MATH 218 PROBLEM SET 3

JOEY ZOU

Problem 1:

(a) Suppose u € C(Ry; D'(R2)), i.e. for each t € R we associate u(t) € D'(R}) such
that ¢ — u(t) is continuous (w.r.t the topology on D'(R”)). Show that u defines

a distribution on R?:l, via

¢ — / Jn dt for ¢ € C°(R™1).

(b) For t € R, define E, (t) € D'(RY}) by

F-1 <sin<t|£|>> >0
El8) = {0 : t<0

Show that £, € C(Ry;D'(R?)), and that the corresponding distribution on R™*!
is a fundamental solution to the wave operator 97 — A.

Problem 2: Let (a")};_; be a symmetric complex-valued matrix, and suppose u €
D'(R™) satisfies the property that

> a"0,ud,u € C(R")
ij=1
in the sense of distributions. Let £ = (§1,...,&,) € R" be a vector such that
D agg # 0.
ij=1

Let U be a bounded open set in R™. Show that, for every x € C*(U) and N > 0,
there exists a constant C, n such that

IXu(AE)] < CyA™ as A — 4o0.

In particular, if u € D'(R™™!) solves the wave equation (97 — c2A)u = 0 in the sense
of distributions on R™™!, show that
|@()‘T7 A§)| < CN/\_N

whenever (7, ¢) lies outside the light cone {(7,&) € R* : 72 = ?[£]?}.
Hint: First, show that there exists m € R such that for any x € C°(U) and any
multi-index « there exists some C o, > 0 such that

XO°u(E)] < Crall+ €]yl
1
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for all £ € R™. Next, show by induction that for any x € C°(U) and any N > 0, there
exist Xa.n € C°(U) (ranging over multi-indices o with |a| < N) and vy € C2°(U)
such that

lﬂVCXU>:: :E: X@ﬂvaau<+1ﬁv, L= j{: GM6GX%y
la|<N ij=1

(note that LY is a differential operator of order 2N, whereas the right-hand side in-
volves terms taking at most N derivatives of u). Take the Fourier transform of both
sides to conclude.

Problem 3: Let n be odd, and let u € C=(R™™) solve the linear wave equation
(02 — A)u =0, with fo(z) = u(0,z) and fi(x) = du(0,z) both in S(R™). Show that
there exists a constant C' such that

C
xseuﬂg lu(t, z)| < =y for all t > 1.

Hint: It suffices (by rotation) to prove such an estimate for = of the form =z =
(71,0,...,0). Writing & = (£;,&') with ¢ € R"™!, we have

t,x) = (2m)" /f/ “‘fifl de’ dg, + ...
( —_ 2’6‘ 5 51

Now introduce polar coordinates for £, and integrate by parts in the radial variable.

Problem 4: Let ¢(r) € C2°(R) be nonzero and supported in {3 < r < 2}, and let
u € C°([0,00) x R3) be given by

o] — 1)

|

u(t,z) =

Show that u solves the linear wave equation on (0,00) x R3, with C'° initial data,
and that there exists ¢ > 0 such that

sup |u(t,x)| > - for all t > 1.
T€R"

Problem 5: Let U be a bounded open set in R", and let L =37, ¢ (2)0s, 0y, +
S on_, U5 (2)0y, + q(z), where (¢7%) is uniformly elliptic on U, and all coefficients have
bounded derivatives of all orders. Suppose xy € U, and that there exists a continuous
function d : U — R>q which is smooth on U\{z(} such that

Z 9" (2)0,,d(2)0y,d(x) = 1 on U\{zo}, d(zo) = 0.

7,k=1

(a) Show that d(z) = dist,(x, ), where dist, is the geodesic distance with respect
to the Riemannian metric g where in coordinates we have (g;;(z)) = (¢”(x))~".
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(b) Suppose T satisfies that d~*([0,T]) is a compact subset of U. Let u be a smooth
solution to (0?2 — L)u =01n (0,7) x U, and for 0 <t < T let

Bt) = & / Bt D)+ 3 ¢ (@)0,, ult, 2)uult,7) + Jult, 2)|? | da
2 {zeU : d(z)<T—t}

]7k5:1

Show that there exists a constant C, depending on the coefficients ¢’*, b* and ¢
(but not on the solution u) such that

E(t) < CE(t).

Conclude that if u(0,2) = Ju(0,2) = 0 for all = satisfying d(z) < T, then
u(T, xzg) = 0.

Problem 6: Show that the limits

1
y
S0t —72 + [€]2 £ ie

exist in D'(R}}"), and that the distributions

1
Fe=F"(1
* <e—1>1(¥r i [ == ie)

are fundamental solutions of the wave operator.
Is either F. equal to the forward fundamental solution of the wave operator?




