AN ODD FURSTENBERG-SZEMEREDI THEOREM AND
QUASI-AFFINE SYSTEMS

BERNARD HOST AND BRYNA KRA

ABSTRACT. We prove a version of Furstenberg’s ergodic theorem with restric-
tions on return times. More specifically, for a measure preserving system
(X,B,u,T), an integer 0 < j < k, and F C X with u(E) > 0, we show that
there exists n = j (mod k) with w(ENT""ENT 2"ENT3"E) > 0, so long
as Tk is ergodic. This result requires a deeper understanding of the limit of
some non conventional ergodic averages, and the introduction of a new class
of systems, the ‘Quasi-Affine Systems’.

1. INTRODUCTION

1.1. Formulation of the problem. Furstenberg [4] proved Szemerédi’s theorem
via an ergodic theorem:

Theorem 1 (Furstenberg). Let (X,B,u,T) be a measure preserving system and
let £ € N. Then for any set E with u(E) > 0,
1
. . —n —2n —fIn
1}&£fﬁ§u(EmT ENT*EnN...nT""E) > 0.
In particular, this implies the existence of n > 1 so that
p(ENT"ENT?"EN...nT""E)>0.

We propose here to prove a version of this result for n restricted to a particular
congruence class: n = j (mod k) for a given k¥ > 2 and 0 < j < k. For j = 0, the
result follows immediately from Theorem 1 by considering T* instead of T" and so
we focus on the case 0 < j < k. The case k = 2, j = 1 explains “odd” in the title
of this paper.

When T is ergodic and k is prime, an obvious necessary condition is that T* be
ergodic. If not, there exists a set F with u(E) > 0 and p(ENT "E) = 0 for all
integers n that are not multiples of k.

1.2. Statement of Results. We prove:

Theorem 2. Let (X,B,p,T) be a measure preserving system. Assume that T* is
ergodic for some integer k > 2 and let E be a set with p(E) > 0. Let 0 < j < k.
Then there exists n = j (mod k) so that

p(ENT"ENT"ENT*"E) > 0.

The proof of this theorem relies on the stronger result:
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Theorem 3. Let (X, B, 1, T) be a measure preserving system and assume that T*
is ergodic for some integer k > 2. Let a1,as2,as be non-zero distinct integers and
let fi1, fo, f3 € L>=(u). Then the limits

: 1 T ka;n : 1 T a;n
]&E,HOONZHfi(T "x) and ]\}Ellwﬁznfi(T ")

n=1i=1 n=1i=1

exist in L2(X) and are equal.

The existence of the limits follows from the results of [6]. However, in [6] we
were only interested in a short and elementary proof of the existence. Equality of
the limits is more intricate and needs a precise evaluation of the limits; this is the
main result of this paper. We hope that a deeper understanding can be used for
further generalizations.

The proof of Theorem 2 is immediate, once we have Theorem 3, and we give it
here:

Proof. (Of Theorem 2, assuming Theorem 3.) For i = 1,2,3 set a; = ¢ and f; =
17-:; . Taking the integral over E of the limits in Theorem 3, we have

N 3 N 3
1 ; - 1 o
. - —i(kn+j) 1 - —i(n+j)
J\}ngoNzlu(QT JE)_J\}LHéoNzlu(QT jE)'
However, this last limit equals
1N 3 _
Jm gy (7).

which is positive by Theorem 1.
O

Question 1. Theorem 1 has a combinatorial interpretation, namely Szemerédi’s
Theorem. Does Theorem 2 have a combinatorial interpretation?

While we are able to prove the theorem for arithmetic progressions of length
four, we do not know if such a result holds more generally.

Question 2. Are results like Theorem 8 and Theorem 2 valid for more terms?

1.3. Strategy. An important ingredient in proving Theorem 1 is a deeper under-
standing of Conze-Lesigne averages

N
& S AT ) o (1) fy (T ),
n=1

where f1, fa, f3 € L°°(u) and a1, as, as are distinct non-zero integers.

The convergence in L?(u) of such averages is the main result of [6], generalizing
previous results of Conze-Lesigne [3] to the totally ergodic case. Related results
have been proved by other authors [5].

We need here more precise information about the limit, and in particular we
have to describe how it changes when kai, kas, kas are substituted for ai,as,as
respectively, assuming the ergodicity of T%. The methods of Host and Kra [6],
Furstenberg and Weiss [5] and Conze and Lesigne [3] cannot be applied here, as
they rely on a change of the initial system. Although convergence in the new system
implies convergence in the original one, the essential property of ergodicity of T*
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can be lost in the change. In general, the conclusion of Theorem 3 is not valid
for the modified system. Here we work with factors of the original system and so
bypass this difficulty.

A main tool in the proofs is the notion of characteristic factor. In our context
of three linear terms (of the form (1)) the general definition given in Furstenberg
and Weiss [5] can be written as:

Definition 1. A factor (Y,D,v,T) of (X,B,u,T) is characteristic for £ linear
terms if for all distinct, non-zero integers ai,as,...,ap and any f1, fo,...,fe €
L>(u) we have:

N 14 4
Jim 5 3 (T - T B0, D) =0
n=1 i=1 =1
in L?(p).

Throughout most of this article, we are concerned with three linear terms.

We introduce a class of systems, called quasi-affine systems, in Section 4. They
are closely related to the nilpotent manifolds introduced by Conze and Lesigne [3]
and lated studied by Rudolph [10]. However, they are considered from a different
and, we hope, a simpler point of view. These systems are extensions of their
Kronecker factors by a compact abelian group, with an additional property. We
show that:

Theorem 4. An ergodic system (X,B,u,T) has a characteristic factor for three
linear terms which is a quasi-affine system. In particular, this characteristic factor
is a compact abelian group extension of its Kronecker factor.

1.4. Outline of the Paper. In Section 2, we prove an odd ergodic Roth theorem,
meaning a convergence theorem for progressions of length three restricted to a par-
ticular congruence class. The result follows easily from a theorem of Furstenberg [4]
that explicitly describes the limit of expressions of the form

N
Jm S AT (1)
n=1

for distinct integers a1, as. We give the proof only as a simple example of the use
of characteristic factors. In this section we also introduce notations and recall some
facts about Kronecker factors. We define the systems Z, define a joining of X and
state a theorem of Furstenberg and Weiss that. These objects are important in
what follows.

In Section 3 we recall without proofs some basic facts about cocycles on rotations.
Some other results have been proved elsewhere (see in particular [8]) but are less
classical and we give short proofs for completion.

In Section 4 we introduce the notions of a quasi-affine cocycle on an ergodic
rotation and of a quasi-affine system. As these cocycles and systems are interesting
in themselves we prove more than we actually need for the proof of Theorem 4.

The next two sections are devoted to the proof of Theorem 4. We progress from
simpler to more general systems, proving the result first when X is a group extension
of its Kronecker factor, then when it is an isometric extension of its Kronecker factor
and then in the general case. Some of the steps follow from results of [5], while
others need more work.
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In Section 7, we study the limits of averages (1) for quasi-affine systems. We
first compute the “Mackey group” associated to three distinct integers a1, as,as.
Then we use this result to establish the convergence and give an explicit expression
of the limit for quasi-affine systems. In particular, we prove Theorem 3 for these
systems and in Section 8 we explicitly describe the limit.

1.5. Notations. In the sequel, Z denotes a compact metrizable abelian group, Z
its Borel o-agebra and m its Haar measure. For a fixed element « of Z, we write
(Z, a) for the system (Z, Z,m, S) where S : Z — Z is the transformation z — z+a.
Such a system is called a rotation. It is ergodic if and only if Za is dense in Z.

For an integer £ > 2 and distinct integers a1, as, . . . , ag, we write Z(al, ag, ... ,ap)
for the closed subgroup
(2) Z(ay,as, ... ap) = {(z—|—a1t,z—|—a2t,... ,Zz+agt): z,t € Z}
of Z!. When no confusion is possible, we write Z instead of Z(ay,as, ... ,as). We
use m to denote the Haar measure of this group. We write

Z= (21,22, ,20)
for an element of Z, and
&= (a0, a0y, ... ap0) € Z .

The rotation (Z, &) will be of a constant use in the sequel.

2. PRELIMINARIES

2.1. An Odd-Furstenberg Roth Theorem. In this section, we prove an ergodic
version of Roth’s Theorem for odd numbers. More specifically, under an assumption
of ergodicity, we show the existence of arithmetic progressions of length three with
steps taken from a given congruence class.

Theorem 5. Let (X, B, 1, T) be a measure preserving system. Assume that T* is
ergodic for some integer k > 2 and let E be a set with p(E) > 0. Let 0 < j < k.
Then there exists n = j (mod k) so that
p(ENT"ENT *"E) > 0.
Theorem 5 follows immediately from Theorem 6, as in Section 1.2. Although we
only need the result with a; = 0, we state it more generally.

Theorem 6. Let (X, B, 1, T) be a measure preserving system and assume that T*
is ergodic for some k > 2. Then, for distinct integers ai,az,as and fi, fa, f3 €
L () we have

hrn _Z/Hfl (T*"x)du(z) = hm —Z/l_[fZ (TF* "z du(z) .

For fi1, fo € L*(u) and by, by distinct integers, Furstenberg [4] proved the con-
vergence in L?(u) of the averages

(3) sz (T¥72) fo(T")

and gave an explicit expression for the limit. Furstenberg and Weiss [5] reformulated
this result using terminology of characteristic factors and we recall their method
here. First, using Van der Corput Lemma they showed:



AN ODD FURSTENBERG-SZEMEREDI THEOREM AND QUASI-AFFINE SYSTEMS 5

Proposition 1 (Furstenberg and Weiss). Let (X,B,u,T) be an ergodic measure
preserving system. The Kronecker factor of X is a characteristic factor for two
linear terms.

Let (Z, ) be the Kronecker factor of X and 7 : X — Z be the natural projection.
The rotation (Z, «) is ergodic.

For i = 1,2, let f; be the functions on Z defined by f;(n(z)) = E(f; | Z)(x).
Using the Fourier series expansion of these functions, we have

lim _Z F1(S%72) fo(S%2"2) /Z fi(z + bit) fa(z + bot) dm(t)

N—oo N

in L?(m). Proposition 1 means that
N

lim %Z(fl(Tblnx)fé(sznI)_'f( (Tbln ))f( (szn ))) =0

n=1

in L?(u). Thus the average (3) converges in L?(p1) to the function

/ Fi(w(2) + b16) Fa((a) + bat) dm(t) -
Now we use this result to prove Theorem 6.

Proof. (of Theorem 6.) Let f1, fo, f3 € L°°(1) and let a1, as, ag be distinct integers.
Using the convergence established above with b1 = a1 — ag and by = as — as, we
get

(4) hm —Z/l_[fZ (T"x) du(x //Hfzz—i-al dm(z)dm(t) .

Substituting ka; for a; we also have

(5) J\}gnoo—Z/Hszkam du(z //Hfzz—kkaz dm(z) dm(t) .

Since T* is ergodic, the map t — kt is onto from Z to Z. This implies that the
integrals in equations (4) and (5) are equal, and the result is proved.
O

2~.2. The measure i on X>. Let ay,as,a3 be distinct integers. Write Z =
Z(a1,az,a3) as defined in equation (2).
We define a measure i on X2 by setting

3 3 B
/}(ngi(zi)dﬂ($17$2,$3)—/%il:[lfi(zi)dﬁl(zl,z:g,z:;),

where f1, f2, f3 are any bounded measurable functions on X and f; is the function
on Z defined by f;(w(z)) = E(f; | Z)(x). Thus, the convergence in Equation (4)
can be written as

(6) hm _Z/Hfl (T*"x) du(z /Hfl x;) dji(xy, 22, 23) .

The measure /i is invariant under the transformation 7' = (T% x T x T%).
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The following result was established in [1]; a proof using the Van der Corput
Lemma can be found in [5].

Theorem 7. Let f1, fo, f3 be bounded measurable functions on X and assume that
the function fi(z1)f2(x2) f3(x3) on X3 is orthogonal in L2(fi) to the subspace of
T-invariant functions. Then

N
Jm % 2 AT AT 0) (T 0) =0

in L?(p).

We use this result several times in determining characteristic factors of X.

3. COCYCLES ON A ROTATION.

We begin by recalling some basic facts about cocycles and extensions. As we
mainly use compact abelian group extensions of rotations we focus on this case.
Let (Z, ) be a rotation and let m denote the Haar measure of Z.

3.1. Cocycles and extensions. Let G be a compact metrizable abelian group,
written additively, with a Borel o-algebra and Haar measure mg. A G-valued
cocycle is a measurable map o : Z — G.

A G-valued cocycle o is a coboundary if there exists a measurable function
b:7Z — G with o =boT —b. Two cocycles are cohomologous if their difference
is a coboundary.

Each G-valued cocycle o defines an extension (Z x G,T,) of (Z,a) as follows:
Z x (G is endowed with the product o-algebra, with the product measure m x mg,
and with the transformation 7}, given by

(7) Tr(2,9) = (2 +a,g+0(2)) .

The factor map Z x G — Z is projection onto the first coordinate. For every integer
n, the transformation T? is given by T/ (z,9) = (2 + na, g + 0™ (2)) where the
map o™ : Z — G is defined by

il
.

o(z+ja) ifn>0

<
Il
o

oM (z) = ifn=0

=

1

(]

o(z+ja) ifn<0.

n

J
For all m,n € Z, the functions (™) (z) satisfy the cocycle relation:
() oM (2) = 6™ (2) + 6™ (2 4+ na) .

The extensions defined by two cohomologous cocycles are clearly isomorphic.

Assuming that (Z, «) is ergodic, we say that the cocycle o : Z — G is ergodic if
the system (Z x G, T,) is ergodic. We say that o is weakly mixing if (Z x G,T)
is ergodic and has Z as its Kronecker factor.

Let S' be the circle group. A multiplicative cocycle is a measurable map
Z — S'. For multiplicative cocycles we have the same definitions and properties
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as for G-valued cocycles, except that the notations are multiplicative instead of
additive.

We make frequent use of the following simple lemma about multiplicative cocy-
cles:

Lemma 1. Let p be a multiplicative cocycle and let {n;} a sequence of integers
such that njoo — 0 in Z. Then

1P (2 + @) = " (2)]|]2 — 0
as j — o0.
Proof. For every j we have
P (z + a)pi) (2) = p(z + nja)p(z)

by applying the cocycle relation (8). Since translations act on L?(Z) in a continuous
way, ||p(z + nja) — p(z)|l2 — 0 and the result follows. O

3.2. A characterization of multiplicative coboundaries.

Proposition 2. Let (Z,a) be a rotation and let p : Z — S* be a multiplicative
cocycle. Then p is a coboundary if and only if for any sequence {n;} of integers
such that nja — 0, we have p("i)(2) — 1 in L*(Z).

Proof. We first assume that p is a coboundary. Let b be a function of modulus 1

on Z such that b(z + a)b(z) = p(z). Assume that nja — 0. For every j we have
p\")(2) = b(z + n;a)b(z). As Z acts continuously by translations on L?(Z), we
have b(z 4+ nja) — b(2) in L*(Z) and so p(")(z) — 1 in L?(2).

Conversely, let H = {na : n € Z}, with the closure is taken in Z and let mpy be
Haar measure on H. Z is endowed with a translation invariant distance and we use
Il to denote the distance to 0. By hypothesis for every € > 0 there exists d(e) > 0

such that for all n with ||nal| < d§(e),

1p™ (z) =12 <.
Assume that ||[na|| < 6(e). For every m € Z, by applying the cocycle relation,
©) ") = p M @)l2 = 10 (2 4+ ma) = 12 = [p™(2) = L2 < €

for almost all z € Z.
Let {n;} be a sequence of integers such that {n;a} converges in Z. By Equa-
tion (9), the sequence {p(")(2)} is a Cauchy sequence in L?(Z) and so converges.
Therefore, there exists a continuous mapping ¢ +— ¢;(.) from H to L?*(Z) such
that for all n € Z,
Pna(2) = p(n)(z)
for almost all z € Z. When ¢ = na for an integer n, the cocycle relation (8) gives

(10) Prialz) = 1(2)p(z +1)

for almost all z € Z. By continuity, for all ¢ € H Equation (10) holds for almost
all z € Z.

Thus, for m-almost all z € Z, this equations holds for m g-almost all ¢. Fix such
a z. The map t — z+t is an isomorphism between the ergodic rotation (H, a, mp)
and the ergodic component of (Z, o, m) supported by z + H. Equation (10) means
that p is a coboundary of this ergodic component. Thus p is a coboundary for
almost all ergodic components of (Z, o, m) and so is a coboundary of (Z, a,m). O
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The same argument as the first part of the above proof gives:

Remark 1. Assume that p: Z — S' is a multiplicative coboundary and let {n;} be
a sequence of integers such that {n;a} convergesin Z. Then the sequence {p(™)(z)}
converges in L*(Z).

3.3. Multiplicative cocycles cohomologous to constants.

Proposition 3. Let (Z,a) be an ergodic rotation and let p : Z — S* be a multi-
plicative cocycle. The following properties are equivalent:

1. The cocycle p is cohomologous to a constant.

2. For every sequence {n;} of integers such that nja — 0, there exists a sequence
{c;} of constants of modulus 1 such that cjp(™i)(z) — 1 in L?(Z).

3. For every t € Z the cocycle p(z +t)p(2) is a coboundary.

4. There exists a Borel subset A of Z with m(A) > 0 so that p(z +t)p(2) is a

coboundary for everyt € A.

Proof. 1. = 2. By hypothesis, there exists a function b of modulus 1 on Z and
a constant ¢ of modulus 1 such that b(z + a)b(z) = cp(z). Assume that nja — 0.
For each i, b(z + nja)b(z) = ¢" p(")(z) and the result follows as in the proof of
Proposition 2.

2. = 3. Fix t € Z and let o(2) = p(z + t)p(2). Let {n;} be a sequence of
integers such that nja — 0. There exist constants ¢; such that ¢;p(™)(z) — 1 in
L%(Z). Thus, ¢jp")(z +t) — 1 and ¢ (2) = p() (2 +t)pni) (2) — 1 in L%(2).
By Proposition 2, we have property (3).

3. = 4. Clear.

4. = 1. (This part was proved in [8]) Given ¢t € A, there exists a function
bi(z) : Z — S' such that p(z 4 t)p(z) = bs(z + )b (z). The function b, is defined
up to multiplication by a constant and by classical methods we can choose it so that
t + b is a Borel mapping from A to L?(Z). Thus, there exists a Borel function
b(t,z) on A x Z with b:(z) = b(t, z) for almost all (¢,z) € A x Z.

Consider the extension (Z x 8*,T),) of the rotation (Z, «) defined by the cocycle
p. The function

B((CC, t)v (y7 S)) = b(z - Y, y)lA(I - y)tg

is invariant under T}, x T}, on (Z x 8*)?. Thus it can be written in the form

> eifi(x )iy, 5),

J

where the ¢; are constants and the f; are eigenfunctions of Z x S. By considering
the Fourier coefficients with respect to the variables s and ¢, each function f; can
be written as f;(z,t) = g;(z)t. As this is an eigenfunction, p is cohomologous to
the corresponding eigenvalue. O

The same proof as the in the implication 1 = 2 in this proposition also shows:

Remark 2. Assume that the cocycle p is cohomologous to a constant. Then for
every sequence {n;} of integers such that {n;a} converges in Z, there exists a
sequence {c;} of constants of modulus 1 such that {c;p(™i)(2)} converges in L?(Z).
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3.4. Mackey Groups. Let G be a metrizable compact abelian group. Recall that
a character of G is a continuous group homomorphism from G to S'. The char-
acters of G form a discrete group G with the operation of pointwise multiplication.
G is called the dual group of G.

Some properties of a cocycle o : Z — G can be translated into properties of the
multiplicative cocycles x o o for x € G. The following result is classical.

Proposition 4. Let (Z,«) be an ergodic rotation and let o be a G-valued cocycle
on Z.

1. o is not ergodic if and only if there exists x € CAv', X # 1, such that x oo is a
coboundary.

2. o is not weakly mizing if and only if there exists x € @, X # 1, such that xoo
s cohomologous to a constant.

More generally, let o : Z — G be a cocycle on the ergodic rotation (Z, «), and
let

(11) M ={xeG:xoois a coboundary} .
M is a subgroup of G and its annihilator
(12) M={geG:x(g)=1forall y€¢ M*}

is a closed subgroup of G, called the Mackey group of o. For a study of this
notion we refer to [5].
Recall that

(13) MYt ={xeG:x(g) =1 for every g € M}
and that we can identify M+ with the dual group of G/M. We have:

Proposition 5 (Furstenberg and Weiss). Let f € L?(Z x G) be such that for all
X €M,

[ 9@ dnate) 0
for almost all z € Z. Then f is orthogonal to the space of T,-invariant functions.

3.5. The Mackey group M(aq,as,as3). Let (Z,«) be an ergodic rotation, G a
compact abelian group and ¢ : Z — G a cocycle.
Let a1, as, a3 be three distinct integers. As in Section 1.5, we write

7 = Z(al,ag,a3) = {(2 +ait,z + ast, z + ast) : z,t € Z}
and use m to denote the Haar measure of this group. We also write
& = (a1, asa, aza) € Z

and let S denote the rotation Z — 2z + & on Z.
We define a mapping 5 : Z — G3 by

(14) 5(3) = (0(‘“ (21), 0092 (), a<as>(23)) .

We consider & as a G3-valued cocycle of the rotation (Z,&) and we associate to

this cocycle a subgroup ML of G3 = G® and a subgroup M of G3 as in Section 3.4.
However, as (Z, @) is not ergodic, it is a bit more delicate. We follow an argument
of [5].
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We write § = (g1, g2, g3) for an element of G® and ¥ = (x1, X2, x3) for an element

—

of G3. For x € G3 we write
3

(15) xoa(2) = [[xi(c“(z)) -

i=1
The rotation (Z, &) has an obvious ergodic decomposition. For every z € Z, let
7, = {(z+a1t,z+a2t,z+a3t) it e Z}

and let m, be the uniform measure on this set. These sets and measures are

invariant under the rotation S and for every z € Z the system (Zz, Mz, S) is an
ergodic rotation. We can write
m= / m, dm(z) .
z

This ergodic decomposition of 7 is not the standard ergodic decomposition, because
the measures m, are not distinct in general.
For every z € Z, & is defined m,-almost everywhere. Thus we can define

Mj = {f( cG?: X o & is a coboundary of (Zz,’ﬁlz,g)} .

~ A

We write @ = (a,a,a) € Z and let S denote the rotation Z — % + a on
~ A ~ ~
Z. For every z, S is an isomorphism from the system (Z,,m.,S) to the system
(Zz+a,mz+a, S’) We define a mapping oc:7—G3 by
(16) 3(2) = (0(21), 0(22), 0(23)) -
For every z € Z, using the cocycle relation (8) we have
(17) G(i4+a)=d(2)+0(Z+a) —a(2)
m.-almost everywhere. It follows that M, = M. But for each x € G3, the
subset {z € Z : Y € M}} is Borel, and thus has measure 0 or 1 by ergodicity.
Therefore, for almost all z € Z, M- is equal to a constant subgroup M=+ of G3.

We can define a subgroup M of G* as in Equation (12), with the relation (13)

between M and M*. Considering each ergodic component of Z separately, it is
easy to check that

(18) MJ‘:{>~<663 : Y 0§ is a coboundary of (Z,a)}
and that the statement of Proposition 5 remains valid for the extension (Z x G%, S5)
of (Z, &) associated to the cocycle 4.
In case of ambiguity, we write M (a1, as,a3)* and M (ay,as,as) instead of M~
and M.
4. QUASI-AFFINE COCYCLES AND QUASI-AFFINE SYSTEMS.

4.1. Quasi-affine cocycles.

Definition 2. A function f on a compact abelian group Z is said to be affine if
f = cvy, where c is a constant of modulus 1 and v is a character of Z.

Proposition 6. Let (Z,a) be an ergodic rotation and let p : Z — S be a multi-
plicative cocycle. The following properties are equivalent:
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1. For every sequence of integers {n;} with nja — 0, there exists a sequence
{w;} of affine functions on Z such that w;i(2)p™)(z) — 1 in L*(Z).

2. For every t € Z, the cocycle p(z + t)p(z) is cohomologous to a constant.

3. There exists a Borel subset A of Z with m(A) > 0 so that p(z + t)p(z) is
cohomologous to a constant for everyt € A.

Definition 3. A multiplicative cocycle p : Z — S' satisfying Proposition 6 is said
to be a quasi-affine cocycle.

Proof. 1. = 2. Fix t € Z. Let {n;} be a sequence of integers such that n;a — 0.
There exist constants ¢; and characters ; such that |lc;y;(2)p")(2) — 1|]2 — 0.
Thus [|¢;v;(z + )p") (2 + t)]la — 0 and ||y;(t)p") (2 + t)p(z) — 1|2 — 0. By
Proposition 3, the cocycle z — p(z + t)p(z) is cohomologous to a constant.

2. = 1. For every t € Z, there exist a constant ¢(t) and a function b;(z) such

that p(z+1t)p(z) = c(t)bi(z+ )bt (z). The function b, is unique up to multiplication
by an affine function and the affine functions form a closed subgroup of functions of
modulus 1 on Z with the L? topology. By classical arguments, there is a choice of
the functions b; such that the map t — b; is Borel. With this choice, the function
c(t) is Borel on Z.

Let {n;} be a sequence of integers such that nja — 0. Write f;(z) = p(")(z)
and ¢;(t) = c(t)™. For every ¢t € Z, By Proposition 2

[15,G+0 = @) dni) 0.
Integrating with respect to ¢ and taking the Fourier Transform we get

&= 1P (1-Re(G(1)) = 0.

ve?

It follows that there exists yo € Z with 1 — Re(¢j(70)) < €j. Then |&(7)| < 2¢;

for v # 79 and so
S LR < 2
Y#Y0 J
We now have the needed convergence.
2. = 3. Clear.
3. = 2. The set H of t € Z so that p(t + 2)p(z) is cohomologous to a constant
is a Borel subgroup of Z. Since m(H) > m(A) > 0, H is an open subgroup and so
is closed. Since aw € H, density of the iterates implies that H = Z. O

4.2. Some properties of quasi-affine cocycles. The product of two quasi-affine
cocycles is a quasi-affine cocycle. A cocycle cohomologous to a quasi-affine cocycle
is clearly quasi-affine itself. Affine cocycles are clearly quasi-affine and thus so are
cocycles which are cohomologous to affine cocycles. However, the converse does
not hold. In the appendix we give a counter example, originally due to Furstenberg
and Weiss, presented here in our vocabulary.

Using Lemma 1, we immediately have the following corollary:

Corollary 1. Let (Z,a) be an ergodic rotation and let p : Z — S* be a cocycle.
Let {n;} be a sequence of integers such that njo — 0, {c;} a sequence of constants
of modulus 1, and {~;} a sequence of characters such that c;v;(2)p")(z) — 1 in
L*(Z). Then vj(a) — 1 as j — oc.
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Lemma 2. Let p be a multiplicative cocycle, {n;} a sequence of integers so that
{nja} converges (respectively converges to 0) in Z, and {c;v;} a sequence of affine
functions on Z so that {c;v;p")} converges (respectively converges to 1) in L*(Z).
Then for every integer a,

ety (A8 0 ) e (epem) )
o (e

converges (respectively converges to 1) in L*(Z).

Proof. For every integer m we have that

¢y (mnja)y; (z)p(”j)(z + mn;a)
converges (respectively converges to 1) in L?(Z). Taking the product for m between
0 and a we have the statement of the lemma. O

Lemma 3. Let p be a quasi-affine cocycle and let {n;} be a sequence of integers
so that the sequence {nja} converges in Z. Then there exists a sequence {w;} of
affine functions so that the sequence {w;(2)p(™)(2)} converges in L*(Z).

Proof. Choose a translation invariant distance on Z and write ||z|| for the distance
of z € Z to 0. By the first property of quasi-affine cocycles in Proposition 6, for
every € > 0 there exists d(¢) > 0 such that for every n € Z with ||na|| < 4, there
exists an affine function w with ||1 — w(2)p(™)(2)||2 < €.

Assume that {n;a} converges in Z. For every € > 0 and for i, j sufficiently large
we have ||(n; —nj)al| < §(e). Thus

lw(z +nja)pt™) (2) = p ()]l = |1 = w(2)p™ ") (2)]l2 < €

and the function w(z + n;a) is affine. Using this, we can construct inductively a

sequence {w;} of affine functions so that {w;p(")} is a Cauchy sequence in L?(Z).
(|

Lemma 4. Let p : Z — S' be a quasi-affine cocycle. Then either p is weakly
mizing or p is cohomologous to a constant.

Proof. Assume that the quasi-affine cocycle p is not weakly mixing. Then there
exists a non-zero integer p such that p? is cohomologous to a constant.

Let {n;} be a sequence of integers such that nja — 0. There exists a sequence
{cj;} of affine functions such that ¢;v;p") — 1in L?(Z) and so c?vfpp("f) — 1lin
L?(Z) as well. Since pP is cohomologous to a constant, by Proposition 3 there exists
a sequence {d;} of constants such that d;pP(") — 1in L?(Z). Thus Ayfd; — 1in
L?(Z) and for j sufficiently large, 'yf = 1. In particular v, (a)? = 1. By Corollary 1,
~v;(a) — 1. It follows that for j sufficiently large we have ;(a) = 1. By the density
of Za in Z, y; = 1.

By Proposition 3, p is cohomologous to a constant. (|

4.3. A stability result. By Proposition 3, a multiplicative cocycle p is cohomol-
ogous to a constant if and only if the cocycle p(z + t)m is a coboundary for all
t. By definition, p is quasi-affine if and only if p(z + t)m is cohomologous to
a constant for all ¢ € Z. The next result shows that the same method does not

produce more general cocycles.
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Proposition 7. Let p be a multiplicative cocycle on Z and let A be a Borel subset

of Z with m(A) > 0 so that for every s € A, the cocycle p(z+ s)p(z) is quasi-affine.
Then p is quasi-affine.

Proof. Let {n;} a sequence of integers so that n;ae — 0in Z. For j € Nand s € Z
we define

(19) ni(s) = it ([}p") (= + ) = ev(2)p") (2)]|2)

wher/g the infimum is taken over all constants ¢ of modulus 1 and all characters
vyEZ.

We begin with some simple observations about n;. By hypothesis, n;(s) — 0 for
every s € A. Moreover,

nj(@) < [[p"(z + ) = p" (2)]2 -
Thus n;(«) — 0 by Lemma 1.
Claim 1. Forall s,t € Z and j € N, n;(s+1t) <n;(s) +n;(t).

Proof. Fix j,s and t. For € > 0 there exist constants ¢, ¢’ and characters v, with

1P (2 + 8) = ex(2)p") (2) |2 < € +15(s)

and
10 (2 4 t) — 'y (2)p") (2) |2 < € +1;(t) .
Thus,
1p") (2 +t 4 5) = /7 ()7 (2)p!") (2 + 8) |2 < e + (D)
and so
167 (2 4 £+ 5) = 5 ()77 ) ()P (2|2 < 26+ m5(s) + my (2) -
Thus n(s + ) < 2+ 0;(s) + 15(). -

Claim 2. n; — 0 uniformly on Z.

Proof. Since n; — 0 pointwise on A, there exists a Borel subset B of A with
m(B) > 0 so that n; — 0 uniformly on B. By Claim 1, ; — 0 uniformly on B+ B.
However B + B has non-empty interior in Z. By minimality of the rotation (Z, @)
there exists an integer £ > 0 such that

k
Z=|Jia+(B+B).
i=0
Since n;(a) — 0, by applying Claim 1 again we have n; — 0 uniformly on each set
ia + (B + B) and the result follows. O

By Claim 2 and again using Lemma 1, there exists jo such that for all j > jj
and for all s € Z

n;i(s) < vV2/3

and

(20) 1P (2 + ) = p") (2) ]2 < V2/3 .
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Fix j > jo. For two constants ¢, ¢’ of modulus 1 and two distinct characters 7, ~/,
we have ¢y — ¢/7/||2 = v/2. Thus, for every s there exists a unique character 7,
and a constant ¢ of modulus 1 so that

(21) 10 (2 + 8) — ev;.4(2)p™ (2) |2 < V2/3 .

From bound (20), v, = 1.
The constant ¢ is not completely determined by Equation (21). Let ¢; s be the
constant so that the norm in this equation is minimized. Then

19" (2 + ) = ¢.571,5(2)p ") (2) ]2 = 5 (s) -

Since translations act on L?(Z) in a continuous way, by the same continuity
argument as above we have that the map s — 7, , is locally constant on Z.
As in the proof of Claim 1, for s,t € Z we have

197 (2 + 5+ 1) — ¢j.5j.75,6(8)75,5 ()75 (2) |12 < 1 (8) + 15 (2)
Thus

llej,5¢5,6%5,6(8)77,5 ()77, (2) = €hstVisse(2) |2 S mi(s) +my(E) +ns(s +1) < V2

and S0 Vj s+t = Vj,sVjt- R

Therefore the map s — 7; 5 is a group homomorphism from Z to Z that is locally
constant and so continuous. As 7; o = 1, by continuity and density we have v;, =1
for all s € Z.

This means that for j > jo and for all s € Z we have

11— 5sp") (2 + 8)p) ()12 = [1fi (= + 8) = cjsfi(2)]l2 = 1(s) — O

as j — o0.

As this holds for any sequence {n;} of integers with n;a — 0, by Proposition 3
for any s the cocycle p(z + s)m is cohomologous to a constant. By Proposition 6,
p is quasi-affine. O

4.4. Quasi-affine Systems. We extend now the definition of quasi-affine cocycles
to cocycles with values in an arbitrary compact abelian group:

Definition 4. Let (Z,a) be an ergodic rotation and let G be a metrizable compact

abelian group. A cocycle o : Z — G is quasi-affine if for every x € CA?, the
multiplicative cocycle x o o is quasi-affine.

This definition is consistent with the definition of a multiplicative quasi-affine
cocycles given in Definition 3.

Definition 5. An ergodic system is quasi-affine if it is an extension of its Kro-
necker factor by a quasi-affine cocycle.

Thus a quasi-affine system X can be written as X = Z x G, where Z is the
Kronecker factor of X, G is a compact abelian group and the transformation on X
is associated as in Section 3.2 to a quasi-affine cocycle ¢ : Z — G. Since Z is the
Kronecker factor of X, in particular the cocycle ¢ is weakly mixing.

Lemma 5. Let Z x G be a quasi-affine system. Then G is torsion-free and so
kG = G for every integer k # 0.
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Proof. If not, there exists an integer p > 2 and a non-trivial character y € G with
xP = 1. Let 0 : Z — G be the cocycle defining the quasi-affine system Z x G.
Since x? o o = 1, the multiplicative cocycle x o ¢ is not weakly mixing. As it is
quasi-affine, by Lemma 4 it is cohomologous to a constant. Thus ¢ is not weakly
mixing, contradiction. (|

Proposition 8. Let X be an ergodic system. The family of factors of X which are
quasi-affine systems admits a largest element.

Proof. Let Z be the Kronecker factor of X. The family of factors of X which are
extensions of Z by compact abelian groups contains a largest element X (see [5]).

Let Y be a factor of X which is a quasi-affine system. The Kronecker factor Y3
of Y is a factor of the Kronecker Z factor of X. Since Z is an ergodic rotation, Z
and Y are relatively independent extensions of Y7. Since Y is a compact abelian
group extension of Y7, the factor of X spanned by Y and Z is a compact abelian
group extension of Z and so is a factor of X,;. A fortiori, Y is a factor of Xp.

Write X4, = Z X G, where G is a compact abelian group and the transformation
is associated to a cocycle o : Z — G. The subset

(22) I'={yeG:xoo is quasi-affine}

is a subgroup of G. Its annihilator
(23) I ={geG:x(g)=1forall yeT}

is a closed subgroup of G. Write G; = G/FL and let o1 : Z — G4 be the reduction
of o modulo I't. The system (Z x G1,T,,) is obviously a factor of (Z x G,T,).

Since the dual group of G; can be identified with I, the cocycle o7 is a quasi-
affine cocycle, and (Z x G1,T,,) is a a quasi-affine system. Its Kronecker factor
is Z. Moreover, this system is clearly the largest factor of (Z x G,T,) which is a
quasi-affine system.

It follows that this factor is the largest factor of X which is a quasi-affine system.
O

Definition 6. For an ergodic measure preserving system, the largest quasi-affine
factor is called the maximal quasi-affine factor of X and is denoted by Xga.

We note that if X is weakly mixing, then both Z and X, are trivial. Therefore
50 is Xqa.

5. THE CASE OF A GROUP EXTENSION

We now carry out the first step in the proof of Theorem 4. Namely, we show:

Theorem 8. Assume that the ergodic system X is a compact group extension of
its Kronecker factor Z. Then the mazimal quasi-affine factor of X is characteristic
for three linear terms.

We need some preliminaries.

5.1. Coboundaries on Z x Z and quasi-affine cocycles. Throughout this sec-
tion, (Z, a) denotes an ergodic rotation.
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Proposition 9. Let ¢ be a positive integer and let a1, as, ... ,ay be distinct inte-
gers. Assume that and p1,pa2,...,pe are multiplicative cocycles on Z so that the
multiplicative cocycle

¢
o(z,t) = H pi(z + a;t)

is a coboundary for the rotation (z,t) — (z+a,t) on Zx Z. Then fori=1,2,... ¢,
the cocycle p; is quasi-affine.

Proof. We proceed by induction on ¢. For £ = 1 the hypothesis immediately implies
that p is a coboundary and so is a quasi-affine cocycle.

Let £ > 1 and assume that the result holds for ¢ — 1 terms and any distinct
integers aj, ag, ... ,ap_1.

Fix distinct integers aq,aq,... ,ay and let p1, pa,..., p¢ be as in the hypothesis
of the Proposition. Thus there exists a function b of modulus 1 on Z x Z so that

J4
(24) [1ri(z +ait) = b(z + o, )b(z.0)
=1

for almost all (z,t) € Z x Z.
Fori=1,2,...,¢set b; =a; — ag and fix s € Z. Substituting z — ays for z and
t + s for ¢ in Equation (24) we have

¢
Hpi(z +a;t+bis) =b(z—ars+ a,t + s)b(z — ags,t+ 5) .

i=1
Writing pl(z) = pi(z + bis)pi(z) and b'(z,t) = b(z — ags,t + $)b(z, t) we have
-1
[z +ait) =¥z + 0, (=,1)
i=1

as by = 0. By the inductive hypothesis, for ¢ = 1,2,... £ — 1 the cocycle p, is
quasi-affine. Thus, for all s € b;Z the cocycle p;(z + s)pi(z) is quasi-affine. Since
the subgroup b;Z of Z is open, we have m(b;Z) > 0. By Proposition 7 the cocycle

p; is quasi-affine for ¢ = 1,2,... ¢ — 1. Exchanging the roles played by the indices

¢ and ¢ — 1, we also obtain that the cocycle p, is quasi-affine. O
Proposition 10. Let £ be a positive integer and let a1, as, ... ,ap be distinct non-
zero integers. Assume that pi,ps,...,pe are multiplicative cocycles on Z so that

the multiplicative cocycle
‘

o(z,t) = H pl(.a")(z + a;t)

i=1
is a coboundary for the rotation (z,t) — (z,t+a) on Zx Z. Then fori=1,2,... ¢
the cocycle p; is quasi-affine.

Proof. By hypothesis, there exists a function b of modulus 1 on Z x Z so that

4
(25) [Tz + ait) = bz, t + )bz, 1)
=1

for almost all (z,t) € Z x Z. Let h be the function on Z x Z defined by
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¢
h(zt) [[ pilz + ait) = b(z + a, 1)b(z, 1) .
i=1

Using the cocycle relation (8) and Equation (25), we have h(z,t 4+ «) = h(z,t) for
almost all (z,t) € Z x Z. Thus there exists a function pg+1 of modulus 1 on Z with
h(z,t) = pes1(z) for almost all (z,t). Letting asr1 = 0 we have

£+1

H pi(z + a;t) =b(z + a,t)b(z,1) .

i=1

By Proposition 9, p; is quasi-affine for i =1,2,... /.

5.2. Proof of Theorem 8. We begin with the abelian case.

Proposition 11. Assume that the ergodic system X is an abelian compact group
extension of its Kronecker factor Z. Then the mazimal quasi-affine factor of X is
characteristic for three linear terms.

Proof. Let Z be the Kronecker factor of X. By assumption, X = Z x G where
G is a compact abelian group and the transformation T is defined by a cocycle
o:Z — G. Write x = (z,g) for an element of X. We fix three distinct non-zero
integers a1, ag, asz and use the notations Z = Z (a1, az, as), & and M = M (a1, az, as)
previously introduced. We use also the notations I', Gy and G, introduced in
Section 4.4. R

Let ¥ = (X1, X2, x3) € G® and assume that Y € M*. By Equation (18), Yo & is
a coboundary for the rotation (Z,&). Thus the function

3
()= T xi(0 )z + ait)

is a coboundary for the rotation (z,t) — (z,t+«a) on Z x Z. By Proposition 10, for
i =1,2,3 the multiplicative cocycle x; o ¢ is quasi-affine, meaning that x; belongs
to I'. Thus M+ C I'®.

We consider averages of the form Equation (1) for some f1, fa, f3 € L°(u).
Assuming that for some j € {1, 2,3} we have

we have to prove that these averages converge to 0 in L?(X).
The assumption of Equation (26) means that for all xy € I' we have

(27) / 11(2 9)X(g) dma(g) =0 .

Recall that in our context the system (X3, i, T) introduced in Section 2.2 is the
extension of the rotation (Z,d) by the cocycle & : Z — G3. Thus Proposition 5
applies. Writing (2, §) for the element ((21, 1), (22, g2), (23, 93)) of X3, we consider
the function
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as an element of L2(ji). Equation (27) implies that for almost all Z € Z
[ FEDx@) dne@) =0

for all Y € I'* and thus for all Y € M*. By Proposition 5 the function F is
orthogonal in L2(j1) to the subspace of T-invariant functions. Thus, by Theorem 7
the averages (1) converge to 0 in L?(X).
This means exactly that Z x (G is a characteristic factor of X.
O

Using Theorem 7, the machinery of Mackey groups and an algebraic trick,
Furstenberg and Weiss[5] proved:

Proposition 12. Assume that the ergodic system X is a compact group extension
of its Kronecker factor Z. Then X has a characteristic factor for three linear terms
which is a compact abelian group extension of Z.

Theorem 8 follows immediately by combining this result with Proposition 11.

6. PROOF OF THEOREM 4
Furstenberg and Weiss proved:

Proposition 13. FEvery ergodic system has a characteristic factor for three linear
terms which is an isometric extension of its Kronecker factor.

Using this result, Theorem 4 follows immediately from the following Theorem,
which we prove in this Section.

Theorem 9. Assume that the ergodic system X is an isometric extension of its
Kronecker factor. Then its mazimal quasi-affine factor is characteristic for three
linear terms.

We now consider a system (X, T") that is an isometric extension of its Kronecker
factor. We prefer to change here usual notations and write (W, 3) for the Kronecker
factor of X.

By Lemma 7.2 in Furstenberg and Weiss [5], X can be written as W x L/N where
L is a compact group, N C L is a closed subgroup, the transformation 7: X — X
is given by
(28) T(w,¢N) — (w+ 3, 7(w){N)
and the cocycle 7 : W — L is ergodic. This means that the transformation T :
W x L — W x L given by
(29) T-(w,£) = (w+ B, 7(w)f)
is ergodic.

Unfortunately, difficulty arises from the fact that the Kronecker factor of W x L
is not generally equal to the Kronecker factor (W, 3) of W x L/N. Let (Z, «) denote

the Kronecker factor of W x L and let p : W x L — Z be the natural projection.
In particular, we have

(30) p(w~+ B, 7(w)l) = p(w,£) + « .

The factor map W x L — W x L/N induces a factor map 7 : Z — W between the
Kronecker factors of these systems; 7 is a continuous, onto group homomorphism
and m(a) = § and w(p(w, l)) = L.
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We summarize with the following diagram:

WxL — WxL/N
In |

T

7 — W

This situation was considered by Furstenberg and Weiss in Lemma 7.3, where they
showed that W x L is isomorphic to a group extension Z x M of Z. We reprove
this result, giving an explicit formulation of the isomorphism.

6.1. Understanding the isomorphism. We consider the cocycle ron: Z — L.
In general, it is not ergodic. Let M C L denote its Mackey group. M is a closed
subgroup of L characterized up to conjugacy (by an inner automorphism of L) by
the conditions:

1. 7 o7 is cohomologous to a cocycle o with values in M
2. the M-valued cocycle o is ergodic.

The first condition means that there exists a measurable mapping ¢ : Z — L such
that

(31) ¢z + )~ 7(n(2))d(2) = o (2)

for almost all z € Z. The second condition means that the transformation T, :
(z,m) — (z + a,0(z)m) on Z x M is ergodic.
By the definition of 7%, Equation (30) and the cohomology equation (31), the
mapping
(w,0) — L' ¢(p(w,£)) mod M

from W x L to L/M is invariant under T,,. Thus it is equal almost everywhere to a
constant and so there exists £y € L such that ¢; ¢~ '¢(p(w,£)) € M for almost all
(w,€) € W x L. Substituting (oMy" for M, ¢(2)¢5" for ¢(z) and £yo(2)€y" for
o(z), all the preceding properties remain valid. Moreover,

~1
(32) o(p(w,0)) LeM
for almost all (w,?) € W x L.
Lemma 6. The maps P: W x L — Z x M and P': Z x M — W x L given by
~1
P(w,0) = (plw,0), é(p(w, ) ")
and
P'(z,m) = (n(2), 6(=)m)

are reciprocal isomorphisms between (W x L,T;) and (Z x M,T,).
Proof. 1t is immediate to check that

T,oP=PoT,; T,oP =P oT,; PoP=id.

In particular, P is one to one. The image under P of the measure my X my, is
a measure on Z X M, invariant under T,, and its projection on Z is m. Since
(Z x M, T,) is an ergodic group extension, this measure equals m X mg. The result
follows. O
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We note that P and P’ are the isomorphisms constructed in [5].

Right translation of the second coordinate by an element of L is an isomorphism
of W x L. Via the isomorphism P, this induces an isomorphism of Z x M, which
induces an isomorphism of its Kronecker factor Z, a rotation. Therefore, for each
u € L there exists g(u) € Z such that

(33) p(w, tu) = p(w, £) + q(u)
for almost all (w,?) € W x L.

Lemma 7. Let K be the kernel of m : Z — W. Then q is a continuous group
homomorphism from L to K and its kernel is M.

Proof. For all u € L we have 7 (p(w,()) + m(q(u)) = 7(p(w, fu)) = w = 7(p(w,))
and so g(u) € K. Moreover, by construction ¢ : L — K is a continuous group
homomorphism. We now compute its kernel.

The isomorphism P : W x L — Z x M commutes with right translation of the
second coordinate by elements of M, since the reciprocal isomorphism P’ obviously
does. Thus, for every m € M, we have p(w,¢m) = p(w,£) for almost all (w,£) €
W x L. Therefore, M C ker(q).

Conversely, let u € ker(q). By Equations (32) and (33), for almost all (w, ) €
W x L we have modulo M

€= ¢(p(w, ) = d(p(w, €) + q(u)) = d(p(w, u)) = tu
and so u € M. Therefore ker(q) = M. O

In particular, we have
Corollary 2. M is normal in L and L/M is abelian.

Asp: W x L — Z is onto, it follows from Equation (32) and the definition (33)
of ¢ that for all u € L,

(34) ¢(z+q(u)) = ¢(z)u mod M

for almost all z € Z.

We now show that ¢(N) = K. If not, there exists a character x of Z which is
trivial on ¢(N) but not on K. Let f be the function on W x L given by f(w, ) =
x(p(wl)). By definition of ¢, for every n € N we have f(w,fn) = f(w,{), and
f induces a function g on W x L/N. As well, using Equation (30) the function f
satisfies f(T-(w,0)) = x(a)f(w,€). Thus g(T(w,¢N)) = x(a)g(w,¢N) and x(a)
is an eigenvalue of W x L/N. Since (W, ) is the Kronecker factor of this system,
there exists a character ¢ of W such that ¢(8) = x(a). We get (X.¢ om)(a) = 1.
Since Za« is dense in Z, x = ¥ o7 and so x is trivial on K, a contradiction.

Thus we have K = ¢(N) C ¢(L) C K, and ¢(N) = ¢q(L) = K. As ker(q) = M
we get

Lemma 8. L =MN.

6.2. A characteristic factor. Recall that Z x M is an ergodic compact group
extension of Z, given by the cocyle o : Z — M, and its Kronecker factor is Z. We
translate the construction of the maximal quasi-affine factor (see Section 4.4) to
this system.

Let M’ be the commutator subgroup of M. M’ is a closed normal subgroup of
M and G = M/M’ is abelian. To keep the notations consistent, we notate this
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group additively. Let & : Z — G denote the reduction of ¢ modulo M'. (Z x G, Ty)
is the maximal compact abelian group factor (Z x M, T,)ap of (Z x M, T,).

Let I" be the subgroup of G consisting in characters x € G such that the multi-
plicative cocycle yod is quasi-affine. T'* is the annihilator of I'in G and G; = G/T'+.
The maximal quasi-affine factor of Z x M is Z x GG, with the transformation given
by the cocycle o1 : Z — G obtained by reducing the cocycle & modulo I't.

Let Q be the lift in M of the subgroup I't of G = M/M’: @ is a normal subgroup
of M and we can identify the groups Gy = G/T'* and M; = M/Q. In particular,
o1 is the reduction of ¢ modulo Q.

Lemma 9. Foralll € L and all m € M,
CimtmT e .

Proof. Fix £ € L. For almost all z € Z we have ¢(2) " 1¢(z + ¢(£)) = ¢ mod M
by Equation (34). Thus there exists a measurable mapping g : Z — M such
that ¢(2) " 1¢(z + q(f)) = g(2)¢ for almost all z € Z. By Equation (31), since
q(¢) € K = ker(m) we get

(35) o(z+4q(0)) =€ "g(z + a) " a(2)g(2)¢

for almost all z € Z. We now reduce this equation modulo M.

Write g(z) for the reduction of g(z) modulo M’. Since M’ is invariant under au-
tomorphisms of L, it is invariant in particular under the automorphism m s £~ tm¢.
Thus this automorphism induces an automorphism j of G : M/M’. Equation (35)
gives

6(z + q(f)) = j(—g(z +a)+d(z)+ g(z)) .
Let x € T, let ¢ be the character y o j of G and let ¥ = X ¢. Then

x(e(z+4q(0))) = ¢(a(z+ a))9(3(2))¢(5(2))
(36) x(6(z+a(0))x(a(2)) = ¢(9(z+ a))(3(2)) ¥ (5(2)) -

As x € T, by definition the multiplicative cocycle x o & is quasi-affine, and by
Proposition 6 the multiplicative cocycle

X(5(z + q(0))x(5(2))

is cohomologous to a constant. By equation (36), this multiplicative cocycle is also
cohomologous to 1/1(6(2)) and thus it is cohomologous to a constant. Since Z is
the Kronecker factor of Z x M, it is also the Kronecker factor of Z x G. Thus the
cocycle ¢ is weakly mixing and so ¢ = 1. Therefore, ¢ = x and x o j = ¥.

This means that for all g € G, x(j(g) — g) = 1. As this holds for all x € T', we
get that j(g) — g € T+ for all g € G. Thus ¢~'mfm~! € Q for all m € M and the
Lemma is proved.

O

Corollary 3. Both Q and NQ are normal subgroups of L, and L/NQ is abelian.

Proof. From Lemma 9 and the inclusion @ C M it follows immediately that @ is
normal in L. The Lemma means that M/Q is in the center of L/Q. As L = MN
we have L/Q = (M/Q)(NQ/Q) and the second statement of the Corollary follows
immediately. O
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Let p: W — L/NQ be the reduction modulo N@Q of the cocycle 7 : W — L and
consider W x (L/N Q) with the transformation T,. This system is a compact abelian
group extension of the rotation (W, 3). The natural projection L/N — L/NQ
induces amap X =W x L/N — W x L/NQ, which is clearly a factor map.

Lemma 10. W x L/NQ is a characteristic factor of X for three linear terms.

Proof. Let L1 = L/Q and let 71 : W — L/Q be the reduction of 7 : W — L modulo
. Endowed with the transformation 7, W x L; is a factor of W x L.

The factor Z x Gy of Z x M is its maximal quasi-affine factor and thus it
is a characteristic factor for three linear terms by Theorem 8. The isomorphism
P~1: ZxM — W x L commutes with the right translations of the second coordinate
by elements of M, and so in particular by elements of (). Thus it induces an
isomorphism of the factor Z x Gy of Z x M to the factor W x Ly of W x L.
Therefore, W x L is a characteristic factor of W x L for three terms.

As usual, we write /N for the projection of £ € L on L/N, ¢Q for the projection
on L/Q and (QN for the projection on L/QN.

Let a1, a2, as be three distinct, non-zero integers and let f1, fa, f3 € L®(X).

Since @ is a normal subgroup of L, the conditional expectation of f; on W X
L/NQ@ can be written

fi(w,ﬂNQ) = /in(mqﬁN) dmq(q) .

Let hy, ha, hs € L®°(W x L) be the functions defined by
hi(w, E) = fz(w, éN) .

The conditional expectation h; of h; on the factor W x L1 = W x L/Qof W x L
is:

hi(w, (Q) = /Q ha(w, qf) dme (g) = /Q fi(w, gfN) dma(g)

= fi(w,INQ) .
As W x Ly is a characteristic factor for three linear terms of W x L we have
A 3
Jim xS (Lo (w0~ [[Ruo " w.@) =0
in L2(W x L). Substituting the values of h; and h; we find that
AP 3
dm Z(l_Tl fro T untN) = [T fio T (w,(NQ)) = 0

in L2(W x L/N). This means exactly that W x L/QN is a characteristic factor for
three linear terms of W x L/N.
O

We have now assembled the tools to prove Theorem 9:

Proof. (Of Theorem 9.) By Theorem 8, W x L/NQ has a characteristic factor
which is a quasi-affine system. Since W x L/NQ is a characteristic factor of X for
three linear terms, this quasi-affine system is a characteristic factor of X for three

linear terms, and the result follows.
O
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7. CONVERGENCE FOR A QUASI-AFFINE SYSTEM

Having found a characteristic factor, it now suffices to prove the convergence
of the averages (1) and Theorem 3 for quasi-affine systems. Thus we return to
quasi-affine systems and compute the Mackey group M introduced in Section 3.5.

Throughout this Section, X = Z x G is a quasi-affine system. Its Kronecker
factor is (Z, ), G is a compact abelian group, and the transformation is associated
to the quasi-affine cocycle o : Z — G. As noted, o is a weakly-mixing cocycle.

Let a1, as, as be three non-zero distinct integers. We write

ki = agag(ag — 0,3), ké = agal(ag — 0,1), ké = a1a2(a1 — (12) .
Let A = ged(k, k%, k%) be the greatest common divisor of the k; and let k; = k/A
for i = 1,2,3. We remark that

3

3
(37) Zkiai = Z kia? = 0 and ged(ky, ko, k3) =1 .
i=1 i=1

We maintain these notations throughout this section.

7.1. Computation of the Mackey group. In a series of lemmas, we prove the
following theorem:

Theorem 10. Assume that the cocycle o : Z — G is a weakly mizing quasi-affine
cocycle and let M = M (a1, as,a3) be the Mackey group associated to the cocycle &.
Then

MY = {(M XM ) x e GY
3 3
a?
= {xel®: JIxi=]Ix"=1.
1=1 =1

Corollary 4. Assume that the cocycle o : Z — G is a weakly mizing quasi-affine
cocycle and let M = M (a1, as,a3) be the Mackey group associated to the cocycle &.
Then

M {(a1u + a}v, agu + a3v, azu + a3v) s u,v € G}

3
{(91,92,93) : Zkigi =0} .

i=1

In particular, for every integer k > 1 we have M (kay, kas, kas) = M (a1, az,as).

Proof. This follows immediately from Theorem 10 and the relations (12) and (13)
between M and M*. g

7.2. The lemmas. Although we omit the hypotheses, we assume throughout this
section that the cocycle o : Z — G is a weakly mixing quasi-affine cocycle and let
M = M (a1, a2, as3) be the Mackey group associated to the cocycle 4.

Lemma 11. If Y € M*, then

3 3 5

a; __ a; _
[Tv =10 =1,
=1 =1



24 BERNARD HOST AND BRYNA KRA

Proof. Assume that nja — 0 in Z. Since x o ¢ is a coboundary, by Proposition 2

(38) Hx (o)) =1

in L?(Z ) On the other hand, y; o o is a quasi-affine cocycle for each i. Thus there
exist constants c¢;; and characters 7; ;(2) so that

(39) ¢jivi(2xi(e") (2)) — 1
in L?(Z). By Lemma 2 we get
(40) v (2)xi (04 (2)) =1

in L?(Z), where

a; i\ — 1
Vji = ijm,i(%”ja) :
Thus
3
(41) [T viivgszoxi (oo (zi) — 1
=1

in L?(Z). Combining Equations (39) and (41), we have

3
Hv“'y” z) — 1

=1

in L2(Z). That is

//‘1—1_[1)“7]7 alz—i-at’ dm(z)dm(t) — 0.
i=1

It follows that for j sufficiently large

H Vi = 7];1 -
i=
Define

Hc and u; —Hcﬂ.

By the convergence in Equatlon (39) for j sufﬁmently large,

3
uJHx oi)(2)) = [T ingi@)xiio™)(2) — 1
1=1
and
n) 3 a? a? a? (n;)
Hxl D(2) =[] s e (z) — 1
=1

in L?(Z). By Prop081t10n 3 the cocycles

3 3
(H X;h) oo and (fof) oo
i=1 i=1

are cohomologous to constants. Since ¢ is weakly mixing, the result follows. O
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Lemma 12. Let Y € M. Then there exists x € G with xi = xF fori=1,2,3.

Proof. By Lemma 11 and the definition of the integers &/, for every i,j € {1,2,3}
we have

KK
Xim = X5 -
By Lemma 5, G is torsion free and so
k; .
X5 =k
Let b1, bo, b3 be integers such that 2?21 b;ki=1and x = H?Zl Xli”. Then y; = x*
fori=1,2,3. O

Lemma 13. For each x € G we have (x*',x*2,x**) € M+,

Proof. By the definition of M+ and use of Proposition 2, it suffices to show that
for every sequence of integers {n;} such that n;& — 0 in Z, we have

(42) Hx (o0 (z0)) =1
=1

in L?(Z). Let a = ged(ay, as, az). The hypothesis means that anja — 0in Z. Since
X oo is a quasi-affine cocycle, there exist constants c; of modulus 1 and characters
vj € Z such that
e (X (o (z)) =1
in L?(Z). For i =1,2,3, let a’ = a;/a and
o al(al—1
Vji = cjfvj(%anja) .

By Lemma 2, for each ¢

’

v (2 (0™ (2)) =1

in L?(Z). Thus
3 ’
(13) [T vy o™ (o20(z0)) =1
=1

in L?(Z). We recall that 3, kia; = Y, kia? = 0. It follows immediately that

17)51 = 1. By definition of Z, for every Z € Z we have ), k;a,z; = 0 and
thus [], vfia; (z;) = 1. Therefore the convergence in equation (43) is exactly the
convergence needed for that in equation (42). O

7.3. The limit. As above, X = Z x (G is a quasi-affine system, a1, as, a3 are non-
zero distinct integers and we maintain the notations of the preceding section.
We study the averages

N
(1) 3 AT ) (1) f (T07)
n=1

where fi, f2, f3 € L°°(X). The convergence in L?(X) of these averages and an
expression of the limit were established in [6]. We use a similar strategy here,
adding in the information gained from the computation of the groups M and M~
done in Section 7. This gives a more explicit value of the limit.
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Let M(Z,G) denote the set of maps from Z to G, endowed with the topology
of convergence in probability.

Proposition 14. There exists a continuous map t — :(.) from Z to M(Z,G) so
that for alln € Z

3
Yna(2) =Y kol (2) .
i=1

Proof. Given a sequence {n;} of integers such that nja converges in Z, we have to
show that Z§:1 ko) (2) converges in M(Z,G). This condition is equivalent to
showing that for every character y of G,

(44) (3 ko0(2)
i=1

converges in L2(Z). Let x € G.
Since the system X = Z x G is quasi-affine, the multiplicative cocycle x o o is
quasi-affine. By Lemma 3 there exists a sequence {c;} in S' and a sequence {v;}

in Z such that ¢jYj (z)x(a("i)(z)) converges in L?(Z). By Lemma 2, for i = 1,2,3
the sequence
;675 (Z)X(O"“"j (Z))
converges in L?(Z), where
Vi = c‘;“yj(wnja) .
Thus

3 3
[T ek () x (3 ko @m)(2))
=1 =1

converges in L?(Z). But by the property (37) of the integers k;,

3
va; =1 and H’yk"‘“ () =1

i=1 i=1
for all z and we have the convergence. [l

Theorem 11. Let (X,B,u,T) be an ergodic measure preserving system and let
f f2, fa € L*(u). Let by, by, bs be integers such that ), bik; = 1. Then the aver-
ages (1) converge in L?(X) to the function

3
flz,9) = /H fi(z + ait, g + aju + afv + bipy(2)) dmg (u) dme (v) dm(t)
i=1

Proof. By density, it suffices to prove the result when each function f; is of the
form

fi(z,9) = wi(z)xi(g)
for w; € L*™°(Z) and x; € G. We write ¥ = (X1, X2, X3) € (3. Using the expression
of M given in Corollary 4, the function f(z,g) in the theorem can be written as

@) feo) = [ Dot +atn (@) ) [ 5@ dm()

M
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We consider two cases:

1) ¥ ¢ M.

The integral in (45) is clearly equal to 0 and thus the function f given by this
equation equals 0. On the other hand, by the same argument as in the proof of
Proposition 11, the averages (1) converge to 0 in L?(X).

2) Y e Mt

For every g € M we have x(g) = 1, Thus the integral in (45) equals 1. Moreover,
by Theorem 10 there exists x & G such that xi = X" for i = 1,2,3. Since
>, kib; = 1, Equation (45) can be written

3 3
(46) f(z,9) = /ZX <Z kiQ) Hwi(z + ait)x (¢i(2)) dm(t) .

On the other hand, writing z = (z, g), for every n we have

3 3 3 3
HfZ(T‘“"x) =x <Z kig> le(z + na;a)x (Z a("‘“)(z)> )

This is the value at the point ¢ = na of the mapping

3 3
tx <Z kig> le(z + ait)x(d)t(z)) ,

a continuous mapping from Z to L?(Z). By unique ergodicity of (Z,a) (see [6]),
the average (1) converges in L?(Z) to the integral of this function with respect to
the variable ¢, which is exactly the function given by Equation (46). O

8. CONCLUSION
We have now assembled the tools needed to prove Theorem 3.
8.1. The case of quasi-affine systems.
Proposition 15. Theorem & holds for quasi-affine systems.

Proof. Let f1, fa, f3, a1,a2,a3 and k be as in the hypothesis of Theorem 3. We
assume that X is a quasi-affine system and maintain the notations of the preceding
section. We apply Theorem 11 twice, first with the data ai,as,as and then with
the data kaq, kao, kas.

When kai, kas, kas are substituted for aq, as, as, respectively, the integers k1, k2, k3
(as defined in Section 7) remain unchanged. Thus the integers by, ba, bs appearing
in Theorem 11 can be chosen unchanged as well. Let ¢; and 1} be the mappings
associated to the data a1, as, as and ka1, kao, kas respectively, as in Proposition 14.
By construction, for every integer n we have !, = ¥rnq. Thus by continuity and
density, for all t € Z we have ¥ = y.

Thus the limit corresponding to ka1, kas, kas is equal to

3
(47) /H fz(z + (kay)t, g + (ka;)u + (kai)Qv + bﬂ/)kt(z)) dmg(u) dma(v) dm(t)

at the point x = (z,g). By Lemma 5 the mappings u — ku and v — k?v are onto
from G to G. The ergodicity of T* implies that the mapping ¢ — kt is onto from
Z to Z. Thus the integral (47) is equal to the limit corresponding to a1, as, as and
the proof is complete.
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O

8.2. The general case. Theorem 3 follows immediately from Proposition 15, Def-
inition 1 of characteristic factors and Theorem 4.

Moreover, we have the following explicit formula for the limit of averages (1) on
an arbitrary ergodic system:

Theorem 12. Let (X, B, u,T) be a measure preserving system with Kronecker fac-
tor Z, Xga = Z x G its mazimal quasi-affine factor, and p : Z — Z x G be the
natural projection. Let a1, as,as be distinct and non-zero integers. There exists a
measurable map (z,t) v— ¢ (z) from Z x Z to G so that for all f1, f2, f3 € L>®(X),

3
NlinooN;lHlfl (T*"z) _/EE filXoa)(z+aa, g+ a;u+a; v—i—@bt( )) dudvdt

in L?(X), where (z,g) = p(x).

APPENDIX: AN EXAMPLE OF A QUASI-AFFINE COCYCLE.

We give here an example, originally due to Furstenberg and Weiss, of a weakly
mixing quasi-affine cocycle which is not cohomologous to any affine cocycle. The
group Z is T¢ = Rd/Zd, where d is an even integer. o € T? is chosen so that the
rotation (T, a) is ergodic.

Let A be a d x d matrix with integer entries so that det(A — A*) # 0. Such a
matrix exists since d is even. We write ¢ : R? x R? — S for the function defined
by

v,y € RY, o(x,y) = exp(2mi(Az | y))
where (. | .) is the usual inner product in R¢.

The cubes k+[0,1)%, k € 7%, form a partition of RY. We define a function f on
R by

(48) Vk e Z%, Yo € k+[0,1)%, f(x) = ¢(x, k)
we have
(49) Vo € RY VEk € 2%, f(x+ k) = f(x)p(z, k) .

Let p : RY — T? be the natural projection and f € R? be chosen so that
p(B) = a. For z € RY, set

h(z) = f(z + B) f(z) 6(B,z) .

From Equation (49) it follows that h(z + k) = h(z) for all z € R? and all k € Z°.
Thus there exists a function p of modulus 1 on Z such that h = p o p, that is

(50) Vo e R, f(z+B)f(x) 6(B,7) = p(p(x)) -
We claim that

Proposition 16. The multiplicative cocycle p : Z — St is weakly mizing, quasi-
affine and is not cohomologous to any affine cocycle.
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Proof. Let {n;} be a sequence of integers such that n;a — 0 in Z.
From Equation (50) it follows that, for all j and all z € R?

. — nj(n; —1
6L o™ () = o+ )@ 6B 6(8, -1 D)
Since n;# — 0 modulo Z%, there exists a sequence {k;} in Z% and a sequence
v; } converging to 0 in R? such that n i3 =k;+wv; for all j. Using Equation (49),
j j j T V5
Equation (51) can be written

pt") (p(x)) = f(z +v;) [ (@) d(vj, 2) TGo(x, k;) p(k;, x)

= [z +v;)f(2) $(v;, 2) G exp(2mi((A — A")z | k;))

where

Since v; — 0,
¢(x +vj)p(x) ¢(vj, ) — 1
in L2([0,1)%). As the matrix A — A* has integer entries and k; € 7%, for each j

there exists a character ; of Z = T with ~; (p(z)) = exp(2mi((A— A*)x | k;)) for
all z € RY. We get

(52) v (2)p")(z) — 1

in L2(Z). Thus p is quasi-affine.

Assume now that p is cohomologous to some affine cocycle w(z) = ¢y(z) with
ce€S'and y € Z. Let {n;} be a sequence of non zero integers with n;a — 0 in Z,
and kj, v;, 7; be as above. We also have

(nj — 1
(53) 3 (2= a ) et -
in L*(Z), and, comparing with Equation (52), v; = v~ for all j sufficiently large.
For i, j sufficiently large we get 'y;“ =~,” and, by definition of ~; and ~;,

Yu € RY, exp(2mi((A — A"z | nik; — njk;)) =1 .

As det(A — A*) # 0, it follows that k;n; = kjn;, thus nv; = njv;. As v; — 0 we
get that for all ¢ sufficiently large we have v; = 0 thus n;a = 0, and a contradiction
follows.

In particular, p is not cohomologous to any constant. By Lemma 4, it is weakly
mixing. O

8.3. Remarks. By the same method we could show that p™ is not cohomologous
to an affine cocycle for any integer m # 0.

Instead of the function f defined by Equation (48), we could use any function
satisfying (49). Then the resulting cocycle would be cohomologous to the one we
obtained. We could also choose another lift 3 of a in Rd, giving rise to the product
of p and a character.
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