expansive but with
different choice of a and b.

Lemma 3.2. Supposen: Z> — A and Dy (R,, ;) <0 for somen,k € N. If§ C R,
is an n-generating set, then a directed rational line £ through the origin is one-sided
n-nonexpansive if and only if there exists an (S, n)-ambiguous £-half plane P.

Moreover, given a one-sided n-nonexpansive line £, there exist f,g € X, such
that the restrictions of f and g to the half plane P coincide, but they differ on its
L-extension.

Proof. If there is an (S, n)-ambiguous ¢-half plane, then ¢ must be one-sided non-
expansive; otherwise one-sided f-expansiveness contradicts ambiguity of the half
plane. Conversely, if £ is one-sided nonexpansive and A € SLy(Z) maps the (down-
ward oriented) y-axis to ¢, then for every a,b € N there is an (n o A)-coloring of
[0,a] x [—b,b] that has two extensions to an (1 o A)-coloring of [0,a] x [—b,b] U
{(-1,0)}. Let fq,94 € O(noA) be two such extensions of [0,a] x [—a,a]. By
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compactness, there exist accumulation points f,g € O(no A) for the sequences

(fa)aen and (ga)aen, respectively. Then f[H, = glH,, but fIH_, # gIH_,, where
H; = {(x,y) € Z*: x > i}. Applying A~! to this half plane gives the result. O

The following simple lemma is used to limit possible directions of periodicity:

Lemma 3.3. Suppose n: Z* — A and there existn,k € N such that Py(Ry, ;) < nk.
If S is an n-generating set, then for any one-sided n-nonexpansive direction £, there
is a boundary edge wy € E(S) parallel to £.

In particular, £ can be translated such that it intersects R, in at least two
places.

Proof. Suppose S C R, , is an n-generating set but any translation of ¢ intersects
S in at most one place. Choose a translation of £ which intersects S at a vertex, and
without loss of generality assume this translation of £ intersects S at the origin. Let
A € SLy(Z) be a map taking the y-axis to ¢. Choose an (A~1(S),n0o A)-ambiguous
coloring of Hy := {(x,y) € Z?: x > 0}. Notice that

ATHS) N{(0,9): y € Z} = (0,0).
Since (0,0) € A~Y(S) is 1 o A-generated, there is a unique extension of any -

coloring of Hy to an n-coloring of {(z,y) € Z?: x > —1}. This contradicts the
(A71(S8),n o A)-ambiguity of the coloring of Hy. O

Combining this lemma with Lemma we have:

Corollary 3.4. Suppose n: Z* — A and there exist n,k € N such that P,(R,, 1) <
nk. If £ is a nonexpansive line for X,, then there exists a translation of £ that
intersects Ry, ;N 72 in at least two points.

3.2. A characterization of double periodicity.

Lemma 3.5. Suppose ¥y,...,0m € Z2\ {0}. Given n € N, there exists A =
A(n,@1,...,0m) € N such that any finite, conver S C Z? containing at least A
integer points and such that 0S is (U, ..., Uny)-enveloped, has a boundary edge that
contains at least n integer points.

Proof. For each i = 1,2,...,m choose a length L; € R such that any rational line
parallel to v; of length at least L; contains at least n integer points. Define

A= {(L1+"'+Lm)2
47

By Pick’s Theorem, the area of conv(S) is given by

—‘—&-mn.

(# of integer points on 9S)
2

Since S contains at least A integer points, either the number of integer points on

dS is at least mn or the area of conv(S) > (L1 + -+ Ly,)?. In the former case,

at least one of the edges of OS contains n integer points. In the latter case, the

isoperimetric inequality implies that the length of OS is at least Ly +- - -+ L,,, and

so at least one of the edges contains n integer points. [

(# of integer points inside conv(S)) + —1.

We strengthen the notion of an enveloping set, further assuming that the bound-
ary consists of of a finite collection of sufficiently long edges taken in order from
the enveloping set:
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Definition 3.6. Suppose S C Z? is finite, convex set whose boundary edges are

enumerated as wi,...,w, where w;11 = succ(w;) and indices are taken modulo
n. Let T C Z? be a convex superset of S that is E(S)-enveloped. Enumerate the
edges of T as vy, ..., v, where v;41 = succ(v;) and indices are taken modulo k only

when vy, has a successor edge. We say that T is strongly E(S)-enveloped if there
exists j € {1,...,n — k} such that for all j* € {0,1,...,k — 1}, v;4;s is parallel to
wjr and [Jvjg50 ]| = [lwy |-

Lemma 3.7. Let n: Z? — A and suppose there exist n,k € N such that P (R, ) <
nk. Let S C R, be an n-generating set and let M € N.

There exists C = C(S, M) € N such that for any strongly E(S)-enveloped set T
that contains at least C' integer points, there exists v € E(T) such that Ext,(T) #
T. Furthermore, Ext,(T) is strongly E(S)-enveloped and the edge of Ext,(T)
parallel to v contains at least M integer points.

Moreover, for fited S and w € E(S), there exists C' = C'(S, M,w) € N such that
for any strongly E(S)-enveloped set T that has nonempty intersection with at least
C' distinct lines parallel to w, there exist v',v" € E(T) which are neither parallel
nor antiparallel to w such that Ext, (T) # T, Extyr (T) # T, Extyr (Exty (T)) is
also strongly E(S)-enveloped, and the edges of Ext,» (Ext, (T)) parallel to v' and
v both contain at least M integer points. Furthermore, with respect to the local
ordering on directed lines induced by the positive orientation on the unit circle, v’
and v" can be chosen such that v' is between w and the direction antiparallel to w
and v" is between the direction antiparallel to w and w.

Proof. Recall that the depth of an extension (see Definition of a convex set
depends only on three slopes: that of the edge over which the extension occurs and
of its successor and predecessor edges. Consider an edge w € E(S). If the edge of
T that is parallel to w is sufficiently long such that Ext,,(7) # T, then the depth
of the w-extension is some positive integer (otherwise it is 0). Then the length of
the edge of Ext,,(7) that is parallel to w is greater than the length of the edge of
T that is parallel to w. Thus there exists N(w, M) € N such that if 7 is strongly
E(S)-enveloped and the edge of T parallel to w is at least N (w, M), then Ext,,(T)
is also strongly E(S)-enveloped and the edge of Ext,,(7) parallel to w contains at
least M integer points.

The remainder of the proof is similar to that of Lemma [3.5] For the first claim
in the lemma, we find C € N such that any strongly F(S)-enveloped set T that
contains at least C' integer points has a boundary edge whose length is at least
N(wy, M)+ N(wz, M)+ -+ N(wgs)|, M). This boundary edge has the desired
property. The proof of the second claim follows similarly. We fix w € E(S) and
find C" € N such that any strongly E(S)-enveloped set 7 for which there are at
least ¢ distinct lines parallel to w that have nonempty intersection with 7 has a
boundary edge that is neither parallel nor antiparallel to w and contains at least
N(wy, M) + -+ N(wg(s), M) integer points. |

Lemma 3.8. Supposen: Z? — A and S C 72 is a finite, convex set whose boundary
edges are labeled wy, . .., w, where w;y+1 = succ(w;) for alli =1,...,n (indices are
taken modulo n). Assume that there exist a,b,c,d € Q such that b > d and

e wy points vertically downward and —a+b+c—d>|wi NS|—1;

e w, is parallel to the line y = ax + b;

e wy is parallel to the line y = cx + d;
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o there exists U € Z? such that
(S\w1)+T7C{(z,y) €Z*: cx+d<y<axr+b,0<z<L-—1},

where L € N is the number of distinct vertical lines that have nonempty
intersection with S\ wy.

If the two endpoints of wy are n-generated by S, then any (S,n)-coloring of the
Tegion

R :={(z,y) €7 ce+d<y<ax+Db, 0<z<L-1}
and of any |w1 NS| — 1 consecutive integer points of the line segment {(—1,y) €
7Z?:d—c <y <b—a} extends uniquely to an (S,n)-coloring of

{(z,9) €Z*: cx+d<y<azx+b, —1<xz<L-1}.

It is important to note we make no assumption that the lines y = ax + b or
y = cx + d intersect the line z = —1 at an integer point.

Proof. Let h :=|w; NS|—1. Suppose we know the 7-coloring of the points (—1,y—
h+2),...,(—1,y) for some d—c+h—2 <y < b—a—1. Let ¥ € Z? be the translation
that takes the topmost element of w; to the point (—1,y+ 1). Since y +1 < b — a,
the line through (—1, y+1) parallel to w,, is in the region {(a, 8) € R?: 8 < aa+b}.
Since S is convex and w,, is parallel to y = ax + b, we have that S + ¥ lies in the
region RU{(—=1,y —h+2),...,(=1,y+ 1)} (see Figure 3).

Since the endpoints of wy are n-generated by S, the color at n(—1,y -+ 1) can be
determined by the restriction of 1 to the rest of the elements of S + ¥. Continuing
inductively, the (S, n)-coloring of the region RU{(-1,y —h+2),...,(-1,y+ 1)}
extends uniquely to an (S,n)-coloring of RU{(—1,y —h+2),...,(—1,|b—a])}.

A similar argument shows we can uniquely extend the (S, n)-coloring of the
region RU{(-1,y —h+2),...,(=1,|b—a])} to an (S,n)-coloring of the region

RU{(—I,’—d—C-‘),...,(—LI_b—CLJ)}. U
Corollary 3.9. Assume that n: Z2 — A and S C Z? is a finite, convex set whose
boundary edges are labeled w1, . .., w, where w;11 = succ(w;) fori=1,...,n (in-

dices are taken modulo n) and suppose the two endpoints of wy are n-generated
by S. Let T be a convex, strongly E(S)-enveloped set that has an edge paral-
lel to w1 which is sufficiently long so that its wi-extension is also strongly E(S)-
enveloped. Then any (n,S)-coloring of T and of any |wy N S|—1 consecutive integer
points in Ext,, (T) on each line parallel to wy that has non-empty intersection with
Exty, (T)\ T extends uniquely to an n-coloring of Ext,, (T).

Proof. After a linear change of coordinates mapping wi to the vertical direction,
this follows by repeated applications of Lemma 3.8 O

This leads us to necessary and sufficient conditions for double periodicity, a result
that can be derived from Boyle and Lind’s Theorem (Theorem [1.3)). We include
a complete proof, as we need further information that can be derived from the
finer notion of one-sided expansiveness, as opposed to expansiveness. In particular,
techniques of the proof are also used to understand the case of a unique direction
of expansivity (Theorem .

Theorem 3.10. The coloring n: Z%> — A is doubly-periodic if and only if there
exist n, k € N such that Py(R,, 1) < nk and n has no nonexpansive one-dimensional
subspaces.
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®
.

FIGURE 3. The dotted points in Z? denote the region on which
the coloring is known. The color of the topmost element of wy + ¢/
(denoted by the open circle) can be deduced from the coloring of
the rest of S + .

Remark 3.11. We begin by observing that if there are no nonexpansive subspaces
for X,,, then every subspace (and any orientation on it) is one-sided expansive.

Proof. Assume that n is doubly periodic and assume that it has vertical period
n and horizontal period k. Then for every a,b € N, P,(R,;) < nk. In partic-
ular, Dy(Rink) < 0 and Dy(Rpk1) < 0. By Corollary Ri nk contains an
n-generating set S and R, contains an 7-generating set 7. If ¢ is any rational
line, then at least one of S and 7 is not parallel to £. Since S and T are generating,
£ is one-sided expansive.

Conversely, we show:

Claim 3.12. If D, (R, ) < 0 and 1 has no one-sided nonexpansive directions, then
there exists a finite set F' C Z? such that every n-coloring of F extends uniquely to
an n-coloring of Z2.

Given the claim, it follows that 7 is doubly periodic: since there are only finitely
many 7-colorings of F', there exist vectors d, g, ¢ € 72 such that ¢— @ and &— b are
not collinear and such that (T%)[p = (Tl;n) ' = (T°n)|F. Since each coloring
of F extends uniquely to an n-coloring of Z2, it follows that T% = Tgn = T%,.
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Thus é— @ and &— b are two linearly independent period vectors for ), proving the
statement. The remainder of the proof is devoted to establishing the claim.

Fix an n-generating set S C R,, , and enumerate the edges of S as wy, ..., wp,
where w; 1 = succ(w;) for all ¢ (indices are taken modulo m). None of the lines de-
termined by w1, ..., w,, are one-sided nonexpansive by Remark Thus we can
choose parameters ay,...,am,b1,...,b, € Nand Ay, ..., A, € SLy(Z) such that
the line determined by w; is one-sided (S, n)-expansive with parameters (a;, b;, 4;).
By definition of one-sided expansiveness, for fixed r € N, any (1 o A4;)-coloring of
the rectangular set [0, a;] x [—b;, b; 4+ r] extends uniquely to an (1 o A;)-coloring of

([0,a;] x [=bi, b; + 7)) U{(—1,0),(—-1,1),(-=1,2),...,(—=1,r = 1)}
Equivalently, any n-coloring of the set
B} = A;([0,a;] x [=bi,b; +7])
extends uniquely to an 7-coloring of the set
(1) B} = A ((10,a5] x [<bi,b; +7]) U{(=1,0), (=1, 1),.... (=1,r — 1)}).

For ¢,7 such that w; and w; are neither parallel nor antiparallel, let 0; ; €
(—m,m) \ {0} be the angle between w; and w; and let ¢; be the length of the
orthogonal projection of A;(1,0) onto the direction determined by w;. Let

i=1 i [tan 6; ;| i=1

Let C'(S, N + 1, w;) be the parameter appearing in Lemma and let

c:= max C'(§,N + 1,w).
weE(S)
If T C Z? is a strongly E(S)-enveloped set satisfying
(i) T has edges parallel to each of the edge of S;
(ii) for each w € E(T) there are at least ¢ distinct lines parallel to w that have
nonempty intersection with 7,

then there exist integers 1 < i; < ia < m such that the edges of T parallel to w;,
and w;, both contain at least N +1 integer points, where w;, is between w; and the
direction antiparallel to w; and w;, is between the direction antiparallel to w; and
wy (with respect to the local ordering by the positive orientation). It also follows

. Lo 9 |wi, NS|-1 | ——lwi; NS[=1
that there exist vectors i1, iy € Z* such that (B;] +i) C T, but B;,
is not. The analogous statement holds for i,. Moreover, by Corollary the edge
of Ext,, (7) parallel to w;, contains at least N + 1 integer points and the edge
of Exty,, (Ext,, (7)) parallel to w;, contains at least N + 1 integer points. Recall
that there exists an integer d > 0, the depth of the extension, and lines l1,...,l4
parallel to w;, such that

d
Extu, (T)\T = | |{; N Exty, (T)).

j=1
Also recall that for r =1,...,d, the set

TU O(lj N Exty, (7))

Jj=1
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is the (w;,,r)-subextension of Ext,, (7). By convexity, since the edges of T and
Extu,, (T) parallel to w;, both contain at least N +1 integer points, each of the sets
ljNExt,, (7) contains at least N integer points. Although the (w;, ,r)-subextension
of 7 may not be strongly E(S)-enveloped (recall that d is the smallest integer for
which the extension is enveloped by the same set as T), we still have that for each
r = 1,...,d there exists @, € Z2? such that Blliuilmslfl

——|w;, NS|—1
(w;, , r)-subextension of Ext,, (7), but Billw 10l is not. By it follows that

any n-coloring of the (w;,, r)-subextension of 7 uniquely determines the color of at
least |w;, NS|—1 consecutive integer points on l,.1 NExt,, (7). By Corollary it
follows that any n-coloring of the (wj, , r)-subextension of 7 extends uniquely to an
n-coloring of the (wj, , r+1)-subextension. Inductively it follows that any n-coloring
of T extends uniquely to an n-coloring of Ext,, (7). Similarly any n-coloring of
Exty, (7) extends uniquely to an 7-coloring of Ext.,, (Exty, (7)).

We construct a nested sequence of finite sets

+ 1, is contained in the

(2) ToCThCTaC-CZ?

such that, for each i, any n-coloring of 7; extends uniquely to an n-coloring of 7; 1.
We show that these sets have the property that any n-coloring of |J, 7; extends
uniquely to an n-coloring of Z2. Hence any 7-coloring of 7y extends uniquely to an
n-coloring of Z2. Taking F := Ty establishes Claim

Let Ty be a strongly E(S)-enveloped set that satisfies conditions and .
Let B C R? be the thinnest strip with edges parallel and antiparallel to w; that
contains 7y. By the above argument, find w;,, w;, € E(Ty) that are neither parallel
nor antiparallel to w; and such that any n-coloring of 7Ty extends uniquely to an
n-coloring of Exty, (Ext,, (70)) and such that this extension satisfies conditions ()
and . Moreover w;, and w;, can be chosen such that w;, is between w; and the
direction antiparallel to w; and w;, is between the direction antiparallel to w; and
wy. Let T := Exty(To). Inductively, suppose we have constructed a sequence of
strongly E(S)-enveloped finite sets To C 71 C --- C 7; which all have edges parallel
to each of the edges of S and are such that for any 0 < j < ¢ and any w € E(T;)
there are at least c¢ lines parallel to w that have nonempty intersection with 7.
Furthermore suppose that any n-coloring of 7 extends uniquely to an n-coloring
of 7;. By the previous argument, there exist w;,,w;, € E(7;) which are neither
parallel nor antiparallel to w; and such that Ext,,,, (Ext,, (7:)) satisfies the same
conditions as 7; and every n-coloring of 7; extends uniquely to an 7-coloring of
it. Define 7iy1 1= Exty,, (Exty, (7:)). By induction, any n-coloring of 7o extends
uniquely to an 7-coloring of | J; 7.

Since 7;4+1 is an extension of 7; over edges that are neither parallel nor antiparallel
to wy € E(S), it follows that | J; 7; is an infinite, F(S)-enveloped subset of B NZ?.
Since 7,41 is obtained by first extending 7; over an edge whose direction is between
wy and the direction antiparallel to w; and then extending the extension over an
edge that is between the direction antiparallel to w; and wq, Ui’ﬁ = BnNZ.
Since w; does not determine an expansive direction for n and 7Ty contains the set
A1([0,a1] x [=b1,b1]), there is a unique extension of any n-coloring of | J, 7; to an
n-coloring of Z2. In this case, set F' := Ty, completing the proof of Claim and
the theorem. g
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3.3. Single periodicity. We have now developed the tools to prove Theorem [T.4}
We recall the statement for convenience:

Theorem (Theorem. Suppose n € A% and X, = O(n). If there existn, k € N
such that P,(n, k) < nk and there is a unique nonexpansive 1-dimensional subspace
for the Z?-action (by translation) on X,,. Thenn is periodic, but not doubly periodic,
the unique nonexpansive line L is a rational line through the origin, and every period
vector for n is contained in L.

We make the following definition.

Definition 3.13. If S C Z? and (a, b) € Z2, the (a,b)-diameter of S is the number
of distinct rational lines parallel to (a,b) that have nonempty intersection with S.
We denote this by diam, 3)(S).

Proof of Theorem[I-]] We adopt the same notation for S, wy,...,w, € E(S), and
a, N € N used in the proof of Theorem |[3.10

By Theorem 7n is not doubly periodic and by Corollary the unique
nonexpansive line £ is a rational line through the origin. Without loss of generality,
we can assume that ¢ is vertical.

We claim that any n-coloring of [1,a] x [1, a] extends uniquely to an 7-coloring
of [1,a] x Z. Without loss assume that w; is the nonexpansive direction and let
w; € E(S) be edge of S antiparallel to w;. By Lemma as in the proof of
Claim we can construct a sequence of finite sets

TocThcThac---CZ?

such that, for each i, any n-coloring of 7; extends uniquely to an n-coloring of
Tit1 and |J; 7; is a strip with edges parallel and antiparallel to w;. Choosing 7o
sufficiently large to contain [1,a] x [1,a] gives the result.

By the claim, the restriction of n to any vertical strip of width a is vertically
periodic of period at most P, (7), where T is the smallest {w, ..., wy}-enveloped
set containing [1,a] x [1, a], thereby completing the proof. O

Remark 3.14. We contrast this with a recent result of Hochman [13], which shows
that there are Z2-systems that have a unique nonexpansive 1-dimensional subspace
but are not periodic. Theorem only applies to the special case of those Z2-
subshifts that arise as the orbit closure of a function satisfying the hypothesis of
Nivat’s Conjecture.

Remark 3.15. With the assumptions of Theorem if follows that if there is a
unique nonexpansive 1-dimensional subspace of R? for the translation action on
Xy, then both orientations of the subspace are one-sided nonexpansive (since 7 is
singly periodic with period vectors contained in this subspace, if either orientation
were one-sided expansive it would follow that n was doubly periodic). In general
this is not the case (e.g. only one of the two orientations on the vertical direction
is one-sided nonexpansive in Ledrappier’s example [14]).

4. A STRONGER BOUND ON COMPLEXITY

In light of Theorems and one strategy for proving Nivat’s Conjecture is
to show that if n: Z? — A satisfies P,(R,, ;) < nk for some n,k € N, then 1 does
not have two linearly independent one-sided nonexpansive directions. Under the
strengthened hypothesis that P,(R, ) < %k, this is the content of Theorem (1.2
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The additional control over 7 obtained from the assumption P, (R, 1) < % comes in
three guises: we obtain a special sort of 7-generating set (Lemma, we prove the
existence of sets that contain many points in a given rational direction (Lemma
and Proposition , and we obtain control on the periods in Section m

4.1. Strong generating sets.

Lemma 4.1. Suppose n: Z?> — A is aperiodic and there exist n,k € N such that
P,(Rnx) < ”7’“ Then there exists an n-generating set S C Ry, such that

(i) Dy(8) < =13
(i) For any w € E(S), the discrepancy function satisfies
lwN S| —‘

Dy(8\w) = Dy(8) + |15

(iii) If T C S is convex and nonempty, then
Dy(T) > Dy(S).
We give a name to a set satisfying the conclusion of this lemma:

Definition 4.2. If n: Z? — A is aperiodic and satisfies P,(Rn k) < %’“ for some
n,k € N, then an n-generating set S C R,, j, is a strong n-generating set if it satisfies

conditions , , and of Lemma

We note that the existence of such an n-generating is the first use of the stronger
hypothesis on the complexity.

Proof of Lemmal[4.1. We construct the set S by an iterative process. By assump-
tion we have Dy (R, ) < —%J = —"7’“. Let 81 C R, be a convex set which
is minimal (with respect to inclusion) among all convex subsets of R,, ; that have
discrepancy at most D, (R, ). Minimality of S; implies that S; is 7-generating.
By construction, &y satisfies D, (S1) < Dp(Rpx) < — IR” il < — |Sl|. If for every
w € E(81), the discrepancy satisfies D, (S1 \ w) > D, (51) [M—‘ then the set

S := & satisfies the conclusions and we are finished.
Otherwise, suppose that we have inductively constructed a nested sequence of
sets
Ry 285 D---D8,
such that fori=1,...,m

(i)

is convex and nonempty;
is n-generating;

S;
(ii) S;
S; satisfies D, (S;) < —g—’";
S;
Th

i)
(iii)
(iv)
(v)
Choose wy, € E(S,,) such that D, (Sp \ wm) < Dy(Sm) + [W—‘ Since the

left hand side of the inequality is an integer,

is not the intersection of a line segment with Z?;
ere exists w; € E(S;) such that D, (S; \ w;) < Dy(S;) + [W}

[ W N Sp

Dn(SM\wm) <Dn(8m)+ 9
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Let S;nt1 C Si \ Wi, be a convex set which is minimal (with respect to inclusion)
among all convex subsets of S, \ wy, of discrepancy at most D, (S, \ wy,). Then
[Smt1] < [Sml = [wm N S, and so

W, NSy,
Dn(Sm-‘rl) < Dn(Sm \wm) < Dn(Sm) + |27‘
< _ |Sm| + |wm mSml < _ |Sm+1|.
- 2 2 - 2

By minimality, S,,+1 is 7-generating, and contains at least two elements (since its
n-discrepancy is negative). Thus we have satisfied conditions , 7 and .
If S,,41 is the intersection of a line segment with Z2, then the Morse-Hedlund
Theorem implies that the restriction of n to any line parallel to S,,,+1 is periodic with
period at most |S,,,+1|. But then 7 is periodic, a contradiction, and so condition
is satisfied. If for every w € E(Sp41),

2

then the set S := S, 41 satisfies the conclusions of the lemma. Otherwise S, 11
satisfies all of the induction hypotheses and the construction continues. In both
cases, condition is satisfied.

Each S; is contained in R,, j, so the construction terminates after finitely many
steps. O

DS \w) = Do) + | g

Lemma 4.3. Suppose n: Z2 — A is aperiodic and there exist n,k € N such that
P,(Rnx) < %k Let S be a strong n-generating set. If w € E(S), then there are at

most L@J distinct n-colorings of S \ w that extend non-uniquely to n-colorings
of S.

Proof. The proof is identical to that of Lemma [2.8] with the stronger bound on
P,(S) — P,(S \ w) implied by assumption that S is strong generating. O

Lemma 4.4. Suppose n: Z?> — A, S C Z? is a strong n-generating set and there
are antiparallel wi,wy € E(S). Suppose |wi| < |ws|, H is a wy-half plane, and the
restriction of f € Xs(n) to H is (S,n)-ambiguous. Then the (S \ w1, wy)-border of

H is periodic with period vector parallel to wy. Its period is at most {L;‘SIJ

Proof. Again, the proof is identical to that of Lemma with the stronger bound
on P, (8)—P,(S\w1) implied by the assumption on S and its use in Lemma[t.3] O

4.2. Balanced sets. We now give a definition motivated by the technical condi-
tions appearing in Corollary Intuitively, an ¢-balanced set is useful for the
same reason as a generating set (i.e. if a coloring is known on some region, a bal-
anced set often allows us to deduce the coloring on larger regions) except that any
line parallel to £ that has nonempty intersection with it, intersects it in “many” of
places. This intersection property comes at the expense that not all of the vertices
of the set are n-generated by the set.

Definition 4.5. Suppose that n: Z? — A and S C Z? is finite and convex. Suppose
£ is an oriented rational line and let ¢(S) C E(S) U V(S) be the intersection of
conv(S) with the support line to S parallel to £. We say that S is ¢-balanced for n
(or simply £-balanced) if all of the following conditions hold:
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(i) Every rational line parallel to ¢ that has nonempty intersection with S
contains at least [/(S) NS| — 1 integer points;
(ii) The endpoints of £(S) NS are n-generated by S;
(i) Dy(S\ ((S)) > Dy (S):

Definition 4.6. For ¢ € Z?\{0}, a 0-strip is a convex subset of Z? whose boundary
contains precisely two edges, one of which is parallel to ¥ and the other is antiparallel
to ¥ (we also include the degenerate case, calling the intersection of Z? with a line
parallel to ¥, a v-strip). The v-width of a U-strip is the number of distinct lines
parallel to ¥ that have nonempty intersection with it (in the degenerate case, the
width is 1).

Showing the existence of an ¢-balanced set for 7 is the second use of the stronger
hypothesis on complexity. It is used in the proof of Theorem [I.5] in Section [5.2.4]

Lemma 4.7. If n: Z* — A and P,(R, ;) < %k for some n,k € N, then for any
rational line €, there exists an (-balanced set for 7.

Proof. If ¢ is a horizontal line (without loss of generality, assume it points west),
choose the minimal k" < k such that P,(R, ) < ”Tk/ Let w € E(R, 1) be the
edge parallel to ¢. By minimality, D, (R, x \ ¢) > Dy(Rn ). Choose a minimal
convex S satisfying

Rn,k/ \E cs - Rn,k/
for which D, (S) = D, (R,,). By minimality of S, the endpoints of the support
line of S parallel to ¢ are generated. Therefore S satisfies the definition of an
{-balanced set. The case that ¢ is vertical is similar.

If ¢ is neither vertical nor horizontal, assume that n > k (the other case is
similar). Let ¥ = (v1,v2) € Z? be the shortest integer vector parallel to ¢. We
assume that vy,vs < 0 (the other cases are similar). If every translation of ¢
intersects R, j in at most one integer point, then any 7-generating set contained
in R, x is automatically ¢-balanced (here the first condition in the definition of an
£-balanced set is trivial). Thus we assume that (v1,vs) connects two integer points
in R, ;. Choose u € 72 such that ¢ + i passes through the

e northeast corner of R, j if va/v1 > k/n;

e southwest corner of R, ;, if vy/v1 < k/n.
Assume that va/v; > k/n (the other case is similar). By choice of @, (¢ + @)
intersects both the top and bottom of the rectangle R,, i, so

lleony (R k) N (£ + @)| = max [leonv(Ra ) N (£ + D).

Moreover, one of the endpoints of the line segment conv(R,, ;) N (£+ @) is an integer
point and so

There is some 7 € R such that ¢ + @ — (4,0) passes through the southwest corner
of R, and, by symmetry, the number of integer points in R, j to the left of
¢+ — (i,0) is the same as the number of integer points in R,  to the right of £+
(see Figure |4)).

Let &1 C Ry, i be the (convex) set of all # € R, that are either on ¢ + @ or
to the left of it. Then |R,x \ S1| < 3 |Rn,k| and so by Corollary D,(S1) < 0.
Let a,b € Z? be the two extremal elements of S; N (¢ + @) (the dotted points in
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FIGURE 4. R, j with 4+ (solid line) and £+—(¢,0) (dashed line)
shown. The integer points in R, j, are preserved under the rotation
by m about the center of R, ;. The two points marked on ¢ + @
are the topmost and bottom most integer points of (¢ + @) N R,, k.

Figure . Let So C & be minimal (with respect to inclusion) among all convex
subsets of S; that contain a and b and have n-discrepancy no larger than D, (S7).
Then either Sy = §; N (¢ + i) or Sy contains S; N (¢ + i) and conv(Sz) has positive
area. The case that conv(Sz) has positive area is illustrated in Figure

If the area of conv(Ss) is zero, let S3 C Sa be minimal among all convex subsets
of Sy with n-discrepancy at most D,,(S2). Then S is an n-generating set contained
entirely in £ + @ and so S3 is ¢-balanced.

In the second case, by minimality of Sy and Lemma [2.3] any extremal point
of Sy other than ¢ and b must be n-generated by Sz. If ¢(Sz) C V(Sz), then
0(Ss) is n-generated by Sp and so Sa is f-balanced. Otherwise ¢(S2) € E(S2) and
both of the extremal elements of ¢(S2) are n-generated by S;. Then E(S:2) has
edges parallel and antiparallel to £ (the edge antiparallel to ¢ is the line segment
(¢ + @) Nconv(Ry, 1)). By (3), the number of integer points on the edge parallel to
£ is no larger than the number of integer points on the edge antiparallel to £. By
Lemma [2.11] S is ¢-balanced. O

We now use balanced sets to show that ambiguity gives rise to periodicity.

Proposition 4.8. Let n: Z?> — A and suppose there exist n,k € N such that
P,(Ry ) < nk - Let £ be a one-sided nonexpansive direction for n and and let H be
an C-half plane. Then there exists an £-balanced set S such that:

(i) Any f € Xs(n) whose restriction to H is (S, n)-ambiguous is periodic with
period vector parallel to .
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FIGURE 5. All extremal points in Sz except the endpoints of (¢ +
@) N Ry, are n-generated, where ¢ points southwest and Sy is /-
balanced. In this case, ¢(Sz) is the edge on the left side of Sa,
parallel to £.

(i) If w € E(S) is parallel to ¢ and S = S\ w, then the restriction of any
(S, m)-ambiguous f to the (S, w)-border of H has period at most [w N S|—1

and the restriction of f to any (-strip of width diam,,(S) has period at most
2lwnS| —2.

Proof. By Lemma there exists an (-balanced set S and an {-balanced set S,
where  is the direction antiparallel to ¢. Without loss of generality, we can assume
(see Remark that w points vertically downward and H = {(x,y) € Z?: x > 0}.
Define S := S\ w and for all K € Z, set

By = {(m7y) €72 K<< K+diamw(3)}.

By translating if necessary, we can assume that S C By. Let h := lwNS|—1.

We claim that f[B, is periodic of period at most 2h for all K € Z, which
establishes the proposition. We prove this using induction in several steps. We
start by setting up the base case of the induction via two cases, depending on
J1 By extending uniquely or not.

4.2.1. Assuming f| B, does not extend uniquely. If f| B, does not extend uniquely
to an (S, n)-coloring of By U Bk 1, we claim that f[p, is periodic with period at
most h and f[B,_, is periodic of period at most 2h.

To prove this, suppose K € Z and the coloring of Bk given by f[|R,. does not
extend uniquely to an (S, n)-coloring of Bx U Bk _1. By Corollary 1By is
vertically periodic of period at most h. For the set S, write S(4, j) for the translation
S+ (i,7), and we use the analogous notation for S. The two endpoints of w are
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n-generated by S (since S is (-balanced), so the coloring of S given by f IS(K, i)
does not extend uniquely to an (S, n)-coloring of S for any i € Z (otherwise we
could use this information to deduce the coloring of Bx_1). This means that

- . n-colorings of S that do not extend
: <
#* {er(K’]) J € Z} s # { uniquely to n-colorings of S
< Py(S) - Py (S )
< h (by Definition iii) and S being ¢-balanced)

Furthermore, we claim the number of n-colorings of & whose restriction to S is
(S, S, n)-ambiguous is at most 2h. The number of such colorings is P, (S) minus
the number of n-colorings of S whose restriction is not (S ,S,n)-ambiguous. This
is the same as P,(S) minus the number of n-colorings of S that are not (S, S, n)-
ambiguous. The number of 7-colorings of S that are not (S,S,n)—ambiguous is
PU(S) minus the number of of 7-colorings of S that are (S, S,n)-ambiguous. The
number of n-colorings of S that are (S, S, n)-ambiguous is at most h (from above).
Putting everything together we get

{ n-colorings of S whose restriction

to S is (S, S, n)-ambiguous } < B(8) - (P"(S) B h) < 2h.

By the Pigeonhole Principle, there exist 0 < ¢ < j < 2h such that the n-colorings
of § given by fFS(KJ) and ffS(K,j) coincide. Recall that, since S is ¢-balanced,

any vertical line ¢ that has nonempty intersection with S satisfies ‘17 ns ‘ > h
(Definition {4.5). Moreover

K+diam,, (S)

Bxk=2"n |J A{@y):yeR}
=K

is the intersection of Z? with the union of diam,(S) many vertical lines, so in
particular each of them intersects both S(K, i) and S(K, Jj) in at least h places. But
the minimal vertical period of f[|B,. is at most h, so the only way that ffS‘(K,j)
could coincide with ffS(K, i) is if j — 1 is a period for f[p,. Since the endpoints
of w are n-generated by S, an easy induction argument shows that f [5( K,i+k)
and er(K,j + k) coincide for all k. Thus j —i < 2h is a period for fIB, U Bx_,
and the claim is proven.

4.2.2. Assuming f| B, evtends uniquely. If f| B, is periodic and extends uniquely
to an (S,n)-coloring of Bx U B 1, we claim that f[p, | is periodic with period
dividing that of f[ B
To see this, suppose K € Z. We already know that
(i) fIBy is vertically periodic with period p;
(ii) The coloring of Bx given by f[p, extends uniquely to an n-coloring of
BrU{(K —-1,y): y € Z}.
We claim that f[pB,_, is vertically periodic of period dividing p. If not, define
g: Z?> — A by
_J f(z,y) if v > K
9(w,y) = { flz,y+p) ifx<K.
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Since f € Xs(n), fIBy is periodic, and diam,, (Bx) = diam,, (S), we are guaran-
teed that g € Xs(n). Since the restriction of f to {(K —1,y): y € Z} is not periodic
of period dividing p, f| B, = 9] By but their restrictions to Bk U{(K—1,y): y € Z}
do not agree, contradicting the fact that f|p, had only one extension to an (S, 7)-
coloring of Bg 1. This completes the proof of the claim.

4.2.3. Periodicity of f] By for K < 0. We now start the main induction, carried out
in three steps. Starting with the ambiguity of f]f, we show that the proposition
holds for the restriction of f to Z?\ H. We claim that JI By is vertically periodic
of period at most 2h for all K < 0. Using induction to prove this claim, by
Lemma @ f1B, is vertically periodic of period at most h. Suppose that K < 0
and for ¢ = 0,—1,..., K, f[B, is vertically periodic of period at most 2h. One of

the hypotheses of the two claims (in or i applies to f[ B, and so f[ By,
is periodic of period at most 2h. By induction, this holds for all K < 0.

4.2.4. Periodicity of fI B for K > 0. To extend the result for K > 0, recall that
S is a set balanced in the direction antiparallel to ¢. Suppose that w € E(S;) is
antiparallel to ¢ and let Sy := 81 \ {w N S1}. Define

Bg = {(z,y) € 2*: K — diamy(S)) +1 <z < K}

and assume, without loss of generality, that @ C {(0,y): y € Z}. Then, by the
result of flz2 \ H is periodic and so f1B, is vertically periodic. By an
induction argument analogous to that given in Sections and (except
now using S; in place of S), f[ B, is periodic for all K > 0, and its period is at
most the maximum of (2 |w N S| —2)! (an upper bound for the period of f[g,) and
2w N Si| — 2. This implies that there is some constant C' > 0 such that for all
K € Z, fI By is vertically periodic of period at most C. This establishes the first
conclusion of the proposition.

4.2.5. Bounds on the period. To establish the second part of the proposition, we
need an improvement on the bound of the vertical period of f[B, when K > 0.
For any K\ € Z such that f{BKO is vertically periodic of period at most 2h, the
induction argument from but with the base case changed from By to Bg,),
shows that f[p, is vertically periodic of period at most 2h, for all K < Kj.
Therefore, it suffices to find a sequence 0 < 47 < iy < --- such that f[Bij is
vertically periodic with period at most 2h for all j € N.

Assume instead that no such sequence exists. Then there exists I € N such that
for all i > I, the coloring of By given by (T:9) f)| g is either vertically aperiodic
or periodic of period larger than 2h. Since f[B, is periodic of period at most
2h, we have I > 0 and (T(i’o)f)[BO is vertically periodic of period at most 2h.
We can further assume that I is minimal with this property. For ¢ > I, the fact
that f[p, does not satisfy the conclusion of Corollary (specifically the bounds
on its period) implies that (70 f)| B, extends uniquely to an (S,n)-coloring of
By U B_;. Since f is vertically periodic, there are only finitely many colorings of
By that occur as (T(K70)f)[BO, for K € Z. Thus there exists a smallest integer
J such that J > I and there is j > J satisfying (T(/0 f) B, = (T(j’o)f)[BO.
Since (T f)| B, extends uniquely to an 7-coloring of Bo U B_1, and since the
functions (79 f) By u B_, and (TG0 f) By U B_, are two such colorings, they
must coincide. Then (T(/=10) f)| g, coincides with (TU=19 f)[ g and so J = I
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(by minimality of J). Then f|B, = fIB, = f1B; is periodic of period at most 2.
But fT B; is either aperiodic or periodic of period greater than 2h, contradicting
the definition of I. O

Corollary 4.9. Suppose n: Z? — A and there exist n,k € N such that P,(Rnx) <
%k. Suppose £ is a rational line, S is an £-balanced set, w € E(S) is parallel to ¢,
and B is an £-strip of width diam,,(S) —1. If f € Xs(n) and f[RB is periodic (with
period vector parallel to £), then f is periodic with period vector parallel to .

Proof. We proceed as in the proof of the first part of Proposition [£.8] The assump-
tion of the corollary replaces the base case (4.2.1land [4.2.2)) and the induction steps
of £2.3] and [£:2.4] are identical. O

Lemma 4.10. Suppose n: Z* — A and there exist n,k € N such that P,(Ry %) <
%k. If the oriented rational line ¢ is a one-sided nonexpansive direction for n, then
the direction antiparallel to ¢ is also one-sided nonexpansive. In particular, any
n-generating set has boundary edges parallel and antiparallel to £.

Proof. Let S be an 7-generating set, w € F(S) be parallel to ¢, and without loss of
generality, we can assume that ¢ points vertically downward. Let ? be the direction
antiparallel to £ and suppose for contradiction that 7 is not a one-sided nonexpansive
direction for 7.

Set H := {(z,y) € Z*: x > 0} (a half-plane whose boundary is parallel to ).
Since ¢ is a one-sided nonexpansive direction, we can choose f1, fo € Xs(n) such
that filg = fol g but f1 # fo. By Proposition [£.8] fi and f, are both vertically
periodic. Since fi[H = fo| H, at most one of fi and f> is doubly periodic. Without
loss of generality, assume that f; is not doubly periodic.

Since / is not one-sided nonexpansive, by definition there exist a1,a2 € Nand A €
SLs(Z) such that 7 is one-sided n-expansive with parameters (a1, ag, A). Then every
n-coloring of a vertical strip of width at least ||az- A71(1,0)| extends uniquely to an
n-coloring of its l-extension. In particular, the restriction of f; to any vertical strip
of this width extends uniquely to its {-extension (to the “right” in the coordinate
system we have chosen). The vertical periodicity of f; implies that there are only
finitely many distinct patterns that arise from restricting f; to different vertical
strips of this width, each of which extends uniquely to its {-extension. In this way,
the restriction of f; to one such vertical strip uniquely determines the restriction
of f1 to the vertical strip to its right. Since this holds for all such vertical strips
(even those that do not occur in H), it follows that f; is also horizontally periodic,
a contradiction. d

Proposition 4.11. Suppose n: Z2 — A is aperiodic and there exist n,k € N such
that Py(R, 1) < ™. There exists a strong n-generating set S such that if w € E(S)

points in a one-sided nonexpansive direction, then V“’QL&J <l|wiNS|-2.

Proof. By Lemma there exists a strong n-generating set. Let S be minimal
(with respect to inclusion) among strong 7-generating subsets of R, ;. If for all
w € E(S) that point in a one-sided nonexpansive direction, we have |w N S| > 2,
then S satisfies the conclusion of the proposition and we are done. Otherwise there
exists w € E(S) which points a one-sided nonexpansive direction and is such that
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lwNS| = 2. Suppose wNS = {(x1,y1), (x2,y2)}. Then by Lemma since
(z1,y1) is n-generated by S, we have that

Dy(S\A{(z1,91)}) = Dy(S) + 1.

The convex hull of S\ (z1,y1) does not have an edge parallel to w and so by one-
sided nonexpansiveness, the vertex (z2,y2) is not n-generated by S\ {(z1,v1)}.
Thus D,(S \ w) < D,(S)+ 1. On the other hand, |S\w| = |S| — 2, and so

D,(S\w) < D,(S)+1 < f% +1= 7&2”'. But then, as in the proof of
Lemma S \ w contains a strong 7-generating subset. This contradicts the
minimality of S. (]

4.3. Constructions with balanced sets. We make precise what it means for a
coloring to be periodic on a region:

Definition 4.12. Suppose that 7 C Z? is a convex set and there exists 7 € Z2\ {0}
such that (7 +0) CT. If f: T — A is an n-coloring of T, then f is periodic on T
of period 7 € Z2\ {0} if (T +p) C T and f(Z) = f(Z+p) for all T € T.

If we E(T), @ € Z*\ {0} is the shortest integer vector parallel to w, and
(T +@) C T, then f[7 is w-eventually periodic with period p € N and gap g € N if
JIT + ga is periodic with period p.

Definition 4.13. If S C Z? is a finite convex set and w € E(S), then a semi-infinite
(S, w)-strip is a set of the form

A+ {S+X: AeNU{0}} or @+{S—I:XeNU{0}},
where @ € Z? and ¥ is the shortest integer vector parallel to w.

Pictorially, a semi-infinite (S, w)-strip is a half-strip whose boundary edges are
parallel to edges of S (and not the other natural interpretation in which the bound-
ary has two semi-infinite edges and one more edge connecting them).

Proposition 4.14. Supposen: Z*> — A and there exist n,k € N such that P,(Ry, 1) <
%k. Suppose £ is a rational line, S is an £-balanced set, and w € E(S) is parallel to
I T ds a semi-infinite (S \ w, w)-strip and f € Xs(n) is such that f|7 does not
extend uniquely to an n-coloring of the w-extension of T, then f[T is w-eventually
periodic with gap at most |lwN S| — 1 and period at most lwNS| — 1.

Moreover, if f € Xs(n) and f[']‘ is eventually periodic of period at most 2 |w N S|—
2, then any extension of f[T to an n-coloring of the w-extension of T is also w-
eventually periodic with the same gap and period at most 2|w N S| — 2.

Proof. The first statement follows immediately from Corollary 2.25

For the second, let S := S\ w. Without loss of generality, we can assume that w
points vertically downward, the topmost element of w is (0,0), and f[7 is (0, —1)-
eventually periodic with period p and gap g. Suppose further that the boundary
edge of T parallel to w is {(0,y) € Z?: y < 0}. (The case that the boundary edge
of T parallel to w is unbounded from above, rather than below, is analogous.)

Then f[7 — (0, ) is periodic with period (0, —p). Let B be the (S, w)-border of
T —(0,g). There exist a € Q and b € N such that the w-extension of T is given by

TU{(z,y) €Z*: —b<ua,y<ax}
We proceed by induction. Let
B; = {(x,y) € Z?: i < x < i+ diam,(S), y < ax}.
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By assumption f] By — (0, g) is vertically periodic with period at most 2w N S| —2.
We claim that for all i < 0, if f 'B; — (0, 9) is vertically periodic of period at most

2lwN S| — 2, then f[Bi_l —(0,9) is also. To prove the claim, we consider two
cases.

4.3.1. Unique extensions. First we show that if f[BZ. —(0,9) is periodic of period

p <2 |EU NS| — 2 and there exists j < —g such that th~e n-coloring of S given by
(T3 )| § extends uniquely to an n-coloring of S, then f I B;_, is periodic of period
dividing p. B

i To see this, reca}l that the vertical periO(jl of fIB; — (0,9)isp- Then fIS — (i, 5 +p) =
18 = (i,j) and fIS — (i,j+14p) = [IS—(i,j+1) for all I € N such that

I < ai—j. Since § is {-balanced, the top most and bottom most elements of

w are n-generated by S. Thus f|g — (i,j+1) = fls — (i,7+1) for all such [. In

particular, f[(BZ. UBi_1) — (i,9) is vertically periodic with period dividing p.

4.3.2. No unique extensions. Next we show that if there is no j < —g for which
the n-coloring of S given by (T(i’j) f)IS extends uniquely to an n-coloring of S,
then f[B; — (0, g) is periodic of period at most [wNS| —1 and fIB,_; — (0,9) is
periodic of period at most 2 |wN S| — 2.

To prove this, if f[pB, — (0,9) does not extend uniquely to an n-coloring of the

w-extension of B;_; — (0,¢), then by Corollary , f[Bi —(0,g) is eventually
periodic, and by our assumptions, we have that it is periodic with period at most

|wN&S|—1. Asin the proof of P~roposition there are at most 2 |w N S|—2 distinct
n-colorings of S occurring as f|S — (i,) for y > g. By the Pigeonhole Principle,
there exist j,k € N with ¢ < j < k < g+ 2|wNS| — 2 such that f]§ — (i,5) =
fls — (i, k)- Since S is f-balanced, every vertical line that has nonempty intersec-
tion with S intersects in at least [w N S| — 1 places. Since f[p, — (0,g) 1s periodic
of period at most |[wNS| — 1, then f[gj (i,y) = FIS — (i,y + j — k) for every
y > g. Arguing as in the previous case, fIB, U B;_; — (0, g) is periodic of period
at most k —j <2|wNS|—2.

This proves the claim, and the result follows by induction. (]

Corollary 4.15. Under the conditions of Proposition [{.14, if S is an {-balanced
strong n-generating set, then f|7 is w-eventually periodic with gap at most |w N S|—
1 and period at most VWQLS‘J

Proof. This is identical to the proof of Proposition [{.14] with the stronger bound
on P,(S) — P,(S \ w) implied by the fact that S is a strong n-generating set. O

Corollary 4.16. Suppose n: Z2 — A and there exist n,k € N such that Py(R, 1) <
%k. Let ¢ be a rational line, S an n-generating set, and @ € Z* be the shortest
integer vector parallel to £. Fiz a finite set F C Z% and an {-strip B of width at
least diam(S) — 1 that contains F. If there is some f € X, such that for all A € Z

the coloring (T’\“If) [ extends uniquely to an n-coloring of B, then n is periodic.

Proof. The condition on f guarantees that f[|p is periodic with period vector par-
allel to @. Since f € X, there is a translation ¥ € Z? such that (T"9)|p = flF
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and by uniqueness (T%7)[ g = fIB. By Corollary Ty is periodic with period
vector parallel to @. Therefore 7 is also. (]

5. PROOF OF THEOREM

5.1. Starting the proof of Theorem|[1.5} The proof of Theorem[I.5]is completed
in this section via multiple steps; we include a short summary of what is covered at
the beginning of each section. We proceed by contradiction, and the rough overall
structure of the proof is as follows: assuming the existence of a counterexample, we
produce other counterexamples with more structure (specifically with large regions
on which they are periodic). With a sufficiently well structured counterexample,
we fix a generating set and count colorings of it that occur on the boundary of
the region of periodicity. We reach a contradiction by showing that a larger than
possible number of distinct colorings occur. The difficulty arises in controlling
the periods sufficiently well that we can count enough n-colorings to reach this
contradiction.

Throughout this section, we assume that 7 is a counterexample to Theorem
meaning that 7 : Z2 — A has at least two linearly independent one-sided nonex-
pansive directions and there exist n,k € N such that P(R, ;) < 2. We remark
that if n were periodic, it could have at most one one-sided nonexpansive direction.
Therefore we can assume that 7 is aperiodic.

5.2. An aperiodic counterexample with doubly periodic regions. We use
the existence of 7 to construct a € X, which is aperiodic, but the restriction of
a to a large convex subset of Z? is doubly periodic. This is carried out in three
steps, first showing the existence of f € X, which is singly, but not doubly, periodic
(Section and then using f to show that there exists an aperiodic o € X, that

is doubly periodic on a large convex region (Sections and [5.2.3)).

5.2.1. A periodic half plane. By Lemma there exists a strong n-generating set
S. Let /1 be a one-sided nonexpansive direction for . By Lemma there is
some wy € E(S) parallel to ¢;. By Lemma the direction antiparallel to ¢y is
also one-sided nonexpansive and there is some we € FE(S) antiparallel to ¢;. By
convexity, S is either wi-balanced or we-balanced. Without loss of generality,

(4) we assume that S is w;-balanced

and that (see Remark [2.10) wy points vertically downward.
Set S := 8\ w; and set

H; = {(v,y)€Z®: x>i};

A = {(z,y) € Z*: i < x < i+ diam,, (S)}.
By Lemma [3.2] there exist f,g € X, such that f[H, = glH, but flH, # 9l H,-
At most one of f[g, and g, has a horizontal period vector (in the sense of
Definition |4.12)). Thus we can assume that f[fj, is not horizontally periodic. By
Proposition [4.8] f is vertically periodic, and for every i € Z, f] 4, has period at

most 2 |w; NS| — 2. Moreover, by Lemma the vertical period of f[4, is at
lwiNS|
2

most { J By Proposition [4.11 we can assume that {%J <|lwiNS|—2.
We also remark that, by the bound on the vertical period of f[4, for i > 0, if
G C Hy is a convex set such that

(H-I) (G+(1,0)) C G;
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(H-II) G contains at least 2|w; N S| — 2 points on the y-axis,

then f[¢ does not have a horizontal period vector in the sense of Definition 4.12
We summarize the main features of this construction:

(i) feXy;
(if) f is vertically periodic;

(iii) f[A, is vertically periodic of period at most |w; N S| — 2;

(iv) The restriction of f to an infinite convex set G C Hy that satisfies con-
ditions (H and (HA{II) cannot be extended to a horizontally periodic
n-coloring of Z2.

5.2.2. Construction of aperiodic o € X, which agrees with f on a large region.
Translating S if necessary, we may assume that (0,0) € wy C {(0,y): y € Z}.
Using an inductive procedure, we define a function o € X, which is aperiodic
but agrees with f on an infinite, convex subset of Z? (and is, therefore, vertically
periodic on this subset).

Base case. Let Fy := § and Gy = (0,0). By Corollary and aperiodicity of
7, there exists y; € Z such that (T(O’yl)f) [ F, does not extend uniquely to an
n-coloring of the region

By = {(z,y) € Z*: 0 < 2 < diam,,, (S)}.

Let oy € X, be such that ay[p, = (TO¥) f)[ gy, but aq [, # (TO¥)f)IB,. Let
G; be a maximal, strongly F(S)-enveloped subset of By that contains Fj and is
such that ay[g, = (T f)Iq,.

Inductive step. Suppose that we have constructed sequences of convex, strongly
E(S)-enveloped, finite sets
GoCHCG CFR G C---CF CGy,
configurations aq,...,o; € X, and integers y1,...,y; such that for 1 < j <i:
(i) (F; hypothesis) F; contains both G;_; and [0,j — 1] x [—j + 1,5 —1];
(ii) (o hypothesis) Defining the strip B; by
Bj = {(z,y) € Z*: 0 < z < diam,,, (F})},
then
(a) a1, = (TOW f)]
(b) ajlp, # (TO) ) p,:
(i) (G, hypothesis) G; C B, is a maximal set among all convex, strongly
E(S)-enveloped subsets of B; such that
(a) Fj € Gj;
(b) (&%} FG] = (T(O’yj)f) rG]
Let Fj 11 C Hy be a finite, convex, strongly E(S)-enveloped set containing both
G, and [0, j] X [—J, j]. By Corollary and aperiodicity of 7, there exists y;41 € Z
such that (7(0¥i+1) f) er+1 does not extend uniquely to an 7-coloring of the strip

Bji1 = {(z,y) € Z*: 0 < x < diam,,, (Fj41)}.

Choose aj4+1 € X, such that O‘J'HerH = (T(O,yj+1))[Fj+l’ but ajHFBjH £
(T(Ow5+1) f) [Bjﬂ. Let Gj41 C Bji1 be a maximal strongly E(S)-enveloped set
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containing Fji1 such that aji1lG,, ., = (T(O’yﬂ'“)f)[GjH. By induction these
functions, sets, and integers are defined for all j.

By vertical periodicity of f, we can assume that y; € [0, (2 |wi N S| —2)!) for all
J € Z. By passing to a subsequence, we can assume that the sequence {y;};ey is
constant and, by replacing f with 7% f if necessary, we can assume that this
constant is zero.

By construction, for each j € N, E(G,) has a downward oriented edge contained
in the y-axis. Let (0,2;) € 72 be the topmost element of this edge and let

éj = {(x,y— Zj): (w,y) € GJ}

Then (T2 ;) G, = (T(0:=) f) |G; and there is no strongly E(S)-enveloped con-
vex subset of B; that strictly contains éj for which this is true (by maximality
of G;). By vertical periodicity of f, {T(Ovzﬂ')f: jEN} C {TO™f. 0 < m <
(2w, NS| —2)1}. Let z € [0, (2]|wy N S| — 2)!) be such that T©2) f = T(0:2) f for
infinitely many j. By passing to a subsequence, we can assume this holds for all j.
Define &; := T(O’Zi)aj and f := T2 f Then with this notation, Qs [(;j = f[(;j
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and there is no strongly E(S)-enveloped subset of B; that strictly contains G for
which this holds.

Enumerate the vectors in FE(S) as uq,us,..., Uy, where uy = wy and ug41 =
pred(ug) for k = 1,...,m — 1 (recall that S is positively oriented and pred(-) is
the predecessor edge with this orientation). Let K € N be the index for which
ug = wy (the edge of AS antiparallel to w;). Since G; is E(S)-enveloped for all j,
define

hj k) = llajr|| if there is some a; ), € E(G;) parallel to uy;
58 = 0  otherwise.

Passing to a subsequence if necessary, we can assume that for each fixed k =
1,2,...,m, the function h(-, k) is either constant or strictly increasing as a function
of j. By construction, [0, 5] x [—j,j] € G;41 C Hy for all j. So Uj G; = Hy and
there is at least one index 1 < k < K for which h(-, k) is unbounded.

(5) Let 1 < kmin < K be the least integer for which this holds.

Define integers 1 < k1 < -+ < kg < kpin to be the indices in this interval for which
h(-, k) is eventually positive. Let vq,...,vs € E(G1) be the edges for which v; is
parallel to ug,. We emphasize that by construction, v1,...,vs € E(G;) forall i > 1,

meaning that not only does G; have an edge parallel to vy, vs, ..., but these fixed
line segments are edges of G;. Set
o)
Gw = U Gj.
j=1

Then G, is convex and E(S)-enveloped (see Figure [7| — also observe that it is not
strongly E(S)-enveloped since it doesn’t have edges parallel to each of the edges of
S). Moreover E(G,,) is comprised of vy, ..., v, as well as {(0,y) € Z?: y < 0}, and
a semi-infinite edge parallel to uy_ . .

By compactness, the sequence {&;};en has an accumulation point. Let o € X,
be such a point. By passing to a subsequence, we can assume that for all 1 < j; < jo
we have &, Féjl = &y, [éjl. By construction, a|g, = f[Gw. In particular, af@q,
is vertically periodic (in the sense of Definition and the restriction of o to
any semi-infinite (S, w1 )-strip in G, has period at most 2 |wy N'S| — 2. Moreover,
the restriction of « to the (S,w;)-border of Gy, has period at most |wy NS| — 2
(because f = T2 f the (S, w;)-border of G, is a subset of Ay, and this bound
on the period was shown for f[4, in Section .

5.2.3. Another one-sided nonexpansive direction for «. Next, we show that both
semi-infinite edges in F(G,,) are one-sided n-nonexpansive.

Let Exty, (G ) denote the uy,,,, -extension of G, (recall Deﬁnition. Since
the boundary edge of Ext,, (G ) parallel to uy,,, is semi-infinite, we have that
Ext,, (G,)\G, isequal to the intersection of Z? with the disjoint union of finitely
manymslgmi—inﬁnite lines Iy, ...,l,, parallel to uy We denote the subextensions

by

min *

GY =G, u(LNZ)U---U(l; NZ?)
fori=1,...,r.
We now inductively define an increasing sequence of sets {GS)}ieN. Suppose
we have constructed integers r1,...,7, € N and an increasing sequence of convex
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FIGURE 7. The sets S C él - ég C .- CGy.

sets {GE?};S{"'J”W such that for all j = 1,...,m, the sets G ) are E(S)-
enveloped and each has a semi-infinite edge parallel to ug, . (the edge is not required
to be the same for all of the sets). Then Ext,, (G Tty Gt g
nonempty and can be written as the intersection of Z? with the disjoint union
of rp,41 semi-infinite lines I, 4...qp 41, .+, lry4oqp,, ., (for some 7y, 1 € N). For
rt T, <Z.§7’1+"'+7"m+1 define

GO =G, Ul NZ%)U---U(l; NZ2).

This defines a sequence of integers {r, }men and sets {Gg)}ieN.

Recall that for all 7, éj is strongly E(S)-enveloped and the length of the bound-
ary edge parallel to uy,,, increases monotonically in j, by . Thus for j sufficiently
large, Exty, (G;) # G;. Moreover the depth of the extension Exty, (G;) de-
pends only on the slopes of the lines determined by the boundary edges of G i (recall
Definition . Therefore if d; is the depth of the extension Exty, (G,), then
d; is bounded (in j) and there is some d € N such that d; = d for infinitely many
7. We pass to a subsequence such that this holds for all j.

min
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Let I(j, k) be the intersection of Exty, (G;) and .. Then Ext,, (Gj) can be
written as the disjoint union

d
Giu| |G, k).
k=1

By construction (recall the inductive hypotheses for G, at the beginning of this
subsection) frEXtuk ‘ ((;j) #+ a[EXtuk A (éj) Let 1 < a < d be the smallest inte-

ger for which &; [[(j7 a) =+ f[[(j’ a) for infinitely many j. Passing to a subsequence,

we can assume that for all j € N, &; [[(L k) = ffi(j,k) for all 1 < k < a, but
&;11(4,a) # F1I(j,a)

Let w3 € E(S) denote the edge parallel to uy,_, . By Corollary there are
never |wz NS| — 1 consecutive integer points on I(j,a) where &; and f coincide
(otherwise they would coincide everywhere on [(j,a) since S is 7-generating). In
particular, there are never |ws N S| — 1 consecutive integer points on [, where «
and f coincide. As a result, the restriction of alGe=1 does not extend uniquely
to an n-coloring of G‘(,,a).

Moreover, since f, and hence f, is vertically periodic and oz[fofl) = J;fGt(ffl)
but alG@ # flG@, a is not vertically periodic. Moreover, because the bound-
ary edge of Gl parallel to ws is semi-infinite there is an ambiguous coloring
of a ws-half plane, obtained by passing to appropriate accumulation points of
{T—mwsq}°_ | and {T~"™%s f}°°_ (viewing ws as a vector). Thus by Lemma
ws is a one-sided nonexpansive direction for 7 and by Lemma[£.10] there is an edge
wy € E(S) antiparallel to ws.

5.2.4. Construction of K. We show that there is an infinite, convex subset K of
G, such that alf is doubly periodic. The construction has four steps which are
illustrated in Figure [§

Step 1. By Lemma [4.7] there exists a ws-balanced set ;. Let w3 € E(S;) be the
edge parallel to ws and let S =8 \ w3. Recall the integer a € N defined in Sec-
tionis such that f[Gg‘—l) = algle=b but J;[Gg(f) # alg@. By Lemmam7
the (S, ws)-border of Gl g ws-eventually periodic. This is illustrated in Fig-
ure

Step 2. Let B denote the (31,1213)—b0rder of G&a_l). Since f is vertically periodic
and flgla—b = algleY, algle=b is vertically periodic (in the sense of Def-
inition . Let p € N be the minimal vertical period of oz[Gglfl) such that
(TOP) )| (p0-p) Ge=Vy = al(7O-»G@~Y). Then the restriction of a to any
set of the form T(%=™P)B is eventually ws-periodic, with the same eventual period
and the same gap. This is illustrated in Figure 8B]

Step 3. The set T~P)B is a semi-infinite (S;,ws)-strip (recall Definition .
Let By := Ext,,, (T(>~P)B) be the ws-extension of B. Now inductively let By :=
Ext,, (B;) for i € N. Then there is some j € N such that B; contains all but
finitely many elements of Gc(ffl) \T(O’_p)G&afl). Since a|7(0,—p) 3 is eventually ws-
periodic, Proposition @ guarantees that a[; is also eventually ws-periodic with
the same gap but possibly larger eventual period. This is illustrated in Figure
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Step 4. Since algle=1) is vertically periodic with period p, the restriction of o
to Use_, TO=mP)(B; 11 N G&ail)) is eventually ws-periodic. Hence there is some
q € N such that the restriction of a to 7@ [ J>°_ TO:=mP)(B, 1 N G&ail)) is ws-
periodic. Since Bj; is a semi-infinite ws-strip and Bj 1, N TO"PB; .1 # 0, there
is an E(S)-enveloped, convex set K C T(@0) J>_ 7O=m») (B, n G&ail)) whose
boundary has semi-infinite edges parallel to ws and w;. The restriction of « to
K is doubly periodic. Let K be the largest (with respect to inclusion) convex set
containing K for which a]f is doubly periodic. By construction osz‘(ua) is not
doubly periodic since it differs from the vertically periodic coloring f . Therefore K
has a semi-infinite edge parallel to ws. Since o igl(f—l) = erL(da—l) was constructed
such that it is not horizontally periodic (in the sense of Definition , the set K
has a semi-infinite edge parallel to wy. This is illustrated in Figure

5.3. Bounds on the period of «. In this section, we show that we have strong
bounds on the wi- and ws-periods of af ¢, first extending the region K to a larger
region where « is singly (but not doubly) periodic (Section and then produc-
ing a generating set with particular properties that imply the bounds (Sectionsm
and . The existence of this type of generating set strongly relies on the bound
of Py(n, k) < 2.

5.3.1. Periodic extensions. We show that the region K on which « is doubly pe-
riodic can be extended to a larger region on which « is singly, but not doubly,
periodic.

Let Ky := K. Since K has a semi-infinite edge parallel to ws, Ext,, (K) # K
and there exist semi-infinite lines ¢1, ..., parallel to ws such that

f1
Ext,,(K)\ K = | |(Z*n£).
i=1
For 1 <i < fy, set K; : = KU/ U---U¥{;. We continue inductively: having defined
integers f1,..., f; and sets K1,..., Ky .4y such that Ky ..,y contains a semi-
infinite boundary edge parallel to ws, there exist an integer f;;; and semi-infinite
lines £, ... p;415- - - s Ly 41 f;4, Such that

fi+1
Extug (Kfytt0,) \ Kpygoot gy = |_| (Z2 N lgy gy y4i)
1=1

By the second claim of Proposition the restriction of o to Ufil K; is ws-
periodic with period at most 2 |wz N S| — 2.

5.3.2. A thin generating set. We use the assumption on complexity P,(n,k) < %
to show that we have a generating set with a small diameter (recall Deﬁnition.

Let zpin and z.x denote the minimal and maximal z-coordinates of elements
of S. Let d := L%WJ and let the left subset of S be defined by

SL = {(x’y) esS: Tmin < T < Thmin —i_d}

If |Sp| > % |S], then by Lemma , D, (S1) <0. Let S C St be an 7-generating
set. Otherwise D, (S\S) < 0. In this case, let So C (S\S) be an 1-generating set.
In both cases, let u € F(S2) be the edge parallel to ws (which exists by one-sided



NONEXPANSIVE Z2-SUBDYNAMICS AND NIVAT’S CONJECTURE 41

(A) The shaded set S; and the set
G with its (81, ws)-border. The
arrow indicates the region that is even-
tually ws-periodic.

(C) The semi-infinite (S1,ws)-strip is
eventually ws-periodic and so any n-
coloring of its ws-extension is also ws-
periodic (possibly of larger period), by
Proposition The arrows indicate
the direction of eventual periodicity
and the possibly different periods.

(B) algle—Y is vertically periodic.
Translations of B are shown and « is
eventually periodic on each translated
set.

(D) algle=Y is vertically periodic
and so there is an infinite convex re-
gion where « is doubly periodic. K is
the largest convex set for which this
holds.

FIGURE 8. Construction of K

nonexpansiveness of ws and Lemma and let v € E(S) be the edge parallel to

wy. By construction

(6) diam, (S5) < [

We call the set Sy a thin generating set for 7.

diam, (S)

ol
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5.3.3. Bounding the periods of a[ . Using the generating set So and the construc-
tion of «a, we obtain strong bounds on periods of alfg. A key tool we use is the
classic Fine-Wilf Theorem:

Theorem (Fine-Wilf Theorem [I1]). Suppose {fn}5%, and {gn}S>, are two pe-
riodic sequences of periods p and q, respectively. If fn, = gn for p+ q — ged(p, q)
consecutive entries, then f, = g, for all n. Moreover, p + q — ged(p, q) is the
minimum number of consecutive entries that make this property hold.

Corollary 5.1. If {f,}22, is a periodic sequence of period at most p, then the
sequence can be reconstructed uniquely from any 2p — 2 consecutive entries. More-
over, if the exact value of the period is unknown (other that it is no greater than
p), then 2p — 2 is the smallest number of consecutive entries that suffices.

Proof. If for some ng € N we are given the value of f, fro+1,- - frng+2p—3, We call
a number ¢ < p a possible period for f if fi, = fiyq foralln <k <ng+2p—q—3.
Let ® C {1,2,...,p} be the set of all possible periods for the sequence { f,,}52,. For
each ¢ € @, let {f7}7% be the unique g-periodic sequence such that f! ., = fn,1i
for all i = 0,1,...,2p — 3. By the Fine-Wilf Theorem, if ¢1, ¢> € ®, then fI* = f*
for all k (since ¢1 + g2 —ged(q1, g2) < 2p—2) so there is a unique sequence of period
at most p that agrees with the information given about {f,}52,.
This bound is optimal: given n € N let w,, be the word

wy, :=00---0100---0
S—— Y—

n n

and let p =n+ 2. Then 2p — 2 > 2n+ 1 = |w,| and w,, can indeed be extended in
two different ways to a periodic sequence of period at most p (one of period n + 1
and one of period n + 2). So if we were told that {f,}>2, is a periodic sequence
of period at most p and that the first 2n + 1 entries were the word w,,, then the
sequence could not be uniquely reconstructed. o

Definition 5.2. If w = (wg,w1,...,wm-1) € A™ is a word of length m and
p € {1,....,m — 1}, we say that w is periodic of period p if w; = w4, for all
0 < i < m—p. We also make the convention that every word of length m is
periodic of period m.

Notation 5.3. There are two distinguished semi-infinite strips in K and we label
them:

e Let 77 denote the (S '\ ws, ws)-border of K.
e Let 73 denote the (S \ wy, wy)-border of K.

In the remainder of this section, we show:

Claim 5.4. Maintaining notation as above,
(i) The wi-period of al [ is at most {%J ;
(ii) The ws-period of al [ is at most w3 NS| — 1.

By convexity, S is either ws- or wy-balanced. We prove the claim by considering
three cases separately.
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Case 1. Suppose S is ws-balanced. It is immediate that |ws N Z?| < |wy NZ?|. By
assumption , S is also wi-balanced. In this case we show the claimed bound on
the wi-period of af f but prove (the stronger bound) that the ws-period of af ¢ is

at most {M
B

By maximality of K, «| g is (S, w3, n)-ambiguous. Since af g is doubly periodic,
al7; is periodic. Thus by Corollary .15

(7) a7, is periodic with period vector parallel to ws

|wsNS|
2

and period at most { J By vertical periodicity of af g, there is some p € N

such that the colorings (7)) I'7; coincide for all m =0,1,2. ..
Again by maximality of K, af i is (S, w1, n)-ambiguous and so a7, is vertically

periodic with period at most Pwligsw Then there is some ¢ € N such that the

colorings (T'~"%"3a) |7, coincide for all m = 0,1,2... (here w3 is understood as a
vector rather than a line segment).

Since 77 is a semi-infinite (S\ w3, ws)-strip and 73 is a semi-infinite (S\ w1, w1)-
strip, there exist m1, mo € N such that

P = (T1 — (0,myp)) N (T2 — maq - ws) N Z*

is the intersection of Z? with a parallelogram, with sides parallel to w; and w3 and
integer vertices. This is illustrated in Figure [0

Since S is ws-balanced, if L is any line parallel to ws that has nonempty inter-
section with P, then

(8) |ILNP|>|wsNS|—1.

Therefore, we claim that if L is any line parallel to w3 that has nonempty intersec-
tion with P, there is a unique A-coloring of L N Z? such that

(i) the coloring coincides with «w on L N P;
.. . . . . . \ ﬂS‘
(ii) the coloring is periodic of period at most {MTJ
To see this, by and the definition of p, we have that a[(Tl — m1p) is ws-periodic

of period at most LL;‘S'J, and by , the coloring of L agrees with o on at

least |ws N'S| — 1 consecutive integer points: therefore we can apply Corollary
showing that the coloring agrees with o on L N (73 — myp) (which is semi-infinite).
There is only one way to extend a semi-infinite periodic coloring to a doubly infinite
periodic coloring of L.

Since S is also wi-balanced, a similar result holds for lines parallel to wq: if L is
any line parallel to w; that has nonempty intersection with P then

ILAP| > |lwNS| - 1.

Therefore, since a[(7’2 — maq - w3) is wi-periodic of period at most LL;S‘J, for

such an L there is a unique A-coloring of L NZ? that coincides with o on LN P and

\wlﬂS\
2

has period at most { . Let C; be the union of all lines parallel to w3 that

have nonempty intersection with P and let Cz be the union of all lines parallel to
wy that have nonempty intersection with P. Let 8 : Cy UC2 — A be the coloring
just described. We claim that 3 extends uniquely to an A-coloring of Z? that is w;-

periodic of period at most lezinsw and ws-periodic of period at most V%zms'J'
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=
To — mw - ws

FIGURE 9. The restriction of a to each of the strips is periodic
in the direction determined by the strip and the period is at most
half of the side length of the parallelogram.

Indeed, if L is any line parallel to w; that has nonempty intersection with Z2,
then |L N (C; UCq)| > |wy; NS| — 1 (since this is true for P and C; is produced by

translating P along the vector ws). The coloring B[L N ¢, is wi-periodic of period

at most {@J As above, the coloring extends uniquely. We set 8: Z2 — A to

be the coloring obtained from 3 by this procedure, and the ws-bound follows from
ws-periodicity of S[7; — (0, m,p) and vertical periodicity.

We claim that
(9) oK =BIK.
which establishes the claim for the first case. Let T3 denote the (Sz\ v, v)-border of
(T2 + maq - ws), where Sy is the thin generating set of Section and v € E(S)

is the edge parallel to ws.
The bounds established (by ambiguity) on the periods of a[(Tl — (0, m1p)) and

ol (T3 — maq - ws) imply that the restrictions afc, uc, = Blc, uc, (since Blc,
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is the unique A-coloring that coincides with @ on P and has wsz period at most
{@J , and similarly with B[c,). Let § € Z2 be the shortest ws-period of 3. Then

(T%8)17; = Bl7;- Since diam,(S;) < [%@] by (8), diam,(73) < {%@J
Therefore (T3+5) C (Ta+maq-ws), and it follows that (T%«) I'7; = al7;- Recall that
by construction, S5 € S, C S. Since we know that afc, = Bl¢,; diam,, (S2) <
diam,,, (C2); o[(T3 — maq - w) i ws-periodic (in the sense of Definition ; Blc,
is ws-periodic with period §; and S, is an n-generating set, we can conclude that the

coloring af i can be determined from a[((Tl —(0,m1p)) N (T2 — maq - w3)) and it
follows by induction that ol = S K-

Case 2. Suppose S is wy-balanced and for infinitely many m1, al7; — (0, mip
extends non-uniquely to its wg-extension. For any such mj, by Corollary
a7 — (0, m1p) is periodic with period vector parallel to ws and period at most

{WJ The proof now proceeds as in Case 1, with w, taking the role of ws.

Case 3. Suppose S is wy-balanced and for all but finitely many m., af7; — (0, m1p)
extends uniquely to its wy-extension. We have that a[U;’il K, is periodic with
period vector parallel to w3 and period at most 2 |ws N S| — 2, but is not vertically
periodic. Thus there is some semi-infinite (S, ws4)-strip in (J;=; K; to which the
restriction of « is (S, wy, n)-ambiguous, as otherwise each of the finitely many -
colorings arising as the restriction of o to such strips extend uniquely to their
wy-extension, forcing vertical periodicity. Let 74 be a semi-infinite (S \ wy)-strip
in J;2, K; to which the restriction of « is (S,ws,n)-ambiguous. Without loss
of generality, we can assume that for any p > 0, al7, — (0,p) extends uniquely
to its wgy-extension. By Corollary al7, is eventually periodic with period

vector parallel to w, and period at most {MJ and gap at most |wy NS| — 1.

Again by Corollary the restriction of & to the wy-extension of 7y is eventually
periodic with the same gap and period at most 2 {@J < l|wsNS| < JwgNS|—1.

Inductively, we produce a sequence of sets
Ta=TrCTEC---

where 72“ is the wy-extension of 7. Since a[7:f’ extends uniquely to its wy-
extension and since af7, is periodic with period at most w3z NS | —1, the restriction
of T} is also ws-periodic with period dividing that of a7, for all i = 1,2,... Since
al i is doubly periodic and

o0
Kn|JT
i=1
is an infinite, convex set whose two semi-infinite edges are non-parallel, the restric-
tion of o to any (S \ wy, wy)-strip is periodic with period vector parallel to w4 and
period dividing the period of a|7;. Since a |75 + m, - qus 1s vertically periodic with

lwiNS|
2

period at most { J, has ws-diameter at least diam,,(P), and the ws-period

of alg is at most |w3 NS| — 1, afk is also vertically periodic of period at most
L\me\
=

This completes the proof of Claim
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5.4. Completing the proof of Theorem We make use of the properties of
« to obtain a contradiction. Specifically, we show that for a given n-generating set
S, there exists a convex subset S* C S for which there are more than

Py(S) = Py(S7)

n-colorings of &* that extend non-uniquely to n-colorings of §. This leads to a
contradiction, as if

P o= {(Tn)ls: e Z);
Q = {(T7n)ise:aer?),

then there is a natural surjective map R : P — @ by restriction. The number
of elements of @) that have more than one preimage (equivalently, the number of
colorings of §* that extend nonuniquely to colorings of §) is at most |P| — |Q| =
By(S) = Py (S7).

5.4.1. Construction of the set S*. Given z € Z, let £, = {(z,y) € Z*:y € Z}
denote the vertical line passing through . For x € Z such that £, NS # 0, let A,
denote the bottom-most |w; N S|—2 elements of £, NS (recall that S is w;-balanced
and so each such intersection contains at least |w; N S| — 1 integer points). Given
d > 1, define

d—1
(]‘0) B(d) = U A(af'max_i)7
=0

where, as in Section [5.3.2] z,.x denotes that maximal z-coordinate of any element
of S. Let T(K) :={@ € Z*>: S+ 1 C K} be the set of translations taking S to a
subset of K. Choose minimal d > 1 such that

(11) for any @, 7 € T(K), whenever a|B(d) + @ = a|B(d) + o>

we have that oS 1 7 = a|S + ¢ Since af g = B[k and 3 is doubly periodic, we
can rephrase this condition as saying that d is the minimal integer such that

(12) every (-coloring of B(d) extends uniquely to a S-coloring of S.

(Note that such an integer d exists because «ff is vertically periodic with period
at most {%J < |lwy NS|—2.) Let S* C S be the set obtained by removing the

topmost element of ¢, NS for all . Note that S* is a convex, proper subset of S.

Therefore B(d) € S* and D, (S*) > D,(S), by Property of Lemma
As a result, there are at most |S\ §*| — 1 distinct n-colorings of S* that extend
non-uniquely to n-colorings of S.

In the next two sections, we obtain a contradiction, thus completing the proof
of the theorem. We show that there are at least |S\ 8*| = diam,, (S) distinct
n-colorings of §* that extend non-uniquely to 7-colorings of §. The colorings arise
from two sources: we find d such n-colorings that are of the form (T78)[s* (Sec-
tion and we find diam,,, (§) —d additional n-colorings that we show are not of
the form (T%3)]5* (Section. All of these colorings turn out to be a-colorings
of §* that extend non-uniquely to a-colorings of S (recall that by @D, alig =BIK)-
This causes no problem since o € X, and so every a-coloring of S* that extends
non-uniquely to an a-coloring of § is also an 7-coloring that extends non-uniquely.
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5.4.2. Counting colorings along the wi-boundary. In this section, we find
d := diam,, (S) — d.

distinct a-colorings of §* that extend non-uniquely to a-colorings of S. We show
that none of the these colorings are of the form (7T%3)[s* for ¥ € Z?, meaning that
they are not also S-colorings of S*.

Setup. Translating the coordinate system if necessary, we can assume that the
edge of conv(K) parallel to w; is {(0,y) € Z*: y < 0} and that the intersection
of the wi-extension of K with the line {(—1,y): y € Z} is the semi-infinite line
{(-1,9): y < yo} for some yo € Z. Without loss of generality, assume that
w ={(-1,y) € Z*: yo — w1 N S| +1 <y <o}

Let S* and B(d) be as in Section [5.4.1}

Let
(13) c1,...,¢t: B(d) — A denote the set of all S-colorings of B(d),

and note that this set coincides with n-colorings of B(d) occurring as the restriction
of o to the set K. Fori=1,...,t, let C;: S* — A denote the unique S-coloring of
S* whose restriction to B(d) is ¢;, and note that the uniqueness follows from (12)).
Equivalently, this is the coloring (T%a)[g*, where @ € Z? is chosen such that

S+u C K and a|B(d) 4 @ = ¢i-
As in Section let S := S\ w;. Let
b € Z? be the shortest ws-period vector for af .
Let T3 be the (S,w;)-border of K, as in Notation Then the colorings of
Tz given by al7; and (T°a)|7; coincide. By maximality of K, the colorings of

ToU{(~1,): y < yo} given by a and T« do not coincide. We begin by comparing
the colorings al{(—1,y): y < y,} and (Tba)[{(_Ly): y <ol

The line {(—1,y): y < yo} and behavior of a. . By the first part of Claim ol
is vertically periodic of period at most {L;S‘J

Let (0, —p) denote the shortest vertical period for (Tl;a) [{(~1,y): y < yo}- Then
p is a divisor of the smallest vertical period of af . In particular,

|w1 ﬂ8|

(14) p< {QJ :

Claim 5.5. a[{(flvy); y <o} is vertically periodic with period q < L\wgﬂS\J.

To prove the claim, we first show that there are no integers 0 < ji,j2 < p such
that

(T(Ov_jl)a) s = (T(O,—j2)+5a) IS.
For contradiction, suppose not. We consider the case that j; # jo first and then
address the case j; = jo.
Suppose j; < jo and observe that

(T(Ox*jl)a) IS = (T(O»*jz)Jrl_;a) 1S
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Since b is a period vector for af f,
(T(Oa_jl)a) 1§ = (T(O,—jz)a) IS

Since S is wi-balanced, every line parallel to w; that has nonempty intersection
with S intersects in at least |w; N'S| — 1 places. Since «f [ is vertically periodic
of period at most ngims\J < |wy N'S| — 2, this implies that jo — j1 is a vertical
period for 73 (the (S, w;)-border of K). By Claim the minimal ws-period of
al i is smaller than the ws-width of 73, so jo — j; is a vertical period for af .
This contradicts minimality of p, and we conclude that j; cannot be smaller than

jo2. A similar argument shows that j; cannot be larger than js.
Suppose j; = jo. Then since S is n-generating and
(T(th)a) s = (T(O,*j1)+ga) 'S

alr, = (IPa)l7,

we have that

_ (b
al{(~Ly): y <yo} = TO{(-1,9): y < yo}-
This contradicts maximality of K. We conclude that no such integers ji, j2 exist.

Now, there are at most P,(S) — P,(S) distinct n-colorings of S that extend
non-uniquely to n-colorings of S. Each of the colorings

(T Pa)1§: j € N}
is such a coloring, by maximality of K and the fact that S is n-generating. However,
(15) (T Da)ls: j € Npn {(T7 O Da)ls: j € N} = 0.
On the other hand,
(@O Da)ls: j € NpU{(TTHODa)ls: j € N}
< P(S) — Py(8) + [{TCDa)ig: j e N}
Since

)

‘{(TB+(O”j)a) s j€ N}‘ > ‘{(T(O’*”a) 1§: j €N}

there are at most P,(S) — P,(S) < UUH%S\J elements of the set

(1" Pa)ls: j € N}.

By Proposition alf(=1,y): y < yo} is vertically periodic and by the above
bound,

.. . . . |'LU1 N S‘
(16) the minimal vertical period of a[{(fl’ Y):y <yorisa < {2 .

This establishes the claim.
Using the bounds on p and ¢ given by and , we establish the following

claim.
Claim 5.6. There do not exist integers 0 < i < d and y < 0 such that
(T4 a) g+ is a B-coloring of S*.
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We establish the claim by contradiction, and so choose ¢ and y for which the
claim fails. Then by definition of d = diam,,, (S) — d, we have that B(d) + (i,y) is a
subset of K, and since a| g = B[k, we have that (T(_i’_y)a) fB(d) is a B-coloring
of B(d). By definition of d, this extends uniquely to a §-coloring of §*. By choice
of (=i, —y), T"»"¥)a)]g* is a [-coloring, so

(T Da) g = (TEHDHa) | g
Therefore,

(17) there is a set of |w; N S| — 1 consecutive integer points
on the line {(—1,%): y < yo} where o and T’ coincide.

By , the vertical period of the coloring alf{(=1,y):y<yo}isp < {Wli;‘ﬂJ and
by the vertical period of the coloring (Tgoz) [{(_17y); y<wyo}isq< V“’lﬁ;sw

If p =g then af{(-1,¢): y <y} = (Tba)f{(_Ly); y < yo}» contradicting
maximality of K. Otherwise p # ¢, and since both are integers, p+ ¢ — ged(p, q) <
lwy N8| — 2. By the Fine-Wilf Theorem and (17)), we again have that

_ (b
al{(~1,y):y <yo} = T (=1,): y < g0}
again a contradiction. We conclude that no such 0 < i < d and y < 0 exist,
establishing the claim. B
If there were some j = 0,...,d — 1 such that the restriction of « to the strip
given by

U (S + (_ja 8))

SEZ
is vertically periodic, then 1 would be vertically periodic by Corollary a contra-
diction. On the other hand, by Corollary [£.9] the restriction of a to each such strip
is eventually vertically periodic, since o is. Therefore for all j = 0,...,d — 1,
there exists maximal s; € Z such that

sj—1
(18) the restriction of a to U (S + (—4,s)) is vertically periodic.

S§=—00

Counting a-colorings of 8* that extend non-uniquely.

Claim 5.7. With the integers {s; ?;é as defined above,
(i) then-colorings of S* given by a[(g* + (—j,8;)) ore distinct forj =1,...,d;
(ii) for each such j, the coloring of S* given by a[(s* +(=4,55)) extends non-
uniquely to an a-coloring of S.

We begin by establishing the first statement. Observe that (B(d) — (j,0)) C K.
By maximality of s;, the coloring (TV:~%1)a) [B(d) is a B-coloring of B(d). Using
the colorings of (I3)), there is some i = 1,...,¢ such that (TU'=*)a) IB(d) = ci and
C; is the unique S-coloring of §* whose restriction to B(d) is ¢;. We claim that
(TG~ a)ls £ C.

For each j > 0, the coloring (T(O’_j)+ga) IS is a B-coloring of S since a[ g = B K.

By , none of the colorings {(T(%~7)a)[s: j € N} are -colorings. By and
maximality of sj, a[{(_L s;—y):y € NU{0}} is vertically periodic with period
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JwiNS]|
2

at most L J . Since every vertical line that has nonempty intersection with S*

intersects in at least |wy N S| — 2 integer points, the restrictions of o and 8 to the
set {(—1,y): y € Z*} N(S8* + (—4,s;)) cannot coincide (otherwise by the Fine-Wilf
Theorem they would coincide everywhere on the semi-infinite line). On the other
hand, the restrictions of @ and 3 to {(z,y) € Z*: © > 0} N (S* + (—J, s;)) do coin-
cide, since they agree on K and s; was chosen such that the semi-infinite S-strip
below it was vertically periodic. Consequently, the rightmost vertical line where
a[S* + (—j,55) differs from Slg* 4 (—j, s;) has z-coordinate min +j — 1. There-
fore, for distinct 1 < j; < jo < d, the n-colorings of S* given by a[(s* + (=41, 8,))
and af(§* 4 (—j,, s;,)) are distinct.

For the second statement, by the restriction of « to the semi-infinite S-strip
given by

sj—1

U (S+(=js)

S§=—00
is vertically periodic and s; is the largest integer with this property. If the vertical
period is p € N, then by periodicity, the n-colorings of §* given by a[s* + (=7, 55)
and als* 1 (—4,8; — D) coincide. But by maximality of s;, the n-colorings of &*
given by the functions a[§ 4 (—j, 55) and «[§ 4 (—j, s —p) are distinct, estab-
lishing the claim.

In total, we have counted diam,,, (§*) — d distinct n-colorings of S* that extend
non-uniquely to n-colorings of S. Moreover, for each such coloring, the coloring of
S* was not of the form (T%3)[g* for any & € Z?, since there was a vertical line
in §* where the coloring can be distinguished from the S-coloring induced from its
restriction to B(d).

5.4.3. Counting colorings along the ws-boundary. In this section we find d distinct
a-colorings of &* that extend non-uniquely to a-colorings of S. Each of these
colorings is of the form (T%3)[g* for some & € Z2, and hence they are all distinct
from those found in Section [5.4.21

Recall that 77, as defined in Notation is the (S \ ws,ws)-border of K and

that the restriction af7; is periodic with period vector parallel to ws. Fix dez?
such that the sets {(S\ ws) + d + iws: i = —1,0,1} are subsets of 77, but none of
the sets {S 4 d + iws: i = —1,0,1} are.

Let A, B € Z denote the minimal and maximal z-coordinates of elements of ws,
respectively. Enumerate the elements of S \ §* whose z-coordinates are between
Aand B as z1,..., Zdiam., (B—A+1); where the z-coordinate of z;,; is always larger
than that of z;. By Claim B is ws-periodic with period at most |wz N S| — 1.
It follows that d < B — A+ 1 (recall that d is the integer defined by (11])). Let
U1,...,Uq € Z* denote the vectors @; = z; — 2z;. Observe that (S* + d+ ;) C
T1 € K fori=1,...,d. Fori=1,...,d, we claim that the n-colorings of S*
given by a[s* 4+ 4+ ; are distinct. If not, suppose that the colorings given by
alS* +d+ Tdiama, (S*)—i and afS* 4 4+ Tdiama, (5*)—ja coincide for some 1 <
j1 < jo<d Then0< jo—j1 <d—-1. By , B(d) is the intersection of Z2
with the disjoint union of vertical line segments, each of which contains at least
|wy; N'S|—2 integer points. Since the vertical period of /5 is at most |wy N S| —2, we
have that the vector u;, —u;, must be a period vector for 5, and the z-component
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of this vector is jo — 71 < d— 1. Thus any S-coloring of S can be deduced from the
B-coloring of B(ja — j1), contradicting the minimality of d.

Finally, since o] ¢ is vertically periodic, (8* +d+u;) C K, and (S—I—(ﬂ— u;) ¢ K,
the n-colorings of S* given by al(§* + d'4 v;) and al(S* 4+ 4+ u;_(o.py) COIN-
cide, where P denotes the minimal vertical period of afg. But by the maxi-
mality of K and Corollary the n-colorings of S given by ozF(S +d+ u;) and
al(s + d+ Uii—(0,p))) cannot coincide. Therefore we obtain at least d distinct n-

colorings of &* that extend non-uniquely to 7n-colorings of § that are of the form
(T7B)[s* for some i € Z2.

5.4.4. Total number of colorings. In Sections and we have described at
least diam,, (§*) distinct 7-colorings of S* that extend non-uniquely to n-colorings
of §. However, since the discrepancy of &* is larger than that of S, this produces
more than P, (S) — P,(S*) < diam,, (S§*) — 1 colorings of S* that extend non-
uniquely to colorings of S, the desired contradiction. This completes the proof of
Theorem O
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