PARTIAL HYPERBOLICITY, LYAPUNOV EXPONENTS AND STABLE ERGODICITY

K. BURNS, D. DOLGOPYAT, YA. PESIN

Abstract. We present some results and open problems about stable ergodicity of partially hyperbolic diffeomorphisms with nonzero Lyapunov exponents. The main tool is local ergodicity theory for non-uniformly hyperbolic systems.

Dedicated to the great dynamicists David Ruelle and Yakov Sinai on their 65th birthdays

1. Introduction

1.1. Consider a C^2 diffeomorphism f of a compact smooth Riemannian manifold M preserving a smooth probability measure μ. Assume that f has nonzero Lyapunov exponents on an invariant set L of positive measure. It is well-known (see [P]) that the ergodic components of f|L are all of positive measure, and hence there can be only contably many such components.

However, not much is known about the topological structure of the set L nor about the topological structure of ergodic components. In particular, one may wonder whether ergodic components (and hence the set L) are open (mod 0) — the phenomenon known as local ergodicity. Some criteria for local ergodicity were obtained in [P, KB] while some basic ideas go back to pioneering work of D. Ruelle [Ru] and Ya. Sinai [Si]. In [DHP], the authors constructed an example of a volume preserving diffeomorphism with nonzero Lyapunov exponents and a countable (not finite) number of ergodic components which are all open (mod 0). Note that if the ergodic components are open (mod 0) and f is topologically transitive then f|L is ergodic.

In this connection the following two problems are of interest:

1991 Mathematics Subject Classification. 58F09.

Key words and phrases. Partial hyperbolicity, Lyapunov exponents, accessibility, stable ergodicity.

K. B. is partially supported by NSF grant DMS-0100416; D. D. is partially supported by NSF grant DMS-0072623 and the Sloan Foundation; Ya. P. is partially supported by NSF grant DMS-0088971. 1

Problem 1. Is there a volume preserving diffeomorphism with a.e. nonzero Lyapunov exponents such that some (or even all) of the ergodic components with positive measure are not open (mod 0)? Problem 2. Is there a volume preserving diffeomorphism which has nonzero Lyapunov exponents on an open (mod 0) and dense set U which has positive but not full measure? Is there a volume preserving diffeomorphism with the above property such that f|U is ergodic?

1.2. Systems with nonzero Lyapunov exponents are nonuniformly hyperbolic. In this paper we deal with the situation when hyperbolicity is uniform throughout the manifold in some but not all directions. More precisely, we assume that f is partially hyperbolic, i.e., the tangent bundle T M can be split into three df-invariant continuous subbundles (distributions) T M = E^s ⊕ E^c ⊕ E^u. The differential df contracts uniformly over x ∈ M along the strongly stable subspace E^s(x), it expands uniformly along the strongly unstable subspace E^u(x), and it can act either as nonuniform contraction or expansion with weaker rates along the central direction E^c(x); see the next section for more details. Partially hyperbolic systems were first studied in the 1970’s by Brin, Pesin, Hirsch, Pugh and Shub, see e.g. [BrP1, BrP2, HPS1, HPS2]. The definition given here was introduced in [BrP1]. The presence of uniformly contracting and expanding directions is crucial in studying the global behavior and ergodic properties of these systems.

1.3. The distributions E^s(x) and E^u(x) are integrable and their integrable manifolds form two transversal foliations of M, the strongly stable and strongly unstable foliations of M, which we denote by W^s and W^u respectively. For every x ∈ M the leaves W^s(x) and W^u(x) of the foliations containing x are smooth immersed submanifolds in M called the strongly stable and strongly unstable global manifolds at x. If y ∈ W^s(x), then d(f^n(x), f^n(y)) → 0 with an exponential rate as n → ∞, and if y ∈ W^u(x), then d(f^n(x), f^n(y)) → 0 with an exponential rate as n → −∞.

1.4. We say that a partially hyperbolic diffeomorphism with invariant measure μ has negative central exponents (on a set A) if for μ-a.e. x (in the set A) we have χ(x, v) < 0 for all nonzero v ∈ E^c(v), where χ(x, v) is the Lyapunov exponent (defined in the next section). The definition of positive central exponents is analogous. When f has negative central exponents on A, the strongly unstable subspace E^u(x) includes all of the expanding directions at x for a.e. x ∈ A.

By exploiting continuity and the absolute continuity property of the strongly unstable foliation one can establish the following result.

Theorem 1. Let f be a C^2 diffeomorphism of a compact smooth Riemannian manifold M preserving a smooth measure μ. Assume that there exists an invariant subset A ⊂ M with μ(A) > 0 on which f has negative central exponents. Then every ergodic component of f|A is open (mod 0) and so is the set A.

If the map f is topologically transitive, then A is dense and f|A is ergodic.

1.5. Apparently topological transitivity does not guarantee that the set A is of full measure and one needs a stronger requirement, which we now discuss.

Two points p, q ∈ M are called accessible if there are points p = z_0, z_1, . . . , z_{ℓ−1}, z_ℓ = q, z_i ∈ M such that z_i ∈ W^u(z_{i−1}) or z_i ∈ W^s(z_{i−1}) for i = 1, . . . , ℓ. The collection of points z_0, z_1, . . . , z_ℓ is called a us-path connecting p and q and is denoted by [p, q] = [z_0, z_1, . . . , z_ℓ]. Accessibility is an equivalence relation. The diffeomorphism f is said to have the accessibility property if the partition into accessibility classes is trivial (i.e. any two points p, q ∈ M are accessible) and to have the essential accessibility property if the partition into accessibility classes is ergodic (i.e. a measurable union of equivalence classes must have zero or full measure).

It was shown in [DP] that if a.e. pair of points in M is joined by a us-path, then the orbit of a.e. point is dense in M. We shall see that the proof actually requires only essential accessibility. This and Theorem 1 imply the following result.

Theorem 2. Let f be a C^2 partially hyperbolic diffeomorphism of a compact smooth Riemannian manifold M preserving a smooth measure μ. Assume that f has negative central exponents on an invariant set A of positive measure and is essentially accessible. Then f has negative central exponents on the whole of M, the set A has full measure, f has nonzero Lyapunov exponents a.e., and f is ergodic.

1.6. The proofs of Theorems 1 and 2 are based on methods developed in [P, PuSh1]. In proving Theorem 2 we also use some ideas from [BV] to make a crucial step: once a partially hyperbolic diffeomorphism has negative Lyapunov exponents in the central direction on a set of positive measure, then this set indeed has full measure. This phenomenon has been observed in other situations, for example billiards and geodesic flows on negatively curved manifolds.

1.7. Accessibility plays a crucial role in stable ergodicity theory. A diffeomorphism f is called stably ergodic if it preserves a smooth measure μ and there exists a C^2-open neighborhood U of f in Diff^2(M) such that any diffeomorphism g ∈ U which preserves μ is ergodic with respect to μ. Volume preserving Anosov diffeomorphisms are stably ergodic. Recently Grayson, Pugh and Shub [GPS] proved that the time one map of the geodesic flow of a surface of constant negative curvature is stably ergodic. This result has been generalized several times [W, PuSh3, PuSh4, BW]. These papers give conditions under which a partially hyperbolic diffeomorphism f is stably ergodic (with respect to a smooth measure on M). Among these conditions, the most crucial one is stable accessibility. A diffeomorphism f is said to be stably accessible if there exists a C^1-open neighborhood U of f in Diff^2(M) such that any diffeomorphism g ∈ U is accessible. Pugh and Shub [PuSh2] have formulated two conjectures relating accessibility and stable ergodicity.

Conjecture 1. Stably ergodic diffeomorphisms form an open and dense set in the space of partially hyperbolic diffeomorphisms.

Conjecture 2. A volume preserving partially hyperbolic diffeomorphism with the essential accessibility property is ergodic. In particular a volume preserving partially hyperbolic diffeomorphism that is stably accessible should be stably ergodic.

In [PuSh4], Pugh and Shub proved Conjecture 2 under some additional assumptions of which the most restrictive one is center-bunching, that is the norm ‖df^{±1}|E^c(x)‖ should be close to 1 uniformly over x. A natural way to relax this condition is to consider its nonuniform version. That is, to consider the cases in which the Lyapunov exponents in the central direction are: 1) all negative (or all positive), 2) all nonzero (i.e., some negative and some positive), 3) all zero, or 4) not all nonzero (i.e. some zero). We think that splitting the study of stable ergodicity of partially hyperbolic diffeomorphisms into these four cases may be rewarding. In fact, the approach of Pugh and Shub gives no information on the quantitative properties of the diffeomorphisms they consider and quite different tools are currently used to obtain some quantitative information on the system in the non-uniformly hyperbolic and zero exponent cases (see [D1, D2]).

In this paper we study the first of the above cases. Surprisingly, the diffeomorphisms we consider are stably ergodic under the much weaker assumption that only the unperturbed map is accessible. In other words no information about the perturbation is required to establish stable ergodicity.

Theorem 3. Let f be a C^2 partially hyperbolic diffeomorphism of a compact smooth Riemannian manifold M preserving a smooth measure μ. Assume that f is accessible and has negative central exponents on a set of positive measure. Then f is stably ergodic.

We also prove a related result.

Theorem 4. Let f be a C^2 partially hyperbolic diffeomorphism of a compact smooth Riemannian manifold M preserving a smooth measure μ. Assume that f is accessible and ∫ M ln ‖df|E^c_f (x)‖ dμ(x) < 0. Then f is stably ergodic.

Ideas from [ABV] about hyperbolic times are used in the proof of these theorems.

1.8. We now consider the case when f is partially hyperbolic and has positive central exponents. Note that the inverse map is partially hyperbolic, preserves the measure μ, and has negative central exponents. Applying the above results to the inverse map we obtain that Theorems 1, 2, and 3 hold for f. Theorem 4 also holds if the inequality is replaced by ∫ M ln ‖df^{−1}|E^c_f (x)‖^{−1} dμ(x) > 0. 1.9. In view of Theorem 3 the following problems are of interest. Problem 3. Is Conjecture 2 true if all Lyapunov exponents of f are non-zero?

Problem 4. Is Conjecture 2 true if all Lyapunov exponents of f are zero?

1.10. An important example of a diffeomorphism satisfying the condition of Theorem 3 was constructed in [SW]. It is a small perturbation of a circle extension of an Anosov diffeomorphism. Further examples, including modifications of Anosov diffeomorphisms and time-one maps of Anosov flow can be found in [BV, D1]. In this connection we propose the following problem.

Problem 5. Let f be a stably ergodic diffeomorphism. Can it be approximated by a diffeomorphism having (stably) non-zero Lyapunov exponents?

See [Mñ, BG-MV] for some evidence that this might be true.

1.11. Some of the methods presented here were used in [DP] to show that any manifold carries a Bernoulli diffeomorphism with non-zero Lyapunov exponents. The following problem arises naturally. Problem 6. Which manifolds carry an open set of C^k diffeomorphisms with non-zero Lyapunov exponents?

For k = 1, it follows from a result of Mane [Mñ, B] that T^2 is the only surface with this property. Thus the answer to this question is not always positive. It seems likely (see Problem 5) that the answer is positive if the manifold admits a partially hyperbolic diffeomorphism, but even this is unknown.

2. Preliminaries

See [KH, BP, BPSW] for more details.

A diffeomorphism f of a compact smooth Riemannian manifold M is called (uniformly) partially hyperbolic if for every x ∈ M the tangent space at x admits an invariant splitting T_xM = E^s(x) ⊕ E^c(x) ⊕ E^u(x) into strongly stable E^s(x) = E^s_f (x), central E^c(x) = E^c_f (x), and strongly unstable E^u(x) = E^u_f (x) subspaces. This means that there exist numbers 0 < λ_s < λ^′_c ≤ 1 ≤ λ^{′′}_c < λ_u such that for every x ∈ M, v ∈ E^s(x) ⇒ ‖d_xf(v)‖ ≤ λ_s‖v‖, v ∈ E^c(x) ⇒ λ^′_c ‖v‖ ≤ ‖d_xf(v)‖ ≤ λ^{′′}_c ‖v‖, v ∈ E^u(x) ⇒ λ_u‖v‖ ≤ ‖d_xf(v)‖. Given x ∈ M, one can construct strongly stable and strongly unstable local manifolds at x. We denote them by V^s(x) and V^u(x) respectively. They can be characterized as follows: there is a neighborhood U(x) of the point x such that V^u(x) = {y ∈ U(x) : d(f^{−n}(x), f^{−n}(y)) ≤ Cλ^{−n}_u d(x, y) for all n ≥ 0}, and V^s(x) = {y ∈ U(x) : d(f^n(x), f^n(y) ≤ Cλ^n_s d(x, y) for all n ≥ 0}.

Let us stress that the sizes of the strongly stable and strongly unstable local manifolds are uniformly bounded from below.

We define the strongly stable and strongly unstable global manifolds at x by W^u(x) = ⋃ n≥0 f^n(V^u(f^{−n}(x))),

W^s(x) = ⋃ n≥0 f^{−n}(V^s(f^n(x))).

Recall that a partition ξ of M is called a foliation if there exist δ > 0, q > 0, and an integer k > 0 such that for each x ∈ M:

(1) There exists a smooth immersed k-dimensional manifold W (x) containing x for which ξ(x) = W (x) where ξ(x) is the element of the partition ξ containing x. (The manifold W (x) is called the (global) leaf of the foliation at x; the connected component of the intersection W (x) ∩ B(x, δ) that contains x is called the local leaf at x and is denoted by V (x); the number δ is called the size of V (x).)

(2) There exists a continuous map ϕ_x : L ∩ B(x, q) → C^1(D, M) (where D is the unit ball) such that V (y) is the image of the map ϕ_x(y): D → M for each y ∈ B(x, q).

The strongly stable and strongly unstable global manifolds form two transversal foliations of M.

We denote by

χ(x, v) = lim sup_{n→∞} 1 n log ‖df^nv‖ the Lyapunov exponent of a nonzero vector v at x ∈ M and by χ^i_f (x) the values of the Lyapunov exponents at x. Note that the functions χ^i_f (x) are invariant. There exists a subset Λ ⊂ M of full measure which consists of Lyapunov regular points (see [BP], Sections 1.5 and 2.1). Among other things Lyapunov regularity of x means that χ(x, v) = lim_{n→±∞} 1 n log ‖df^nv‖ for all nonzero v ∈ T_xM.

An invariant measure μ is called hyperbolic on a set L if μ(L) > 0 and μ-a.e. x ∈ L has the property that χ(x, v) ≠ 0 for all nonzero v ∈ T_xM. By neglecting a set of measure 0 we may assume that L ⊂ Λ. For every x ∈ L the tangent space at x admits an invariant splitting

T_xM = E^−_f (x) ⊕ E^+_f (x) into stable and unstable subspaces. Let λ_−(x) = e^{χ−(x)} and λ_+(x) = e^{χ+(x)} where χ_−(x) and χ_+(x) are respectively the largest negative Lyapunov exponent and the smallest positive Lyapunov exponent at x. For each ε > 0 there are Borel functions C(x) > 0 and K(x) > 0 such that (1) for each n > 0, ‖df^nv‖ ≤ C(x)λ_−(x)^ne^{εn}‖v‖, v ∈ E^−(x), ‖df^{−n}v‖ ≤ C(x)λ_+(x)^{−n}e^{−εn}‖v‖, v ∈ E^+(x); (2) the angle ∠(E^−(x), E^+(x)) ≥ K(x);

(3) for each m ∈ Z, C(f^m(x)) ≤ C(x)e^{ε|m|}, K(f^m(x)) ≥ K(x)e^{−ε|m|}. For every x ∈ L one can construct stable and unstable local manifolds V^−(x) and V^+(x). They can be characterized as follows: there is a neighborhood U(x) of the point x such that V^+(x) is the set of all y ∈ U(x) for which d(f^{−n}(x), f^{−n}(y)) ≤ C(x)λ_+(x)^{−n}e^{−εn} d(x, y) for all n ≥ 0, while V^−(x) is the set of all y ∈ U(x) for which

d(f^n(x), f^n(y) ≤ C(x)λ_−(x)^ne^{εn} d(x, y) for all n ≥ 0.

The manifolds V^−(x) and V^+(x) are tangent at x to E^−(x) and E^+(x) respectively. If f is partially hyperbolic, V^+(x) ⊃ V^u(x) and V^−(x) ⊃ V^s(x).

The sizes of the stable and unstable local manifolds vary with x in a measurable way. They are not always uniformly bounded from below, in contrast to the sizes of the strongly stable and strongly unstable local manifolds. If δ(x) is the size of a stable or unstable local manifold at x, then for every m ∈ Z δ(f^m(x)) ≥ δ(x)e^{−ε|m|}. It is known that the function δ(x) depends only on C(x) and K(x); in particular, δ(x) is uniformly bounded from below if C(x) is uniformly bounded from above and K(x) is uniformly bounded from below.

The families of these local manifolds possess the absolute continuity property. This means the following. Denote by m^u(x) the Riemannian volume on V^u(x) induced by the Riemannian metric on V^u(x) as a smooth submanifold in M. Given x ∈ M and sufficiently small r > 0, consider the partition ξ^u of B(x, r) (the ball centered at x of radius r) by strongly unstable local manifolds V^u(y) with y ∈ B(x, r). Let μ^u be the conditional measure generated by μ on V^u(y), y ∈ B(x, r). Then the measures m^u(y) and μ^u(y) are equivalent for a.e. y ∈ B(x, r).

The families of local manifolds V^s(x), V^+(x) and V^−(x) also possess the absolute continuity property.

In this paper we deal with the case where f is partially hyperbolic and has negative central Lyapunov exponents at a set of points x of positive or full measure (with respect to an invariant measure μ on M). For such x we have E^−(x) = E^s(x) ⊕ E^c(x). In particular, V^+(x) = V^u(x). In this case, we will use the notation V^{cs}(x) for the stable local manifold V^−(x) and we define the stable global manifold

W^{cs}(x) = ⋃ n≥0 f^{−n}(V^{cs}(f^n(x))).

3. Proofs

3.1. Proof of Theorem 1. Let us call a point z Birkhoff regular if the Birkhoff averages φ^−(z) = lim_{n→−∞} 1 n n−1∑ k=0 φ(f^k(z)) and φ^+(z) = lim_{n→+∞} 1 n n−1∑ k=0 φ(f^k(z))

are defined and equal for every continuous function φ on M. Applying Birkhoff’s ergodic theorem to a countable dense subset of the continuous functions shows that the set B of Birkhoff regular points has full measure in M with respect to μ. It follows from the absolute continuity of the stable local manifolds V^−(x) that μ-a.e. x ∈ A is Lyapunov regular and has the property that m^−-a.e. z ∈ V^−(x) belongs to B, where m^− is the Riemannian volume on V^−.

We shall show that any point x ∈ A with the above properties has a neighborhood in which the forward Birkhoff average φ^+ is a.e. constant for any continuous function φ. Since f has negative central exponents at x, we have V^−(x) = V^{cs}(x). The disc V^{cs}(x) is transverse to the strong unstable foliation. This and the uniform size of the strongly unstable local manifolds V^u(z) ensure that N(x) = ⋃ z∈V^{cs}(x) V^u(z)

is a neighbourhood of x. The full measure of B in V^{cs}(x) = V^−(x) and the absolute continuity of the strongly unstable local manifolds ensure that N^′(x) = ⋃ z∈V^{cs}(x)∩B V^u(z)

has full measure in N(x).

We now use the Hopf argument to show that φ^+ is constant on N^′(x) for any continuous function φ. Let y ∈ N^′(x). Then y ∈ V^u(z) for a point z ∈ V^−(x) ∩ B. Since forward Birkhoff averages of continuous functions are constant on strongly unstable manifolds and backwards Birkhoff averages of continuous functions are constant on stable manifolds, we obtain φ^+(y) = φ^+(z) = φ^−(z) = φ^−(x).

Thus φ^+ is constant on N^′(x) as desired. □ 3.2. Proof of Theorem 4. Let Diff^r_μ(M) be the space of C^r diffeomorphisms of M that preserve the smooth measure μ. Lemma 1. There are a neighborhood U of f in Diff^1_μ(M) and a constant α > 0 with the following property. For any g ∈ U there is a subset A_g ⊂ M with μ(A_g) > 0 such that for every x ∈ A_g,

lim sup n→∞ 1 n n−1∑ j=0 ‖dg|E^c_g(g^j(x))‖ ≤ −α. Proof. Choose α > 0 such that ∫ M ln ‖df|E^c_f (x)‖ dμ(x) < −α. (1) Since the central bundle E^c_g depends continuously on the diffeomorphism g in the C^1 topology, there is a neighborhood U ⊂ Diff^1_μ(M) of f such that for any g ∈ U, ∫ M ln ‖dg|E^c_g(x)‖ dμ(x) < −α. For g ∈ U, let A_g be set of points x where the forward Birkhoff average of ‖dg|E^c_g(·)‖ is defined and less than −α. It follows from the Birkhoff ergodic theorem (and the fact that μ is a probability measure) that μ(A_g) > 0. If x ∈ A_g, we have lim_{n→∞} 1 n n−1∑ j=0 ln ‖dg|E^c_g(g^j(x))‖ ≤ −α. This completes the proof. □ Since ‖dg^n|E^c_g(x)‖ ≤ 1 n n−1∑ j=0 ln ‖dg|E^c_g(g^j(x))‖, we see that g has negative central Lyapunov exponents on the set A_g. It now follows from Theorem 1 that the set A_g is open (mod 0) and g|A_g has at most countably many ergodic components which are open (mod 0).

We proceed with the following result.

Lemma 2. There are a neighbourhood V of f in Diff^1_μ(M) and a number r_0 > 0 such that, if g ∈ V is a C^2 diffeomorphism and x ∈ A_g (the set defined in Lemma 1), then there is an n ≥ 0 such that the size of the stable global manifold W^{cs}(g^{−n}(x)) is at least r_0.

Proof. Set σ = exp(−α/3), where α is defined in (1). We call the number n a σ-hyperbolic time for g at x if ‖dg^j|E^c_g(g^{−n}(x))‖ ≤ σ^j, for 0 ≤ j ≤ n. Corollary 3.2 of [ABV] and the remarks preceding it imply that if g ∈ U and x ∈ A_g, then there are infinitely many σ-hyperbolic times for g at x.

Denote by B^{cs}(y, r) the ball in V^{cs}(y) centered at y of radius r. It follows from Lemma 2.7 in [ABV] that we can choose r_0 > 0 and a neighborhood V ⊂ U of f such that for every C^2 diffeomorphism g ∈ V and any σ-hyperbolic time n for g at x,

d_n = diam (g^j(B^{cs}(g^{−n}(x), r_0))) ≤ σ^{j/2} for 0 ≤ j ≤ n.

Since σ < 1, we can make d_n as small as we wish by choosing n to be a sufficiently large σ-hyperbolic time for g at x. In particular, we can ensure that g^n(B^{cs}(g^{−n}(x), r_0)) lies in the stable local manifold V^{cs}(x). Then B^{cs}(g^{−n}(x), r_0) is contained in the stable manifold W^{cs}(g^{−n}(x)) as claimed. □

We now repeat the proof of Theorem 1 for g|A_g. Instead of using V^{cs}(x) to construct a neighborhood of x, we use B^{cs}(g^{−n}(x), r_0) to construct a neighborhood of g^{−n}(x), where n is a large σ-hyperbolic time for g at x. This gives us the following statement. Lemma 3. There is a positive number r̃_0 = r̃_0(f) such that any ergodic component of g|A_g contains a ball of radius r̃_0.

It remains to show that the set A_g has full measure and g|A_g is ergodic. Since f is accessible, the result from [DP] mentioned in the introduction tells us that the f-orbit of a.e. point in M is dense. Thus our desired claims hold when g = f, and they would hold for any g close enough to f if the accessibility property were open. This, however, is an open problem (see [RH] for some interesting results in this direction).

We will therefore exploit a weaker property, which is sufficient for our purpose (even in the case g = f). Given ε > 0, we say that a diffeomorphism g is ε-accessible if for every open ball B of radius ε the union of accessibility classes passing through B is M. An equivalent requirement is that the accessibility class of any point should enter every open ball of radius ε.

Lemma 4. Assume that f has the accessibility property. Then the following properties hold for every ε > 0.

(a) There exist ℓ > 0 and R > 0 such that for any p, q ∈ M one can find a us-path that starts at p, ends within distance ε/2 of q, and has at most ℓ legs, each of them with length at most R.

(b) There exists a neighborhood U of f in the space Diff^2(M) such that every g ∈ U is ε-accessible.

Proof. (a) Let q_1, . . . , q_N be an ε/4-net in M. For each p ∈ M and each q_k, choose a us-path from p to q_k; let ℓ(p, k) be the number of legs and R(p, k) the length of the longest leg in this path. Set

R(p) = max_k R(p, k) and ℓ(p) = max_k ℓ(p, k).

By continuity of the foliations W^u and W^s, every point p ∈ M has a neighbourhood U(p) such that, for each k, any point in U(p) is joined to some point in B(q_k, ε/4) by a us-path which has at most ℓ(p) legs each of length at most 2R(p). The sets {U(p)} form an open cover of M. Let {U(p_1), . . . , U(p_m)} be a finite subcover. Then R = max_i 2R(p_i) and ℓ = max_i ℓ(p_i) satisfy the condition of part (a).

(b) The statement follows from (a) and the continuous dependence of the leaves of W^u and W^s on g. □

We proceed with the proof of the theorem. Given ε > 0, we say that an orbit Orb(x) = {f^n(x) : n ∈ Z} is ε-dense if the points of the orbit form an ε-net.

Lemma 5. If g is ε-accessible, then almost every orbit is ε-dense.

Proof. It suffices to show that if B is an open ball of radius ε, then the orbit of a.e. point enters B. To this end, let us call a point good if it has a neighborhood in which the orbit of a.e. point enters B. We now wish to show that an arbitrary point p is good. Since g is ε-accessible, there is a us-path [z_0, . . . , z_k] with z_0 ∈ B and z_k = p. We shall show by induction on j that each point z_j is good.

This is obvious for j = 0.

Now suppose that z_j is good. Then z_j has a neighborhood N such that Orb(x)∩B ≠ ∅ for a.e. x ∈ N. Let S be the subset of N consisting of points with this property that are also both forward and backward recurrent. It follows from the Poincaré recurrence theorem that S has full measure in N. If x ∈ S, any point y ∈ W^s(x) ∪ W^u(x) has the property that Orb(y)∩B ≠ ∅. The absolute continuity of the foliations W^s and W^u means that the set ⋃ x∈S W^s(x) ∪ W^u(x) has full measure in the set ⋃ x∈N W^s(x) ∪ W^u(x). The latter is a neighborhood of z_{j+1}. Hence z_{j+1} is good. □ Theorem 4 now follows from Lemmas 3, 4 and 5. □

3.3. Proof of Theorem 2. If f is essentially accessible, the accessibility class of a.e. point is dense in M. With minor modifications, the proof of Lemma 5 shows that this property imples that a.e. point has a dense orbit. Theorem 2 is then immediate from Theorem 1. □

3.4. Proof of Theorem 3. By Theorem 2, f is ergodic and has negative central exponents a.e. with respect to μ. Hence there exists β > 0 such that for a.e. x ∈ M lim n→+∞ 1 n ln ‖df^n|E^c_f (x)‖ ≤ −β. Integrating over M we obtain lim_{n→∞} 1 n ∫ M ln ‖df^n|E^c_f (x)‖ dμ(x) ≤ −β. In particular, there exists n_0 > 0 such that ∫ M ln ‖df^{n0} |E^c_f (x)‖ dμ(x) < 0. Hence f^{n0} satisfies the hypotheses of Theorem 4 and thus is stably ergodic. It follows that f itself is stably ergodic. □

References

[ABV] J. Alves, C. Bonatti and M. Viana, SRB measures for partially hyperbolic systems whose central direction is mostly expanding, Inv. Math. 140 (2000), 351–398.

[B] J. Bochi, Genericity of zero Lyapunov exponents, preprint. [BG-MV] C. Bonatti, X. Gomez-Mont and M. Viana, Genericité d’exposants de Lyapunov non-nuls pour des produits déterministes de matrices, IMPA preprint 2001-10.

[BP] L. Barreira and Ya. Pesin, Lyapunov exponents and smooth ergodic theory, Univ. Lect. Series, Amer. Math. Soc. 23, 2001.

[BrP1] M. Brin and Ya. Pesin, Partially hyperbolic dynamical systems, Math.

USSR-Izv. 8 (1974), 177–218.

[BrP2] M. Brin and Ya. Pesin, Flows of frames on manifolds of negative curvature, Uspehi Mat. Nauk. 28 (1973), 169–170.

[BPSW] K. Burns, C. Pugh, M. Shub and A. Wilkinson, Recent results about stable ergodicity, pp. 327–366 in Smooth Ergodic Theory and Its Applications, A. Katok, R. de la Llave, Ya. Pesin and H. Weiss eds., Proc. Symp. Pure Math., Amer. Math. Soc., 2001.

[BV] C. Bonatti and M. Viana, SRB measures for partially hyperbolic systems whose central direction is mostly contracting, Israel J. Math. 115 (2000), 157–193.

[BW] K. Burns and A. Wilkinson, Better center bunching, preprint. [D1] D. Dolgopyat, On dynamics of mostly contracting diffeomorphisms, Comm. Math. Phys. 213 (2000), 181–201.

[D2] D. Dolgopyat, On mixing properties of compact group extensions of hyperbolic systems, to appear in Israel Math. J. (2002) [DHP] D. Dolgopyat, H. Hu and Ya. Pesin, An example of a smooth hyperbolic measure with countably many ergodic components, in Smooth ergodic theory and its applications, A. Katok, R. de la Llave, Ya. Pesin and H. Weiss eds., Proc. Symp. Pure Math., Amer. Math. Soc., 2001.

[DP] D. Dolgopyat and Ya. Pesin, On the existence of Bernoulli diffeomorphisms with nonzero Lyapunov exponents on compact smooth manifolds, to appear in Ergod. Th. and Dyn. Syst. (2002) [GPS] M. Grayson, C. Pugh and M. Shub, Stably ergodic diffeomorphisms, Ann.

of Math. (2) 140 (1994), no. 2, 295–329.

[HPS1] M. Hirsch, C. Pugh and M. Shub, Invariant manifolds, Bull. Amer. Math.

Soc. 76 (1970), 1015–1019.

[HPS2] M. Hirsch, C. Pugh and M. Shub, Invariant Manifolds, Springer Lecture Notes on Mathematics, 583, Springer-Verlag, Berlin-New York, 1977.

[KB] A. Katok and K. Burns, Infinitesimal Lyapunov functions, invariant cone families and stochastic properties of smooth dynamical systems, Ergodic Theory Dynam. Systems 14 (1994), 757–785.

[KH] A. Katok and B. Hasselblatt, Introduction to the Modern Theory of Dynamical Systems, Encyclopedia of Mathematics and its Applications, Cambridge University Press, London – New York, 54, 1995.

[Mñ] R. Mañé, Oseledec’s theorem from the generic viewpoint, Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Warsaw, 1983), 1269–1276, PWN, Warsaw, 1984.

[P] Ya. Pesin, Characteristic Ljapunov exponents and smooth ergodic theory, Russian Math. Surveys 32 (1977), no. 4, 55–114.

[PuSh1] C. Pugh and M. Shub, Ergodic attractors, Trans. AMS. 312 (1989), no.

1, 1–54.

[PuSh2] C. Pugh and M. Shub, Stable ergodicity and partial hyperbolicity, pp.

182–187 in International Conference on Dynamical Systems (Montevideo, 1995), F. Ledrappier, J. Lewowicz, S. Newhouse eds. Pitman Res. Notes Math. Ser., 362, Longman, Harlow, 1996.

[PuSh3] C. Pugh and M. Shub, Stably ergodic dynamical systems and partial hyperbolicity, J. of Complexity 13 (1997), 125–179.

[PuSh4] C. Pugh and M. Shub, Stable ergodicity and juliene quasi-conformality, JEMS 2 (2000), 1–52.

[RH] F. Rodriguez Hertz, Stable ergodicity of certain linear automorphisms of the torus, Preprint.

[Ru] D. Ruelle, Ergodic theory of differentiable dynamical systems, Publ. IHES, 50 (1979), 27–58.

[SW] M. Shub and A. Wikinson, Pathological foliations and removable zero exponents, Invent. Math. 139 (2000), no. 3, 495–508.

[Si] Ya. Sinai, Gibbs measures in ergodic theory, Russian Math. Survey 27 (1972), 21–69.

[W] A. Wilkinson, Stable ergodicity of the time one map of a geodesic flow, Ergod. Th. and Dynam. Syst. 18 (1998), 1545–1588.

K. Burns, Department of Mathematics, Northwestern University, Evanston, IL, 60208, USA

E-mail address: burns@math.northwestern.edu

D. Dolgopyat, Department of Mathematics, Pennsylvania State University, University Park, PA, 16802, USA

E-mail address: dolgop@math.psu.edu

Ya. Pesin, Department of Mathematics, Pennsylvania State University, University Park, PA, 16802, USA,

E-mail address: pesin@math.psu.edu