Midterm Solutions - Math 132/3

14 May 2012

1. (20pts) Compute all values of the following complex powers: (a) (1+1i)/4,
(b) ', () 31/, (d) (L +14)'*".

Solution 1a) (1 + i)'/* takes on the values 2'/8¢"™/16¢i™%/2 for | = 0,1, 2,
or 3, where 2/8 is the real 8" root of 2.

1b) 7' takes on the values e~™/272™% where k € Z.

1c) 3'/5 takes on the values 3'/°¢2#7/5 for k = 0,1,2,3 or 4, where 3'/® in
this answer is the real 5" root of 3. g 2

1d) (1 +4)"* takes on the values (14i)e’ 2 e ™42 where k € Z

2. (20pts) Verify that the following functions are harmonic and compute
their harmonic conjugates on the given domains: (a) u(z,y) = -5 on

‘%2+y2
C — {0}, (b) u(z,y) = e*(zcosx — ycosy) on C.

Solution 2a) -
2b) e”(zsiny + y cosy)

3. (20pts) We showed in class that linear fractional transformations are
3-transitive. That is, for any 2 sets of 3 distinct points in P* = C U {oc}, say
{0, 1,22} and {yo, y1,y=}, there is a linear fractional transformation f(z) =



% such that f(z;) =y; for i = 0,1,2. Are linear fractional transformations
4-transitive? That is, given 2 sets of 4 distinct points {zo, 1, z2, 23} and
{Y0, Y1, Y2, Y3}, is there a linear fractional transformation f(z) such that
f(z;) = y; for i = 0,1,2,37 If yes, prove it. If no, provide a counterexample

with proof.

Solution Mobius transformations are not 4-transitive. There are many
ways to show this; we give one. There is no fractional linear transformation
taking the points 1,2, 3, and 4 respectively to 1,2, 3, and ¢. For a fractional
linear transformation takes lines to either lines or circles, and therefore, if
such a fractional linear transformation existed, it would take the line passing
through 1, 2, 3 to a line or circle passing through 1, 2,3 — and of course this
is just same line as before, comprised of real complex numbers. But then
4 must be taken to a point on this same lane, but ¢ does not lie on this
line. (Alternatively, with some calculation, one can easily show that the only
map taking 1,2,3 to 1,2,3 is z — z, which of course does not take 4 to i.)
Hence there does not exists such a fractional linear transformation, and the
collection of fractional linear transformations is not 4-transitive.

4. (10pts) Determine the linear fractional transformation f = %IZ that
satisfies f(0) =1, f(1) =5, and f(oc0) = 3.

Solution Most everyone got

_62—1_—6z+1_32—%
C22-1 2241 z-14i7

f(z)

5. (20pts) Compute the following line integrals: (a) fv xdy, where ~ is the
semicircle in the upper half-plane from R to —R and R is a positive real
number, (b) [ zy'dr where 7 is the right half of the circle |z = 4, in the
counterclockwise direction.

Solution There are two natural ways to do this problem. First, you can
parameterize the curves and compute from the definitions. Second, you can



apply Green’s theorem. However, note that Green’s theorem applies only
to closed curves; neither curve appearing in this problem is closed. If you
lost points on the problem, it is most likely because you didn’t take this into
account.

Here is the correct way to apply Green’s theorem in part (a). Let o be the
path from —R to R on the z-axis. Let D be the interior of the upper-half disk
of radius R. The boundary of D is v followed by o. So, by Green’s theorem,

/xdy+/xdy—/ xdy—// dx dy.
o' o oD D

Now, observe that faasdy = 0 because y is constant on the path so that
dy = 0. Parameterizing the half disk by x = rcosf and y = rsiné for
0<r<Rand 0<6<m, weget dvdy =rdrdf, and we compute

T R L
/a:dy:// dxdy:/ / rd’r’d@z/ R?/2d6 = TR*/2.
o D o Jo 0

Completing part (b) with Green’s theorem involves similar reasoning.
To do it by parameterizing the path, let x = 4cosf and y = 4sinf, where
—m/2 <0 < m/2. Then,

w/2
/xy4 dr = / (4 cos6)(4sin0)*(—4sin 0 d)
”

—7/2

/2
= —46/ cos A sin® 6 do

—7/2

_ _46 sin6 0 |7r/2
6 —7/2

=0.

6. (20pts) Show that if f = u +iv and f = u — iv are both analytic, where
u and v are real-valued functions, then f is a constant function.



Solution Recall my e-mail correcting this problem:

In problem 6, ignore f. Suppose that u(x,y) and v(x,y)
are real-valued function such that u+iv and u-iv are both
analytic. Then, u(x,y) and v(x,y) are constant.

In the language of that problem, it is assuming that f(z)
and the complex conjugate of f(z) are both analytic. Then,
show that f(z) is constant.

Let f = v +iv and let f = u — @ be the complex conjugate. The
Cauchy-Riemann equations for f and f say that

du _ o
. ox 9]
f ' ou __ _ypartialv
oy ox
ou _ d(-v)
r. ox 0
Fryou _ 3w
oy ox
Together, these imply that
Ou Ov v
or  dy Oy
ou  Ov v
oy  Ox Oz’

and hence that 2% = 2% — (. Similarly, ¢ = 2 = (. Since u and v are
Ox oy ’ Ox Oy

differentiable, this implies that u and v are both constant functions, and
hence so is f.

7. (30pts) A polynomial P(x,y) is called harmonic if it satisfies Laplace’s
equation. Determine all harmonic polynomials of the form P(z,y) = az® +
bx*y + cxy? + dy?, and find their harmonic conjugates. Show that a harmonic
polynomial has a harmonic conjugate on C, and that any such harmonic
conjugate is a harmonic polynomial in x and y. Then, show that for any
harmonic conjugate Q(z,y) of P(z,y), the analytic function f(x + iy) =
P(z,y) +iQ(x,y) is a complex polynomial in z.



Solution The computational part of this problem, to which we just supply
the answer, is that a polynomial P(z,y) = az®+bx*y+ cxry? + dy? is harmonic
iff c = —3a and b = —3d, and that in this case the harmonic conjugate is
Q(x,y) = d® + 3az’y — 3dzy? — ay® + A, for some constant A.

The next component of the problem is to show that for a general harmonic
polynomial, it’s harmonic conjugate is also a polynomial in z and y.

If P(z,y) = Zj,ng a;r27y" harmonic, then it’s harmonic conjugate @ is
given up to a constant by a path integral

(z0,y0) 8U au
Q(zo,40) = / ——yda: + —dy
0

0 ox
(xoyo) (xoyo)
= Z —kajk/ aIyF o + Z jajk/ ok dy
G k<N 0 G k<N 0
10 370

where we have excluded £ = 0 and j = 0 from the respective sums because
the coefficients attached to these terms are 0. But clearly these path integrals
produce polynomials in xg, 39, and since a finite sum of polynomials is still a
polynomial, we are done.

In fact, though it’s not necessary to perform the computation, breaking
the path from 0 to (zo,yo) into two, traveling first from 0 to (x0,0) on a
straight line, and then from (z,0) to (zo, o),

(zo,y0) (z0,0) (zo.w0)
/ xjyk_ldl’ — / x]yk—ldx + / .ijk_ldl' —0 + 0
0 0 (z0,0)
unless k — 1 = 0 in which case this integral is 2" /(j + 1). Likewise,
(zo,y0) (20,0) (zo,y0) xj—lykﬁ-l
/ o yrdy = / oty + / 2 hyrdy = 0+ S,
0 0 (20,0) k+1

so we can explicitly compute up to additive constant,

Jajk j-1 k41 a1 g1
Q(wo,yo) = 7. 1% Yo — Z %o
e jend
770
[If you took a different path integral, you would get an answer which is symbol-
ically different, but actually the same; P being harmonic forces relationships

between the coefficients a .|



The problem finally asks us to show that for f(z+iy) = P(z,y)+iQ(x,y),
f is a polynomial in z. There was some confusion about what this meant;
this means that for some constants «;

f(2)=> a;,

where the sum is finite. In fact, perhaps again because of confusion, no one
showed this for general P and @), so we graded to see if you had done it for the
cubic P and @ above. In this case, algebra verifies that P(x,y) + iQ(x,y) =
(a+id)(z +1y)® + A, and full credit (5 points) was given for this observation.

It is interesting to see this more generally. We have for general harmonic
P that f as defined above is an analytic function. But then, by the same
process of reasoning that gets us the Cauchy-Riemann equations,

af

£'(z) = Slw + i),

and likewise f((2) = %(w +iy).

But because f(x 4+ iy) is a polynomial in = and y (we don’t know this yet
for z, though!), for some large enough N, f™)(z) = 0. But then, in effect
integrating, fN"1(z) = By for some constant By. Repeating the process,
fW=2(2) = Byz + By_1 for some constant By_;. (Here we are using the
Theorem at the bottom of page 49 of Gamelin which ensures us that having
found one antiderivative, we've found all antiderivates up to a constant.)

Repeating this process, we have

flz)=>

where ;. are constants. This shows f is a polynomial in z.

S

k _k
o

>

8. (30pts) Show that on the punctured unit disk D = {z : 0 < |z| < 1}
there is a non-exact closed differential Pdx + QQdy such that if Sdx + T'dy is
a closed differential on D, then Sdz + T'dy = a(Pdx + Qdy) + dh for some
real number a and some function h. Show that on the domain

E={z:0<]z|<2and z#0,:}



there are two closed differentials Pydr + Qody and Pidx + Q1dy such that
every non-exact closed differential on D is equal to a( Pydx + Qody) + S(Prdz+
Q1dy) + dh for real numbers o and  and some function h. You make take

the first differential to be —¥dz+zdy (All functions h, P;, and @; are assumed
xe+y

to have continuous second-order partial derivatives.)

Solution This problem is rather difficult, and I gave out very, very little
credit on it. Let’s start by proving the bit about the punctured unit disk
D={z:0<|z] <1}

Recall that a differential P dz + @ dy is exact on D if and only if all path
integrals depend only on the endpoints, or, equivalently, if

/de+Qdy:0
gl

for all closed paths v on D.

We saw in class that
/ —ydx + zdy
— < =9r.
=1 Y

It follows that % is not exact, and it is trivial to see that it is closed.

Now, suppose that S dx + T dy is any closed differential on D, and let
/ Pdx+Qdy =C.
|z|=1

Counsider the differential form

C —ydx+xdy

Then, by construction, we know that w is closed and

/ w = 0.
|z|=1

It follows that fvw = 0 for any closed path ~ in D, and this shows that
w = dh for some function h, as desired.

Remark: to make this argument truly precise, one needs to argue that
any closed path in D can be deformed into travelling around the circle |z| = 1



some integral number n of times. Positive numbers correspond to taking the
path counter-clockwise, and negative numbers correspond to going clockwise.
Similarly, in the next domain, every path can be deformed to some multiple m
of loops around 0 and n loops around 7 taken in various orders. For instance,
go around 0 clockwise 10 times, then go around ¢ counterclockwise 4 times,
then go around 0 counterclockwise 5 times. So, in the next part, to test for
exactness of a differential form w, it suffices to check that

/ w=0= / w.
|z|=.5 |z—i|=.5

What are our 2 differential forms? Let the two differential forms be

—ydx 4+ zdy
PO dx + Qo dy == W
—(y—1)dx + zdy
P d dy =
1 X+Q1 y $2+(y_].)2
Then, it is easy to check that both are closed, and neither is exact. We
have
—ydx + xdy —(y—1)dx+xdy
22 2= 2 2
l2|=5 7Ty =5 P2+ (y—1)
/ —ydx—l—xdy_o_/ —(y—1)dx+xdy
mijms T2 Y =5 TE4(y—1)?

Let Sdx + T'dy be an arbitrary closed differential form, and define numbers
C and D by

/ Sdx+Tdy = C,
|z|=.5

/ Sdx+Tdy=D.
|z—i|=.5

Let

C —ydx+xzdy D —(y—1)dx+axdy
— Sdx+ Tdy — — JXTTY .
“ BRI 2 4+ y? 2 224 (y—1)2

/ w=0= / w.
|z|=.5 |z—i|=.5

Thus, as remarked above, f7 w = 0 for any closed path v in D. Thus, w = dh
for some function h.

Then, by construction,



