]

oo ntl

See Exercise 27 for a proof of the more general formula e = lim (1 + %)
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Multiply through by n, using the rule #lna = Ina™

n 5m((1+1))51
n+1 n

Since lim -2+ = 1, the middle quantity must approach 1 by the Squeeze Thecrem:

1 n
lim ln((l—i-—-) ) =1
=00 n

Now we can apply e (because it is continuous) to obtain the desired result:

el = enlirngoln((l-i_%)n) ='lim eln((H'l_’)n) = lim (1 -+ 1)”

H—O0 =0 n

n

00

7.8 SUMMARY

is Pe™ ",

years:

= Interest rate r, compounded M times per year:

P{t) = Py(1 +r/MM

» Interest rate r, compounded continuously: P(t) = Ppe'.
¢ The present value (PV) of P dollars (or other currency), to be paid ¢ years in the future,

= Present value of an income stream paying R{¢) dollars per year continuously for T

T
PV = f R(tye ™ dt
0

7.5 EXERCISES

 Preliminary @uestions

1. Which is preferable: an interest rate of 12% compounded quartetly,
© or an interest rate of 11% compounded continuously?

2. Find the yearly multiplier if r = 9% and interest is compounded
a) continuously and (b) quarterly.

3. The PV of N dollars received at time T is (choose the correct

(b) The amount you would have to invest today in order to receive N
dollars at time T

4. In one year, you will be paid $1. Will the PV increase or decrease
if the inferest rate goes up?

5, Xavier expects to receive a check for $1000 one year from today.
Explain using the concept of PV, whether he will be happy or sad to
learn that the interest rate has just increased from 6% to 7%.

1. Compute the balance after 10 years if $2000 is deposited in an
ccount paying 9% interest and interest is compounded (a) quarterly,
(b) monthly, and (c) continuously.

2. Suppose $500 is deposited into an account paying interest at a rate
f 7%, continuously compounded. Find a formula for the value of the
ccount at time ¢. What is the value of the account after 3 years?

3. A bank pays interest at a rate of 5%, What is the yearly multiplier
if interest is compounded

{(a) three times a year? (b) continuously?

4, How long wiil it take for $4000 to double in value if it is deposited
in an account bearing 7% interest, continuously compounded?
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5. How much must one invest today in order to receive $20,000 after
5 years if interest is compounded continuously at the rate r = 9%?

6. An investment increases in value at a continuously compounded
rale of 9%. How large must the initial investment be in order to build
up a value of $50,000 over a 7-year period?

7. Compute the PV of $5000 received in 3 years if the interest rate
is (a) 6% and (b) 11%. What is the PV in these two cases if the sum is
instead received in 5 years?

8. Is it better to receive $1000 today or $1300 in 4 years? Consider
r =0.08 and r = (.03.

9, Find the interest rate # if the PV of $8000 to be received in 1 year
is $7300.

10. A company can earn additional profits of $300,000/year for 3 years
by investing $2 million to upgrade its factory, Is the investment worth-
while if the interest rate is 697 (Assume the savings are received as a
Jump sum at the end of each year.)

11. A new computer system costing $25,000 will reduce labor costs hy
$7,000/year for 5 years.

{(a) Ts it a good investment if r = 8%"?

(b) How much money will the company actually save?

12. After winning $25 million in the state lottery, Jessica learns that she
will receive five yearly payments of $5 million beginning immediately.
{(a) What is the PV of Jessica’s prize if r = 6%?

(b) How much more would the prize be worth if the entire amount
were paid today?

13. Use Eq. (2) to compute the PV of an income stream paying out
R(1) = $5000/year continuously for 10 years, assuming r = 0.05.

14. Find the PV of an investment that pays out continuously at a rate
of $800/year for 5 years, assuming » = 0.08.

15. Find the PV of an income stream that pays out continuously at a
rate R(¢) = $5000e0'“."year for 7 years, assuming » = 0.05.

16, A commercial property generates income at the rate R(¢). Suppose
that R(0) = $70,000/year and that R{z) increases at a continuously
compounded rate of 5%. Find the PV of the income generated in the
first 4 years if r = 6%. T

17. Show that an investment that pays out R dollars per year continu-
ously for T years has a PV of R(1 — e_’T)/r.

Fxplain this statement: If T is very large, then the PV of
the income stream described in Exercise 17 is approXimately R/r,

19. Suppose that r = 0.06. Use the result of Exercise 18 to estimate
the paycut rate R needed to produce an income stream whose PV i
$20,000, assuming that the stream coniinues for a large number of
years.

20. Verify by differentiation:

—rt
—rt € {(1+rt)

Use Fq. (4) to compute the PV of an investrment that pays out income
continuously at a rate R{t) = (5000 + 1000¢) doilars per year for 5
years, assuming r = (.05,

21, Use Eq. (4) to compute the PV of an investment that pays out in-
come continuously at a rate R(z) = (5000 + lOOOI)eD'OQ‘ dollars per
year for 10 years, agsuming r = 0.08.

Banker’s Rule of 70 If you carn an interest rate of R
percent, continuously compounded, your money doubles after approx-
imately 70/R years. For example, at R = 5%, your money doubles
after 70/3 or 14 years. Use the concept of doubling time to justify the
Banker’s Rule. (Note: Sometimes, the rule 72/ R is used. It is less ac-
curate but easier to apply because 72 is divisible by more numbers than
70

In Exercises 23-26, calculate the limit.

1 6n 3\
23, lim (1 + —) 24. lim (1 + f)
R— 00 n n—>00 7
9 2n i2e
25. lim (1 + —) 26. lim (1 + ——)
n—r00 n =00 dn

Further Insights and Challenges
27. Modify the proof of the relation ¢ = lim (1 + %)n given in the
n—+oo

T nopp -1
text to prove e* = nhj%c (1 + %) . Hint: Express In(1 +xn" ") as an

integral and estimate above and below by rectangles.

28. Prove that, forn > 0,

15\ 1 n+1
(1+—) Ees(lJrf)
n n

Hini: Take logarithms and use Eq. (3).

29, Abank pays interest at the rate r, compounded M times yearly. The
effective interest rate r. is the rate at which interest, if compounded
annnally, would have to be paid to produce the same yearly return.

(a) Find r, if r = 9% compounded monthly.

(b) Show that 7, = (1 +r/M)M — 1 and that 7, = " — 1 if interest
is compounded continuously.

() Find re if r = 11% compounded continnously.

(d) Find the rate r that, compounded weekly, would yield an effective
rate of 20%.
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7.6 SUMMARY

> The general solution of y' = k(y — b) is y = b + Ce**, where C is a constant.
+ The following tables describe the solutions to y' = k(y - b) (see Figure 5).

Equation (k > 0) Solution Behavioras: — oo
b _ it . o ifC>0
v =k(y —b) yi)=b+Ce rg}rgoy(r)—{_oo HC <0
¥ = —kiy — B yt)=b+Ce™® lim y()=b»
f—co
¥ ¥
y=b+Ce¥ b+ CR
\%4- Ce™
brCp " S T
b—C1 T

Solutions to y' = k(y~ k) withk, C>0 Solutions to y'=—k(y— by with k, C >0

FIGURE B

» Three applications:

— Newton’s law of cooling: y' = —k(y — Tg), y(¢) = temperature of the object,
Ty = ambient temperature, k£ = cooling constant
# .
v+ —]zg—) v(1) = velocity, m = mass,
k == air resistance constant, g = acceleration due to gravity

k
~ Pree-fall with air resistance: v/ = — — (

. . N . . .
~ Continuous annuity: P’ = r (P - m), P (t) = balance in the annuity, » = interest
¥

rate, N = withdrawal rate

7.6 EXERCISES

Preliminary Questions

1. Write down a solution to y’ = 4(y — 3) that tends to —oo as
F— 00

2. Does y' = —4(y — 5) have a solution that tends (0 00 as t — 00?

3. True or false? If k > 0, then all solutions of ¥/ = —k(y — b) ap-
proach the same limit as 7 — co.

4. As an object cools, its rate of ceoling slows. Explain how this
follows from Newton’s Law of Cooling.

Exercises
1. TFind the general sohetion of

¥ =20y —10)

Then find the two solutions satisfying y(0) = 25 and y(0) = 5, and
sketch their graphs.

2. Verify directly that y = 12 + Ce ! satisfies
¥y =-3(y —12) forallC

Then find the two solutions satisfying y(0) = 20 and y(0) =0, aﬂd
skeich their graphs.




3, Solve y' = 4y + 24 subject to y(0) = 5.

4, Solve y' -+ 6y = 12 subject to y(2) =
n Fxercises 5-12, use Newton'’s Law of Cooling.

5. Ahot anvil with cooling constant k£ = 0.02 s~ is submerged in a
arge pool of water whose temperature is 10°C. Let v(z) be the anvil’s
emperature ! seconds later.

a} What is the differential equation satisfied by v(¢)?

b) Find a formula for y(¢), assuming the object’s initial temperature
s 100°C.

¢) How long does it take the object to cool down to 20°7

6. Frank’s automobile engine runs at 100°C. On a day when the out-
ide temperature is 21°C, he turns off the ignition and notes that five
minutes later, the engine has cooled to 70°C.

a) Determine the engine’s cooling constant k.
} What is the formula for y(£)?
¢) When will the engine cool to 40°C?

7. At 10:30 aM, detectives discover a dead body in a room and mea-
ure its temperature at 26°C. One hour later, the body’s temperature
ad dropped to 24.8°C. Determine the time of death (when the body
‘temperature was a normal 37°C), assuming that the temperature in the
‘room was held constant at 20°C,

8. A cup of coffee with cooling constant & = 0.09 min~* is placed in
o -aroom at temperature 20°C.

ject, a) How fast is the coffee cooling (in degrees per minute) when its
mperature is T = 80°C?

1488, ) Use the Linear Approximation to estimate the change in tempera-
ture over the next 6 s when T = 80°C,

¢) If the coffee is served at 90°C, how long will it take to reach an
erest ptimal drinking temperature of 65°C?

9. A cold metal bar at —30°C is submerged in a pool maintained at
temperatire of 40°C. Half a minute later, the temperature. of the bar

- 20°C. How long will it take for the bar to attain a temperature of
— 0°C?

S 0. When a hot object is placed in a water bath whose temperature is
5°C, it coels from 100 to 50°C in 150 5. In another bath, the same
oling occurs in 120 s. Find the temperature of the second bath.

2] Objects A and B are placed in a warm bath at tempera-
tre Tg = 40°C. Object A has initial temperature —20°C and cool-

¢ this._ ing constant k = 0.004 s~1. Object B has initial temperature 0°C and
oling constant ¥ = 0.002 s 1. Plot the temperatures of A and B for
R <t < 1000. After how many seconds will the objects have the same

mperature?

- In Newton’s Law of Cooling, the constant r —= 1/k is called the
haracteristic time.” Show that T is the time required for the tem-
perature difference (v — Tj) to decrease by the factor e~ ! & (.37
T example, if y(0) = 100°C and Ty = 0°C, then the object cools
100/e ~: 37°C in time 7, to 100/¢2 2 13.5°C in time 27, and so on.

SECTION 7.6 § Models tnwolving " = (v — &1 38

In Exercises 1316, use Eg. (3) as a model for free-fall with air resis-
tance.

13. A 60-kg skydiver jumps out of an airplane, What is her terminal
velocity, in meters per second, assuming that k = 10 kg/s for free-fall
(no parachute)?

14. Find the terminal velocity of a skydiver of weight w = 192 b if
k = 1.2 lb-s/ft. How long does it take him to reach half of his tenminal
velocity if his initial velocity is zero? Mass and weight are related by
w ? mg, and Eq. (3) becomes v’ = —(kg/w)(v + w/k) with g = 32
fiss=,

15. A 80-kg skydiver jumps out of an airplane (with zero initial veloc-
ity). Assume that k = 12 kg/s with a closed parachute and & == 70 kg/s
with an open parachute. What is the skydiver’s velocity at ¢t = 25 s if
the parachute opens after 20 s of free fall?

Does aheavier ora lighter skydiver reach terminal velocity

faster?

17. A continuous annuity with withdrawal rate N = $5000/year and
interest rate r = 5% is funded by an initial deposit of Py = $50,000.

{#) What is the balance in the annuity after 10 years?

(b} When will the annuity run out of funds?

18. Show that a continuous annuvity with withdrawal rate N =
$5000/year and interest rate r = 8%, funded by an injtial deposit of
Py = $75,000, never runs out of money.

19. Find the minimum initial deposit Py that will allow an annuity to
pay out $6000/year indefinitely if it eamns interest at a rate of 5%,

20. Find the minimum initial deposit Py necessary to fund an annu-
ity for 20 years if withdrawals are made at a rate of $10,000/year and
interest is earned at a rate of 7%.

21. An initial deposit of 100,000 euros are placed in an annuity with a
French bank. What is the minimum interest rate the annuity must earn to
allow withdrawals at a rate of 8000 euros/year to continue indefinitely?

22, Show that a continuous annuity never runs out of money if the ini-
tial balance is greater than or equal to N /r, where N is the withdrawal
rate and » the interest rate,

L Sam borrows $10,000 from a bank at an interest rate of
9% and pays back the loan continuously at arate of N dollars per year.
Let P(z) denote the amount stilt owed at time ¢.

{a) Explain why P(¢) satisfies the differential equation
¥ =009y - N

{b} How long will it take Sam to pay back the loan if N = $1200?
(c) Will the loan ever be paid back if N = $8007?
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24, April bortows $18,000 at an interest rate of 5% to purchase a new
automobile. At what rate (in dollars per year) must she pay back the
Yoan, if the loan must be paid off in 5 years? Hinz: Setup the differential
equation as in Exercise 23).

25. Let N{t) be the fraction of the population who have heard a given
piece of news ¢ hours after its initial release. According to ane model,
the rate N’ (z) at which the news spreads is equal to & times the fraction
of the population that has not yet heard the news, for some constant
k=0

(2) Determine the differential equation satisfied by N {¢).

(b) Find the solution of this differential equation with the initial con-
dition N{(0) = 0 in terms of k.

(¢) Suppose that half of the population is aware of an earthquake 8
hours after it occurs. Use the model to calculate & and estimate the per-
centage that will know about the earthquake 12 hours after it occurs.

26. Current in a Circuit When the circuit in Figure 6 (which con-
sists of a battery of V volts, a resistor of R ohms, and an inductor of L

henries) is connected, the current I (£} flowing in the circuit satisfies

ar
L.—+RI=V
dt+

with the iniiial condition I (0} = 0.
() Find a formula for 7 (#) in terms of L, V,and R.
(b) Show that lim [(#) = V/R.

=00

{¢} Show that  (¢) reaches approximately 63% of its maximum valye
at the “characteristic time” 7 = L/R.

Inductor

L

Battery v R % Resistor

L

FIGURE & Curent flow approaches the level Imax = V/R.

Further insights and Challenges

27. Show that the cooling constant of an object can be determined
from two temperature readings y(#1) and y(f2) at times ¢ # 3 by the

formula
1 )} — T
P e In (y( 2} 0)
n—n \yt)—To
28. Show that by Newton’s Law of Cooling, the time required to cool
an object from temperature A to temperature B is

i A—
t=—1In —To
k B—Ty

where T is the ambient (emperature.

29. Air Resistance A projectile of mass m =1 travels straight up
from ground level with initial velocity vp. Suppose that the velocity v
satisfies v’ = —g — kv.

{a) Find a formula for v(#).

(b) Show that the projectile’s height h(¢) is given by
h(t) = C(1 — e *) - %r

whete C = kfz(g + kvg).

(¢} Show that the p‘rdjectile reaches its maximum height at time
tmax = k4 In{1 + kvg/g)-

(d) In the absence of air resistance, the maximum height is reached at
time ¢ = vp/g. In view of this, explain why we should expect that

(1 + 5y,
lim — 8- =22 8
kgilo k g -

(e) Verify Eq. (8). Hint: Use Theorem 1 in Section 7.5 to show that
PRI

lim (1 + ﬂ) = ot0/8.
8

k—0

7.7 UHopital's Rule

L'Hépital’s Rule is named for the french

mathematician Guiliaume Francois Anfoine

Marquis de L'Hépital (1661-1704), who
wrote the first textbaok on calculus in

l 1696, The name L'Hépital is pranounced

i “Lo-pee-tal.”

L’ Hapital’s Rule is a valuable tool for computing certain limits that are otherwise difficolt
to evaluate, and also for determining “asymptotic behavior” (limits at infinity).
Consider the limit of a quotient

tim £
i—=a g(x)

Roughly speaking, L'Hopital’s Rule states that when f(x)/g(x) has an indeterminaté
form of type 0/0 or 0o/o0 at x = d, then we can replace f(x)/g(x) by the quotient of the

derivatives f'(x}/g (x).

::i 2
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Exgrcises
In Exercises 1-10, use L'Hépital’s Rule fo evaluate the limit, or state
that L'Hépital’s Rule does not apply.

2x2 58 —3 2,95
1 lim 2222 2. lim 2
x—3 x—4 Hor—5 5 dx — x2
364 Ypox+1
3, lim = 2 4. lim Al
x—d x2 4 16 a—r—1 x5 —2x—1
o xMpx -6 o i-2
5. lim —5—— 6. lim —mm
x>0 x¥2 27 3 x3 —Tx —6
7 fim e 8. Lm — —
x—=0x2 +3x+1 x—=0 sinx —x
9. lim cosIQx -1 §0. lim cos X — sin? x
x>0 sindx x—0 sinx

In Exercises 1-16, show that L’ Hopital’s Rule is applicable to the limit
as x — oo and evaluate.

9x -+ 4 1
1. Xt 12. lim xsin -
x->00 3 —2x A —00 x
In
13, lim —— 14. lim =
x—o0 x /2 x—0o g%
Inix*+1 2
15, fim AT D 16, lim =
x>0 x x—o00 ¥

In Exercises 17-50, evaluate the limit.

_ 1/3
17, lim Y8 EFEZ3T 18, dim | ——.
x>l x2—-3x 42 i—dfx—-2 x—4

3x—-2 C w2 gy

19. xEI—I}oo 1-—35x 20. x11>m00 x5/3._ x
7x2 44 33 4.‘2 :
A dim 2T 22. ol
100 9 — 3x2 ¥oo 433 -7
1+3n)l/?% -2 53 L 2x — 16
23, fim X3 2 24, tim 22
=1 (1+7x)13 -2 a8 x1/3 2
25, fim S02E 26. tim A
x-=+0 sin 7x x—»at/2 tan 5x
. tanx . 1
27, lim — 28. lim (cotx — 4)
x=0 X x—0 X
29. lim M 30, lim (x — E) tan x
x—0 X —sinx x—>m/2 2
cos(x + % 2
31, lim 20D 32. lim —

x—0 sin x =01 —cosx

33, lim _Coi 34. lim (—lw*csczx
x—ar /2 sin(2x) =0\ x2
& et
35. lim (secx — tanx) 36. lim
x—m/2 x=2 x—2
. TX x(nx—1)+1
37. lim tan | — ) In 38, lim ———————
xEPl an( 2 ) * xl—l;ﬂl (x—Dlnx
X _ X _
30, lim - 40, lim =2
x>0 Sinx x> Inx
2% 1 2% 1 _
4L fim S 1TF a2, tim )%
x—0 x2 bandss %2
43, lim (sinf)(Int 4. lim e (x3 —x2
i:_1:61_&“(5111 int) Jim e (x 4+
X
-1
45. lim & (@=0) 46. lim x\/%’
x—=0 x X—>0Q
47. lim (1 + Inx)/&=D 48. lim x0%
x—1 =0+
X
49, 1im (cos )3/ 50. lim ( i )
x>0 ¥=oo\x+1

. COS FLX
51. BEvaluate Iim
x—+m /2 COSNX

, where m, n # 0 are integers.

m_1
52. Evaluate lim X ] for any numbers m, n # 0.

x—=1 x" —

53, Prove the following limit formula for e:
o= Jim+0

Then find a value of x such that |(1 + x)1/¥ — e| < 0.001.

54. [GU]

a graphical or numerical investigation suggest that the limit exists?

Can L'Hapital’s Rule be applied to tim x5¢/%)2 Does
x—=04

55. Let f(x) = 1 forx = 0.
Calculate lim d 1 .
(a) Calcu acx_>0+f(x) an. xi{noof(x)

{(b) Find the maximum value of f(x), and determine the intervals on
which f(x) is increasing or decreasing.

56. (a} Use the results of Exercise 55 to prove that x1/% = ¢ hasa
unique solution if 0 <c <1 or ¢ = et/e, two solutions if 1 < ¢ <
el7¢ and no solutions if ¢ > eile,

(h) L;.;U_‘;j Plot the graph of f(x) = %1/ and verify that it confirms
the conclusions of {(a).

57, Determine whether f << g or g << f {or neither) for the func-
tions f{x} = logipx and g{x) = Inx.

38. Show that (In x)? << /% and (Inx)* << x}/19.

59, Just as exponential functions are distinguished by their rapid rate
of increase, the logarithm functions grow particularly slowly. Show that
Inx << x%foralla > 0.

60, Show that (In x)N << x%forall Nandalla > 0.




1. Determine whether /x << eV e op g¥Vinx J%. Hint: Use
the substitution # = In x instead of L’ Hépital’s Rale.

¢2. Show that lim x"e™* = 0 for all whole numbers n > 0.
X—=00

63. Assumptions Matter Let f(x)=x(2+sinx) and g(x) =
2+ 1
(a} Show directly that x]gréo fix)/g(x) =0.

R 3 T . : r !
(b) Show that xI—1>Ircl>o fx) = xli>moo g(x) = oo, but x]—1>moo Fix) /e x)
does not exist.

Do (a} and (b) contradict L’Hdpital’s Rule? Explain.

In(l + &%)
x

4. Let H{b) = lim forb > 0.
: X500

(a) Show that H(p) =Inbifb > 1
b) Determine H(H) for 0 < b < 1,

65. Let G(b) = im (1 oyl

k

Ce—t

6. Show that lim ¢ " =0 for all k. Hint: Compare with
—0C

These exercises show that f{x) has an wnusual property: All of its
erivatives at x = 0 exist and are equal to zero.
7. Show that lim -fﬂ =0 for all k. Hinz: Let t = x~! and apply

=0 xk
the result of Exercise 66.

SECTION 7.7 | LUHapisls Bute 389

68. Show that f/(0) exists and is equal to zero. Also, verify that #7(0)
exists and is equal to zero.

69. Show that fork = 1 and x # 0,

P(Jc)e_lf)‘2
xf"

90 =

for some polynomial P(x) and some exponent r > 1, Use the result
of Exercise 67 to show that f (k) () exists and is equal to zero for all
k=1

70. (a) Verify for » # O

T rT
e @TOT -1 +1
L te dt———rz——

Hint: For fixed r, let F(T') be the value of the integral on the left, By
FTCIL F'(t) =tet and F(0) = 0, Show that the same is true of the
function on the right.

{b) Use L'Hopital’s Rule to show that for fixed T, the limit as » — O
of the right-hand side of Eq. (1) is equal to the value of the integral for
r=0

x xn—H _
71. The formula dr = 1 is valid for n # —1. Use
1
L'Hopital’s Rule to prove that
n+1 _
lim T =Inx
n——1 nt1

Use this to show that

X X
lim ﬂm:fr*m
1

n—-—101

Thus, the definite integral of x ! is a limit of the definite integrals of
x™ as n approaches —1.

further Insights and Challenges
2. Show that L'Hépital’s Rule applies to lim

X—>0
ces not help. Then evaluate the limi directly.

but that it
x2 + 1 .

3. The Second Derivative Test for critical points fails if f7{c) = 0.
his exercise develops a Higher Derivative Test based on the sign of
e first nonzero derivative. Suppose that

fley=f"e) == s Dy=o,
a} Show, by applying L’ Hopital's Rule # times, that
i FO = F@ 1
e (x — o)t !
heren! = nn — e —2)--- (2)(1).

b) Use (a} to show that if n is even, then f(c) is a local minimum if
(”)(c) > 0 and is a local maximum if % () < 0. Hing: If n is even,
hen (x — )" = 0 for x # a, so f{x) — £(c) must be positive for x
near ¢ if F7(e) > 0.

¢) Use (a)to show thatifn is odd, then £ (¢) is neither a local minimum
or a local maximurm,

but (o) £ 0

F% e

74. When a spring with natural frequency A /27 is driven with a sinu-
soidal force sin{wt} with @ = A, it oscillates according to

1
¥ = m(x sin(ewf} — w sin(A1))

Let yg{t) = lim y(z).
w—h
(a) Use L’'Hépital’s Rule to determine yq(2).

{(b) Show that y((¢) ceases to be periodic and that its amplitude |y ()|
tends to 00 as ¢ — oo (the system is said to be in resonance; eventually,
the spring is stretched beyond its limits).

(©) ZH5 Ploty() for » = 1 and w = 0.8, 0.9, 0.99, and 0.999. Do
the graphs confirm your conclusion in (b)?

. sinx |
We expended a lot of effort to evaluate hrn0 —— in

x> X
Chapter 2. Show that we could have evaluated it easily using

L’Hbpital’s Rule, Then explain why this method would involve circular
reasoning.
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76. By a fact from algebra, if f, g are polynomials such that f () = , sinx\ x?
g(a) = 0, then there are polynomials f7, g1 such that @ XE%EF x

fx) = —a)fix),

Use this to verify L' Hépital's Rule directly for xlg’n‘2 Fx)/glx).

77. Patience Required Use L'Hopital’s Rule to evaluate and check

your answers numerically:

Do not confuse the inveree sin™! x with the
reciprocal

(sinx) ' = —— =cscx
sinx

The inverse functions sin™' x, cos™ 1 x, ...

are often denofed arcsin x, arccos x, efc.

glx) = (x —a)g1(x)

1 1
lim - —=
(b) x—=0 (sinzx xz)
78. In the following cases, check that x = ¢ is a critical point and use

Exercise 73 to determine whether f(c) is a local minimum or a loceg]
MAXImUL,

(@) fx) =x7 —6x* 4+ 14x° —16x2 +9x +12 (¢c=1
B fy=30-x% =0

7.8 inverse Trigonometric Functicns

In this section, we discuss the inverse trigonometric functions and their derivatives. Recal}
that an inverse f 1(x) exists if and only if the function f(x) is one-to-one on its domain,
However, the trigonometric functions are not one-to-one (because they are periodic),
Therefore, to define their inverses, we shall restrict their domains so that the resulting
functions are one-to-one.

First consider the sine function. Figure 1 shows that f(#) = sin# is one-to-one on
[-%. Z]. With this interval as domain, the inverse is called the arcsine function and is
denoted & = sin ! x or 8 = arcsin x. By definition,

1

. . . M R
# = sin™" x is the unique angle in [——% 5] such that sinf = x

FIGURE 1

Summary of inverse relation between the
sine and arcsine functions:

sin(sin‘lx) =X fo—-1<x=<1

PR RN b T
sin g)y=1=0 for—— <8 < —
(sin B} or > =3

1? Ffl@=sing | I?T/"
- l TN ‘ o

sin 0 with 2]
restricted domain f=sin"'x

SER

|
ISTER
L

—_
ISTER
|
o
—
=t

The range of sinx is [—1, 1] and therefore sin~! x has domain ]—1, 1]. A table of values
for the arcsine (Table 1) is obtained by reversing the columns in a table of values for sinx,

TABLE 1

- V3 V2 1 1 2 NE]
x 1 =% =% -3 0 3 7 7 !
g=sin”lx | -F  -F - -5 0 % 7 53

& EXAMPLE 1 (a) Show that sin™ (sin (%)) = %.

(b) Explain why sin™! (sin (5%)) # é;:—

Solution The equation sin™!(sin #) = @ is valid only if 6 liesin [~ %, T ].

(a) Since i lies in the required interval, sin™! { sin W) = Ir_.
4 4 4 4
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] e dx =y 3[ e* dx :
=x¢* — 3 (xzex - foex dx)

= x7e% —3x%e" 4 6fxex dx

=" —3x% + 6 (xex — fex dx)

= x7¢" — 3x%e" 4 6xe* — 6e* +C

= (x° — 3x% 4 6x — 6 + C .

8.1 SUMMARY

= Integration by Parts formula: f w0V (D dx = n(x)vixy — f w v dx.

+ The key step is deciding how to write the integrand as a product #v’. Keep in mind tha
Integration by Parts is useful when u'v is easier {or, at least, not more difficult) to integrate
than uv’. Here are some guidelines:

~ Choose u so that &’ is simpler than  itself.
- Choose v’ so that v = f v’ dx can be evaluated.

~ Sometimes, v’ = 1 is a good choice.

8.1 EXERCISES

Preliminary Questions

1. Which derivative rule is used to derive the Integration by Parts fxcos(xz) dx, [x cosxdx, foex dx, fxex2 dr
formula?

3. Why is # = cos x, v = x a poor choice for evaluating
2. For each of the following integrals, state Whether substltutlon or

Integration by Parts should be used: E xcosxdx?
Exercises
In Exercises -0, evaluate the integral using the Integration by Parts In Exercises 7-36, evaluate using Integration by Parts.
Sormula with the given choice of u and v’
1. /xsinxdx; u=ux,v =sinx 7. f(4x —3)e T dx 8. [(2;5 + et dx
2. fxezx dr; w=x,v =e2* 9, /x€5x+2 dx 10. fxzex dx
3. f(Zx +Ne*dx: w=2x+9,0 =¢*
11. fx cos 2x dx 12, fx sin(3 — x) dx
4, fxcosébc dx; w=ux,v =cosdx
2
5. jx31nxdx; d = 1lnx, o — 23 13. fx sinx dx 14, fx cos3x dx

6. ftan_lxdx; we=tan~ a0 =1 15, feux sinx dx 16. je” 8in 2x dx




e_Sx sinx dx

18, ] & cosdx dx

20. f ]“—j dx
X

22, fx_S Inxdx

xlnxdx

x2 Inxdx

3. f(n x)% dx 24. f x(nx)? dx

x sec? x dx 26. fxtanxsecx dx
cos™! xdx 28. fsin_]' xdx
sec™! xdx 30 [ x5 dx

3 cosxdx 32. f xsinhx dx

x2 cosh x dx 34. [ cos x cosh x dx

tanh L 4x dx

e, e, e, S, S, S, S S S S

d that 36. fsiuh_] xdx

egarate

Exercises 37-38, evaluate using substitution and then Integration by
aris.

7. fe‘/fa'x Hint: Letu = x/% 38, jxgex2 dx

Exercises 3948, evaluate using Integration by Parts, substitution,
r both if necessary.

I . fxcos4xdx 40. IM
x
e 1. xdx 0. fxz(x3+9)15dx
vx+1
5 . fcosxln(sinx)dx a4. fSiHﬁdx

X
" 48, [sin(lnx)dx

4. [ JreVE dx
f In{Inx) Inx dx

X

46. f tan \/}"‘dx

Exercises 49-54, compute the definite integral.

3

9.[ xe¥ dx
0
2

. [ xlnxdx
1

2E n
83, f e sinx dx
0

o

/4
50. f x sin2x dx
¢}

5. fg lnxzdx
1 x

1
54.] tan~! ¥ dx
0

5. Use Eq. (5) to evaluate f et dx.
6. Use substitution and then Eq. (3) to evaluate f e dx.
7. Find a reduction formula for j x"e™" dx similar to Eq. (5).

8. Evaluate [ +" Inx dx forn 2 —1. Which method should be used
evaluate [ x~!inx dx?

SECTION 8.1 | Integration by Paris 417

In Exercises 39-66, indicate a good method for evaluating the integral
(but do not evaluate). Your choices are algebraic manipulation, sub-
stitution (specify u and du), and Integration by Parts {specify u and
'), If it appears that the techniques you have learned thus far are not
sufficient, stare this.

2 _
59, fﬁlnxdx 60. fxziﬁdx
x

3
o [ 24 6. [L
Va4 —x2 V4 —x2

dx

x+2
4. f
(x +2(x2 L+ 4x +3)

63. f—udx
224 4x +3

65. fx sin(3x + 4) dx

66. f x cos(9x2) dx

67. Evalate | (sin? x)2 dx. Hint: Use Integration by Parts first and

then substitution.

Inx)%d
68. Evaluate f (—Ji)imj Hint: Use substitution first and then Inte-
x

gration by Parts.
69. Evaluate fx7 cos(x4) dx.

70. Find f(x), assuming that
ff(x)ex dx = f(x)e™ — fxilex dx

71. Find the volume of the solid obtained by revolving the region under
y = ¢* for 0 < x < 2 about the y-axis.

72. Find the area enclosed by y = Inx and y = (In 2.

73. Recall that the present value (PVY) of an investment that pays out
T

income continuously at a rate R(t} for T years is Rirye™ "t dt,

0
where ¢ is the interest rate. Find the PV if R(z) = 5000 + 100¢ $/year,
¥ =0.05and T = 10 years.

74. Derive the reduction formula

](Inx)k dx = x(ln x)f — k[(]n 0f 1 dx

75. Use Eg. (6) to calculate [(ln x}k dx fork =2,3.
16. Derive the reduction formulas

fx” cosx dx = x" sinx—ﬂ:]x”_1 sin x dx

fx” sinx dx = —x"cosx A—nfx”*lcosx dx

X 1

77. Provcthatfxbx dx =6 [ -~ — — V) + C.
Ink  1n2b

78. Define Py (x) by
fx”ex dx = Py(x}e* +C

Use Eq. (5) to prove that P, {(x) = x" — nP,_1(x). Use this recursion
relation to find P, (x) forn = 1, 2, 3, 4. Note that Py(x) = 1.
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Further Insights and Challenges

79. The Integration by Parts formula can be written

fu(x)v(x)dx — (V@) —fu’(x)V(x) dx

where V{x) satisfies V/(x) = v(x).
(a) Show directly that the right-hand side of Eg. (7} does not change
if V(x) is replaced by V{x) + C, where C is a constant.

1

(b) Useu = tan~! x and v = x inEq. (7) to calculate f xtan™ " xdx,

but carry out the calculation twice: first with V (x) = %xz and then with

Vix) = %xz + % Which choice of V (x) results in a simpler calcula-
tion?

80. Prove in two ways that

[ rovas=at@~ [z

First use Integration by Parts. Then assume f(x} is increasing. Use the
a
substitution # = f(x) to prove that f xf’(x) dx is equal to the area
0

of the shaded region in Figure 1 and derive Eq. (8) a second time.

y y=f@)
Sfla)

FIGURE 1

81. Assume that £(0) = £(1) = O and that f” exists. Prove

1 1
1 o 72
[ rwrwas=- [ 7eras

Use this to prove thatif 7(0) = f(1) = Oand " (x) = Af (x) for some
constani A, then A < 0. Can you think of a function satisfying these cop.
ditions for some A7

1
82. SetI(a,b) = f x%(1 — x)? dx, where a, b are whole numbers,
]
() Use substitution to show that I'{a, b) = I(b, a).
1
(b) Show that I(a,0) =I(0,a) = ——.
a+1
(c) Provethatfora > land b = 0,

a

- " J(a—
I(a,b) N (a—1,04+1)
(d) Use (b) and (c) to calculate (1, 1) and I'(3, 2).
Show that I(q, b ﬁ_!b!
tI(a, b) = .
{e) Show that I(a, b) @b D

83. Letly = fx” cos(x2) dx and J, = fx" sin(x?) dix.

{a) Find a reduction formula that expresses I, in terms of J,, 2. Hint:
Write x” cos(xz) as x™ 1 (x cos(xz)).

(h) : | Use the tesult of (a) to show that I, can be evaluated ex-
plicitly if n is odd.

{c) Evaluate I3.

8.2 Trigonometric integrais

" Many trigonometric functions can be integrated by combining substitution and Integration
by Parts with the appropriate trigonometric identities. First, consider

where m, n are whole numbers. The easier case is when at least one of m, n is odd.

B EXAMPLE 1 0dd Power of sinx  Evaluate f sin’ x dx.
Solution Because sin® x is an odd power, the identity sin? x = 1 — cos? x allows us t0
split off a factor of sin x dx:

sin® x dx = sin” x(sinx dx) = (1 — cos’ x}sinx dx

and use the substitution 1 = cos x, du = — sinx dx:

fsin3xdx = f(l —cos® x)sinx dx = —/(1 wu2)du

f sin™ x cos™ x dx

1’ cos® x

3 [24

—¢cosx +C



