Logic and Proofs

where F(n) is the formula for the sum, first verify the equation for n = 1
a1 = F(1)

(Basis Step). This is usually straightforward.
Now assume that the statement is true for #; that is, assume

ay+ar+---+a, = Fin)

Add a4 to both sides to get

ar+ay+ -+ @y age = F(n) + dpqr.

Finally, show that
F(n) + apy1 = Fln+ 1).

To verify the preceding equation, use algebra to manipulate the left-hand side of the
cquation [ F(n) + dy4q] until you get Fin + 1). Look at F(n + 1) so you know where
vou're headed. (It's somewhat like looking up the answer in the back of the book!)
You’ve shown that

aiFap+ - ap = Fu+1),

which is the Indactive Step. Now the proof is complete.

Proving an inequality is handled in a similar fashion. The difference is that instead
of obtaining equality [ F(n) + a,41 = F(n + 1) in the preceding discussion], you obtain
an inequality. p

In general, the key to devising a proof by induction is to find case n “within” case
n + 1. Review the tiling problem (Example 7.6), which provides a striking example of
case n “within” case 7 - 1. '

15 i%;i"éuﬁ}}fzzgx

s :%%‘%»?’ Ao nos
i L
%f@fé@% B

7. State the Principle of Mathematical Induction.

2. Explain how a proofl by mathematical induction proceeds.

In Exercises 1—11, using induction, verify that each equation. is frue

Jor every positive integer m.
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3. Give a formula for the sum 1+ 2 + - - 4 5.

. What is the geometric sum? Give a formula for it.

+32—_1‘+"'+

27 -1 n+12—1 4
aln + 1n+2)

3 % 1. cos[(x/2}r + 1)} sin(rx/2)

sin(x/2)

cosx 4-cos2x +--- +cosnx =
provided that sin(x /2) # 0.
sinf(n + 13x]
4sin? (x/2)

5 _ (n+Dcos[(2n+ Dx/2]
] P 2sin(x/2)

* 11, 1sinx +2s8in2x + -+ +nsinax =

provided that sin(x/2) # 0.

1 In Exercises 1217, using induction, verify the inequality.
- 1-3-5--2n—1)
T2 T 2-4-6---(2nm)
l-3-5--~(2n—1)< 1
2-4-6---(2n) a4l

~14, 2n+1=<2" n=23,4,. ..

.n=12,...

* 13, ne 1,2, ..

3.5...2n-0

o jw, 2N 2112, n=4.,5 ...

% 16, (wmaz-

LoiE

ay-Fdy 4ot an

"QZ”)UZ = o

,n=1,2,. .., andthe
a; are positive numbers

;17_ (1+x)" = 1+nx forx = —landn =1

., Use the geometric sum to prove that

r0+r1+-~+r” = -
—r

foralle = 0and 0 < r < 1.

% 19. Prove that

7
]-r1+2-r2+---+nr” << m

forallm > land 0 < r < 1. Hint: Using the result of the
previous excreise, compare the sum of the terms in
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in the diagonal direction (/) with the sum of the terms by
columns.

20. Prove that

foralln > 1.

Tn Exercises 21-24, use induction to prove the statement.

. 7" —11s divisible by 6, foralin = 1.

11" — 6 is divisible by 5, forall n = 1.

. 6.7 —2.3" i divisible by 4, for all n > 1.
. 347 — 2isdivisible by 8, foralln = 1.

. By experimenting with small values of r, guess a formula for

the given sum,
1 + ! +---+ ! ;
1.2 -3 nin -+ 1)

then use induction to verify your formula.

. Use induction to show that n straight lines in the plane divide

the plane into (n% + n + 2)/2 regions. Assume that no two lines
are parallel and that no three lines have a common point.

Show that the regions of the preceding cxercise can be colored
red and green so that no two regions that share an edge are the
same color.

. Given nn @’s and n 1’s distributed in any manner whatsoever

around a circle (see the following figure), show, using induction
on r, that it is possible to start at seme nomber and proceed
clockwise around the circle to the original starting position so
that, at any poiat during the cycle, we have seen at least as many
(s as 1’s. In the following figure, a possible starting point is
marked with an arrow.

30.

31.

33.

-34.
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. Giveatiling of a 5 x 5 board with trominoes in which the upper-

fefl square is missing.

Show a 5 x 5 deficient board that is impossible to tile with tro-
minoes. Explain why your board cannot be tiled with trominoes.
Show that any (20} x {3j) board, wherc { and j arc positive
integers, with no squarc missing, can be tiled with trominoes,
Show that any 7 x 7 deficient board can be tiled with trominoes,
Show that any 11 x 11 deficient board can be tiled with tro-
minoes. Hint: Subdivide the board into overlapping 7 x 7 and

5 x 5 boards and two 6 > 4 boards. Then, use Exercises 29, 31,
and 32,

This exercise and the one that follows are due to Anthony Quas.
A 2% x 2 L-shape, n > 0, is a figure of the form

2)1 X 2fl

20 2R 2t 2t

with no missing squares. Show that any 27 x 27 L-shape canbe
tiled with trominoes.

. Use the preceding exercise to give a different proof that any

27 % 27 deficient board can be tiled with trominoes.

A straight tromino is an object made up of three squares in a row:

3

37.

38.

40.

Which 4 x 4 deficient boards can be tiled with straight tromi-
nees? Hint: Number the squares of the 4 x 4 board, left to right,
top to bottorm: 1, 2, 3, 1, 2, 3, and so on. Note that if there is
a tiling, each straight tromino covers exactly one 2 and exactiy
one 3.

Which 5 x 5 deficient boards can be tiled with straight
trominoes?

Which 8 x 8 deficient boards can be tiled with straight
trominoes?

Use a loop invariant to prove that when the pseudocode

i=1

pow =1

while (7 < n) {
pow = pow kg
i=i+1

terminates, pow is equal to a”.

Prove that, after the following pseudocode terminates, afh] =
val,forall p,i < p < h,alp]l <val;andferall p,h < p < J,
alp} = val. In particular, val is in the positdon in the array

alil, ..., a[j] where it would be if the array were sorted,
val = ali]
h=i

fork=i+1toj
il {afk] < vah) {
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h=h+1
swap(alh], alk]}
1
swap(alil, alk])

Hint: Use the loop invariant: For all p,i < p < h, alp] < val;
and, for all p, & < p <k, alp] = val. (A picture is helpful.)

This technique is called parsitioning. This particular ver-
sion is due to Nico Lomuto. Partitioning can be used to find
the kth smallest element in an array and Lo construct a sorting
algorithm called quicksort.

A 3D-septomine is @ three-dimensional 2 x 2 x 2 cube with one
1 x 1 x 1 corner cube removed. A deficient cube is a k x k x k cube
with one 1 x 1 x 1 cube removed.

41. Prove that a 2" x 27 x 27 deficient cube can be tiled by 3D-

septominoes.
42. Prove that if a k x k x k deficient cube can be tiled by 3D-
septominoes, then 7 divides one of k — 1,k — 2, k — 4.
4% Suppose that S, = (1 + 2}(n — 1) is (incorrectly) proposed as
a [ormula for

2444 ...+ 2n.

{a) Show that the Inductive Step is satisfied but that the Basis
Step fails.

H*(b) If 8, is an arbitrary expression that satisfies the Inductive
Step, what form must §;, assume?

* 44. What is wrong with the following argument, which allegedly

shows that any two positive integers are equal?
We use induction on n to “prove” that if @ and b are
positive integers and n = max{a, b}, thena = b.

SBanly Smen (n=1). If ¢ and b are positive integers and | =
max{a, b} we must have g = b = 1.

Ingeciive Riep Assume that if @ and b’ are positive inte-
gers and n= max{a’, b}, then &' = b". Suppose that a and
b are positive integers and that » + 1 = max{a, b}). Nown =
max{a — 1, » — 1}. By the inductive hypothesis,a — |l = b — 1.
Therefore, a = b, '

Since we have verified the Basis Step and the Inductive
Step, by the Principle of Mathematical Induction, any two pos-
itive integers are equal!

45. What is wrong with the following “proof™ that
12 n n?

R R R

forall n = 27
Suppose by way of contradiction that

1 2 [0 n
e T = . 7.13
2+3T+' Jrm—i—l n+1 ¢ )
Then also
1,2, ., +n+l_{n-!—1)2
273 n+l  a+2  n+2

We could prove statement (7.13) by induction. In particular, the
Inductive Step would give

1+2+ n 7] +n+1_ n? +n+i
23 n+1 n+2 n+l n4+2

% 54. Prove Hellv's Theorem: Suppose that X1, Xz, ...

Therefore,
n? N n+l  (m+1)?
n+1 n+2  n+2
Multiplying each side of this last equation by {# + 1}(n + 2)
gives

rin+2)+n+ D=+ DY
This last equation can be rewritten as
Wttt n+l=nt+3m 30+ 1
or
W3ttt l=n "+ + 3 +1,

which is a contradiction. Therefore,

12 n n?
2 + et n+1 7 n+t
as claimed.
46. Use mathematical induction to prove that
1 2 n n?
5+§+.“+n+l <}1+1

for all i = 2, This inequality gives a correct proof of the state-
ment of the preceding exercise.

In Exercises 47-51, suppose that n > 1 people are positioned in a
Jield (Euclidean plane) so that each has a unigue nearest neighbor.
Suppose further that each person has a pie that is hurled at the
nearest neighbor. A survivor is a person that is not hit by a pie.

47, Give an example to show that if # is even, there might be no
Survivor.

48, Give an example to show that there might be more than one
SULvivor.

* 49, {Carmony] Use induction on » to show that if » is odd, there is

always at least one survivor.

£3. Prove or disprove: If i is odd, one of two persons farthest apart
is a survivor.

51. Prove or disprove: If n is odd, a person who throws a pie the
greatest distance is a survivor.

Exercises 52-55 deal with plane convex sets. A plane convex sel,
subsequently abbreviated to “convex set,” is a nonempty set X in the
plane having the property that if x and y are any two points in X, the
straight-line segment from x to y is also in X. The following figures
illustrate.

convex set non convex set

%2 Prove that if X and Y are convex sets and X N ¥ (the points
common to X and Y) is nonempty, X MY is a convex set.

* 53, Suppose that Xy, X2, X3, X4 are convex sets, each three of

which have a common point. Prove that all four sets have a
common point.,

y Xpon > 4,
arc convex sets, each three of which have a common point. Prove
that all # sets have a commaon point,

. Suppoese that n > 3 points in the plane have the property that
each three of them are contained in a circle of radius 1. Prove
that there is a circle of radius 1 that contains ali of the points.

56

hy

If @ and b are real numbers with &4 < b, an open interval (a, b)
is the set of all real numbers x such that ¢ < x < b. Prove that
if 1, ..., I, is a set of # > 2 open intervals such that each pair
has a nonempty intersection, then

ko ni,

(the points common te [y, ..., I) is nonempty.

Flavius Josephus was a Jewish soldier and historian who lived in
the first century (see [Graham, 1994; Schumer]). He was one of the
leaders of a Jewish revolt against Rome in the year 66. The follow-
ing year, he was among a group of irapped soldiers who decided to
commit suicide rather than be captured, One version of the siory is
that, rather than being captured, they formed a circle and proceeded
around the circle killing every thivd person. Josephus, being profi-
cient in discrete math, fisured out where he and a buddy should stand
so they could avold being killed.

Exercises 5703 concern a variant of the Josephus Problem in
which every second person is eliminated. We assume that n people
are arranged in a circle and numbered 1,2, . .., n clockwise. Then,
proceeding clockwise, 2 is eliminated, 4 is eliminated, and so on,
until there is one survivor, denoted J(n).

7. Compute J(4).

58. Compute J(6).

59. Compute J(10).

#%, Use induction to show that J(29) = | forall7 > 1.

61. Given a value of » = 2, let 2/ be the greatest power of 2 with
2" < p. (Examples: If n = 10,7 = 3. Ifn = 16, = 4.) Let
j = n — 2¢. (After subtracting 27, the greatest power of 2 less
than or equal to n, from »n, j is what is left over.) By using the

Problem-Solving Corner

defined is k = 1. In this case, the last term 1 /k in the.

definition of H; equals 1/1 = 1. Since the first and last

terms coincide,
Hy=1.

Logic and Proofs

resull of Exercise 60 or otherwise, prove that
Jn) =25+ 1.

62. Use the resuli of the Exercise 61 to compute J(1000).
43, Use the result of the Exercise 61 to compute J(100,000).

Ifay, az, ... Is a sequence, we define the difference opcrator A fo be

Aay = ayy1 — 4

The formula of Exercise 64 can sometimes be used to find a formula
Jor a sum as opposed to using induction to prove a formula for a sum
(see Exercises 65-67).

&1 Suppose thal Aag,, = b,. Show that
b1+b2+"' +bn =dpy] — a1

This formula is analogous to the calculus formula fr g flx)dx =
g(d)—gle), where Dg = f (D isthe derivative operator). Inthe
calcutus formula, sump is replaced by integral, and A is replaced
by derivative.

65. Leta, = n?, and compute Ag,. Use Exercise 64 to find a for-
mula for
14+243 4 +n.
66, Use Exercise 64 to find a formula for
1AD 4220 +--- + rinh).
{Compare with Exercise 3.)
#7. Use Exercise 64 to find a formula for
1 L 1 1
1-2 2.3 nin+1)
(Compare with Exercise 23.)

68. Prove that if p and ¢ are divisible by &, then p + ¢ is divisible
by k. ‘

H, 1f m <k. This observation will heIp us later because
the Inductive Step in a proof by induction must relate
smaller instances of a problem to larger instances of the
problem.
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Problem-Solving Tips

To prove that two sets A and B are equal, written A = B, show that forevery x, if x € A,
thenx € B,andif x € B, then x € A.

To prove that A is a subset of B, written A € B, show that for every x, if x € A,
then x € B. Notice that if A is a subset of B, it is possible that A = B.

To prove that A is a proper subset of B, written A ¢ B, show that A is a subset of
B, as described in the previous paragraph, and that A # B, that is, that there exists an
element x € B,butx ¢ B.

To visualize relationships among sets, use a Venn diagram. A Venn diagram can
help determine whether a statement about sets is true or false.

A set of elements 1s determined by its members; order is itrelevant. On the other
hand, ordered pairs and n-tuples take order into account.

i. Define ser. 4, What is a universal set?

. What is set notation? What is the complement of the set X7 How is it denoted?

i, If X is a finite set, what is | X|? 21, Whal is a Venn diagram?

. How do we denote x is an element of the set X? BPraw a Venn diagram of three sets and identify the set repre-

. , . sented by each region.
. How do we denote x is not an element of the set X7 Y &

How do we denote the empty set? State the associative laws for sets.

. i, State the ¢ i e
. Define X = ¥, where X and ¥ are sets. ate the commutative laws for sets

. N S L TR,
. Define X C ¥, where X and ¥ are sels. ate the distributive laws for sets.

.. Define X is a proper subset of Y. = State the identity laws for sets.

. What is the power set of X? How is it denoted? i Sta‘te the complement faws for sets.

X ;% State the idempotent laws for sets.
. If X has n elements, how many elements does the power set of P or Sets

X have? %, State the bound laws for sets.

iZ. Define X uriion Y. How is the union of X and ¥ denoted? k. State the absorption laws for sets.

i3 If & is a family of sets, how do we define the union of S? How f. State the involution law for sets.

is the union denoted?

15. AnBucC 54,

in, (AUB)—(C—B)
5.
In Exercises 17-24, draw a Venn diagram and shade the given set.

18, A—B ‘ g
2 (AUB)—B 57.
22, (AUBIN(C — 4)

i ANB

19. BU(B — A)

2L BN(CUA

2 ACNA - (B=ANNC
24, (B—C)U((B—~ANCUEB)
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List the members of P ({a, b, c, d}). Which are proper subsets
of la, b, ¢. d}?

If X has 10 members, how many members does P(X) have?
How many proper subsets does X have?

If X has n members, how many proper subsets does X have?

If X and ¥ are nonempty scts and X x ¥ = ¥ x X, what can
we conclude about X and ¥7

In each of Exercises 56-70, if the statement Is true, prove if; other-
wise, give a counterexample. The sets X, Y, and Z are subsets of a
universal set U. Assume that the universe for Cartesian products is

Exercises 25-29 refer to a group of 191 students, of which 10 are UxU.

taking French, business, and music; 36 are taking French and busi-
ness; 20 are taking French and music; 18 are taking business and
music; 65 are taking French; 76 are laking business; and 63 are
taking music.

=8,

-59.
60.
.- 62,
63.

+%, How many are taking French and music but not business?
26. How many are taking business and neither French nor music?
27. How many are laking French or business (or both)?

3%, How many are taking music or French (or both) but not business?

FE

&

29. How many are taking none of the three subjects?

i A television poil of 151 persons found that 68 watched “Law 65.

and Disorder”; 61 watched “The East Wing”; 52 watched “The 66.
Tenors™; 16 watched hoth “Law and Disorder” and *The East &2,
Wing”; 25 waiched both “Law and Disorder” and “The Tenors™, 68
19 watched both “The East Wing” and “The Tenors™; and 26
watched none of these shows. How many persons watched all

three shows? 6.

69.

oy

31. In a group of students, each student is ltaking a mathematics
course of a computer science course or both. One-fifth of those
taking a mathematics course are also taking a computer science
course, and one-eighth of those taking a computer science course

are also taking a mathematics course. Are more than one-third 73.

of the students taking a mathematics course?

In Exercises 32-35, let X = (1,2} and Y = {a. b, c}. List the ele-
ments in each set.

ey
fuke

35 X xY 33 Fx X

7i. ANB=A

For all sets X and ¥, either X is a subset of ¥ or ¥ is a subset
of X.

XY -Z2)=(XN¥)—(XNnZ) forall sets X, ¥, and Z.
(X—Vn(¥Y —X)=@forallsets X and ¥.

X {YuZ)=(X-YiuZforallsets X, Y, and Z,

X Y=Y — X forallsets X and ¥.

XNY cXforallsets Xand Y.

ah. (XNYYU(Y — X) = X forall sets X and Y.

XxF¥UZy=(XxNU(X xZ)forallsets X, ¥, and Z.
X %Y =XxVforallsets X and ¥.
Xx (Y -Z2)=(XxY)—(X xZ)forallsets X, ¥, and Z.

X (Y xZ)=(X-Y)x (X —Z)forallsets X, Y, and Z.

XN¥Y=xZ2)=(XnNn¥y=x(XNZ)forallsets X, Y. and £.
X > i = for every set X.

In Exercises 71-74, what velation must hold between seis A and B
in order for the given condition to be true?

72. AUB =4

AnNU =0 %, ANB=F8

The symmetric difference of two seis A and B is the set

AAB=(AUB)—(ANB).
IfA=1{1,2,3)and B = {2,3,4, 5}, find A A B.

4. Define X intersect Y. How is the intersection of X and ¥
denoted?

£. If S is a family of sets, how do we define the intersection of §7
How is the intersection dencted?

5. Define X and Y are disjoint sets.
7. What is a pairwise disjoint family of sets?

5. Define the difference of sets X and Y. How is the difference
denoted?

In Exercises 1-16, let the universe be the set U = {1, 2,3, ..., 10}
Let A=1{1,4,7,10}, B = {1,2,3,4, 5}, and C = {2, 4,6, 8). List
the elements of each set.

-~ AURB -2. BNC

3. A-B i B—A

i+ State the O/ laws for sets,
. State De Morgan’s laws for sets.
4. What is a partition of a set X?

%, Define the Cartesian product of sets X and Y. How is this Carte-
sian product denoted?

3. Define the Cartesian product of the sets Xy, Xa, ..., X,,. How
is this Cartesian product denoted?

-9 BN@
1. BN
LBN(C—A)

AN(BUCQ)
(ANB)—C

M. X xX 3mY xY

In Exercises 36-39, let X = [1,2), ¥ = {a}), and Z = {a, B). List
the elements of each set.

S X xY x Z I X x¥xY

38, X xXxX 3 ¥YxXx¥xZ

In Exercises 4043, list all partitions of the set.

G {1} 41. 1.2}

42, {a, b, c} i3 {a, b, e, d}

In Exercises 4447, answer trite or false.

44 {x} € {x) 45, {x} € {x}

46. {x) € {x, {x}} 47 4x) € {x, ixl

In Exercises 48-32, determine whether each pair of sets is equal.
5 {1,2,34{L,3,2} 49. {1,2,2,3},{1,.2,3}

50, {1, 1,3, {3,3. 1) 30 (x| x*+x=241{1, -2}
52. {x | xisarecal numberand 0 < x < 2}, {1, 2}

7% List the members of P ({a. b]). Which are proper subscts of
[a. b)?

76. Describe the symmetric difference of sets A and B in words,
77. Given auniverse U, describe AA A, AA A, UAA and@ A A

78. Prove or disprove: If A, B, and C are sets satisfying A A C =
BAC,then A = B.

#%, Prove that
[AUB|=|A|+|B|— [ANB]
8¢. Find a formula for |AU BUC| similar te the formula of Exercise
79. Prove that your formula hotds for all sets A, B, and C.

81. Let € beacircle and let 7 be the set of all diameters of C. What

is N'D? (Here, by “diameter” we mean a line segment through

. ~ the center of the circle with its endpoints on the circumierence
of the circle.)

#2. Let P denote the set of integers greater than 1, For { = 2, define
X, ={ik|k=2ke P}
Describe P — {2, X;.
83. Prove the associative laws for sets [Theorem 1.12, part (a}].

84. Prove the commutative laws for seis [Theorem +.12, part (b)].

85. Prove the second distributive law for sets [Theorem L.12,
part {c)].
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is a function from {a, b, ¢, d) to {1,2,3}. Here, there is apparently no formula for
membership; the definition just tells us which pairs make up the function.
On the other hand, a function may be defined by a formula. For example,

{(n, n +2) | 1 is a positive integer}

defines a function from the set of positive integers to the set of positive integers. The

“formula” for the mapping is “add 2.” - . '
The f(x) notation may be used to indicate which element in the range is associated
with an element x in the domain or to define a function, For example, for the function

f=1a, 1),(5,3),(c.2).(d, 1)),

we could write f(a) = 1, f(b) = 3, and 50 on. Assuming that the domain of definition
is the positive integers, the equation

gny=n+2
defines the funciion
{{n, n+2) | nis a positive integer}

from the set of positive integers to the set of positive integers.

"o prove that a function f from X to ¥ is one-to-one, show that for all xj, x> € X,
if f(x1) = f(x2),then x; = x,.

To prove that a function f from X 1o Y is onto, show that for all v € ¥, there
exists x € X such that f(x) = y.

e f%%’*ﬁﬁ’g%ﬁ%g e fEiEE e SEm ElmEe ”Zféjﬁé%*g}fg{”ﬁzﬁ
G EesEs e

function. Explain how to use an arrow diagram to determine
whether a function is one-to-one.

4. What is a function from X to ¥?

. Bxplain how to use an arrow diagram to depict 2 function. _
4. Define onto function. Give an example of an onto function.
4. What is the graph of a function?

. Given a set of points in the plane, how can we tell whether it is function is onto.

a funciion? 1%, What is a bijection? Give an example of a bijection, Explain

. What is the value of x mod y? how to use an arrow diagram to determine whether a function

is a bijection.
What is a hash function? _ .
. Define inverse function. Give an example of a function and its
inverse. Given the arrow diagram of a function, how can we find

the arrow diagram of the inverse function?

#, What is a collision for a hash function?
¢, What is a collision resolution policy?
& What are pseudorandom numbers?

% Explain how a linear congruential random number generator
works, and give an example of a linear congruential random
number generator.

their composition, Given the arrow diagrams of two functions,
how can we find the arrow diagram of the composition of the
functions?

What s the floor of 7 How is the floor denoted? i3, Whatis abinary operator? Give an example of a binary operator.

- What s the ceiling of x? How is the ceiling denoted? % What is a unary operator? Give an example of a unary cperator.

. Define ane-to-one function. Give an example of & one-to-one

and give the domain and range of the inverse function.
{(1, a)! (21 (I)s (3, c}, (49 b)}
20 (L) (2,a). (3. B3, (4,03, (2, 43)
3. ((Le) (2,d). (3, a), (4, b))

Determine whether each set in Exercises 1-5 is a function from
X=1{1.2,3. 4 10 Y = la, b, c, d}. Ifit is a function, find its domain
and range, draw iis arrow diagram, and defermine if it is one-to-one,
onto, or both. If it is both one-to-one and onto, give the description of
the inverse finction as a set of ordered pairs, draw ils arrow diagraim,

Explain how to use an arrow diagram to determine whether a '

Define composition of functions. How is the composition of
f and g denoted? Give an example of functions f and g and

£ 4L, d), (2, d), (4, )}

5, (1. 5),(2,5).(3,b), (4, b)}

Draw the graphs of the functions in Exercises 6-9. The domain of
each function is the set of real numbers.

b fl) =] - Lx]

7. flx)=x—|x]

8. f(x)=[x*]

5 flx) =[x — x|

Determine whether each function in Exercises 10—15 is one-to-one.
The domain of each function is the set of all real numbers. If the

function is no! one-to-one, prove il. Also, determine whether f is

onto the set of all real numbers. If  is not onto, prove it.
i flx)=6x—-9

1L f{x)=3x>—3x +1

12, f{x) =sinx

11 fx)=2x—4

14, fix)=3 -2

X
15, flx) = ——
7 I+ x2
%, Give an example of a function different from those presented
in the text that is one-to-one but not onto, and prove that your

function has the required properties.

Give an example of a function different from those presented
in the text that is onto but not one-to-one, and prove that your
function has the required properties.

. Give an example of a function different from those presented in
the text that is neither one-to-one nor onte, and prove that your
function has the required properties.

: Each function in Exercises 19-24 is one-to-one on the specified do-
“main X. By letting ¥ = range of f, we obtain a bijection from X 1o
. Y. Find each inverse function.

%, f(x) = 4x + 2, X = set of real numbers

. f(x) = 3", X = set of real numbers

. f{x) = 3log, x, X = set of positive real numbers
1

F{x) =3+ —, X = set of nonzero real numbers
x

. J(x) = 4x? — 5, X == set of real numbers

4. f(x) =6+ 271 X = set of real numbers

Given

g=1{(LD),(2,c). (3, @)},
a function from X ={1,2,3}t0o ¥ = {a, b, ¢, d}, and

f=1{la,x}, (b,x), (¢, 2), (d, W)},

a function from ¥ to Z = {w, x, y, z}, write f o g as a set of
ordered pairs and draw the arrow diagram of f o g.

. Let f and g be functions from the positive integers to the positive
infegers defined by the equations

fin)y=2n+1,
Find the compositions f o f,gog. fog,andgo f.

gn)y=3n~—1.

Let f and g be functions from the positive integers to the positive
integers defined by the egiations

fim = n,
Find the eompositions f¢ f.gog. fog.and go [,

gln) =27,

in
as

Ty

30
31

3

33

34

36

H

-39,

40,

i. Universal product codes (UPC) are the familiar bar codes that
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2%, Let f and g be functicns from the positive real numbers to the
positive real numbers defined by the equations
S =12x), gl =x%

Find the compositions f o f,geg, fog,and go f.
Exercises 29-34, decompose the function into simpler functions
in Example 2.43.

. fx) =logy{x® +2)
1
. flx) = —

F0 =5
. flx) =sin2x
. f{x)=2sinx
. flx) = (3 +sinx)?

. 1
) —
Fix) (cos 6x)3
Given
F=1{x,x% | x e X} _

a function from X = {-5, -4, ..., 4, 5} to the set of integers,

write f as a sel of ordered pairs and draw the arrow diagram of

[ Is f one-to-one or onto?

. How many functions are there from {1, 2} to {a, #)? Which are
one-to-one? Which are onto?
. Given

f={a b)(ba)lc b,
a function from X = {a, b, ¢} to X:
(a) Write f ¢ fand f o fo f assels of crdered pairs.
(b)y Define
J"=fofo-of
to be the n-fold composition of f with itself. Write f° and £5%3

as sets of ordered pairs.
. Let f be the function from X = {0, 1, 2, 3, 4} to X defined by

f(x) =4dx mod 5.

Write f as a set of ordered pairs and draw the arrow diagram of
f.Is f one-to-one? Is f onto?

Let f bethe function from X = {0, 1, 2, 3, 4, 5} to X defined by
f(x) = 4x mod 6.

Write f as a set of ordered pairs and draw the arrow diagram of
f-1Is f one-to-one? Is f onto?

Verify the ISBN check character for this book.

identify products so that they can be automatically priced at the
checkout counter. A UPC is a 12-digit code in which the first
digit characterizes the type of product (O identifies an ordinary

L]

7 grocery item, 2 is an item sold by weight, 3 is a medical item, 4

is a special item, 3 is a coupon, and 6 and 7 are items not sold in
retail stores). The next five digits identify the manufacturer, the
next five digits identify the product, and the last digit is a check
digit. (All UPC codes have a check digit. It is always present
on the bar code, but it may not appear in the printed version.}
For example, the UPC for a package ot 10 Ortega taco shells
is 0-54400-00800-5. The first zero identifies this as an ordinary
grocery item, the next five digits 54400 identify the manufac-
turer Nabisco Foods, and the next five digits 00800 identify the
product as a package of 10 Ortega taco shells.



