THE SUBHARMONIC MELNIKOV METHOD

CLARK ROBINSON

We consider a Hamiltonian system with two degrees of freedom which completely decouples
for e = 0. Therefore we assume there is a Hamiltonian

He(Zl,Zg) = Fl(Zl) + FQ(ZQ) + €H1(Z1,Z2) + 0(62).

We also write Hy(z1,22) = Fi(z1)+ F2(2z2). This induces a system of Hamiltonian differential
equations which we write as

(%) (?1) = X(21,22) = X(21,25) + €Y (21, 2) + O(2).

Zy

Xi(z1)

X2(Z2)

subequations, z; = X;(z1) and zy = X3(zy). We write ¢(t,z,€) for the flow for X¢ with
d

¢(0,2,€) = z and %¢(t, z,6) = X0 d(t,z,€).

We assume further that the unperturbed system for ¢ = 0 has the following properties:

For ¢ = 0, we write X(z1,22) = so the differential equations divide into two

Al The subsystem z; = X;(z;) has a fixed point at z;, and a homoclinic orbit to z
enclosing a region filled with periodic orbits of the unperturbed system. Let »; be a
single transversal for the subsystem z; = X;(z;). For the subsystem z; = X;(z;), let
z!/(t) be the family of periodic orbits with z{'(0) € 3.

A2 The subsystem z; = X»(2z,) has a region filled with periodic orbits. Let 23 (¢, ty) be this
family of periodic orbits F; with two parameters: the parameter A varies the orbit and
25(t, tg) = 25(t + o, 0) so ty indicates the phase of the periodic orbit.

Let

Because the system decouples for € = 0, the function z(0; u, A, tg) makes (u, A, to) into coor-
dinates on Xy, i.e., z(0; i, A, tp) uniquely determines a point on X;.

In the situation for the usual Melnikov function for a homoclinic orbit, the transverse
homoclinic orbit of the purturbation must lie on the perturbed stable and unstable mani-
folds; this determines one dimension in the phase space. In the current situation, we must
determine the points which persist in a resonance between the two oscillation. To define a
function which give this resonance, we first define the return times of the Poincaré maps.
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Using the transversal 3y, let 71(z1) be the return times of the Poincaré map for the periodic
orbits for the subsystem z; = X;(z;). For € # 0, ¥; can be considered a transversal for the
full system by letting the zy be arbitrary. Using this extended transversal 3y, let 71(z1, zo, €)
be the return times of the Poincaré map for ¥ for the full system z = X<(z). Notice that
for e = 0, 7y can be defined for all points, but that 7 is only defined on ¥; for nonzero e.

For the subsystem z, = X5 (z2), take a family of transversals, X9 ,,: if the system is written
in action angle coordinates (I,6) then the transversals can be taken to be § = 6,. Again
Y54, can be considered a family of transversals in the full system. Let 72(z1,22,€) be the
return times of the Poincaré map for ¥, ,, with initial conditions (z1, z).

We are interested in finding periodic orbits which are close to unperturbed orbits which
are in resonance between the two subsystems. Let (m,n) be a fixed set of positive integers.
For points on ¥, we consider the difference of the multiples of the periods,

U™ (2, 29, €) = n11(2Z1, Z2, €) — MTo(21, Zo, €).

Zeroes of ™" correspond to points where the return times are in a m to n resonance. The
orbits which are in resonace are isolated; to this end we need to assume that the periods
vary within the energy surface, i.e., that the gradent of Hy and ™" are independent.

A3 Let (uo, Ao) = (u(m,n, hg), A\(m,n, hy)) be parameters of the two families of orbits for
e = 0 for which W™"(z(0; po, Mo, to)) = 0 and Ho(z(0; o, Ao, to)) = ho. (Note that both
U™ and Hy are independent of ty.) Assume that the gradients of Hy and ™", as
functions on ¥; are independent at z(0; p19, Ao, fo). In terms of the parameterization
2(0; i1, \, to), this assumption can be expressed as follows. Since the orbits 25 (¢,ty) are
periodic, the gradient of F; is nonzero and we can solve for A\ = A(p, hg) such that

Hy 0 2(0; 1, M1, ho), to) = Fy 0 24(0)) + Fy 0 25(0, to) = ho.

Using this notation, the independence of the gradients can be expressed by

a mmn( g5
ap " (@051 My, ho), 10), ), # 0.

Notice that ;N {t, = 0} is two dimensional, and H; *(ho)N¥X1N{te = 0} is one dimensional
with a point determined by the parameter p. Since

O g (a(0; 1, A ho), 0),0)|, #0,

o

Ho

the set of solutions p(m,n, hg) and A(m, n, hg) = A(u(m,n, ho), ho) is a set of locally isolated
parameters.

Next we want to define the subharmonic Melnikov function which can be used to determine
a value of ¢y for which the resonance persists for € # 0. For z € ¥, let

G™"™(z,¢) = Fy o ¢(nm(z,€),2,€) — Fy(z).
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(It works just as well to use time mmy(z, €) instead of n7(z,¢€).) For ¢ = 0, G™"(z,0) = 0,
SO we can write

Gz, €) = eG™"(z, €).

Using these choice of parameters, define the subharmonic Melnikov function as follows:

9 - A m,n (s
Mm?n(t(b ho) = &Gm?n(z(o;um A07150)76)’5:0 =G"™ (Z(O;/,Lo, )‘07t0)70)‘

where pg = p(m,n, hg) and A\g = A\(m, n, hg) are the parameters of the two families of orbits
for € = 0 given above.

There are two main theorem. The first theorem relates nondegenerate zeroes of M™"(to, hg)
with periodic orbits. The second theorem relates M™" (o, hy) to an integral.

Theorem 1. Make assumptions (A1-A3) and define M™" as above. Assume there is a

oM™
(ts, hy) such that M™"(t5, hs) = 0 and T(tf{;,hg) # 0. Then there exists a positive

0
number ey(m,n,hi) > 0 such that for |e| < ey(m,n,hi), the perturbed system (%) has a
periodic orbit with period approximately

nr (2577 19(0),0) = mry (25" "(0, £5), 0)

with initial conditions close to z(0; p(m,n, hi), X(m, n, h§),t5) and which stays within O(e)

of
2(t; (m, n, hg), A(m, n, hg), t5)
for all time.

Theorem 2. Using these choice of parameters, the subharmonic Melnikov function is given
by the following integral:

nT
M™"(to, ho) :/ (DFL-Y ) a0 rontz) At
0

where Ho = IU/(ma n, h0)7 )\0 = )‘(ma n, h0)7 and nTy =nmn (illm (O))
Proof of Theorem 1. We consider the function ©@™" : ¥; x [—1,1] — R3 given by

H(z)
™" (z,€) = | ¥™"(z,¢)
G™"(z,¢€)
The function z(0; i, A, to) = (21(0), 25(0,9)), induces the coordinates (u, A, tg) on ;. Let

(/‘sz]v )\8) - (/‘L(mv nu h8)7 A(m’ n) hé))
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Since G™™(z(0; ug, AS, to), 0) = M™"(ty, hS), the derivative of ©™™(z(0; i, A, to), €) with re-
spect to (u, A\, tp) fort =0, e =0, p = pg, A=A, and ¢ty = t§ is

D(uxt0) (©™" 0 Z) (03115.75.83.0)
O(Hyoz)  O(Hyoz)

0
o O\
o™ oz) O(U™" o 2z) 0
B ) o\
s oM™
* *

Ot/ (0 2=, 5,0)
Because (i) the gradients of Hy and W™ are independent and (ii)

aMm,Tl

Tto(to’ hg) # 0,

this matrix is nonsingular. By the Implicit Function Theorem, the variables u, A, and ty can
be solved for in terms of €, (u(€), A(€), to(€)), such that

ho
0
0

Let z*(€) = z(0; u(e), A(€), to(€)). Because ™" (z*(€),€) = 0, ni(z*(€), €) = mmy(z*(€), €),
and z*(e) and ¢(n7i(z*(€),€),2*(€),€) are both points in the same X ,«(. (This means
they have the same t; coordinate.) Also, they are both points in ¥; by the definition
of 7. Because G™"(z*(¢),e) = eG™"(z*(¢),€) = 0, F; has the same value at z*(e) and
o(nti(z*(€),€),z*(€),€). Because H¢ is preserved, its value is the same at these two points.
Because Hj and [} are independent, for small €, H¢ and F} are independent on ¥; N Xy 5« (¢
and it follows that

®m7n((ﬂ(€)v )‘(6)7 to(e)’ 6)

¢(nmi(2"(€), €),27(¢), €) = z"(¢)

and z*(€) is a periodic orbit for X¢ with period nri(z*(€), €). (Notice that F} is independent
from H¢ on a fixed ¥; N ¥y ,+() which is two dimensional.) Because all the variables are
determined by the Implicit Function Theorem, the period, the initial conditions, and the

orbits are within O(e) for all time. O
Proof of Theorem 2. We consider
d o 0 d
%&Fl (e} ¢(t, Z, 6)’620 = &%Fl (@) ¢(t, z, 6)‘620
0
= DIDF (X 4 ooy

0
= [DFl : Y]¢>(t,z,0) + &[DFI ’ X]d)(tyzye)l
=[DFy - Y]g(t,2,0)-

e=0
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The last equality follows because [DF; - X], = 0 at all points z. Letting
Zim.n = 2(0; u(m,n, ho), A(pu(m, n, hg)), to)
and integrating from ¢ = 0 to n7y = N7y (2., 0) we get

0 0

M™"(ty, ho) = o Fy o ¢(nT1, Zon s €)| _y — aF1 (Zonn)| =0
nrti d a
\/0 %aFl o¢(tazm,n7€>‘ Odt

nTy
= /0' [DFl . Y]i(t;u(m,n,ho),)\(m,n,ho),to) dt.

This gives the desired result. O
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