
THE FLOW ASSOCIATED TO
WEAKLY DIFFERENTIABLE VECTOR FIELDS

GIANLUCA CRIPPA
NORTHWESTERN UNIVERSITY, MAY 14–18, 2007

In these seminars we will try to give an account of some recent literature on the ordinary
differential equation {

γ̇(t) = b(t, γ(t))

γ(0) = x
γ : [0, T ] → Rd

and the closely related transport equation{
∂tu(t, x) + b(t, x) · ∇xu(t, x) = 0

u(0, ·) = ū
u : [0, T ]× Rd → R

under weak differentiability assumptions on the vector field b : [0, T ] × Rd → Rd. We will
start by recalling the classical results of the Cauchy-Lipschitz theory (in which Lipschitz
regularity of b is assumed). Then we will tackle the question of the well-posedness of the
PDE, illustrating the importance of the notion of renormalized solution. The well-posedness
of the ODE will be first presented in an abstract setting, relying on the connection with the
well-posedness of the PDE. Finally we will show with some detail a new and simpler a-priori
estimates approach to the Lagrangian problem.

A tentative plan of the lectures follows. Various reference material, including lecture notes,
can be found starting from the web-page http://cvgmt.sns.it.

First talk. (1 hour) Recalls on the theory in the smooth framework. The renormalization
property. How this property implies well-posedness of the PDE, heuristically and rigorously.

Second talk. (2 hours) Depauw’s counterexample. An abstract characterization of the
renormalization property. DiPerna–Lions regularization scheme. Various renormalization
results, in particular DiPerna–Lions and Ambrosio.

Third talk. (1 hour) The link between PDE and ODE out of the smooth framework. The
concept of regular Lagrangian flow.

Fourth and fifth talk. (2 hours + 1 hour) Estimates for the ODE with Sobolev vector
field and a purely Lagrangian approach to the theory of regular Lagrangian flows.
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