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(¢} Prove that ((1) i) is not diagonalizable.

(a) Prove that similar matrices have the same characteristic polyne-

mial, - .
(b) Show that the definition of the characteristic polynomial of a linear
operator on a finite-dimensional vector space V is independent of

the choice of basis for V.

8. Prove Theorem 5.4.

6. Let T be a linear operator on a finite-dimensional vector space V, an
let 3 be an ordered basis for V. Prove that A is an eigenvalue of, T
and only if A is an eigenvalue of [T]g.

13. Let T be a linear operator on a finite-dimensional vector space V aver a

field 7, let 3 be an ordered basis for V, and let A = [T15. In reference

to Figure 5.1, prove the following. ‘

(a) v €V and ¢g(v) is an eigenvector of A corresponding to the
eigenvalue A, then v is an eigenvector of T corresponding to A

(b) Tf ) is an eigenvalue of A (and hence of T), then a vector y € F*

‘ is an eigenvector of A corresponding to A if and only if qﬁgl(y} is
an eigenvector of T corresponding to A '

7. Let T be a linear operator on a finite-dimensional vector space V. Wi
define the determinant of T, denoted det(T), as follows: Choose an
ordered basis g for V, and define det(T) = det([Tlg).

(a) Prove that the preceding definition is independent of the choi
of an ordered basis for V. That is, prove that if 5 and ~y are tw
ordered bases for V, then det([T]z) = det([T],).

(b) Prove that T is invertible if and only if det(T) # 0.

(c) Prove that if T is invertible, then det(T—*) = [det(T)] L.

(d) Prove that if U is also a linear operator on V, then det(TU) :
det(T) - det(U).

(e) Prove that det(T — Aly) = det{[T]s — AI) for any scalar X and an
ordered basis 7 for V.

4.t For any square matrix A, prove that A and A? have the same charac-
teristic polynomial (and hence the same eigenvalues).

5.1 (a) Let T be a linear operator on a vector space V, and let  be an
eigenvector of T corresponding to the eigenvalue A. For any posi-
tive integer i, prove that = is an eigenvector of T™ corresponding
to the eigenvalue A™.

(b) State and prove the analogous result for matrices.

8. (a) Prove that a linear operator T on a finite-dimensional vector spac

is invertible if and only if zero is not an eigenvalue of T.

(b) Let T be an invertible linear operator. Prove that a scalar A is a

eigenvalue of T if and only if A~ is an eigenvalue of T™1. ;

(c) State and prove resulis analogous to (a) and (b) for matrices. 6.\ (a) Prove that similar matrices have the same trace. Hint: Use Exer-
cise 13 of Section 2.3.

(b) How would you define the trace of a linear operator on a finite-

dimensional vector space? Justify that your definition is well-

defined.

9. Prove that the eigenvalues of an upper triangular matri;c M are tﬁ
diagonal entries of M. ‘

10. Let V be a finite-dimensional vector space, and let )\ be any acalar.

(a) For any ordered basis 3 for V, prove that [Aly]g = AT
(b) Compute the characteristic polynomial of Aly.
(c) Show that Aly is diagonalizable and has only one eigenvalue.

Let T be the Linear operator on My, (R) defined by T(4) = A,

a) Show that +1 are the only eigenvalues of T.

(b) Describe the eigenvectors corresponding to each eigenvalue of T.
(¢) Find an ordered basis § for Moo (R) such that [T]g is a diagonal
matrix.

(d) Find an ordered basis 3 for Mo xn{R) such that [Tlg is a diagonal
matrix for n > 2.

11. A sc.'fllar matrix is a square matrix of the form AI for some scalar A
that is, a scalar matrix is a diagonal matrix in which all the diagons
entries are equal.

(a) Prove that if a square matrix A is similar to a scalar matrix M
then A = AL '

(b) Show that a diagonalizable matrix having only one eigenvalue is
scalar matrix. :

18. Let A, B € Muxn(C).

(a) Prove that if B is invertible, then there exists a scalar ¢ € (' such
that A + eB is not invertible. Hint: Examine det(A + cB).
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3 11 :
(g) 2 4 9 . Let T be a linear operator on a finite-dimensional vector space V with
-1 -1 1 the distinct eigenvalues Ay, Ag, ..., Ax and corresponding multiplicities

mi,Ma, ... Mg Suppose that f is a basis for V such that [Tis is an
upper triangular matrix. Prove that the diagonal entries of [T]z are

3. For each of the following linear operators T on a vector space V, ¢ A, Ao A\ and that each A; occurs m; times (1 <4 < k)
s ATy e, i i - =

T for diagonalizability, and if T ig diagonalizable, find a basis 3 for'§
such that [T|s is a diagonal matrix, "

(a) 1\:;;1;’3(1%) and T is defined by T(f(x)) = f'(x) + f"(z), respec

E Let A be an n X n matrix that is similar to an upper triangular ma-
trix and has the distinet eigenvalues Ap, Az, ..., Ay with corresponding
multiplicities m1,ma, . .., mg. Prove the following statements.

(b} V =Py(R) and T is defined by T(az? + b - c) =cz®+bxr+a

k
() V=R?*and T is defined by @ = Zmi}\i
i=1

(b) det(A) = (A)™ {Ag)™ -+ (M),

ay a9
Tla | =|-a . Let T be an invertible linear operator on a finite-dimensional vector
as 2a3 space V. '

(a) Recall that for any eigenvalue A of T, A~!is an eigenvalue of T~1
(Exercise 8 of Section 5.1). Prove that the eigenspace of T corre-
sponding to X is the same as the eigenspace of T~ corresponding
to A~

(b) Prove that if T is diagonalizable, then T is diagonalizable.

(d) V=P3(R) and T is defined by T(f(z)) = F(O) + F(D(z + 2?).
{e) V=C?and T is defined by T(z, w) = (z + 4w, iz 4+ w).
(f) V =Myys(R) and T is defined by T(4) = A*.

4. Prove the matrix version of the corollary to Theorem 55: If A
Mpsxn (£) has n distinet eigenvalues, then A is diagondlizable‘_ . Let A € Mpyn(F). Recall from Exercise 14 of Section 5.1 that A and

. A? have the same characteristic polynomial and hence share the same

eigenvalues with the same multiplicities. For any eigenvalue A of A and
A*, let Ey and E) denote the corresponding eigenspaces for A and A*

respectively.

5. State and prove the matrix version of Theorem 5.6.

6. (a) ‘Justify the test for diagonalizability and the method for diagon
ization stated in this secticn,

(b) Formulate the results in (a) for matrices.

7. Tor

(a) Show by way of example that for a given common eigenvalue, these
two eigenspaces need not be the same.

(b) Prove that for any eigenvalue X, dim{Ex) = dim(E}).

(¢} Prove that if A is diagonalizable, then A* is also diagonalizable.

1 4
A= ( ) € Maya(R
2 3 x2(ft); . Find the general solution to each system of differential equations.

find an expression for A™, where n is an arbitrary positive integer. | (a) mj - 3$ T (b) m:l _ gml ! 12$2
| Y =3r —Y Tg = —aly — T2
l 8. | Suppose that 4 ¢ My sn () has two distinct eigenvalues A1 and A o = + T
and that-dim(Ey, ) = n — 1. Prove that A is di li ]DI1 ) = " )
| agonalizable. (c) =zH= Ta + 3
- : =
‘ 9.! Let T be a hneal‘“ operator on a finite-dimensional vector space V, a ' T s
suppose there exists an ordered basis @ for V such that [T] 5 is an upp 5. Let
triangular matrix. .
N a1 a R 5]
(a) Prove that the characteristic polynomial for T splits. 21 a;z o ag:
{b) State and prove an analogous result for matrices. A=

The converse of (a) is treated in Exercise 32 of Section 5.4. a a @
nl m2 T ne
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Also,

In other words, {fm, fn} = Omn. @
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6. Complete the proof of Theorem 6.1.

(s fa) = 1 f% piln=mt gy 1 /2“ Ldt =1, 7. Complete the proof of Theorem 6.2.
’ o 2w Jo

{ Provide teasons why each of the following is not an inner product on
the given vector spaces. '

(a) ({a,d),(c,d)) = ac— bd on R?.

{b) {(A,B)=tr(A-+ B)on Maya(R). ,

(¢) {f(z),g(z))= fDl F(t)g{t) dt on P(R), where ' denotes differentia-
tionm.

_ EXERCISES

Label the following statements as true or false.

{a) An inner preduct is a scalar-valued function on the set of orderg
pairs of vectors.

(b) An inner product space must be over the field of real or comple
mumbers. :

(¢) An inner product is linear in both components.

(d) There is exactly one inner product on the vector space R™.

(e} The triangle inequality only holds in finite-dimensional inner p
uct spaces.

{f) Only square matrices have a conjugate-transpose.

(g) If z, y, and z are vectors in an inner product space such tha
(2,y) = (z, 2}, then y = 2.

(h) If (z,y) = 0 for all x in an inner product space, then Y= .

m Let 8 be a basis for a finite-dimensional inner product space.

{a) Prove that if {z,z) =0 for all 2 € 3, then z = 0.
(b) Prove that-if (z,z) = {y, z) for all z € 8, then z = n

[ et V be an inner product space, and suppose that = and y are orthog-
onal vectors in V. Prove that ||z + y|I* = |[z]|* + [lyl>. Deduce the
Pythagorean theorem in RZ.

Prove the parallelogram lows on an inner product space V; that is, show
that

lz +i” + |l —y[* = 2 a)* + 2lly|* forall z,y € V.

Let # = {2,1+14,4) and y = {2 — 4,2, 1 + 2i) be vectors in C3 Compt
yyy [zl lyll, and [ + yl. Then verify both the Cauchy—Schwa
inequality and the triangle inequality.

What does this equation state about parallelograms in R2?

t Let {vy,vo,...,v;} be an orthogonal set in V, and let ay,az,..., a5 be
In C([0,1]), let f(t) =t and g(t) = €'. Compute {f,g) {as defined.] scalars. Prove that
Example 3), |1, llgli, and ||f + g||. Then verify both the Cauchy

2
Schwarz inequality and the triangle inequality. *

= laal[loil .

i=1

k
E AV
=1

(a) Complete the proof in Example 5 that {-, -} is an inner pro
(the Frobenius inner product) on My« (F).
(b) Use the Frobenius inner product to compute | A, || B||, and {4

for
A—-(l 2+?’> and B——(IJ_ri O.).
3 g 1 -4,

In C?, show that {(z,%) = zAy* is an inner product, where

(1)

Compute {z,y) for z = (1 — 4,2+ 3%) and y = (2 +14,3 — 29).

1 Suppose that {-, +}; and (-, -}, are two inner products on a vector space
V. Prove that {-, ) = (-, +); + (-, -}, is another inner product on V.

. Let A and B be n x n matrices, and let ¢ be a scalar. Prove that
(A+cB)* = A* +EB*.

. (a) Prove that if V is an inner product space, then | {xz,v) | = |z||- ¥
if and only if one of the vectors = or y is a multiple of the other.
Hint: If the identity holds and y # 0, let

_ o)
o
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and let z = 2 — ay. Prove that y and z are orthogonal and

ll]

[yl

Then apply Exercise 10 to [|z]|* = ||lay -+ 2]|? to obtain |[z|| =
Derive a similar result for the equality ||z + y|| = lj=| + ||y
generalize it to the cage of n vectors.

laf =

(b)

16. (a) Show that the vector space H with (-, -} defined on page 332

inner product space.

(b) Let V = C{[0,1]}, and define

1/2

) (2)

{fig) = gt} dt.

Is this an inner product on V?

_ (b)
17.1 Let T be a linear operator on an inner product space V, and sup
A——=that || T{z)|| = ||z]| for all 2. Prove that T is one-to-one.

Let V be a vector space over F, where F = Ror F' = (, and let !
an inner product space over F' with inner product {-,-}. If T: V:
is linear, prove that {z,7)" = (T(z), T(y)) defines an inner produ
V if and only if T is one-to-one.

(a)
(b)

19. Let V be an inner product space. Prove that ‘ (e)
(a) | = [lz|® £ 2R (&, y) + yl]? for all z,y € V Where R
denotes the real part of the complex number {x ,y) (d)
(B} iyl | < lle —y| for all z,y € V.
20. Let V be an inner product space over F'. Prove the polar identities:
all z,y €V,
(@) {@,9)=glz+y|*~jle—ul® ifF=ER
(b) (z,y) =1 Ei:l i*|lz +iFyl2  if F =, where 2 = 1.
21. Let A be an n x n matrix. Define

A= %(A—k AY) and A, = i_(A — A",
2¢

(a) Prove that A7 = Ay, A5 = A, and A = 4, +i4,. Would i
reasonable to defire A; and A to be the real and imaginary p
respectively, of the matrix A7

Let A be an n x n matrix. Prove that the representation in (
unique. That is, prove that if 4 = By + {B,, where B} = By
B; = By, then By = A; and By = A,.

(b)

Inner Products and Norms

- Definition.
Regardless of whether V is or is not an inner product space, we may still
efine a norm ||-|| as a real-valued function on V satisfying the following three

ditions for all z,y €V and a € F':
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2. Let V be a real or complex vector space (possibly infinite-dimensional),
and let /3 be a bagis for V. For z,y € V there exist vy, v, ...
such that

Un €3

i

T
:U:Zawi and y:Zbivi.

i=1 i=1

Define

T

Z G@E.,;l.

i=1

(m,y) -

Prove that {-, -} is an inner product on V and that 3 is an or-
thonormal basis for V. Thus every real or compiex vector space
may be regarded as an inner product space.

Prove that if V = R? or V = C® and 2 is the standard ordered
basis, then the inner product defined above is the standard inner
product.

. Let V=F7", and let A € Myxn (F).

Prove that {z, Ay) = (A*z,y) for all z,y € V.

Suppose that for some B € My (F), we have {(z, Ay} =
for all z,y € V. Prove that B = A*.

Let o be the standard ordered basis for V. For any orthonermal
bagis A for V, let @ be the n x n matrix whose columns are the
vectors in 8. Prove that Q* = QL. :
Define linear operators T and U on V by T(z) = Az and U{z) =
A*z. Show that [U]s = [T]5 for any orthonormeal basis § for V.

{Bz,y)

he following definition is used in Exercises 24-27.

Let V be a vector space over F', where F' is either R or

1) |lz|| = 0, and ||z]| = 0 if and only if z = 0.

2) [laz]) = lal - =]l

O le+yl < el -+l

4. Prove that the following are norms on the given vector spaces V.
@) V= M)
(b) V=C([0,1]);

forall AecV
forall feV

Al =
171l = jmax, \f(t)i

max | Ay




