31/B - Practice Midterm 2 - Solutions

October 28, 2011

1. (20 points) Determine whether or not the integral

1
/ 22 nxdx
0

converges. If it converges, compute the integral.

Solution First, we can do integration by parts:
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So, we see that
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which gives convergence and the exact value of the integral. The last limit follows, for
instance, by L’Hopital’s rule.

2. (20 points) Determine whether or not the integral
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3
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converges. If it converges, compute the integral.

Solution This integral does not converge. For instance, we can consider the inequality
x262$3 445 = x2<623}3 —|—x3) < x2(€2 + 1)’
which is valid on the interval [0, 1]. Then, on this interval,
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But,
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diverges, so the integral in question also diverges.

3. (20 points) Find an N such that Simpson’s rule Sy for the integral
1 2
/ xe” dx
0

x2.

has error of less than 1072,

Solution Consider the derivatives of f(z) = ze

fl(x) = e + 22%
F'(x) = 2ze® + dze” + 4a’e” = 6ze” + dae
FO(x) = 6™ + 122%™ + 1222”4 8x'e”™ = 6™ + 242%™ + 8x'e
FO(z) = 122" + 48ze™ + 487%™ + 322%™ + 162°¢” = 60ze™ + 802%™ + 162%¢

Now, we see that f*) () is positive and increasing on the interval [0, 1], so
1B (2)] < (1) = (60 + 80 + 16)e = 156¢
for z in the interval [0, 1]. The error bound for Simpson’s Rule says that

156e(1 —0)>  156¢

Err(S,) < = .
rr(Sa) S TRoNT T T80
So, setting
156e
<107?
180N* — 0
and solving for N, we find
156e10°?
< N*%.
180
Since e <9, 5 < 1, so we can factor out g and look for IV satisfying
156 - 10°
———— =78-10° < N
20 -

As 78 < 81, we can assume that N satisfies
81-10° < N*.
So, N = 3-10% = 300 works.

4. (20 points) Find the partial fraction decomposition of

422 — 20
flz) = 2157



Solution Let A, B,C be such that
42?2 — 20 A n B N C
(2x+5)3  22+5 (20+5)2  (2z+5)3

Multiplying this equation by (2z + 5)3, we get
42% —20 = A2z +5)* + B(2x + 5) + C = A(42* 4 20z + 25) + B(2z + 5) + C
= 4A2% 4+ (20A + 2B)x + (25A + 5B + C)
By equating the coefficients, we get the following system of equations:
4A =4
20A+2B=0
206A+5B+C=-20
Thus, we see that A =1, B = —10, and C' = 5. Thus,
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5. (20 points) Use Taylor polynomials and the error bound to compute the number e with
an error of at most 1073.

Solution Set f(z) = e”. Let T,,(x) be the Taylor polynomial of e at a = 0. and let K,
be an upper bound on f™+V(z) = e* from 0 to 1. So, we can take K, = 4 (since we know
that e < 4. Then, the error bound is

4(1 —0)n+t 4
(1) =€l < ((n—l— i)! ICEN
So, we want ﬁ < 1073. Consider the first few factorials:
20 =2,
3! =6,
4! = 24,
5! =120,
6! = 720,
7! = 5040.
Thus, ﬁ = ﬁ = Tlﬁo < 1073. So, we can take n = 6. Then, setting

1 1 1 1 1
E=Ts(1) =141 4=+ -+ — 4 — 4 —
o) =1l 5t 50 T 10 T 720
we know that |E — e| < 1072. We simplify this to
E_720+720+360+120+30+6+1_1957

720 720’

which is our answer.



