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Scalar Ordinary Differential Equations
by R. Clark Robinson
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The differential equation & = ax is usually considered in calculus courses, where a is a fixed
parameter. An explicit expression for the solution is x(t) = zpe® where x(0) = 2. An important
property of the solution is that x(¢) has unlimited growth if a > 0 and decays to zero if a < 0.
This differential equation is linear in x. An equation such as & = t>z is also linear, even though it
is nonlinear in ¢. An example of a nonlinear scalar equation is the logistic equation & = x(1 — x).
A scalar differential equations that only involve one derivative with respect to time is called a first
order differential equation.

A general first order scalar differential equation is given by & = f(t,x), where f(t,z) can be
a function of possibly both z and ¢ and is called the rate function. If the rate function depends
only z, © = f(z), the differential equation is called autonomous; it is called nonautonomous if
the rate function depends explicitly on t. The differential equation & = tz? is an example of
a nonautonomous nonlinear first order scalar differential equation. A solution to the differential
equation @ = f(¢t,x), is a differentiable path z(¢) in R such that &(t) = f(¢,z(t)). We often specify
the initial condition xy at some time tg, i.e., we seek a solution z(t) such that x(ty) = xo.

A second order differential equations is of the form # = f(¢,z,4). Examples of second order
linear equations are # = -a?z and t%i +ti + (t> — n?)z = 0. The latter is an example of a Bessel
equation, and we will consider it in winter quarter.

We shall concentrate on the following two questions:

(1) When possible, how can we find a solution to a given differential equation with the given
initial condition z(ty) = z¢? Note that we often cannot or do not find an explicit form of
a solution for nonlinear differential equations.

(2) What are the long term properties of a solution as ¢ goes to infinity?

In these notes, we consider the case of scalar differential equations, leaving to [5] the case of
systems of differential equations (in some R™), such as the nonlinear predator-prey system & =
(1l —y) and y = y(z — 1). A good reference for the scalar equations is Boyce and DiPrima [2].
The book by Borrelli and Coleman [1] is a good reference for modeling applied situations. Finally,
Strogatz’s book [6] had many applications of ordinary differential equations.

1. Linear Scalar Differential Equations

For continuous functions a, g : R — R, & = a(t)z+g(t) is a nonhomogeneous linear differential
equation and & = a(t)x is the corresponding homogeneous linear differential equation.

Consider the homogeneous equation & = a(t)z with x(t9) = zo. Letting b(t) = ftto a(s)ds,

x(t) _ e

o

o

This solution, x(t) = zoe’®, is usually found in calculus courses (at least for a constant a = a(t)).
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Theorem 1 (Variation of Parameters). Let I C R be an interval and a, g : I — R be given
continuous functions. Then the solution x(t) = ¢(t;to,x0) of the nonhomogeneous differential
equation & = a(t)x + g(t) with tg € I and x(ty) = xo is defined for t € I and is given by

t
(1) z(t) = "Wy + @ [ ) g(s) ds,
to
where b(t ft s)ds. This formula gives both existence and uniqueness of solutions.

Proof. Let x(t) be any solution of the nonhomogeneous differential equation with x(t9) = x¢. For
each t, z(t) will lie on the solution curve for the homogeneous equation with initial condition z
at t = to. Thus, z(t) is defined by z(t) = z(t) e?®. The nonhomogeneous term g(t) forces the
solution x(t) from one of these curves to another as ¢ progresses. Note that b(ty) = 0, so e?(0) =1
and z(tgp) = zo. We can derive the differential equation that this coefficient or parameter z(t)
must satisfy:

a(t) (1) "V + g(t) = <> (0) 5 (M0) + MO2(0) = (0 a(t) X0 + HO(0)
3(t) = e g t).

Since g¢(t) is g1ven and b(t) is determined by integration of a(t), we know the derivative of z(t).
Integrating 2(t) = e”®®g(t) from tg to t,

t

2(t) :z(t0)+/té(t) ds:onr/ e*@g(s)ds  and

to to

t
z(t) = Wz (t) = D gy + O / e™"¥g(s) ds.

to
This derivation shows both that any solution must satisfy (1) and that (1) is a solution. O
Second Derivation. The function b(t) is the antiderivative of a(t), so b/(t) = a(t) and ae'b(t) =
-a(t) e”®® . Therefore,
d T p) b)) s b(t)
= [e az(t)] — b0 () — a(t) e O (1)
="V Li(t) — a(t)z(1)]
= e "Wyg(t)
Integrating from ¢ to ¢, we get
t
e g (t) — e7bl0) g = / e g(s)ds
to
t
z(t) = mo ) 4 O / e ®g(s)ds
to
since b(tp) = 0. -

Remark. Because the derivative of e ®®z(t) is a function of t alone, the differential equation
can be solved by integrals and e ") is called an integrating factor.

Notice that (i) eb(®) xo is solution of the associated homogeneous equation with x(tp) = xo and
(ii) y(t) = e*'® ftz e"?)g(s) ds is a particular solution of the nonhomogeneous equation with initial
condition y(tg) = 0.
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Example 1. Consider the equation ti = —x+t? or & = -%/;+t. The solution of the homogeneous

-1 _ . . .
equation is e/ /s = ¢7 () = =1 If we set x(t) = 2(t) 1 with z(t) the coefficient of the solution
of the homogeneous equation, then

p=-Yit=-241¢ and
T=-"+t=-— an
: 72

a'c—i z(t)1 —Zl—zl so
Cdt t) Tt t2’

3 =12,
2(t) =32+ C,
C
Mﬂ:%ﬂ+?,
z(1)=%+0C,
C=uz(1) -1,
3z(1)—1
=324 02
w) =50+ =g,
The plots of z(t) = ¢(t; £1,20) for xo = 0, 13, 2/3 are shown in Figure 1. [
x
=R EGR )
ot;-1, % = o(t;1, %)
(t;-1,0) é ¢(t;1,0)
- t
g 1 2

FIGURE 1. Solutions ¢(t;+1,z0) of ti = —x +t2 for x¢ = 0, /3, 2/3.

Example 2. Consider the differential equation & = - cos(t) z + 2 cos(t), with z(0) = 3.
The solution of the homogeneous equation is e J s dt — ¢=sin(®) 1f 4(¢) = z(¢) e~ 52" then

- cos(t) z(t) e™ 5™ £ 2 cos(t) = & = ze 5D — 2(t) e 5 cos(t),

5 =2 cos(t) e®),

z(t) = /QGSin(t) cos(t) dt +C =2 /eu du+C
=2e' 4+ C =200 4

z(t) =2+ Ce sinl),

This is the general solution with parameter C'. Using the initial conditions, 3 =2+ C, C' =1,
and z(t) = 2+ e 50, [

Example 3 (Periodically Forced). Consider the equation & = -z + sin(t) with z(0) = =z,
which has a periodic forcing term. The solution of the homogeneous equation is e~ Jidt — -t 1f



-z(t) et sin(t) =4 = zet — z(t) e,
2 = e'sin(t),
t
z(t) —xo = / e’sin(s) ds
0
Al

e sin(t) — e’ cos(t) + 1]
z(t) =zoe™" + 5 [sin(t) — cos(t) +e7'].

The first term, z,(t) = xge’!, is a solution of the homogeneous equation with initial condition

xo and decays with time (is a transient). The second group of terms is a response to the forc-
ing term and is a particular solution of the nonhomogeneous equation with initial condition 0,
zon(t) = (12) [sin(t) — cos(t) + e7*]. Note that zu,(t) — (}2)e™" oscillates with the period of the
forcing term. Figure 2 contains a plot of the two terms and the whole solution; the solution of
the homogeneous equation with initial condition zg = 2 is dashed, the plot of the particular so-
lution of the nonhomogeneous equation is shown with a dot-dash curve, and the solution of the
nonhomogeneous solution with initial condition zg = 2 is shown as solid curve.

Because the solution of the homogeneous equation decays to zero, solutions of the nonhomoge-
neous equation with different initial conditions are asymptotic to each other as ¢ goes to infinity.
See Figure 3. |

_1-1L

FIGURE 2. Example 3: z(t) (solid), zn(t) (dashed), and zpy(t) (dot-dash)
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FIGURE 3. Example 3: Several initial conditions

Example 4 (Compound Interest). An initial amount of money xzy is put in an account with
an annual rate of interest of 7 > 0. If the interest is compounded n times a year than the amount
at the end of a year would be (1 + 7/n)" xp. As n goes to infinity, this converges to e"xg, which is
the solution of the differential equation & = rx at t = 1. The solution of this differential equation
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is called continuous compounding, which has an effective annual rate of e¢". (For r = 0.05, daily
compounding has an effective rate of .051267 and continuous an effective rate of .051271096.)
Now, assume that money is added continuously to the account at the constant rate g, giving the
differential equation governing the amount of money in the account of & =rx+g. The solution
is determined as follows: a(t) = r, b(t) = rt, e’ = ¢, and
¢
0

In the long term, the amount in the account approaches the amount that would result from an

P
g:| ert g

r r

t
.T(t) = 20 ert +6Tt/ e—rsg dS = 2 ert +6Tt |:_ge-rs
0

=zget + et g [1 — e'rt] = [xo +

initial deposit of zg + 9 with no money added. |
T

Example 5 (Cooling Body). This example is an example of cooling of a body relative to the
temperature of the surrounding air. The cooling is determined by Newton’s law of cooling which
says that the rate of change of the temperature of the body is proportional to the difference of the
temperature of the body and the surrounding air.
Let T(t) and Ty be the temperature of the body at times ¢ and 0 and A be the temperature
of the air. For a positive parameter k the differential equation is
dr
dt
The solution of the homogeneous equation is e™*. If T'(t) = z(t)e™*, then
kzt)e M4 EA=T =z2e M —2(t) ke,

3 =kAe",

k(T —A)=-kT+kA

t
z(t) — T :kA/ e* ds = A (e — 1),
0

T(t)=A+ (Ty — A) e*.
The cooling parameter k& can be determined by measuring the air temperature and the temper-
ature of the body at two times, 7'(0) = Ty and T'(¢1) = 11:
T — A= (Th— A) ekt

ek’tl _ T() - A
T — A’
1

k= . In(Th — A) —In(Ty — A)].

1

If the air temperature is A = 68 and it takes 2 hours to cool from 85 to 74, then
1 _
p— Lt 85 — 68
2 74 — 68

Given that value of k, if the body has cooled from 98.6 to 85, then the time is

1. (Ty—A 1 98.6 — 68
to= -1 - 1 ~1.129 hours.
cT R <T1 —A> 0.5207 n< 85 — 68 ) ours

17
) =12In <6> ~ 0.5207 degrees per hour.

Example 6 (Falling Body). Suppose that an object is thrown straight up with initial velocity
vo and initial height yo. Assume that the friction is proportional to the velocity so the acceleration
satisfies

mi=-mg-—cy,
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where m is the mass and ¢ is the force of gravity. Since the equation only involves the velocity
v =9 and its derivative © = §j, we get a first order linear equation for the velocity

. c
V=-—v—g.
m

The solution of the homogeneous equation is e”“t where ¢ = %m, to simplify the expressions in

the calculation. If v(t) = z(t) e “*, then
dat) et —g=set —2(t) e,
i=-get,
g /
z(t) =vo + 7 <1 — eCt)

. g\ -t 9
v(t)—(vo—i-g)e N -

This has a terminal velocity ve = "9/’ = ~9"..
A large, light object has small mass m and large coefficient of friction ¢, so large ¢. Thus, the
term e ¢? decays rapidly to zero and the object comes close to its terminal velocity quickly. W

Example 7 (Radioactive Decay). (Based on Borrelli and Coleman) Consider a situation where
material contains uranium-234 that undergoes radioactive decay to thorium-230 with a half-life of
approximately 7 = 2 x 10° years. In turn, thorium-230 undergoes radioactive decay with a
half-life of approximately 7 = 8 x 10*. Let x be the amount of uranium-234 and y be the
amount of thorium-230. Since the decay rate is proportional to the amount of substance present,
& = -ki z. The rate of change of thorium-230 is determined by the amount created from uranium-
234, k1 x, and the amount lost through decay, -koy. Thus, the situation is modeled by a cascade
of differential equations,

:—klﬂf,
:klw_k2y7

< &

with initial conditions x(0) = z9 and y(0) = yo. (We discuss below how the rate constants are
determined in terms of the half-life.)

z(t) = zge Mt then

§ = ~kay + kyzge 1,

t
y(t) = yo e k2t + e"”t/ e*25 kg e 1% ds
0

t
=yoe * 4 ki e'k2t/ eh2=k1)s g
0

-kot 4 klf]ﬁo e-k’zt [e(kz—kl)t -1

=%Yoe —
_ kizo | ke, Fio gy
—[yg kz—kl}e +k2_k16

For uranium-234, the half-life is the time when half the original amount is left:
570 = To e-ki71,
ki = In(2).

In the same way, koo = In(2).
Because we have aggregated the amount of each of the two radioactive materials, this model is
considered a two compartmental model. |



7

Problem 1. Find the solution of the differential equation & = 2x, which satisfies the following
initial conditions: a. x(0) = 0; b. z(0) = -1; c. z(2) = 3.

Problem 2. Find the solution of the differential equation @ = 2tx, which satisfies the initial
condition z(0) = 1.

Problem 3. Find the solution of the differential equation & = cos(t) z, which satisfies the initial
condition z(-7/2) = -1.

Problem 4. Find the solution of the differential equation & = 2tx + ¢, which satisfies the condition
x(0) = 0. Hint: Use the formula of Theorem 1.

Problem 5. For k = -2,-1,0, 1, 2 find the solution (for ¢ > 0) of the differential equation & = %/4+t,
which satisfies the initial condition z(1) = k. Graph these solutions in the (¢,z) plane. What
happens to these solutions when ¢ — 0?7 Notice that at ¢ = 0 the function a(t) = !/ is undefined!

Problem 6. Consider the nonhomogeneous linear equation (NH) & = a(t)x + ¢g(¢) with the asso-
ciated homogeneous linear equation (H) & = a(t)z.

a. If z,(t) is one (particular) solution of the nonhomogeneous equation (NH) and z(t) is
a solution of the homogeneous equation (H), show that z,(t) + x(t) is a solution of the
nonhomogeneous equation (NH).

b. Assume that x,(¢) is a particular solution of the nonhomogeneous equation (NH). Show
that the general solution of the nonhomogeneous equation (NH) is z,(t) + Ce®® where b(t)
is given as in Theorem 1 and C' is an arbitrary constant. Hint: For any solution x(t) of
(NH), show that x(t) — x,(t) satisfies (H).

Problem 7. For the supply ¢s = a + bp and demand g = ¢ — ep with scalars a, b, ¢, e, f > 0,
consider a continuous price adjustment given by

dp
o = flaa—as) =—fle+bp+ flc—a).
a. Assuming that ¢ > a, find the equilibrium p* where p = 0.

b. Find an explicit expression for the solution p(t) such that p(0) = py > 0.

2. Existence of Solutions for Nonlinear Equations

Before considering a few solution methods for nonlinear equations, we discuss the existence and
uniqueness of solutions. The rate function f(t,x) is often define for all ¢ and =, but sometimes
that is not the case. So we define an open set. (Also see page 98 in [4].)

Definition. A subset 2 of R? is open provided that for each (tg,z) € Z, there exist d; > 0 and
d2 > 0 such that {(¢t,z) :tg— 9 <t <tg+d, xg—de <z <x0+0d2} C Z.

The following theorem generalizes Theorem 3.1 in [5] to include the case for time dependent
differential equations. It states the existence and uniqueness of solutions, as well as the continuity
and differentiability of solutions with respect to initial conditions.

Theorem 2 (Existence and Uniqueness for Scalar Differential Equations). Consider a
scalar differential equation & = f(t,xz), where f : 2 — R is a continuous function on an open

subset 9 of R? such that —~(t,x) is also continuous.

a. For an initial condition (to,xo) € 2, there exists a solution x(t) to & = f(t,x) such that
(t,z(t)) € @ for some time interval tg —d <t < to+ 06 and z(tg) = xo. Moreover, the solution
is unique in the sense, that if x(t) and y(t) are two such solutions with x(tg) = xo = y(to), then
they must be equal on the largest interval of time about t = ty where both solutions are defined. Let
o(t;to, xg) = x(t) be this unique solution with ¢(to;to, o) = x(to) = zo.



b. The solution ¢(t;tg,x9) depends continuously on the initial conditions (tg,x¢). Moreover,
let (1) T >0 be a time for which ¢(t;ty,zo) is defined for to — T <t <to+T and (ii) let € >0
be any bound on the distance between solutions. Then, there exists a § > 0 which measures the
distance between allowable initial conditions, such that if |z — x| < 0 and |t{ — to| < 0, then
o(t;ty, xp) is defined forto —T <t <ty+T and

|p(t;th, 20) — Dt to, zo)| < € for to—T <t<ty+T.
c. In fact, the solution ¢(t;tg,xo) depends differentiably on the initial condition, x.

The proof follows of this theorem follows from the multidimensional version of the preceding
theorem in in Section 3.3 of [5]. Note for a linear equation, the solution exists and is unique on the
interval I on which the coefficients a(t) and b(t) exist and are continuous.

Example 3.3 in [5] discusses the example f(x) = /z, for which the solutions are not unique;

both z1(t) = (215/3)% and x2(t) = 0 are solutions for ¢ > 0 with x;(0) = 0 = 22(0). Note that
17(0) does not exist.

In the case when the solutions exist and are unique and the right hand side depends only on =z,
& = f(x), we write ¢(t;xg) for ¢(¢;0,20) and call it the flow of the differential equation. The
uniqueness of solutions implies that the flow satisfies the group property ¢(¢; ¢(t1;x0) = p(t+t1; o).
See Figure 2 of Section 3.1.1 of [5].

2.1. Solutions Tangent to Slope Field. If a solution x(t) of & = f(t,z) is plotted in (¢, x)-
plane, the slope of a tangent line at a point (¢, z(t)) is f(¢,x(t)). Therefore, if we plot vectors at
points (t,x) with slopes f(t,z), a solution curve is tangent to these vectors. Figure 4 gives such
a slope field and several solution curves for the logistic equations # = z(1 — x). Note that the
uniqueness of solutions implies that the plot of two different solution curves cannot cross in the
(t, z)-plane.

2 N A . T A T T
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E U U U S S N N
1 W IR SR U S g .
L
> >
=i A A A JF & A o
P e A A A A
0 E R O XN X XN .
P W B W T
S A Rl i R R
R W IR W W NN
NNy
-1- ¥ 03 B M ¥ ¥ N N

FIGURE 4. Slope field and several solutions for & = z(1 — z)

3. Separation of Variables

The solution of a linear differential equation can be found by means of an integral. In this section,
we consider another class of equations that can be solved by means of integrals.
A nonlinear equation of the form & = f(x)g(t) is called separable because it can be written as

1 dz
m E = g(t),
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where the left side depends only on z and the right side depends only on t. Integrating with respect
d
to t and applying the change of variables to the left hand side, the term d—j dt changes the integral

/(@) do = /g(t) dt.

The result of these integrals gives an implicit solution with some function of z equal to some
function of ¢. In general, it is difficult to get an explicit solution by solving this implicit relation
for z.

into one with respect to z,

Example 8. Consider the equation

i =tat.
We solve this equation by the method of separation of variables, that converts it into a problem of
integrals: taking the term involving x to left side by dividing by z? we get

T
— =1t
T

Integrating with respect to ¢, the term & dt changes it to and integral with respect to x:

1, i 1 1
—t = [tdt=| —dt=| — do =-—=.
2 +C / /ac4 /x4 v 323

Solving for x in terms of ¢ yields

-1
3
0= and z(t) =
%t2+3C ®)

1 ] :
5| -
-5t2-3C
The initial conditions at t = 0 satisfies zo = "1/(30)% or -3C =143, so

1
1
1 [ 2af 3
L_3p| o [2-38243

3

1
Note that for z¢ > 0, this becomes undefined for ¢ = =+ [%/353] . Thus the solution is not defined
for all time. So while linear equations with coefficients defined for all time have solutions that are
defined for all time, this is not true for nonlinear equations. |
3+ 2t
423 —2x — 5

/4x3—2x—5dx:/3+2tdt+0

Example 9. Consider & = . The solutions satisfy

2 — 22 —5x=3t+t>+C.

This is an implicit solution and cannot be solved for x in terms of ¢. This is another difference
between linear and nonlinear equations: Linear differential equations always have explicit solutions
while we cannot always find one for a nonlinear differential equation. |

Problem 8. Solve the nonlinear differential equation & = 3v/tx by separation of variables.
2
xz2(1+13)
Then, solve for x in terms of t. What interval of ¢ (that includes ¢ = 0) is the solution defined? Note

the rate function becomes infinite when z(t) = 0 but the explicit form of the solution continues
through this value.

Problem 9. Consider the equation & = with z(0) = 2. Solve by separation of variables.
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3.1. Growth Models. We consider some population growth models and related problems that
can be solved by separation of variables.

Example 10 (Logistic Equation). Consider a single population measured by the variable x. If
there is competition within a population for resources (crowding), then the growth rate per unit
population, %/z, would decrease as the population increases. For the simplest model with crowding,
this rate decreases linearly, or %/z = r — cx = r (1 — ¢%/;) with r, ¢ > 0. Letting K = "/ > 0, we
get the nonlinear scalar differential equation

x
o e (1 7) 7
T=rx ( %
which is called the logistic differential equation. The time derivative £ =0 for x = 0 and K, with
corresponding constant solutions ¢(¢;0) = 0 and ¢(t; K) = K. These points where & = 0 are

called fized points or equilibria or steady states of the differential equation. For x # 0, K, applying
separation of variables, we take all the terms involving = to the left side, we get

Kz
— =T
x (K —x)
Using the method of partial fractions with constants A and B to be determined,
K _A+ B AK - Az + Bz
r(K—z) 2 K-z  2z(K-z)

so K=AK and 0=B — A, or B= A =1. Thus we get the differential equation

T T

1:+K—x

=T.

Integrating with respect to ¢, the term & dt changes it to and integral with respect to x:

1 1
/xdaj—k/K_xdx:/rdt,
In(|z|) — In(|K — z|) = rt + C4, and

]
| K — ]

=Ce", where C = e,

Assuming 0 < z < K so we can drop the absolute value signs, we can solve for x:

z=CKe" —Cex,
(1+Ce™x = CKe™, and
CKe' CK

T 14Cet Ctet

X

If x¢ is the initial condition at ¢t = 0, then some more algebra shows that C' = /(K — z,), so

{L'()K
zo + (K — x0)e™™t’

B(t; 20) =

A direct calculation shows that this form of the solution is valid for any x¢ and not just those with
0 < zo < K. See Figure 5.

A solution ¢(t;x9) can be continued for a maximal interval of definition t; <t <t} . Given
the form of the solution, it can be continued until the denominator becomes zero. For 0 < zg < K,
the denominator is never zero and ¢(t; o) is defined for all ¢, ¢, = -oo <t < 00 = t;ro. On the
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FIGURE 5. Logistic Equation: plot of = = ¢(t; x¢) as a function of ¢ for several xg

other hand, if xg > K > 0, then the denominator is zero for
o — K
et =22 <1 and
Zo

toy = % (In(zp — K) — In(zp)) < 0,

while ¢ = oco. Finally, if 2o <0, then t; = -co and
1
th = . (In(K — z9) — In(|zo|)) > 0.

Thus, some solutions are defined for all time, others for a bounded forward time, and others for a
bounded backward time.

Some of the long term forward behavior can be determined by looking at only the form of the
rate function and not using the solution itself. For an initial condition 0 < zg < K, © > 0 along
the solution ¢(t;x0), and ¢(t;xp) increases toward K. Also, for zp > K, & < 0 along the solution,
and ¢(t;z9) decrease toward K. So we can conclude that for any xp > 0, even without solving
the differential equation, ¢(t;xg) tends toward K as t goes to infinity. For this reason, K is called
the carrying capacity.

Notice that the fact that f'(K)=r —2r = -r <0 ensures that # >0 for z < K and x near
K, and that # < 0 for x > K and z near K; therefore, the fact that f/(K) < 0 is enough to
ensure that the fixed point x = K is attracting from both sides. |

Definition. Assume that the rate function f(z) is continuous with a continuous partial derivative
with respect to z. Since any two solutions of & = f(x) with the same initial condition zy agree on
their common interval of definition, we can continue ¢(t;z¢) to some mazimal interval of definition
tyy <t <ti. As the logistic equation illustrates, sometimes tJ is infinity and other times it can
be a finite positive value. Similarly, sometimes ¢, is minus infinity and other times it can be a
finite negative value.

The only way that a solution is not defined for all time is that the solution goes to infinity or
a point where the differential equation is not defined. See the following theorem. Then, if the
solution is defined for all time and is bounded it must converge to a fixed point by the argument
used in the next to last paragraph of the example of the logistic equation. (See Theorem 4.4 of [5].)

Theorem 3. Consider a scalar autonomous differential equation & = f(x) on R, for which f(x)
has a continuous derivative. Assume that x(t) = ¢(t;x0) is the solution, with initial condition xg.
Assume that the mazimum interval containing 0 for which it can be defined is (t—,tT).
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a. Further assume that the solution ¢(t;xo) is bounded for 0 <t < t*, i.e., there is a constant
C > 0 such that |¢(t;x0)] < C for 0 <t < tt. Then as t converges to t*, ¢(t;x¢) must converge
either to a fized point or to a point where f(x) is undefined.

b. Similarly, if the solution ¢(t; xo) is bounded for t— <t <0, then, ast converges tot—, ¢(t; xp)
must converge either to a fized point or to a point where f(x) is undefined.

c. Assume that f(x) is defined for all x in R . (i) If f(xo) > 0, assume that there is a fized point
x* > w9, and in fact, let ©* be the smallest fixed point larger than xo. (ii) If f(xo) < 0, assume
that there is a fized point x* < xg, and in fact, let x* be the largest fized point less than xo. Then,
tt = oo and ¢(t;xg) converges to x* as t goes to infinity.

The consequence of the sign of the derivative at a fixed point is given in the following theorem.
The proof is basically that given in the See Theorem 4.5 of [5].

Theorem 4. Assume that x* is a fixed point for the autonomous scalar differential equation
& = f(x), where f and f' are continuous.

a. If f'(z*) <0, then z* is an attracting fixed point.
b. If f'(x*) > 0, then x* is a repelling fized point.
c. If f'(z*) =0, then the derivative does not determine the stability type.

Example 11 (Harvesting). Assume that from a population that is governed by the logistic
equation that the population is decreases at a rate of -h < 0 due to external aspects, e.g., from
harvesting or fishing:

a';:ra:[l—%} —h = f(z).
The fixed points satisfy rz — ("/k)2?> —h =0 or rz? —rKx + hK = 0, and are

K+ Vi2K2 —4rhK 1 1
gy =1 " L VP K? — 4rhE.
T

2r T2
If 7K > 4h, then both roots are real with 0 < x_ < x4 and

<0 for z<ao_
flz)=<>0 for z_ <z <z
<0 for x4 <.

By Theorem 4.4(c) in [5], if ¢(¢;20) is bounded then it must converge to a fixed point. Without
solving the equation explicitly, we can see that

(i) if 0 <zg < a_, then z(t) decreases down to 0 in finite time as t increases,
(ii) if z— < xo < x4, then z(t) increases up to x4 as t — oo,
(ii) if =4 < o, then z(t) decreases down to =4 as t — oo.

Therefore, * = z_ is a threshold for survival and x = x; is the steady state population for a
population large enough to survive, i.e. zg > x_. |

A discussion of the effect of harvesting with other models of population growth is given in Chapter
1 of [3] by Brauer and Castillo-Chévez.

Example 12 (Economic Growth). The Solow-Swan model of economic growth is given by
K=sAK'L" -0 K

L=nlL,

where K is the capital, L is the labor force, A K®L'~® is the production function with 0 < a < 1
and A > 0, 0 < s < 1 is the rate of reinvestment of income, § > 0 is the rate of depreciation of
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capital, and n > 0 is the rate of growth of the labor force. A new variable = #/f is introduced
that is the capital per capita (of labor). The differential equation that z satisfies is as follows:

1. K.
P — K-~ ]
TTIY T2

1 a1 K
:ZSAKCLL a—zéK—ﬁnL

=sAz—(0+n)x
=2 [sA— (6 +n)z'"].
Notice the similarity to the logistic equation. The equilibrium where £ = 0 and x > 0 occurs for
sA = (n+d8)x'" or

« [ sA T
S P '

For 0 <x < z*, & >0 and zx increases toward z*. For x > z*, & <0 and x decreases toward
x*. It can be shown that for any initial capital z¢ > 0, the solution z(t;xo) limits to x* as t goes
to infinity. Therefore in this model, all solutions with xy > 0 tend to the steady state x* of the
capital to labor ratio. [ |

Problem 10. Consider & =2%—1= (z + 1)(x — 1).
a. Solve the the nonlinear differential equation by separation of variables. Hint: Imitate the
solution method of Example 10.
b. Discussion the limit of x(t) as ¢ goes to infinity for different ranges of z¢ > 0.the nonlinear
differential equation

Problem 11. Consider the differential equations

e (-2 (1)

with 0 <T < K and r > 0. The factor 7 — 1 is negative for x < T, so adds a threshold to the
population growth model

a. Find the fixed points and the sign of & between the fixed points.
b. Discussion the limit of z(t) as t goes to infinity for different ranges of xy > 0.

3.2. The Modeling Process: Differential Systems. (This section is extracted from Section
1.4 of [1], with a few word changes to reflect the models we have considered.) The essential aspects
of a mathematical model using ordinary differential equations is as follows.

Natural Variables: A natural process is described by a collection of natural variables that de-
pend on a single independent variable. In all our examples, time t is the independent variable.
The natural variables we have considered are (i) amount of money (Example 4), (ii) temperature
(Example 5), (iii) height, velocity, and acceleration (Example 6), (iv) population (Example 10),
and (v) capital and labor (Example 12).

Natural Laws: A natural process evolves in time according to natural lows or principles involving
the natural variables. Sometimes the laws arise empirically (e.g., the acceleration of a following
body in Example 6), and sometimes they arise from some deep scientific theory of the laws of nature.
Sometimes, the evolution is a model that has some of the properties of observed phenomenon (e.g.,
the situation for Economic Growth in Example 12).

Forcing or Driving Terms: In some cases, there are factors in the external environment that af-
fect the rate of change. These can depend of time making the differential equation nonautonomous.
In Example 4, money was added at a constant rate g. In Example 11, the populations is harvested
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at a rate -h. Example 3 has a periodic forcing terms but was not derived by modeling a physical
situation.

Natural Parameters: Natural laws often contain parameters that are constants which someone
must experimentally determine (e.g., the half-life of a radioactive substance or the gravitational
constant.)

4. Exact Equations

In this section, we consider differential equations in a little different form,
(2) M(t,z) + N(t,z) & =0,
where M (t,z) and N(t,z) are functions of both ¢ and x. This differential equation is called ezact
provided that there is a function G(¢,x) such that G(t,x) = M(t,z) and G.(t,x) = N(t,x).
Note that if an equation is exact and a curve r(t) = (¢,2(t)) is on a level set of G, where we
consider x as a function of ¢, then

0= %G(r(t)) Gyt 2) + Galt,2) & = M(ta) + N(t,2) &,

and z(t) is a solution of the differential equation.

Recall from vector calculus that a vector field F is a gradient (conservative), VG = F, if and only
if V. x F = 0. See Theorem 3.5 of Chapter 6 in [4]. In R? with F(¢,z) = M(¢,x)i+ N(¢,)]j, this
condition is Ny(t,z) — M, (t,z) = 0. (In this section we write subscripts for the partial derivatives
with respect to the variable indicated.) This criterion for a gradient vector field calculus gives us
the following theorem.

Theorem 5. Let the function M(t,z), N(t,z), M. (t,z), and M(t,x) be continuous, where the
subscripts denote partial derivatives. Then equation (2) is exact if and only if

(3) M, (t,x) = Ny(t, x)
at all points (t,x).

Besides referring to the theorem on gradient vector fields, we sketch a proof after giving an
example that introduces the way of finding the conserved function G, and so implicit solutions for
exact equations.

Example 13. Consider the scalar differential equation
2t + 2? + 2tz & = 0.

This differential equation is neither linear nor separable, so we check whether it is exact:

E(Qt +2%) =22 = Q(Qtw).

Ox ot
The function G needs to satisfy
oG
E = 2t + x2, SO

G(t,z) :/2t+x2dt + h(z) = > + t2? + h(x),

where h(z) is a function of only z. (The constant of integration is independent of ¢ and only
depends on z.) The partial derivative of G with respect to 2 needs to satisfy

gi =0+ 2tz + h/(x) = 2tx, S0

h'(x) =0,
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and h(x) is a constant. Taking the constant equal to zero, the solutions lie on the level curves of
G(t,z) = t?> + t 2. A solution satisfies tz2(t) = C —t2, or

x@:i¢f—t

Proof of theorem. If the equation is exact and G(t,x) exists with G; = M and G, = N, then
M, = Gt:r = Gzt = Nta

and the terms satisfy equation (3).
If the terms satisfy equation (3), then we imitate the solution method of the example. Let

Gy = M(t,x), S0)
G@@:/M@@ﬁ+m@

To be exact, we need

N(t,z) =G, = /Mw(t,w) dt + b (), SO

M@:N@@—/MﬂwMt

Since the partial derivative of the right hand side with respect to ¢ is zero, 0 = Ny(t,z) — M (t, z),
this equation can be solved for h(z) as a function of = alone. O

Problem 12. Using the theorem, determine whether the following equations are exact. If they are
exact, solve for the function G(¢,z) that is constant along solutions.

a. (3t2 —2tx+2)+ (622 —t*+3)i =0

b. (2t +4z) + (2t — 2z)& =0
c. (at —bx)+ (bt +cx)t =0
d. (at +bx)+ (bt +cx)d =0

e. 2tsin(x) + t2 cos(x) i = 0

f. tz? + (222 +22) 2 =0
4.1. Integrating Factors. For linear equations, we often had to multiply the equation by of
function of ¢ in order the change the problem into one we could solve by integrals. In the same

way, we can sometimes find a function g of x and ¢, called an integrating factor, such that
uwM+ Nz =0 becomes exact.

Example 14. Consider 22 — t?% = 0. This equation is not exact since

0 0
%(1‘2) =2x # -2t = 5(_16 ).

0 0
We want an expression p such that a—(,u 7?) = a(—u t2). If we divide by 222, as we would do
z
using the method of separation of variables, then
0
Oz
Therefore p =t 2272 is an integrating factor, and ¢*2 — 2724 = 0 is exact. Applying the method
as before, we find that G(t,z) =t — 273 is constant along solutions. |

B, 0, .
(73 =0 = o (-a™).
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Even when an integrating factor exists, it is not easy to find. It needs to satisfy
0 0
—(uN)=—(uM
5 (H ) = 5 (M)
pt N + Ny = pe M+ pp My
p (Ny — My) = M piy — N piy.
We often try for a p that is a function of only ¢ or only z.
If p is a function of only ¢, then p, =0 and

ﬁ:Mr_Nt

W N
M, — N,

For this expression to yield of a function of only ¢, the integrand must be independent of =x.
If p is a function of only z, then p; =0 and

Mx:Nt_Mx

I M
M:c - Nt
1 = [ ———— dux.
n(p) / N @
For this expression to yield of a function of only x, the integrand must be independent of ¢.

Example 15. Consider (3t2z+2tx+23)+(t>+22) & = 0. Then M, —N; = (3t>4-2t+322) — (2t) =
3t2 4 322 # 0, so the equation is not exact. If we tried for an integrating factor that is a function
of x alone,

fe  Ny— M,  -(3t%+3z?)

w o M 32z 4 2tx + a3
is not a function of x along, so this is not possible. To see if we can find an integrating factor that
is a function of t alone,

oMM
W N

In(p) = 3t,
p=et.

Thus, we have found an integrating factor and need

Gy = % (12 + 22),

G =t*xe® + L’ + h(t),
Gy =2tz e + 3tz e + 23 + 1/ (t) = ¥ (3t%x + 2tz + 2°) |
B'(t) = 0.

Therefore, G(t,z) = t?z e + Lx3e3 is constant along solutions. [
Problem 13. For the following differential equations, find an integrating factor that is a function
of a single variable.

a. v+ (2t —ze®) =0.
b. (3t?z + 2tx + 2%) + (> + 22) = = 0.
3
c. [4%+%]+{3—§+4x]5c:0.
x x

d. 1+ (L ~sin(z)) & = 0.
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5. Second Order Scalar Equations

This section depends on the solutions of linear systems with constant coefficients and Sections
2.1 — 2.2 from [5] should be covered first. We start by showing how a second order scalar linear
differential equations can be changed into a system of linear differential equations.

Consider

(4) aj+by+cy=0,

where a, b, and c are constants with a # 0. “Solve” means we are looking for a C? function y(t)
which satisfies the above equation. This equation is called second order since it involves derivatives
up to order two. Assume that y(¢) is a solution (4), set x1(t) = y(t), x2(t) = y(t), and consider the
vector x(t) = (z1(t), z2(t))" = (y(t),4(t))*. Then

i) 0 17 [a®

X0 = Lj(t)] B [—2:62 —gmlt ] [ -§ - } L«v(t)} |
since §i(t) = — (%) 9(t) — (Ya) y(t) = — (Ya) 22(t) — (Ya) z1(t). We have shown that if y(t) is a
solution of the equation (4) then x(t) = (x1(t), z2(t))” = (y(t),9(t))" is a solution of the equation

(5) x = Ax,
where
0 1
© A [0
a a

Notice that the characteristic equation of (6) is A2 + g)\ + £ =0 or aA? 4+ bA + ¢ = 0, which has
a simple relationship with the original second order equation (4). Since we have to specify initial
conditions of both z;(t9) and z2(tg) for the linear system x = Ax with A given by (6), we have
to specify initial conditions of both y(tp) = x1(to) and y(t9) = x2(to) for the second order equation
i+ ay + by = 0, i.e., both position and velocity.

The following theorem relates the solutions of the linear system to the solutions of the second
order scalar equation.

Theorem 6. For a # 0, consider the second order differential equation
ayj+by+cy=0.

a. If 11 and ro are (real) distinct roots of the characteristic equation aX?>+bA+c =0, then
et and e™! are two independent solutions of the second order scalar differential equation.

b. If r is a repeated real root of a\®> +bA+c =0, then e and te™ are two independent
solutions of the second order scalar differential equation.

c. If r=p+iw is a complex root (with w # 0 ), then e cos(wt) and e’!sin(wt) are two
real independent solutions.

Proof. (a) By the discussion above, r; and 79 are roots of the characteristic equation for the linear
system. The corresponding eigenvectors are solutions of the homogeneous equation for

F 45
b )
"G Ta T

and so must be (1,7;)7. Thus
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is a solution of the linear system. So,

-t f-eemee( 2 400

. c b.
y=--y—-vy,
a a
and y(t) = €"it is a solution of the second order scalar equation.
We calculate the Wronskian to see whether the solutions are independent:

' } = (ro —r1)e" T £ 0,

rit rot

e
rie’t

e

W(t) == det |: t ’)"267”2

so the solutions are linearly independent by the result for linear systems.
(b) By part (a), e is one solution. In a manner similar to the derivation of variable of param-
eters, we look for a second solution in the form y(t) = u(t) €. Note that

! _rt 1

g=ue"+rue
- N rt ! rt 2 Tt
y=u e +2rue’+riue”’.
Then y(t) is a solution if and only if
0=a [u”ert—i—2ru'ert—|—rzue”] +b (W +rue] +cue
=e" [au” +u'(2ar +b) +u(ar? +br+c)]
=" [au" + 4/ (2ar +b)].

t

Because r is a repeated root, r = “0hg and 2ar 4+ b= 0. Thus, u” =0, v’ = k; (a constant), and

u = k1t + ko. Thus, all the solutions are of the form kge! + kit et. The second solution is te.
The Wronskian is

e'r’t t eTt

re™ (1 +rt)e"

so the solutions are independent.

W(t) = det = (147t —rt)e?t =2t £,

() If r = B+ iw is a complex root, then e+« = ef cos(wt) + i eftsin(wt) is a complex
solution and the real and imaginary parts are real solutions, i.e., e cos(wt) and e’ sin(wt).

The two complex solutions z(t) = e#H @)t and zy(t) = elF—19)t = &8t cos(wt) —i Pt sin(wt) are
independent complex solutions by part (a), and

y1(t) = e’ cos(wt) = $lz(t) + 22(1)] and
ya(t) = Bt sin(wt) = 2% [21(t) — 2z2(t) ] -
It follows that yi(t) and ya(t) are independent solutions. O

Remark. Since an equation of the form (4) can be converted to a system of the type (5) and vice
versa, we do not need to consider equations of type (4) separately: We can use the solutions of
(5) to give solutions (4). However, Theorem 6 shows that it is easier to find roots r and ry of
a2+ b+ c=0 and then two solutions of (4) are e’ for j = 1,2.

Example 16. Consider §j + 3y + 2y = 0. The characteristic equation A% + 3\ 4+ 2 = 0 has roots

A = -1 and -2, so two independent solutions are et and e 2.
Example 17. Consider 44744y = 0. The characteristic equation A2 4+4\+4 = 0 has a repeated
roots A = -2, -2. By the theorem, two independent solutions are e 2! and te %t

Example 18. Consider § + 9y = 0. The characteristic equation A2 +9 = 0 has complex roots
A = £34, and complex solutions are e™" = cos(3t) & i sin(3t). Taking the real and imaginary
parts, cos(3t) and sin(3t) are two real solutions.
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Problem 14. Consider the second order scalar differential equation 4 — 5y + 4y = 0, with initial
conditions y(0) = 3, y(0) = 6.

a. Write down the corresponding 2 x 2 linear system and solve it for the general vector solution
and the solution with the given initial conditions. Use this vector solution to get the general
scalar solution for second order scalar differential equation and the solution with the given
initial conditions.

b. Solve the second order scalar differential equation by a second direct way as follows: One
solutions is y;(t) = €'. Find a second independent solution by looking for a solution of
the form ya(t) = w(t) y1(t). Find a second order differential equation that wu(t) satisfies
by taking the derivatives of u(t)y;(t) and substitute them into the original second order
differential equation. Find the general form of u(t) by solving this diffential equation.
What is the second independent solution?

Problem 15. Consider the second order scalar differential equation ¢ — 2y +y = 0.

a. Write down the corresponding 2 x 2 linear system and solve it for the general vector solution.
Use this general vector solution to get the general scalar solution for the second order scalar
differential equation. Note that two solutions of the scalar equation are of the form e and
te™ for the correct choice of 7.

b. Solve the second order scalar differential equation by a second direct way as follows: One
solutions is y;(t) = e'. Find a second independent solution by looking for a solution of
the form y2(t) = w(t) y1(t). Find a second order differential equation that wu(t) satisfies
by taking the derivatives of u(t)y;(t) and substitute them into the original second order
differential equation. Find the general form of u(t) by solving this diffential equation.
What is the second independent solution?

c. Find a solution of the scalar equation which satisfies the initial conditions y(0) = 2, y(0) =
5.

Problem 16. Consider the differential equation 4 — 4y + 25y = 0. Find two real solutions by
looking for solutions of the form e"'. Hint: For r = a+1ib complex, what are the real and imaginary
parts of e®+t? Do not write down the corresponding linear system.

Problem 17. Consider the 2 x 2 linear systems x = Jx where

0 1
ER

. Write down the corresponding second order equation.

Find the solutions of the second order equation directly as in problem 16.

c. Compare the solutions of part (b) with the first coordinates of the solutions found using
the exponential given in Example 2.3 in [5].

d. Find the solution of the second order scalar equation that satisfies the initial conditions

y(0) =2, and y(0) = -1.

o p

Problem 18. Consider a mass m that is connected to a spring that has a restoring force propor-

tional to the displacement from equilibrium m# = -k, with k, m > 0. Let w = K. If friction
is added that is proportional to the velocity but with a force in the opposite direction, then the
equations become m# = -ct — kx with ¢ > 0, or

mx+ct+kx=0.

a. For ¢ =0 and k, m > 0 find the general solution. What is the period before the motion
come back to the original position and velocity?

b. What is the form of the solution for (i) 0 < ¢ < 2vEkm, (ii) ¢ = 2VEkm, and ¢ > 2vkm?
Descibe the manner in which solutions converge toward the equilibrium with * = 0 = z.
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5.1. Nonhomogeneous Second Order Scalar Equations. The material depends on Section
2.3 in [5]. Consider the following nonhomogeneous second order scalar differential equation

(7) j+by+cy=f)
and the corresponding nonhomogeneous linear system
.yl 0 1 & 0
® ==L )]

For two independent solutions y(t) and y2(t), a fundamental matrix solutions is
Mo =[5 3]
with Wronskian
W (t) = det(M(t)) = y1(t) g2(t) — y2(t) 91 (t)
and inverse

L g -y
M) = W(t) [-zh Y1 ] '

By variation of parameters for linear systems (Theorem 2.7 in [5]),

x(t) = M(H)M(0) "0 + M(t) /OtM(s)'l[ 0 } dt

f(s)
— M(1)M(0) x0 + M(1) /0 Wl(s) [ Ziﬁiiﬁi” s

The first coordinate of the integral terms gives a particular scalar equation for the nonhomogeneous
equation,

yp(t) = —yl(t)/0 3/2(;/)(';@ ds+y2(t)/0 W ds.

Example 19. If two solutions are y;(t) = e’ and y»(t) = e#?, then

6)\5 eHs
Nels Me,us

t s t As
[t e (s w1 )
R e LR v

= [Ml)\} /t [e“te'“s - e)‘te')‘s] f(s) ds.
- 0

Example 20. Consider

W (s) = det [ ] = (pn— \) eP T and

Lj+ty+ (2 — 1) y=t"12sin(t),
which has y1(t) = t"1/2 cos(t) and y(t) = t™'/?sin(t) as solutions of the homogeneous equation.
The Wronskian is
t71/2 cos(t) t~1/2 sin(t)
sin(t) — %t'3/2 cos(t) t /2 cos(t) — %t'3/2 sin(t)
=t""cos®(t) — 5t cos(t) sin(t) + ¢! sin®(¢) + 572 cos(t) sin(t)

=t L

W(t) = det —t_1/2
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If we write yp(t) = y1(t) w1 (t) + y2(t) uz(t), then

u(t) = /Ot —112(;/)(‘;@ ds = /Ot -5 {5'1/2 sin(s)} [5_1/2 sin(s)] ds

t
:/ - sin?(s) ds
0

= -1t + $sin(t) cos(t).
Also,

Il
n
=
=

—
Va)
~—
(@]
o
n
—
Va)
~—

U
Va)

Therefore the general solution is

ert™ V2 cos(t) + eot™ 2 sin(t) — %tl/z cos(t) + %t“l/Q sin(t) cos?(t) + %t“l/Q sin®(t). n
5.2. Undetermined Coefficients or Judicious Guessing. Because the variation of parameters
equation is so involved, it is often easier to guess a solution related to the time dependent forcing
term.

Example 21. Consider
i — 1 — 2y = 26"

The characteristic equation is 0 = A2—=A—2 = (A—2)(A+1). Thus two solutions of the homogeneous
equation are e* and e’!. Therefore, the forcing term 2e’ is not a solution of the homogeneous
equations. Therefore, we guess a solution of the form y,(t) = Ae' with an unspecified coefficient
A. Taking the derivatives y, =y, =y = Ae' and substituting into the differential equation, we

need

Aet —Aet —2 A6t =26, SO

-2A =2, or
A=-1.
Thus a particular solution is -e! and the general solution is -e + c1e? + coe™. [

Example 22. Consider
j—y—2y=2""
In this case, 2e”! is a solution of the homogeneous equation so Ae™! cannot be used to find a
solution of the nonhomogeneous equation. So we try y,(t) = Ate™'. Then g,(t) = Ae™" — Ate™"
and §j,(t) = -2Ae™" + Ate™". Thus we need
2et=A [—26_t +1 e_t] —A [e_t — te_t] —2Ate
=-3Aet,
2

A=--.
3

The general solution is —% te t 4+ cre 4 coet. |
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The following chart indicates what is a good guess for different forms of f(¢) in the equation
J+ay+by=f(t).

f(t) f(t) is not a solution of H f(t) is a solution of H
et Aet Atert or At?ert

ap + ait + - + ant™ Ao+ Art + -+ Apt"

(ap +art + -+ apt™)e™ | (Ag+ Ayt + -+ Apt™)e™

sin(wt) or cos(wt) Asin(wt) 4+ B cos(wt) At sin(wt) + Bt cos(wt)
(ap + a1t) sin(wt) (Ao + Aqt) sin(wt) + (Bo + Bit) cos(wt)

(bo + b1t) cos(wt) (Ao + Aqt) sin(wt) + (Bo + Bit) cos(wt)

Example 23. Consider jj — ¢ — 2y = t + t2.
yp(t) = Ao + Art + Agt?
Up(t) = Ay + 249t
Up(t) = 2As,
t+ 12 = (245 — A] — 2Ag) + t(-245 — 2A1) + t3(-24,).

We need
0=245 — A1 — 24
1=-24,—-24,
1=-2A4,.

The solution is Az = “1, A; =0, and Ay = ~12. A particular solution is y,(t) = —% 2 — % [

Example 24 (Periodically Forced Oscillator). Consider my + ky = Fy cos(wt). Let wp =
\/k/Tn be the frequency of the homogeneous equation. Assume that w # wy, so mw? — k # 0.
yp(t) = A cos(wt) + B sin(wt)
Up(t) = -Aw sin(wt) + Bw cos(wt)
iip(t) = -Aw? cos(wt) — Bw? sin(wt),
Fy cos(wt) = cos(wt) [—Amw2 + kA] + sin(wt) [—Bmw2 + kB] .

So, B=0 and Fy = A(k — mw?) = Am (w} — w?) or A = o/ (w2 —w?). Thus, a particular
solution is
Fo

W COS(C() t)

Yp(t) =
with period of the forcing term 27/,. The general solution is obtained by adding the general solution
of the homogeneous equation, ¢; cos(wot) + c2 sin(wot) + yp(t).

The general solution of the homogeneous equation can be rewritten as

R cos (wo(t —9)),

where R = \/c? + c2, ¢; = Rcos(wod), and ca = Rsin(wpd). The parameter R is the amplitude of
the homogeneous solution; the quantity J is the time at which the the solution of the homogeneous
equation reaches its maximum. If R # 0 (i.e., (¢1,c2) # (0,0) ), then the solution is a combination
of solutions with periods 27/, and 27/,,. If 9/, is irrational, then the solution is not periodic.

w ?
However, if — = - (where i and j have no common factors), then the solution is T-periodic
wo J
27 27
where T=j5.- — =¢- —.
wo w
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If y(0) =0=y(0), then co =0 and ¢; = -4, so

y(t) = m(w?o—uﬂ) [cos(wt) — cos(wpt)]
= m(ngF—OwQ) sin (%(wo - w)t) sin (%(wo + w)t) _

If |wp —w| is small, then wy+w >> |wy —w| and the term sin (4 (wp + w)t) oscillates much more

rapidly than sin (4(wo —w)t). Thus, the motion is a rapidly oscillation by sin (& (wp + w)t) with
Fo

m (w3 — w?)

1

a variable amplitude sin (§(w0 — w)t). See Figure 6.

If the initial condition is not (y(0),y(0)) # (0,0), then the envelop does not pinch to zero. See
Figure 7. |

IN )

2F,

FIGURE 6. Example 24: Plot of solution and envelop =+ 5 5
m (w§ — w?)

.}J

7,

FIGURE 7. Example 24: Plot of solution with y(0) = 0.25 and y(0) =0

sin (% (wop — w)t).

Example 25. Consider the periodically force oscillator with damping
my+2myy+ ky = Fy cos(wt).

The characteristic equation for the homogeneous equation is m A% 4+ 2m~y A + k, which has roots

k
-y £i+/wi —~? where wy be the frequency of the undamped homogeneous equation, wg = —.
m
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We assume that v is small enough so that w? —~? > 0, and set 3 = \/wg —v2 so the general
solution of the homogeneous equation is

c1e M cos(Bt) + cae M sin(Bt).
Since this solution of the homogeneous equation goes to zero as t goes to infinity, any solution of
the nonhomogeneous equation converges to the particular solution y,(t) of the nonhomogeneous
equation, which we call the steady-state solution.

A particular solution y,(t) of the nonhomogeneous equation is of the form A cos(wt)+B sin(wt).
Differentiating and substituting into the equation, we need

Fy cos(wt) = cos(wt) [—Amw2 + B2mryw + Ak + sin(wt) [—Bmw2 — A2myw + BE] .
The undetermined coefficients need so solve

% (wg - wQ) A+ (2yvw)B and
0= (-2yw)A+ (w% - w2) B.

Letting A = (w@ — w?)? + 4722

-

|
3=

&
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Thus, a particular solution is

This solution can also be written as
yp(t) = R cos(w(t —0)) where

Fg 2 2)2 2,2 o
= apr (W -2+ %) = 20,
1 F 2,2 2,2
cos(wd) = = O(Qi?lAw ) = wo\/zw and
. 1 Fo2vw  2qw
sm(wd)zﬁ A :ﬁ, or
2yw
t 0) = ———.
an(w?) N

The ratio #/g, is the factor by which the amplitude of the forcing term is scaled in the steady-state

solution. The quantity J is the time shift that the maximum is shifted from the forcing term to

0 0
the steady-state solution. The period T of the forcing satisfies w1 = 2m, so T = U;— is the
T

)
fraction of the period of the time shift, and wd = 27 <T> is the fraction of 27 and is called the

phase shift.

Ifm=k=1, 2y =0.125, Fy = 3, and w = 0.3, then R = 3.27 is greater than the forcing
amplitude 3. Figure 8 shows the plot of the solution with y(0) = 2 and y(0) = 0 together with
the dashed plot of the forcing term. Notice that after the transient terms diminish, the solution
has the same period as the forcing term with slightly larger amplitude and small phase shift.
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F1cURE 8. Damped forced oscillator and forcing term

For all the parameters fixed except for the forcing frequency w, the amplitude of the response
R is largest when A is smallest, so when
2

Wl = Wi — 247 if 292 < wi.
The maximum response amplitude is

Fy

2m'y\/w(2] — 2 -

Problem 19. Consider the resonance case where the forcing has the same frequency as the natural

Rmax -

oscillation, m i + kx = Fy cos(wp) where wg = 1/*/m.

a. Find the general solution.
b. What happens to the solution as t goes to infinity?

Problem 20. In each of the following nonhomogeneous second order scalar equations, find the
general solution.

a. §j— 2y — 3y = 3e?.

b. § — 2y — 3y = 3te?.

c. 2ijj+3y+y=t>+3sin(t).

d. §—2y+y=>be.
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