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Proof. If SU{v} is linearly dependent, then there are vectors uy, us, ..., Uy,
in SU{v} such that aruy + agug + - - - + a1, = & for some nonzero scalars
a1,a2,...,6,. Decause S is linearly independent, one of the w;’s, say ui,
equals v. Thus a1v + aata + -+ + apty, = 0, and so

v = awpﬁlpuﬁw — = apuy) = —(ag tan)us — - — (0] an ) n-
Since v is a linear combination of us,. .., u,, which are in S, we have v €
span(S).

Conversely, let v € span(%). Then there exist vectors vy,vs,...,0, in §
and scalars by, ba, ..., by, such that v = bjvy + byve + - - - + by U . Hence

0 =biv +bava+ -+ by + A\CQ.

Since v #w; for i = 1,2, ..., m, the coefficient of ¥ in this linear combination
is nonzero, and so the set {vy,va,...,Vm, v} is linearly dependent. Therefore
Su{v} is linearly dependent by Theorem 1.6. [ |

Linearly independent generating sets are investigated in detail in Sec-
tion 1.6.

EXERCISES

1. Label the following statements as true or false.

(a) If §is a linearly dependent set, then each vector in § is a linear
- combination of other vectors in S.

(b) Any set containing the zero vector is linearly dependent.

(c) The empty set is lingarly dependent.

{d) Subsets of linearly dependent sets are linearly dependent.

(e) Subsets of linearly independent sets are linearly independent.

(f} If ayzi +o22a + -« + apxn, = 0 and z1,%9,...,%, are linearly

independent, then all the scalars a; are zero.

2.3 Determine whether the following sets are linearly dependent or linearly
independent.

@ (27907 e
o {(1 (3 DYwstn

(¢) {o°+ 2% —2? + 32 +1,2°% — 22 + 22 — 1} in P3(R)

4The computations in Exercise 2(g), (b), (i), and (j) are tedious unless technology is
used.
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(d) ?\.m —z,22% +4, -22% + 322 + 2z + 6} in P3(R)
(&) {(L-12)(L—2,1),(1,1,4)} in R
ﬁ.v .2?|H,Muvmwvcu”_.vuAYH_N“\HVHT n mw

(00 D0 0.(3 D) mmen
Qw WVQ [UA@ @@ vaszmxw@

(i) {z* - 2%+ 5z% -8z +6,—z* + 23 — 527 + 5r -3,

24322 32 +5,224 + 32 +42° —z 4+ 1,2° —z + 2} in P4(R)
Gy {z* 2%+ 52? —82+6,—z* + 23 —52? + 52— 3,
zt 4+ 32% — 32+ 5, 22* + 2% + 42% + 8z} in Pa(R)

S
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e

In Mz a{F"), prove that the set

1 1\ /0 0\ /0 0\ /1 0\ /0 1
o ob,[1 1},fo o],{1 o},|0 1
o o/ \o o/ \1 1/ \1 of \o 1

is linearly dependent.

4.] In F7, let e; denote the vector whose jth coordinate is 1 and whose other
coordinates are 0. Prove that {e;, ea,. .., en} is linearly independent.

w m.w Show that the set {1,z,z2,...,2"} is linearly independent in P, (F").

@ In Mo xn(F), let E* denote the matrix whose only nonzero entry is 1 in
the #th row and jth column. Prove that {E¥:1<i<m, 1 <j < n}
is linearly independent.

7. Recall from Example 3 in Section 1.3 that the set of diagonal matrices in
Max2(F) is a subspace. Find a linearly independent set that generates
this subspace.

d 8. Let § = {(1,1,0),(1,0,1),(0,1,1)} be a subset of the vector space F°.

(a) Prove that if ' = R, then § is linearly independent.
(b) Prove that if F has characteristic 2, then S is linearly dependent.

9.7 Let u and v be distinct vectors in a vector space V. Show that {u,v} is
linearly dependent if and only if « or v is a multiple of the other.

10. Give an example of three linearly dependent vectors in R?® such that
none of the three is a multiple of another.
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_ HH.l Let S == {u1,uz,...,un} be a linearly independent subset of a vector
space V over the field Z,. How many vectors are there in span(5)?
Justify your answer.

12. Prove Theorem 1.6 and its corollary.

13. Let V be a vector space over a field of characteristic not equal to two.

(a) Let w and v be distinct vectors in V. Prove that {u, v} is linearly
independent if and only if {u - v, u — v} is linearly independent.

(b) Lét u, v, and w be distinct vectors in V. Prove that {u,v,w} is
linearly independent if and only if {«+ v, u+w,v+w} is linearly
independent.

14, Prove that a set & iz linearly dependent if and only if S = {0} or
there exist distinct vectors v, uy, ug, ..., un N S such that v is a linear
combination of u;,us, ..., ty.

15, Let 8§ = {uy,us,...,u,} be a finite set of vectors. Prove that S is
linearly dependent if and only if u; = 0 or ugy1 € span({u;,us, ..., ug})
for some k (1 <k < n).

16. Prove that a set S of vectors is linearly independent if and only if each
finite subset of 5 is linearky independent.

17. Let M be a square upper triangular matrix {as defined in Exercise 12
of Section 1.3) with nonzero diagonal entries. Prove that the columns
of M are linearly independent.

18. Let S be a set of nonzero polynomials in P(F) such that no two have
the same degree. Prove that 5 is linearly independent.

19. Prove that i {A;, As,..., Ax} 8 a linearly independent subset of
Mpxn({F), then {A}, A5, ..., AL} is also linearly independent.

20. Let f,g,€ F(R, R) be the functions defined by f(¢) = €™ and g(t) = e*,
where v # s. Prove that f and g are linearly independent in F(R, R).

1.6 BASES AND DIMENSION

We saw in Section L.h that if S is a generating set for a subspace W and
no proper subset of S is a generating set for W, then S rmust be linearly
independent. A linearly independent generating sef for W possesses a very
useful praperty—every vector in W can be expressed in one and only one way
as a linear combination of the vectors in the set. (This property is proved
below in Theorem 1.8.) Tt is this property that makes linearly independent
generating sets the building blocks of vector spaces.
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Definition. A basis g for a vector space V is a linearly independent
subset of V that generates V. If 3 is a basis for V, we also say that the
vectors of 3 form a basis for V.

Example 1

Recalling that span(@) = {0} and @ is linearly independent, we see that &
is a basis for the zero vector space. ¢

Example 2

In F7, let er = {1,0,0,...,0),es = (0,1,0,-..,0),...,e, = (0,0,...,0,1);
{e1,€2,...,€,} is readily seen to be a basis for F™ and is called the standard

basis for F*.

Example 3

In My, yn(F), let E% denote the matrix whose only nonzero entry is a 1 in
_the ith row and jth column. Then {E¥:1<i<m,1 < j < n}is a basis for
Mmxrn(F).  ®

- Example 4

In P,,(F) the set {1,z,22%,...,2™} is a basis. We call this basis the standard
basis for P, (F). &

Example 5
In P(F) the set {1,z,2%,...} is a basis. ¢

Ohserve that Example 5 shows that a basis need not be finite. In fact,
later in this section it is showsn thai no basis for P(I") can be finite. Hence
not every vector space has a finite basis.

The next theorem, which is used frequently in Chapter 2, establishes the
most significant property of a basis.

Theorem 1.8. Let V be a vector space and 3 = {uj,u2,...,un} be a
subset of V. Then {3 is a basis for V if and only if each v € V can be uniquely
expressed as a linear combination of vectors of 3, that is, can be expressed in
 the form

V= aquy + dotig o dptin
for unique scalars ay,az,.. ., Gg-

Proof. Let § be a basis for V. If v € V, then v & span{3) because
span(#) = V. Thus v is a linear combination of the vectors of 5. Suppose
that

v=aqu + asus -+ apu, and v =biuy + boug + - 4 baity,
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(e) If a vector space has a finite basis, then the number of vectors in
every basis is the same.

(f) The dimension of P,,(F) is n.

(g) The dimension of My, x,{(F) is m + 7.

(h) Suppose that V is a finite-dimensional vector space, that 5 is a

linearly independent subset of V, and that Sy is a subset of V that
generates V. Then S1 cannot contain more vectors than Ss.

(i) If S generates the vector space V, then every vector in V can. be
written as a linear combination of vectors in S in only one way.

(j) Every subspace of a finite-dimensional space is finite-dimensional.

(k) 1f V is a vector space having dimension n, then V has exactly one
subspace with dimension 0 and exactly one subspace with dimen-
sion 7.

(1) If V is a vector space having dimension n, and if S is a subsei of
V with n vectors, then S is linearly independent if and only if S
spans V.

Determine which of the following sets are bases for R3.

Am.v J_HAHUDQ|“_.YANU,?HV“A©“ .l#“wuw

(b) {(2,~41),(0.3, 1), (6,0,-1)}

AOV Aﬁwuwu|qumr©uwuuﬁw“_¢5w

Tu—v A:IH“wUHVUAMu|P 1@vvﬂiwum_wvw

Amv AAHuiwq|mu,A.\wuwuwvuﬁlm,.lu,ouﬁwvw

Determine which of the following sets are bases for P3(R).

(a) {-1-z+22%2+z—2%1— 2z +42%}

(b) {1+2z+2% 3+ +a?}

(c) ﬁ\wa|waw“!w+walaw,w\a+mamw

(d) {—1+2z 42234z — 1022, -2 — 5z — 62}
(e} {1+2z2%4—2z+a°,-1+18z —9z%}

Do the polynomials @3 — 222 41,422 — z+3, and 3z — 2 generate Ps(R)?
Justify your answer.

Is {(1,4,—6),(1,5,8),(2,1,1),(0,1,0)} a linearly independent subset of
R3? Justify your answer. .

Give three different bases for F? and for Mayo{F).
The vectors uq = (2, -3,1), ug = (1, 4,-2), ug = {—8,12, —4), g =

(1,37, —17), and ug = (—3, —5, 8) generate R®. Find a subset of the set
{u1; 12, Uz, U4, us} that is a basis for R3.
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8.

10.

11.

12.

14.

Let W denote the subspace of R® consisting of all the vectors having
coordinates that sum to zero. The vectors

uy = (2,-3,4,—5,2), us=(—6,9,—12,15,-6),
Uz = Amu‘wﬁ.ﬂu |©u Mvv Uy = Awu[mgwuimumuu
Ug = ﬁlﬁﬁwu“_.u]wvu ug = A.th“Iqu@va,
Uy = A”_.“Dulmuwn ]wvu Ug = AMU.IHUHuul@_ .J
generate W. Find a subset of the set {u1, u», . .. uﬁmw that is a basis for

W.

The vectors uy; = (1,1,1,1), we = (0,1,1,1), ug = (0,0,1,1), and
ug = (0,0,0,1) form a basis for F*. Find the unique representation
of an arbitrary vector (a1, as,as,as) in F* as a linear combination of
w1, Ua, Uy, and wuy.

In each part, use the Lagrange interpolation formula to construct the
polynomial of smallest degree whose graph contains the following points.

Am.v ﬁlmn lmvu AIH, mv_ m__; wv

AVU m‘hu w#vu AH“ @vv qu WV

AOV m,lmkuu A\Hv\ﬁvv AMUOY ﬁm:lwv
Aﬁ: A\w“ \wOvu mrEM.. .3, ADU Hmvu ﬁ.u “_._Ou

Let u and v be distinct vectors of a vector space V. Show that if {u, v}
is & basis for V and a and b are nonzero scalars, then both {u + v, ou}
and {au,bv} are also bases for V.

Let u, v, and w be distinct vectors of a vector space V. Show that if
{u, v, w} is a basis for V, then {u+v+w,v+w,w} is also a basis for V.

The set of solutions to the system of linear equations

HHQwHMATHwHO
MHHIWleT.H.wH@

is a subspace of R®. Find a basis for this mc@mv@om.
Find bases for the following m:.vm@mmmm of F?:
Wi = {{a1, a9, 03,04, 05) € F5:a; —as —aq = 0}
and |
Wy = {(a1, a2, 03, a4, a5) € Fo: a2 = a3 = a4 and a; +as = 0}

What are the dimensions of Wy and W37



56

15.

i6.

17.

18.

19.

IE2]

21.

22.

23.

24.

25.
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The set of all n x n matrices having trace equal to zero is a subspace W
of Mpxn(F) (see Example 4 of Section 1.3). Find a basis for W. What
is the dimension of W7

The set of all upper triangular n x n matrices is a subspace W of
My, xr (F) (see Exercise 12 of Section 1.3). Find a basis for W. What is
the dimension of W?

The set of all skew-symmetric n x n matrices is a subspace W of
Muxn(F) (see Exercise 28 of Section 1.3). Find a basis for W. What is
the dimension of W?

Find a basis for the vector space in Example 5 of Section 1.2. Justify
FOulr answer.

Complete the proof of Theorem 1.8.

Let V be a vector space having dimension n, and let S be a subset of V
that generates V. ,

(a) Prove that there is a subset of S that is a basis for V. (Be careful
not to assume that 9 is finite.)
(b} Prove that S contains at least n vectors.

Prove that a vector space is infinite-dimensional if and only if it contains
an infinite linearly independent subset.

Let W, and W, be subspaces of a finite-dimensional vector space V.
Determine necessary and sufficient conditions on Wy and Wy so that
Qwaméu n <<wv — &waﬁ‘({_pv

Let w,vs,...,vs, v be vectors in a vector space V, and define Wy =
span({vy,va, ..., vs}), and Wy = span({vi, va, ..., Uk, v} ).

(a) Find necessary and sufficient conditions on v such that dim(W;) =
(b) State and prove a relationship invoiving dim(W,;) and dim(W3) in

the case that dim(W;)} # dim(Ws).

Let f(2) be a polynomial of degree n in P,(R). Prove that for any
g(z) € P, (R) there exist scalazs g, c1,...,¢, such that

g(@) = cof (@) + 2 J' () + eaf (@) -+ en f (@),
where f(*{x} denotes the nth derivative of f(z).

Let V, W, and Z be as in Exercise 21 of Section 1.2. If V and W are
vector spaces over F' of dimensions m and n, determine the dimension
of Z.
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Tm

27.

28

For a fixed @ € R, determine the dimension of the subspace of P,,(R) -
defined by {f € P,(R): f{a) = 0}.

Let W, and W, be the subspaces of P{F) defined in Exercise 25 in
Section 1.3. Determine the dimensions of the subspaces Wi N Pr(F)
and Wy M P, (F).

Let V be a finite-dimensional vector space over ¢ with dimension n.
Prove that if V is now regarded as a vector space over R, then dimV =
2n. (See Examples 11 and 12.)

Exercises 29-34 require knowledge of the sum and direct sum of subspaces,
as defined in the exercises of Section 1.3.

29.

30.

31.

32,

(a) Prove that if Wy and W5 are finite-dimensional subspaces of a
vector space V, then the subspace W; + W, is finite-dimensional,
and dim{W; +W3) = dim(W,) + dim(W3) — dim(W; NWs). Hint:
Start with a basis {u1, us,...,ux} for Wy N Wz and extend this
set to a basis {u1,ua,..., Uk, V1,%2,. .. Un) for Wy and to a basis
{uy,ug, oo, Up, W1, We, ... Wy} for Wa.

(b) Let W, and W5 be finite-dimensional subspaces of a vector space
V, and let V = Wy + Wy, Deduce that V is the direct sum of W,
and Wy if and only if dim{V) = dim{W,) + dim(W>}.

Let

c &

émuﬁmm wv m?im&.

Prove that Wy and W5 are subspaces of V, and find the dimensions of
Wi, Wa, Wi + Ws, and Wy MW,

V= Mosa(F), Wi = Amg wv m<..g“pom$“

and

Let Wy and Ws be subspaces of a vector space V having dimensions m
and n, respectively, where m > n.

(a) Prove that dim(W; NWz) < n.
(b) Prove that dim(W; + Wy) <m + n.

(a) Find an example of subspaces W; and W of R® with dimensions
m and n, where m > n > 0, such that dim(W; N'W3) = n.

(b) Find an example of subspaces W1 and Wy of R? with dimensions
m and n, where m > n > 0, such that dim(W; -+ Ws) =m + n.



