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OVERVIEW

The course will focus on various aspects of linear parabolic and hyperbolic equa-
tions, with a particular emphasis on the construction and properties of parametrices
and solution operators to such equations. Towards the end of the quarter, I'll plan on
giving an introduction to microlocal analysis, with a particular focus on applications
to parabolic and hyperbolic problems.

SCHEDULE

(may be subject to change depending on student interest)

e Weeks 1,2: Review of distribution theory and Fourier transform

e Weeks 3-5: Study of parabolic equations, with particular focus on parabolic
regularity and the structure of the heat kernel

o Weeks 6,7: Study of hyperbolic equations: linear wave equation and the geo-
metric optics ansatz

e Week 8: Introduction to microlocal analysis and parametrices for differential
operators

e Week 9: Construction of parametrices for parabolic operators

e Week 10: Construction of parametrices for hyperbolic operators
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1. LECTURE 1 (03/29): DISTRIBUTION THEORY: PRELIMINARIES

Distributions are generalizations of functions that work particularly well with differ-
entiation, convolution, Fourier transforms, etc.. We review the theory of distributions
in this lecture.

The reference for this section is Hérmander’s The Analysis of Partial Differential
Operators I [Hor90].

1.0. Conventions. We consider functions (either R-valued or C-valued; usually the
difference is not significant) defined on an open subset U of R™. A multi-index is an

n-tuple a = (ay, ..., a,) of nonnegative integers, with the corresponding differential
operator 0% := 5%31 . % on U. The sum |a| = a; + -+ + a,, is the order of the
1 n

multi-index a/the differential operator 3*. We denote C*(U) the space of functions
f on U which has partial derivatives of order up to k, with 0“f continuous on U for
all a with |a| < k. We denote C®(U) = N,C*(U). When needed, we'll define C*(U)
and C*(U) analogously, with the additional requirement that the partial derivatives
be continuous up to the boundary.

For U C R" open, we denote

CX(U) :=={u € C°(R") : supp u is a compact subset of U}.

1.1. Definitions and properties.

Definition 1.1. Let U C R” be open. A distribution on U is a linear functional
u: C°(U) — C which is continuous with respect to the topology on C2°(U) (defined
below). The space of all distributions on U is denoted] by D'(U).

For uw € D'(U) and ¢ € C°(U), we'll write the application of u against ¢ as u(¢)
or (u, @) or (u,®)y (when emphasizing the domains on which the distributions live).

The topology on C'2°(U) is a bit involved to describeﬂ, but the practical interpreta-
tion of the topology is as follows: a sequence {¢,} in C(U) converges to ¢ € C(U)
if:

e There exists a compact set K C U such thalﬂ supp ¢, C K for all n, and
o All derivatives of ¢, converge uniformly to the corresponding derivative of ¢
on U, i.e. for all multi-indices o we have

sup |0%¢, — 0%¢| == 0.
zelU

IThe notation comes from Laurent Schwartz’s work where the space of “test functions”, i.e.
Ce°(U), was denoted by D(U).

2For the curious: it can be described as an inductive limit topology on C°(K) (for all K C U
compact), with the topology on C2°(K) given by the seminorms ¢ + [[0%¢| (k) for all multi-
indices a. This is apparently called the “LF topology” (for limit of Fréchet spaces).

3From the convergence requirement below, we see a posteriori that supp ¢ C K as well.
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Thus, we say that a linear functional u : C®(U) — C if] continuous if, whenever

¢n — ¢ with respect to the convergence defined above in C2°(U), we also have
u(pn) — u(¢) in C as well.

Lemma 1.2. A linear functional v : C°(U) — C is continuous if and only if, for
every compact subset K C U, there exists k € N> and C' > 0 such that

lu(p)| < C Z sup |0%¢| for all ¢ € CZ(U) with supp ¢ C K.
K

o<k

Proof. The “if” part is straightforward to verify. For the “only if” part, suppose
for some compact K C U that no such C' and k were to exist to satisfy the above
inequality. Then, for every k € N5, we could find ¢ € C2°(U) supported in K such
that u(¢) is arbitrarily large compared to Z\al <1 SUpg [0%¢|. In particular, for each
k we can find ¢ supported in K such that u(¢x) =1, but 3, o) supg [0%¢k| < 1/k.

Note that this implies that supy |0%¢x| < 1/k whenever k > |a|. In particular, we

see that for each fixed o we would have sup; |0%¢y — 0| 2220, and hence ¢, — 0

in the topology of C'2°(U). But then we should have u(¢x) — u(0) = 0 as well due to
the continuity of w, which contradicts the assumption that u(¢y) = 1 for each k. O

Thus, we could have alternatively defined a distribution v as a linear functional
satisfying

lu(g)] < C > sup|0°¢| for all ¢ € C°(U) with supp ¢ C K

|| <k

for some constants C' and k for each compact K C U (note that C' and & in general
depend on K).

Example 1.3. The following are distributions (the continuity part is left as an exer-
cise; the important aspect is viewing these as linear functionals):

e Any f € L},.(U) can be identified with a distribution

Ty() = / F(2)(z) da.

(Note that the RHS makes sense for any ¢ € C°(U), since f € L'(K) for
any compact subset K C U; in particular this is the case for K = supp ¢.)
In such cases, we’ll refer to the distribution as f as well, and we’ll say that a
distribution u is in L, (U) (or LP, continuous, C*, etc.) if it can be identified

loc
with a function in L} (U) via the above identification.

loc

Remark 1. This is slightly different than the complex inner product (f, ¢) =
Ji f(2)é(x) dz—note that (-,-) is C-anti-linear in the second variable, i.e.
(f,ap) =a(f,¢) for a € C, whereas distributions are C-linear.

4Strictly speaking, this should be called sequentially continuous, as the topology on C(U) is not
metrizable.
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e For any xy € U and multi-index «, the functional

¢+ 0“P(x0)

is a distribution. The case o = 0 is called the Dirac delta at xy, denoted d,,
(the Dirac delta at the origin 0 is often just denoted §).
e In R, the distributions (z +40)~! are defined by

¢ lim (@)

e—0t Jp x X 1€

dz.

The limit on the RHS does indeed exist for any ¢ € C°(R), and the limits
may be different depending on the sign +. In fact, we have

(x —i0)™! — (z +140)" = 27idy.

The space of distributions D’'(U) also has a topology, given by the weak-* topology
viewing it as the dual space to C°(U).

Definition 1.4. We say that a sequence u, in D'(U) converges to u € D'(U) as
distributions if, for every ¢ € C°(U), we have

un(¢) = u(¢) (in C).

In practice, convergence in D'(U) is weaker than most kindsﬂ of convergence that
can be considered. For example, if u, has more structure, e.g. belongs to C°(U),

C>=(U), even Lj,.(U), and it converges, e.g. uniformly or even in L. (i.e. in L' on

every compact set), then it also converges as distributions.
If V' C U is open, then there is a continuous inclusion ¢ : C2°(V) — C°(U).

Definition 1.5. If V' C U is open, and u € D'(U), the restriction of u to V is the
distribution on V' defined by

uly (@) = u(e).
Definition 1.6. The support of a distribution u € D'(U) is the set

supp u := {x € U : uly is not identically zero for any neighborhood V' > z}.

Example 1.7. If f is a continuous function on U, then the support of f, viewing f
as a distribution, is the same as the support of f, viewed as a function. That is,

supp f={z €U : f(z) # 0}

(here the closure is taken with respect to U).

5The only kind of convergence I can think of that is not stronger than convergence in D'(U) is
pointwise convergence. But even then, even a very weak bound on the sequence u,,, combined with
pointwise convergence of u,,, is usually enough to give convergence in D’(U), due to the extremely
nice properties of C°(U).
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1.2. Operations on distributions: differentiation, multiplication. One essen-
tial operation that can be applied to distributions is differentiation. The idea is
motivated by the integration by parts identity

/aa z)dr = (— "“/f 0% (x

which holds for all f € C*°(U) and ¢ € C2°(U) (the compact support of ¢ guarantees
the lack of “boundary terms” that would normally arise from integration by parts).
We thus define differentiation via this feature:

Definition 1.8. For 1 < j < n and w € D'(U), the partial derivative O;u is the
distribution on U defined by

O;u(¢) = —u(0;¢) for all p € C(U).

For a multi-index «, the derivative 0%u is defined by iterating partial derivatives, in
the same manner as iterating partial derivatives for smooth functions.

Note that ¢ € C*(U) = 0;¢ € C(U), so the right-hand side in the above

definition does indeed make sense.

Example 1.9. For a > —1, define

_zt >0
a () = T'(a+1) x )
X+( ) {0 2 <0

Then x% € Lj,.(R), and £x% = x4~ for @ > 0. Moreover, x5 (z) is the so-called
“Heaviside function” H(z), and X% = d.

Similarly, if p € C*°(U), then we have the identity

/U (ple)u(z))d(z) dx = / u(z)(p(2)d () de

U

for any function u just by rearranging terms; moreover note that pp € C>*(U) if
¢ € C°(U). Thus, we can define:

Definition 1.10. For p € C*(U) and u € D'(U), the product pu is the distribution
on U defined by
(pu)(9) = u(pg).

Remark 2. Differentiation and multiplication by p € C*°(U), as defined above, are
in fact continuous linear operators D'(U) — D'(U), such that the restriction of
these operators to C2°(U) C D'(U) give the same results as the usual differentia-
tion and multiplication on C°(U). The reason why we insist on onlyﬂ multiplying
by functions in C*°(U) is that it turns out there does not exist a continuous opera-
tor D'(R") x D'(R™) — D’'(R™) which extends the notion of pointwise multiplication
defined initially on C2°(R™) x C°(R™).

6At least a priori it is not clear that multiplication by other functions will work. It turns out
that we can multiply by slightly less regular functions under mild assumptions, but that this notion
does not extend to all distributions.
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2. LECTURE 2 (03/31): COMPOSITION, HOMOGENEOUS DISTRIBUTIONS, AND
CONVOLUTION

2.1. Composition with smooth maps and homogeneous distributions. In
some cases, it is possible to define composition of distributions. We’ll focus on the
case of composing a distribution in D'(R™) with a map f : U — R™, U C R", with
m < n.

We suppose first that there exist auxiliary functions ym+1(2), Ymi2(2), ..., yn(2)
such that the function

g:U— R, g(I) = (fl(x)> R fm(l‘)a ym—l—l(x)? s vyn(x))
has a C* inverse h : g(U) — U. For y € R", write y = (¢/,y"”) € R™ x R"™™. Note
that
y=g(h(y)) = v = f(h(y))
since the first m components of g(x) are the m components of f(z). Then, if ¢ €

C*(U), we see that for u € CO(R™) we haveﬂ

/Uu(f( dx—/Uu da

[l h))otni) | det Dhiy)] dy

()
/ u(y y))| det Dh(y)|dy

n

3/) = [ olhie/o/ )| det D(y'.y)] dy'

Thus, if we can construct auxiliary functions ¥, 11, - - ., Yy, such that (f, ymi1,---,Yn)
has a C° inverse, then we can (uniquely) extend the notion of composition of a
continuous function u : R™ — R with f: U — R™ to distributions on U by defining

(wo f,¢)v = (u, P)rm

I
Q

=

where

where ¢ is defined as above.

In general, if the differential Df of f is surjective everywhere on U, then this
construction of auxiliary functions is possible locally, thanks to the Inverse Function
Theorem. We can then take a locally finite partition of unity 1 = > pi, say with
supp pr C Uy, with the property that for any compact subset K C U, only finitely
many intersections U N K are nonempty. Then, we can define

(wo f,0) = (ulu, prd)uy,

k

"In the second line, we made the substitution = = h(y), dz = |det Dh(y)| dy. In the third line,
we can switch the region of integration to R™, since ¢(h(y)) is nonzero only when h(y) € supp ¢ C
U= yeygU).
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where (u|y,, pr¢)u, is defined in the special case discussed in the previous paragraph
(note that the assumption that the partition is locally finite guarantees the above
sum is a finite sum for any ¢ € C°(U)). We summarize this as follows:

Theorem 2.1 (cf. Theorem 6.1.2 in [Hor90]). Suppose f: U — R™ is smooth, and
Df(z) is surjective for all x € U. Then there is a unique continuous linear map
f*: D'(R™) — D'(U) such that f*u = wuo f for all u € C°(R™). Moreover, for any
partial derivative 0; we have

n n

0(f'w) = (9 fe) - [ (D) (ice. Dj(wo f) = (Duuo [)O;fi)

k=1 k=1
Remark 3. If V' C R™ is an open set containing the image of f : U — R™, then the
above theorem also holds replacing R™ by V.

Example 2.2. Consider f : R* — R", f(z,2') = z — 2’ for (x,2') € R" x R". Then
g(z,2') = (r — 2/, 2') admits a C* inverse on R?", namely h(y',vy") = (v +y",y") for
(v',y") € R" x R™ (then |det Dh| = 1 everywhere). Then

(u (e} f, ¢)R2n = ('U,’ gg)Rn
where
&(y/) _ gb(y’ + y//’ y//) dy”.
Rn
In particular, the distribution 6(xz — z’) is the distribution satisfying
(6(z — '), @)pen = (8, 0)mn = 9(0) = | d(0+¢",y")dy" = | ¢(w,2)dx

R7 Rn
for any ¢ € C>°(R?").
Example 2.3. Suppose U C R" is conic, meaning that v+ € U = tx € U for all

t > 0 (for example, U = R" or U = R"\{0}). For ¢t > 0, the composition u(tx) for
u € D'(U) is well-defined, and it satisfies

(u(tz), ¢) = 17" (u, ¢(2/1)).
(This is the same result if u is a continuous function and wu(tz) is understood as a

composition.)

Definition 2.4. We say that u € D'(U) is homogeneous of degree a € R if u(tz) =
t*u(z) for all ¢ > 0, where the composition u(tz) is defined above. Equivalently,

(u, p(x/t)) =" (u,¢) or (u,p(tr)) =t""""(u, ).
Example 2.5. Consider the functions x4 defined in Example for a > —1. They

define distributions which are homogeneous of degree a.

Example 2.6. The Dirac delta 6 on R" is homogeneous of degree —n. Indeed,
(0, p(tz)) = (0,¢) for any t > 0 since both sides evaluate to ¢(0), so (4, ¢(tz)) =
"%, ¢) for —n —a =10, i.e. a = —n.
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Example 2.7. Consider f : RYI' — R be given by f(t,z) = t* — |z|* for (t,z) €
R xR". Note that D f is non-vanishing on R\ {0}, so u(t*—|z|?) is well-defined as a
distribution on R"\{0}. Moreover, if u is homogeneous of degree a, then u(t* — |x|?)
is homogeneous of degree 2a.

Note that given a distribution « on R™\{0}, it is not always possible to extend it to
a distribution @ on R™ (i.e. we cannot always find & € D'(R") such that |\ 10} = u).
However, for homogeneous distributions this is possible:

Theorem 2.8 (cf. Theorems 3.2.3 and 3.2.4 in [H6r90]). Suppose v € D'(R"\{0})
is homogeneous of degree a. Then there exists 4 € D'(R™) such that @|gm\ oy = u.
Moreover, if either a > —n or a & Z, then such an extension is unique and also
homogeneous of degree a.

2.2. Convolution. Recall that the convolution of two functions f,g : R* — R is
defined by

(fxg)(x) = . fWglx —y)dy = (f,9(x —-))

where g(z —-) is the function y — g(x —y). This allows us to easily define convolution
when f is a distribution and g is smooth with compact support:

Definition 2.9. Let u € D'(R™) and ¢ € C°(R™). The convolution of u and ¢ is the
function u* ¢ : R™ — R defined by
(ux @) (x) = (u, ¢(x —)).

(Note that ¢(x — -) € C*(R") for any = € R" if ¢ € C°(R").)
Some properties of convolution as defined above are as follows (proofs are in Section
4.1 of [Hor90)):

Theorem 2.10. Let u € D'(R™) and ¢, € C°(R™). Then:
o uxpe C°R"), wiﬂﬁ supp (u* @) C supp u + supp ¢.
e For any multi-index o we have
0*(ux* @) = (0%) * ¢ = u* (0%9).

o We havd|(u* ¢) x b = ux (¢ * ).
o px1h =1%o (viewing C*(R") C D'(R")).

Next time: We'll define the composition of distributions (in limited contexts) by
having it satisfy the associativity condition

(ug * ug) * ¢ = uq * (ug * @).

We'll also discuss Schwartz kernels.

8For two subsets A, B C R", we define A+ B={a+b: ac A b+ B}.

9Note in this equation that u % ¢ € C=(R") C D’(R"), so we can again convolve it on the right
with another function in C°(R™), while ¢ * ¢ € C°(R™), so we can again convolve it on the left
with a distribution.
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3. LECTURE 3 (04/05): DuALITY, CONVOLUTIONS, AND SCHWARTZ KERNEL

3.1. A comment on defining operations by duality. For all of the operations
on distributions defined in the first two lectures, we can summarize the definitions in
a common way. Suppose we have a continuous linear map L : C*(X) — D'(Y).

Definition 3.1. The adjoint of L : C°(X) — D'(Y) is the operator 'L : C°(Y) —
D'(X) defined by

(tquz)vgb)X = (L¢7 ¢)Y for ¢ S CSO(X)777/} € O;)O(y)
Note then that *(*L) = L.

Example 3.2. Some examples:
e For L = 0;, we have 'L = —0;.
e For L = p (i.e. multiplication by p € C*), we have ‘L = p (i.e. the same
operator).
o If f: X — Y is invertible with smooth inverse and L = f* (i.e. Lo = ¢po f),
we have 'L = [det f|(f71)" (ie. "Ly = (o f7)|det f7)).

Suppose now that ‘L now maps C¢°(Y) not just into D'(X), but rather into C°(X).
Then, we can extend L to an operator L : D'(X) — D'(Y), defined by

(Eu,z/J)y = (u,! L) x.

Then, L is continuous, and moreover it agrees with L on C*(X). This is indeed
how all of the operations defined so far (aside from convolution with C2°) have been
defined.

If 'L does not map C°(Y) into C°(X), but rather just into C*°(X), we can still
extend L, albeit to a slightly different space.

Definition 3.3. The space £'(X) is the space of distributions u € D’(X) such that
supp u is compact.

Theorem 3.4. £'(X) is isomorphic, as topological vector spaces, to the dual space of
C*(X), where the topology of C*(X) is that given by the seminorms

¢ Z sup |0%¢|, k € Nso, K C X compact.
|| <k

Thus, if L maps C°(Y) into C*°(X), then L can be extended as a map &£'(X) —
D'(Y). Similarly, if *L maps into £'(X), then L can be extended as a map C*(X) —
D(Y).

3.2. Convolutions, continued. To define the convolution of two distributions u;
and uq, we could try to have it satisfy the “associativity” property above, i.e. for
¢ € CX(R™) we would want u; * uy to satisfy

(ur % ug) % & = uy * (uz * §).

There are two issues with doing so:
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e First, the above condition gives a condition we’d like to be satisfied involving
the convolution of our mystery distribution u; * us against ¢; a prior:i it’s not
clear how that defines the pairing (u; * uz, @).

e For the right-hand side to make sense, we want to somehow arrange for us * ¢
to have compact support.

The second issue can be addressed by taking us to have compact support. For the
first issue, it turns out that knowledge of how a distribution convolves (i.e. knowledge
of the operator C°(R") — C*°(R"), ¢ +— u * ¢) is enough information to determine
the distribution itself. Indeed, just note that for any ¢ € C®°(R"), if ¢(z) = ¢(—x),
then ]
(wx $)(0) = (u, ).

However, there is another necessary condition that a convolution operator must sat-
isfy. Namely, if for h € R" we let 75, : C*°(R") — C>®°(R"), m¢(x) = ¢(x — h), then
Th(u * @) = u * 17,0 (this follows basically from the definition). It turns out that this
is essentially sufficient as well:

Theorem 3.5 (cf. Theorem 4.2.1 of [Hex90]). If U is a continuoud"| linear map from
CX(R") — C*°(R"™), and U o1, = 1,0 U for all h € R", then there exists a unique
u € D'(R™) such that Up = ux ¢ for all p € C(R™).

Proof. Tf such a u were to exist, it must satisfy (u,®) = (u* ¢)(0) = U(¢)(0); hence
define u € D'(R™) by (u, ¢) := U(¢)(0). This is a distribution, i.e. is continuous, due
to the continuity assumptions in the hypothesis. It remains to verify that U¢ = u* ¢
for all ¢ € C°(R™). This is where the assumption of commuting with translations
comes in: just note that

(U6)(—h) = m(U)(0) = U(me)(0) = (u,6) = (wimd)(0) = (k) (0) = (ws)(—h)
for each h € R"™. Thus, U¢ = u * ¢ as functions in C*°(R™). O
As such, if uy,uy € D'(R™) with supp us compact, we see that
U :=uq * (ug * @)
satisfies the assumptions in the theorem. Hence, we can make a definition:

Definition 3.6. Suppose uj,us € D'(R™) with supp us compact. The convolution
uy * uy is the unique distribution u € D'(R™) satisfying

ux ¢ =uy * (ug x @) for all ¢ € CF(R").

Example 3.7. The Dirac delta dy satisfies dp x ¢ = ¢ for all ¢ € C°(R"). As a
consequence, for all distributions u € D'(R") we also have u * 6y = u.

By leveraging facts about convolution of functions, we can state:
Theorem 3.8. Let uy,us € D'(R™) with supp us compact. Then:

10he topology on C*°(R™) is the seminorm topology induced by the seminorms ¢ —
2 |a|<k SUPk [0%¢] over all k € N>o and K compact, i.e. a sequence of smooth functions converges

if and only if it converges with respect to each of the preceding seminorms.
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If supp uy is also compact, then uy % us = us * uy.

We have supp (uy * ug) C supp uy + supp us.

If ug € D'(R™) has compact support, then uy * (ug * uz) = (uq * ug) * ug.

We have 0%(uy *us) = (0%uy) *uy = uy x (0%us). In particular, if P =" a,0*
is a constant-coefficient differential operator, then P(uyxus) = (Puy)*uy =
uy * (Pug).

An application of the last fact is the following: suppose P is a constant-coefficient
differential operator, and us is compactly supported and satisfies Pus = ¢ in the sense
of distributions. Then, for any u; € D'(R"), for u = u; * uy we have

Pu = P(uy xus) = uy * (Pug) = uy %9 = uy.

Thus, for any u; € D'(R"), there exists a solution to Pu = w; in the sense of
distributions, namely © = wuy * ug. This idea will be used more heavily next week.

There are many more situations in which the convolution of two distributions can
be well-defined. One such situation is the following: suppose the map

supp u; X supp ug — R",  (z,y)—xz+vy

is proper, meaning that the pre-image of compact sets is Compacﬂ, then the con-
volution u; * uy can be defined as follows: for a fixed ¢ € CX(R"), let K =
supp ¢, and let K; and K5 be the projections of the preimage of K under the map
supp u; X supp us — R™ (z,y) — x +y. (Thus, if (z,y) € supp u; X supp us and
x4y € K, then x € K and y € K5). Note that K, K7, and K3 are all compact, by
the properness assumption. We then define

(u1 * uz, @) == ((Yru1) * (Yaus), @)

where 11,1y € C°(R") are identically 1 in neighborhoods of K7 and K5, respectively.
Note then that i;u; are compactly supported distributions, so their convolution is
well-defined. The idea behind the definition is to cut off the distributions u; and wus
“only where they matter” when trying to evaluate the pairing of u; * us against ¢.

To make this a well-defined definition, we need to check that this result is inde-
pendent of the cutoffs ¢; chosen. For example, to check the result is independent of
the choice of 15, suppose ¢, and v, are both identically 1 in a neighborhood of K.
We need to check that ((¢1u1) * (¢aus),¢) = ((Y1u1) * (Yaus), ¢). Unraveling the
definition of compositions, this amounts to checking that

((rua) * (2 = P2)us) * 6))(0) = 0.
We note that 7;2 — 19 equals zero on a neighborhood ofNK 2, SO Y € supp (gZQ —1hy) =
y & Ks. In particular, if x € supp u; and y € supp (¢ — 1), then x + y & supp ¢.

HThis can be phrased in other ways; two examples of which are the following: for any compact
set K C R™:
e The set (K — supp wu1) Nsupp us is compact.
e There exists C > 0 such that if z € supp vy and y € supp ug, then x +y € K = |z| <
Clyl <C.
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But we also know that

supp ((1ur) * (2 — ¥2)uz) * ¢)) C supp (rur) + supp (Y2 — P2)us) + supp ¢

C supp uy + supp (Y2 — 13) — supp ¢,

and the latter set does not contain 0 by the discussion above. This shows that
((1ur) * (ous), @) does not depend on the choice of 19, so long as 1, is identically
1 in a neighborhood of K5. Similar methods show this is independent of the choice
of ¢, as well.

Example 3.9. For R, = [0,00), we have that R, x R, — R, (z,9) — = + y is

proper. Hence, if supp uy, us C Ry, then the convolution u; * us is well-defined.

3.3. Products and Schwartz Kernel. One reason to study distributions, even if
one is only interested in smooth solutions to a differential equation, is that they are
intimately related to operators. First we consider products. In this subsection, let X
and Y be open subsets of some Euclidean spaces.

Definition 3.10. For ¢ € C°(X) and ¢ € C°(Y), the tensor product is the function
PR e CP(X xY) defined by

(@) (z,y) = d(x)P(y).

From this, we can define the tensor product of distributions:

Theorem 3.11. Let uy € D'(X) and us € D'(Y'). Then there exists a unique distri-
bution u € D'(X X Y) satisfying
w(é®Y) = u(P)us(¥)).

This is called the tensor product of the distributions uy and us and is denoted uy @us.

We now consider the following situation: suppose we’re given a distribution K on
the product space X x Y. Then the map

Vi (0= (K, 0 ®@¢)xxy)
defines a linear operator 7' : C2°(Y) — D'(X). That is, given ¢ € C®°(Y), T is a
distribution on X satisfying (T, ¢)x = (K, ¢ ® ¥)xxy. (In more informal terms, if
we were to view K as a function K(z,y), then the operator in question is

T(x) = K(z,y)y(y) dy.)

XxY
Moreover, this operator 7' is continuous with respect to the respective topologies.

Definition 3.12. Let T': C°(Y) — D'(X) be linear, and suppose K € D'(X xY)
satisfies (T, ¢)x = (K, 9o Q1) xxy for all ¢ € C(X) and ¢ € C(Y). Then we say
that K is a Schwartz kernel of T

A remarkable fact is:

Theorem 3.13 (Schwartz Kernel Theorem). Every continuous linear operator C2°(Y) —
D'(X) has a unique Schwartz kernel associated to it.
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Example 3.14. Some examples of Schwartz kernels (here the coordinates on X and
Y are denoted x and y):

e The identity operator Id : C*(X) — C°(X) C D'(X) has Schwartz kernel
dz —vy).

e The differential operator P = Y a,(x)0* has Schwartz kernel a,(2)0%0(z — y).

o If u € D'(R"), the convolution operator C*(R") — C*(R"), ¢ — u * ¢ has
Schwartz kernel u(z — y).

e If T : C*(Y) — D'(X) has Schwartz kernel K € D'(X x Y), then 'T :
C>(X) — D'(Y) has Schwartz kernel 'K € D'(Y x X), where “‘K(y,z) =
K(z,y)”. Formally, if “(x,y) = ¥(y,x) for ¢ € C(Y x X), then ‘¢ €
C>®(X xY), and

(‘K )y = (K'Y)x.

e Suppose the Schwartz kernel, which a prior: is a distribution on X x Y, is
actually in L?(X x Y'). Then the corresponding operator is a Hilbert-Schmidt
operator. Such operators have some nice properties (e.g. they are compact
operators).

The following was not covered during lecture but may be of interest
for some students:

One application of studying the Schwartz kernel is the following: we can often give
an upper bound on the set of singularities of T'u, if we know the singularities of the
Schwartz kernel of T and of u. We formalize the notions as follows:

Definition 3.15. Let u € D'(X). The singular support of u, denoted sing supp wu,
is the set of # € X such that, for any neighborhood V' 5 x, the restriction ul|y does
not agree with the restriction of any smooth function on V. (Equivalently, z € X
is not in the singular support if there exists a neighborhood V' of x such that |y is
smooth, i.e. agrees with the restriction of some smooth function).

Definition 3.16. Suppose A C X x Y and B C Y. The composition A o B of sets
is the set

Ao B ={x € X : there exists y € B such that (z,y) € A}.

Equivalently,

AoB=mnx(AN W;l(B))
where 7x : X XY — X and 7y : X XY — Y are the projections onto X and Y.
Theorem 3.17. Suppose T : C*(Y) — D'(X) satisfies that T maps into C*(X),

and T maps continuously from C*(X) to C*(Y), so that T can be extended to a
map T : E'(Y) = D'(X). Let K € D'(X xY) be the Schwartz kernel of T. Then,

sing supp Tu C sing supp K o sing supp u  for allu € E'(Y).

Proof Sketch. The proof boils down to the following statement, which will not be
proven in this sketch:

if T:&'(Y) — D'(X) has Schwartz kernel K € C*(Y xX), then Tu € C*(X) for all u € £'(Y).
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Assuming the statement, we can prove as follows. Suppose (z,y) ¢ sing supp K o
sing supp u; we’d then like to show that x ¢ sing supp Tu. Note that the assump-
tions then give that {x} X sing supp w is disjoint from sing supp K. Since the former
set is compact and the latter set is closed, it follows that there exists open neighbor-
hoods U and V' of x and sing supp u, respectively, such that U x V is still disjoint
from sing supp u. Let U’ and V' be neighborhoods of x and sing supp u compactly
contained in U and V/, respectively, and let ¢ € C°(U) and ¢ € C2°(V') be identically
1 on U’ and V’. Then the operator ¢T has Schwartz kernel (¢ ® ) - K (or more
colloquially ¢(z) K (z,y)Y(y)), which is in C*°(X X Y') since the support of ¢ ® 1 is
disjoint from the singular support of K, and hence ¢Tyu € C*°(X). On the other
hand, u — Yu € C°(Y) since 1 — ¢ is supported away from sing supp u, and hence
¢T(1 —)u € C*(X) as well. Thus we have

oTu = ¢Trpu+ ¢T(1 — P)u € C(X).

Since ¢ is identically 1 on U’, it follows that the restriction of Tu to U’ is equal to
that of a C*° function on U’, and hence x ¢ sing supp T'u, as desired. O

Next Lecture: Tempered distributions and Fourier transform.
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4. LECTURE 4 (04/07): FOURIER TRANSFORM

4.1. Fourier Transform on functions and Schwartz space. Recall the Fourier
transform on functions:

Definition 4.1. Let f € LY(R"). The Fourier transform of f is the function f :
R” — C defined by}

for = [ e s
Some properties:
Theorem 4.2. Let f € LY(R"). Then:
(1) We have f € CO(R™) N L>®(R™). - A
(2) If in addition f € CY(R™) and 9;f € L*(R™), then 0;f (&) = i&; f(£).
(3) If in addition z;f € L\(R"), then f € CL(R") with 0,£(€) = —iz; ().
It follows that the Fourier transform intertwines differentiation and multiplication

by monomials. Hence, we are interested in a space of functions which behaves well
under both operations:

Definition 4.3. The Schwartz space, denoted S or S(R"™), is the set of all smooth
functions ¢ € C*°(R") satisfying the property that

sup |270%¢(x)| < oo

r€ER?
for all multi-indices «, 5. It is a topological vector space, when equipped with the
topology induced by the seminorms appearing in the left-hand side of the above
inequality.

That is, the Schwartz space consists of functions that are not only infinitely dif-
ferentiable, but in addition decay faster than any inverse polynomial rate, with their
derivatives decaying that fast as well. Note that ¢ € S(R?) = 279%¢ € S(R") for
any multi-indices @ and 3, i.e. S(R") is closed under differentiation and multiplication
by polynomials.

Example 4.4. We have the inclusiol C=°(R") ¢ S(R"), i.e. any compactly sup-
ported smooth function will satisfy the above estimates.

P2There are multiple commonly used conventions regarding the definition/normalization of the
Fourier transform. This is the convention we’ll use, since it works well with differentiation.

13More accurately, we should write that there is an inclusion C2°(R™) < S(R™) which is continu-
ous with respect to the respective topologies on C2°(R™) and S(R™). Note that this inclusion, while
continuous, is not an embedding of topological vector spaces, i.e. the topology on C2°(R"™) is not the
subspace topology obtained by the inclusion into S(R™). In particular, a sequence {¢y} in C°(R"™)
may converge in S(R™) without converging in C2°(R™). To see this, fix a nonzero ¢ € C°(R™),
let {a;} and {b;} be decreasing sequences of positive numbers, and let ¢ (x) = ar¢p(brx). One can
check that a sufficient condition for ¢y to converge to 0 in S(R™) is for limg_,o by = 0 for all
m € 7Z; this can e.g. be arranged by taking ax = e~* and b, = 1/k. However, ¢}, does not converge
to 0 in C°(R™) since supp ¢ = bglsupp ¢, so that in particular the supports of ¢ are not all
contained in some fixed compact set, thus violating a necessary condition for sequences to converge
in C(R™).
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Example 4.5. If A is a symmetric positive definite n x n matrix, then ¢(x) =
e~ Ar2)/2 i5 in S(R™).
The decay requirement on Schwartz functions gives that any Schwartz function is

integrable, and hence we can consider the Fourier transform of Schwartz functions.
We then have:

Lemma 4.6. For any ¢ € S(R"), we have ¢ € S(R™) as well.

Proof. 1t suffices to note that the intertwining of multiplication and differentiation
allows us to conclude that

§P0¢6(€) = 0(€),  where ¥ = (—i0)] ((—i)"¢).
Then v is also a Schwartz function, and hence the Fourier transform is bounded. [

4.2. Tempered distributions and extending the Fourier transform. From
Lemma [4.6] we see that the Schwartz space is a nice space of “test functions” which
behaves well with respect to the Fourier transform. This motivates considering a class
of distributions dual to this nice test space:

Definition 4.7. The space of tempered distributions, denoted S'(R™), is the dual
space (i.e. space of continuous linear functionals into C) of S(R"), where S(R™) is
equipped with the seminorm topology. The space of tempered distributions is also a
topological vector space, equipped with the weak-* topology.

Remark 4. Since C°(R™) € S(R™) € C*°(R"™), with all inclusions continuous with
respect to the respective topologies, it follows that we have inclusions &'(R™) C
S'(R*) c D'(R"), since D'(R") and &'(R™) are the dual spaces of C°(R") and
C>°(R™), respectively.

Remark 5. Note as well that S'(R") is closed under differentiation, as well as multi-
plication by either functions in S(R™) or by polynomials, though not necessarily by
arbitrary smooth functions.

Remark 6. It can be shown that S(R") is in fact dense in S’(R™) (with respect to the
weak-* topology on S'(R™)). Thus, if we want to extend operators initially defined
on S to continuous operators defined on &', such an extension would necessarily be
unique due to the density of S in §'.

We now ask how to define the Fourier transform for tempered distributions. We
thus aim to find the adjoint of the Fourier transform, i.e. for ¢, € S(R"), see if we

can rewrite the pairing ((ﬁ, ) in terms of ¢ applied to an operator of ¢. Indeed, we
see that

~

@)= [ su@de= [ ([ ot i) vie dg

= [ o ([ eevieras) o

= | oa)i(z)de = (¢,4)

R
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by Fubini’s Theorem. Note as well that ¢» € S(R) if 1) € S(R™). Thus, we define:

Definition 4.8. Given u € §'(R"™), the Fourier transform of u is the distribution
u € §'(R™) defined by

(1, ¢) = (u, ).

We will sometimes denote the Fourier transform as an operator F : &' — &' (i.e.

Fl(u) =

@). Note that F is continuous both as a map § — S and &' — §’.

Some important properties (often proven by proving the analogous properties for
Schwartz functions):

Theorem 4.9. Let u,v € §'(R™). Then:

Ifu € LY(R™), then the distribution @ defined in Definition[4.8 agrees with the
continuous bounded function u defined in Definition [{.1]

If u € L*(R™), then the distribution 4 is in fact in L*(R"™). Moreover, for
v € L*(R"), we have the Plancherel formula

(4,0) = (2m)"(u, D) (in particular ||| 2 = (27)"?||u)|L2).

If u is compactly supported, then 4 is in fact a C™ function, and moreover it
satisfies

a(€) = (u,e™%)
(the RHS means (u, x(x)e™%%) for any x € C=°(R™) which is identically 1 on

supp u.)
If v e &(R"), then

U * vV = Uuv.

(The formula continues to hold in many other situations as well.)
If u and v are sufficiently nice (e.g. in S), then

wv = (2m)7"u x 0.

In the sense of distributions, we have

—

8xju = & U, fﬁ = z'&gjﬁ.
We have
u(—z) = (27)"u,
and hence
f_lu(x) = (2m) " Fu(—x),

or more colloquially the inverse Fourier transform is given by

u(z) = (2m)" / e (E) de.

n
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4.3. Examples.

Example 4.10. Let ¢(z) = e’/2 on R, with @ > 0. To calculate ¢, we first
calculate ¢(0) = [, e79"/2 dz. We recall that

R
—z2 - n _ —az?/ _ 2_7T
/Re dx—ﬁ:>¢(0)—/]Re 2dx—\/:.
Moreover, noting that z¢(x) = xe /2 = —2¢/(x), we have
T\ _ fi/\/ fi'A —_§A
(9)(€) = —iTd(€) = ~F(€) = ~(i€d)(€) = ~>5(6).

Recalling that y/(t) = —cty(t) = y(t) = y(0)e~*/2, it follows that

3(€) = p(0)e¢/20) = @6_52/(2@'

In particular, for @ = 1 we see that e=*/2 is an eigenfunction of the Fourier trans-

form™ This computes the Fourier transform of Gaussians in one dimension.
Suppose now that ¢ : R" — R is a multivariable Gaussian given by ¢(z) =

e~ {A22)/2 where A is a symmetric positive definite n x n matrix. We now want

to compute
66 = [ et alin, cere

We diagonalize A = Q=1 DQ, where D is diagonal and ( is orthogonal; note then that
(Az,z) = (DQx,Qx). If we now let y = Qz (then dy = dz since () has determinant
+1), the above integral becomes

/ Q1 Qu,~(DQuQu) /2 gy / e=IQ gDy /2 gy

Note that we can write £ - Q 'y = Q& - y. If we let n = Q&, with n = (ny,...,m,),
and let the diagonal values of D be ay,...,a, (note these are all positive), then the
above integral becomes

/ 6_2-774,67(2;:1%%2)/2 dy = H (/ e~ Y5 o= Y5 /2 dyj)
N R

i=1

-1 < 2_”€n§/<2aj>>
a;

Munder different conventions, the exact choice of Gaussian that ends up being an eigenfunction
may differ, but it will always be the case that some Gaussian is an eigenfunction.
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Note that [[7_, a; = det A, and Z;lzlg = (D7 'n,n) = (D71QE,QE) = (A71€,6). Tt
follows that we can write

n/2
7 o —i&x  —(Az,xz)/2 _ (27T) —(AT1g8)/2
o) = /n e e dr = —(det A>1/2€ .
Example 4.11. Consider the distribution given by the constant function 1 € C*(R™).
This does not belong to L! or L?, so we need to compute its Fourier transform in the
sense of distributions. Thus, we consider the distribution

(1.0)=1.9)= | o).

By the Fourier inversion formula, the right-hand side equals (27)"¢(0) (since 1 =
¢ 09). Tt follows that (1,¢) = (2m)"¢(0) == 1 = (2m)"d. Similar logic yields
eitor = (2m)"J¢, for any &, € R™.

Another way to compute the Fourier transform is by approximating the distribution
by Schwartz functions and then take the limit (in the sense of distributions): this
works because the Fourier transform is continuous as a map &’ — S’. As such, note
that for € > 0, the Gaussians e 1°l/2 converge to 1 in the space of distributions,
meaning that lim,_q+ (e <*°/2, ) = (1,¢) for all ¢ € S(R"). Hence, the Fourier
transforms of e~<*1°/2 ghould also converge to the Fourier transform of 1. From the
previous example, we have

e 9 n/2
P2 () = (l) ole/(2e)

€
We note the following about the family of functions on the RHS:
e The integral of the RHS equals (27)" for all e.

e As ¢ — 0, the RHS converges, uniformly outside any neighborhood of the
origin, to zero.

These are enough to guarantee that e—€=*/2 — (27)"¢y in S’(R") (cf. Problem 4 on
HW 1),

The following was mnot covered during lecture but may be of interest
for some students:

One technique often used in computing Fourier transforms of distributions is to
consider analytic families of distributions:

Definition 4.12. Let U C C be open, and let {u,}.cy be a collection of tempered
distributions in §’(R™) indexed by U. We say that {u,}.,cp is an analytic family of
distributions on U if, for any ¢ € S(R™), the function

U3z (u,¢) e C
is a complex analytic function on U.

Most operations we’ve defined so far preserve the property of a family of distri-
butions being analytic; in particular the Fourier transform of an analytic family of
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distributions is also an analytic family of distributions, since for any ¢ € S(R™) the
function 2z — (@, ¢) is, by definition, the function z — (u., ¢), which is analytic since

$ € S(R™).

Example 4.13. Consider the function u(z) = ¢*°/2 on R, with a € R\{0}. This
defines a tempered distribution since |u| = 1 on R. How do we compute its Fourier
transform?

The trick is to use our computations for Gaussians e , a > 0 from before, and
use analyticity to extend our results when “a is complex”. Concretely, we note that
for U = {Re z > 0}, the family {e~*"/2}.¢y is analytic (note that requiring Re z > 0
guarantees that e~**/2 ig bounded and thus defines a tempered distribution). Thus,
its Fourier transform is also analytic in U. Moreover, the family of distributions

1/2
{ (2_”) 652/(22)}
Z

is also an analytic family of distributions (here the square root is well-defined on U
and sends R, to R, ; concretely (re) = r'/2¢?%/2 for r > 0, —7/2 < 6 < 7/2), and
(27”)1/2 e~€/22) = F(e=#°/2) when z € R,. Thus by analytic continuation the two
families must agree for all z € U, i.e.

—ax?/2

zeU

) 2\ e
Fle/2) = (—W> e~¢/) for all z with Re z > 0.

z

This does not quite give us our result, since we’d like to plug in z = —ta, which is not
in this open set. Nonetheless, we note that —ia+¢ € U for € > 0, with —ia+€¢ — —ia
as € — 0. Hence the Fourier transform of e~ (it92*/2 gpnroaches that of ef@**/2)

and hence
;2 2 1/2 2 .
Jf(emac /2) — lim 675 /(2(—ia+e)) .
e—0+t —ia + €

The only subtlety in evaluating the limit on the RHS is the square root:

e If a >0, then —2=— — 274 — 270i7/2 Hence
) —ia+e la| |al

1/2 1/2
lim 2—7T = 2—7T et /4,
=0t \ —ia + € |a|

e If a <0, then —2&2— — —27; — 27,~i7/2 Hence
) —ia+e lal la|

1/2 1/2
hm 2—7T = 2_7T eiiﬂ'/4.
=0t \ —ia + € |al

Putting it altogether, we obtain

f(eiax2/2>

/N
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R
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Similarly, if A is a real symmetric non-singular n X n matrix, then similar arguments
in Example [4.10| gives

n/2
F(eitAna)/2y — M) mna a2
| det A|'/2 ’
where sgn A is the sum of the sign of its eigenvalues, i.e the number of positive
eigenvalues minus the number of negative eigenvalues.

Next Lecture: Introduction to parabolic equations.



MATH 218 LECTURE NOTES (SPRING 2022) 25

5. LECTURE 05 (04/12): HEAT EQUATION

The material in the next few weeks will be based on the textbook Partial Differen-
tial Equations by Evans [Eval(]. The material in the first half of this lecture is based
on Section 2.3 of [Eval()].

5.1. Introduction and Motivation. The heat equation is the differential equation
Oyu — Au = 0.

In most problems regarding the heat equation, the differential equation is supple-
mented with additional conditions. The most common is the Cauchy problem, where
u|—o is specified:

Owu— Au=01n (0,00); x RZ,  u(0,z) = f(x) with f(x) specified.

The heat equation models diffusion (e.g. of temperature). The idea is that the rate
of change of a diffusive quantity should be given by 0,u = div F, where F' is the
“flux” vector field. In some cases, we can model I’ as being proportional to the
gradient of u, i.e. F' = AVu (where A could be a constant or even a matrix). Then
O = div (AVu); in the special case that A = 1, we get J,u = Au, i.e. the heat
equation.

The heat equation is also related to Brownian motion. Let W! denote a Brownian
motion in R™ at ¢ starting at x; this is a random process. Suppose, for f : R* — R,
that we wanted to know the expected value of f(W). It turns out that

u(t,z) = B[f(V))] — dpu— %Au —0in (0,00) x R”, u(0,7) = f(x),

i.e. wu solves the Cauchy problem for the (rescaled) heat equation. See [Lawl0] for
more details about Brownian motion.

5.2. Solving the Cauchy Problem. Suppose for convenience that we seek a smooth
solution u(t,z) with initial data f(x) € S(R"™). In fact, we can obtain a solution u
such that u(t,-) € S'(R™). We do so using the Fourier transform in R?. If we let
u(t, &) denote the Fourier transform of u(¢,-), then

ou(t,z) — Alt,x) =0 = dy(t, &) + |€]*a(t, &) =0

since 0:j\u = &;u. Thus, if we take the above equation, fix a value of £ € R”, and try
to solve the resulting ODE in t, we get

duialt, §) = —l¢f'a(t,€©) = a(t,€) = e a(0,€).
Recalling that we have the Cauchy problem where we prescribed u(0,z) = f(x), it

~

follows that we’'d need 4(0,&) = f(§). It follows that

N

a(t, &) = e () = w(t,x) = Fta(t,) = (27) 7" / e s f(¢) de.

n

There is another way to represent this: recalling that w * v = @v, it follows that

= e P f = F(e ) f — u= F (e ) « .
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We now use the calculations from last lecturﬂ to see that, for ¢t > 0, we have

Fle Py = L e /an),

(4mt)n/?

Thus, for H(t,z) =
(1)

u(t,z) = (H(t,-) x f)(x) = e H(t,x —y)fly)dy = /Rn (47;)”/2

(4ﬂ—tl)n/2 e~12l*/(48) it follows that for ¢ > 0 we have

e 1o £ (4 dy.

The function H(t,x) is called the heat kernel. A priori this gives just a solution u
to the heat equation with initial condition f, though we will show that, given some
mild regularity conditions on u, that this is the unique such solution.

Note that for ¢ > 0 we have the following about H (¢, x):

(1) H(t,x) > 0 for all z, and [, H(t,z)dx = 1.
(2) H(t,z) is smooth in both ¢ and = (for ¢ > 0).
(3) |H(t,z)| < (4rt)~/2 for all z.

Theorem 5.1. For u(t,z) = (H(t,-) x f)(x) with f € S(R™) (i.e. the solution of the
heat equation obtained in (1)) and t > 0, we have:

(1) [gnult,x)de = [, f(z)dx.

(2) u(t,z) is smooth in t and .

(3) sup,epn [u(t,z)| < (A7) 2| f|| o1 eyt —"72.

Proof. (1) This follows from Observation 1 above by noting that for any f,g €
L'(R™) we have

/Rn (f % g)(x) do = /n ( . Flz—1)g(y) dy> d
= /ng(y) ( . f(x—y)dx) dy
([ sw) (o)

(2) This follows from Observation 2 above, since in a convolution one can differ-
entiate on either factor.

(3) This follows from Observation 3 above and writing out the convolution as an
integral.

O

15T more detail: we note that e~t61" = ¢=(A7'68/2 for A= = 24Id = A = (2¢)"'Id,det A =
(2t)~™. It follows that

(2m)n/?

_Wélt) = _</A$7\I>/2 = —
c N (det A)1/2

e~ (ATIEE/2 = ()2 tIER

L —lal?/(an),

. _ _ 2
fLe. F1(e7tEl) = ety
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Remark 7. The first observation can also be obtained using the equation for the
Fourier transform of u: indeed, note that (¢, 0) equals the integral of u(¢, -), and from
the formula for the Fourier transform, we see that (¢, 0) = e~ €*94(0,0) = @(0,0) is
constant in t.

We can also study how H(t,z) behaves as t — 0T, in hopes of studying how u(t, z)
behaves as t — 07; ideally we want u(t,z) — f(z) in order to satisfy the initial
condition in the Cauchy problem. We note that if we study the pointwise convergence
behavior of H(t,x) that the behavior depends on whether we fix  at the origin or
away from the origin:

o If z # 0, then lim, o+ H(¢t,z) = 0. Indeed, even though there is a factor of
t=™/2 which could a priori blow up as t — 0, that factor is tempered by the
exponential factor e~I7*/4%) which decays extremely fast, notably faster than
any inverse polynomial as ¢t — 0% (since x # 0).

e On the other hand, for x = 0 we have H(0,z) = (4nt)™?2 — oo as t — 0F.

This behavior can be described more precisely as follows:

Theorem 5.2. Viewing H(t,-) € S'(R") fort > 0, we have H(t,-) — § ast — 07.
Moreover, for u(t,-) = (H(t,-)) * f, we have u(t,x) — f(x) as t — 0T, uniformly in
zif f e S(R™).

Proof. This is easiest to see using the Fourier transform: we note that H(t,£) =
e Pt - 1in D'(R™) as t — 0%, so by the continuity of the (inverse) Fourier transform
we have H(t,z) = F'H(t,-) — F'(1) = 6 in S'(R"). For u(t,-) = (H(t,")) * f,
we have u(t,§) = e“ﬂgtf(f), from which we see that u(t, ) — fin L'(R™) by the
Dominated Convergence Theorem since f € L'(R") if f € S(R™). It follows that

u(t,z) — flz) = (QW)_"/ e (aft, &) — f(€)) dg < 2m) "t ) = fll @
for any = € R", and the latter quantity converges to 0 (independent of x) as t — 07,
as desired. 0

5.3. Fundamental Solutions. We now take a small diversion to discuss fundamen-
tal solutions to differential operators.

Definition 5.3. Let P be a constant-coefficient differential operator on R". We say
that £ € D'(R") is a fundamental solution of P if PE = ¢, where ¢ is the Dirac delta
on R™.

Fundamental solutions play an important role for solving PDEs due to properties
of convolution: recall that u*d = u for any v € D'(R™), and P(uy * ug) = Puy *ug =
uy * (Pusy), assuming the convolution u; * us is defined. As such, suppose we have a
fundamental solution F, and we have f € D’(R") such that the convolution u = f* E
makes sense (for example if f is compactly supported). Then we have

Pu=P(f+«E)=f*x(PE)=fx0=f.
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Thus, we have easily constructed (a) solution to the equation Pu = f by taking
u=fxFE.

Example 5.4. Let P = < on R. Then E(z) = H(z), the Heaviside function, is a
fundamental solution for P. Any other fundamental solution is of the form H(z) + ¢
-1 =<0

0 x> O)'

Note then that if f is a compactly supported continuous function on R, then the
convolution

ua) = (F < 1)) = [ =) f)dy = [ Tesutlo dy—/ I

solves %u = f in the sense of distributions. This just follows from the Fundamental

Theorem of Calculus.

for some ¢ € R (a notable example is ¢ = —1, which gives H(z) — 1 =

Example 5.5. Let P =A =>""__9? be the Laplacian on R". Then

j=1"z;

E(z) = {02 log(|z]) n=2

Colz|?™™  m#£2

gives a fundamental solution to A, for some constants ¢,. (Note that these are all
locally integrable functions, and hence define distributions.)

In the case n = 3, interpreting u as electric potential, we then have Au = —p/¢
where p is the charge density (which can be interpreted as a distribution, particularly
if the charges are viewed as point charges, i.e. Dirac deltas). Then u can be recovered
from p by

u(x) = (=p/eo) (C3|93|_1)-

If p is a continuous distribution, then u(x) dy, whereas if p is a point

fRS 47r60|a: yl

charge with charge @) say at the origin, then u(z) = Both of these are variants

Q
dmeo|z|”
of Coulomb’s law.

Definition 5.6. Suppose one of the variables in R™ is denoted t. For a constant-
coefficient differential operator P on R", a fundamental solution E of P is called
forward if supp E C {t > 0}. It is called backward if supp E C {t < 0}.

Example 5.7. For P = 0, on R, the Heaviside function H(t) is a forward fundamental
solution.

What can we do with this forward fundamental solution? Suppose we wanted to
solve the inhomogeneous Cauchy problem for P, which in this case just means solving

u'(t) = f(t) for t > 0,u(0) = ug € C.

One convoluted way to obtain a solution is to study the distribution u(¢)1;>o. Note
that we are allowed to convolve this distribution with H(t), since both distributions
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are supported in R . Then, using various properties of convolutions, we have
u(t)Lizo = (u(t)Lizo) * 0 = (u(t)Lizo) * O H(t)

= O [(u(t)Ly0) * H (1)]

— (3 (u(t)Liz0))  H(1)

= (Owu(t)lezo) * H(t) + (u(t)0:Tiz0) * H(t)

— (Fliso) * H + (u(t)3o) % H()

= (fLiz0) * H +u(0)do * H = (flizo) * H + uoH.
It follows that for ¢t > 0 we should have

mwzwmm*mw+m=lfww+m

This is of course just the Fundamental Theorem of Calculus. However, this gives
some motivation for how to tackle inhomogeneous problems for other operators, as
long as we can obtain a fundamental solution.

Next Lecture: Computing and applying the fundamental solution for the heat oper-
ator.
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6. LECTURE 06 (04/14): THE INHOMOGENEOUS HEAT EQUATION AND
UNIQUENESS

6.1. The inhomogeneous heat equation. We now return to the heat equation
and ask: what is a fundamental solution for the heat operator, i.e. what distribution
E € D'(R}1") satisfies
OE — AE = )(0,0)?

For emphasis, we write d(9) to point out that this is the Dirac delta of the origin
in RZ;I, i.e. of the space-time origin (not just in space).

Putting aside the question for a moment, let’s see how we can use such a hypo-
thetical fundamental solution. In fact, let’s suppose we have a forward fundamental
solution E. Let’s see if we can use it to solve the inhomogeneous heat equation

Ou— Au = fin (0,00) x R",  u(0,z) = g(x).
Following the same trick we used in the case of P = 0, on R, we Writeﬁ
uli>o = (ulli=0) * 60,0) = (ulizo) * (0p — A)E
= (0 = &) [(ulyz0) * E]
= ((0p — A) (ullyg)) * E.
n+1

Here, the convolution is taken in Ry,
We split up the last term as follows:

8t(u]lt20) = (8tu)ﬂt20 + u5t:0

i.e. with respect to both the ¢ and x variables.

while
A(U]ltzo) = (AU)]ltzo
since the cutoff in ¢ is independent of the spatial variables. It follows that
UHtZO = ((atu — Au)ﬂtzo) x B+ (U(St:()) x B = (f]ltZO) * B+ (gétzo) x F.

Note that if £ were SmoothEL then the convolutions can be evaluated pointwise for
t > 0 to give the integrals

(i)« BYto) = [ [ =50 = )G dyas
and
(90i=0) * E' = / E(t,x —y)g(y) dy.

160ne subtlety is justifying why the convolutions are well-defined. It turns out that the key
property here is the forward part of the fundamental solution: this guarantees that, when taking the
convolution, the integral in ¢ is over a bounded interval. If the fundamental solution has sufficient
decay for large x, which a posteriori we can certainly arrange, then the convolution in the spatial
variables x makes sense against reasonable distributions in space-time; the forward part of the
fundamental solution then guarantees that the convolution in the ¢ variable is over a compact region.

17F is definitely not everywhere smooth, given that a combination of its derivatives gives the
Dirac delta distribution.
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Hence, our solution u(t, z) should be given by

u(t, x) //n (t—s,2—vy)f(s,y)dyds+ RnE(t,x—y)g(y)dy.
In particular, if f = 0, then u should be given by u(t,z) = [,. F Yg(y) dy =
(E(t,-)*g)(x). But we already know how to solve that problem, namely u = H( L) *g.
This suggests that our fundamental solution E(, -) should be given by H (t, -), at least
for t > 0. In addition, if F is a forward fundamental solution, then it should equal 0
for t < 0. This suggests considering

Elt.2) - H(t,z) t>0 _ —(ml)n/ze*'fl”(‘*t) t>0
’ 0 t<0 0 t<0

Note then that E' is locally integrable, and hence defines a distribution.

Theorem 6.1. With E defined above, we have that E is a forward fundamental
solution for P =0, — A on ]RZ;CH.

Proof. The support properties are clear, so it suffices to verify that (0, — A)E = 00,0
There are at least two ways to do so:

Method 1: By definition, this involves verifying that (E, —0;¢ — A¢) = ¢(0,0) for
all € C°(R™™1). This can be done by integrating E - (—d;¢ — A¢) over (¢, 00) x R"
for € > 0, integrating by parts and noting that F solves the heat equation as a smooth
function in {t > €}, and taking ¢ — 0. This will be an exercise on the homework.

Method 2: Note that E is uniformly bounded outside compact subsets, so it in fact
defines a tempered distribution. We can then calculate (cf. Problem 6 on HW 1) that

1

E(E,T) = e Eir

This implies that (8t/—X)E(§,T) — (ir+|¢P)E@E, ) =1 = (0,—A)E=F (1) =
5(070). O
As such, we have

Theorem 6.2. Suppose f € C*(R'™™) and g € S(R™). Then
(2)

! 1 > 1 >
t) — b ewPiae-s) dud / le—yl2/(48) g ) g
u(t, ) /O/ (dn (i = 5))2° f(s,y) dy ds+ G 9(y) dy

solves the inhomogeneous heat equation (0; — A)u = f in (0,00) X R"™, u(0,z) = g(x).

Remark 8. This process of using the solution operator to the homogeneous equation
and convolving it (in time, not just in space) to solve the inhomogeneous equation is
part of a general method called Duhamel’s principle.
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6.2. Sobolev spaces and solutions with less regular initial data.

Definition 6.3. For s € R, the (L?-based) Sobolev space of order s on R", denoted
H?*(R™), consists of all tempered distributions v € §’'(R™) such that (1 + |§| ¥4, a

priori well-defined as a tempered distribution, is in fact in L?(R™). More colloquially,
u € H*(R™) if

| s iria@p < .

The square root of the above integral is called the H® norm.

For example, H(R") = L*(R"), and for k € N, H*(R") coincides with the space of
u € L?(R") whose distributional derivatives 9*u are also in L?) i.e. can be identified
with an L? function, for all || < k. The Dirac delta d belongs to H*(R™) for any
s < —n/2, as its Fourier transform is identically 1, and (1+]£[?)® is integrable precisely
when s < —n/2.

Some important facts:

e H*(R") C C°(R") for s > n/2.

o 9% HP(RY) — Ho-lol(RY).

e We have S(R") C Ngern H*(R™) C C*°(R").
(The third fact in fact follows from the first two.)

We now note that, for ¢ € H*(R") for any s € R, the convolution u(t,z) =
(H(t,-) * g)(x) gives a smooth solution to the homogeneous heat equation for ¢ > 0,
with lim, ,ou(t,-) = ¢ (say in the H*(R") norm or in S’(R”)). To see that u is
smooth in ¢ > 0, we can show that u(t,-) € H (]R”) for any s’ € R (so that u(t,-) €

Ny H¥ (R™) € C*(R™), by noting that for any s’ € R we have

(L+IER) 2k, €) = (1+|g2)" 278 g() = ((1+ [¢) 2P ) (14 1¢f2)"29(8),

with the prefactor (1 + |€[2)~9)/2¢~1¢* uniformly bounded for any s, s’ if t > 0 due

to the Gaussian decay of the e €t factor. Thus (1 + |£[2)*/2a(t,€) is a bounded

factor times (1 + |£|?)*/2§ which is in L? by assumption, i.e. u(t,-) € H*(R") for any
. We thus summarize as follows:

Theorem 6.4. For g € H*(R"), there ezists a solution u(t,z) to the heat equation
which is smooth in (t,x) fort > 0, such that lim; o u(t,-) = g with respect to the H®
norm, namely given by u(t,z) = (H(t,-) * g)(x).

Remark 9. The fact that u is immediately smooth for ¢ > 0, even if the initial
condition ¢ is not smooth, is an effect called the instantaneous smoothing effect for
the heat equation.

6.3. Uniqueness. We finally address an issue sidestepped so far, which is whether
the solution to the heat equation we obtained via convolution with the fundamental
solution is the unique solution to the heat equation. Having uniqueness allows us to
conclude that the properties we derive with the explicit formula are meaningful for
the equation as a whole, in the sense that there are no “other” solutions (that we
want to consider) where our approach using the explicit formula doesn’t work.
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In general, a mild a priori assumption on the functions being considered will be
necessary (see the end of this section for a counterexample without such restrictions).
We present two situations, as follows.

If F is a topological vector space space, we can consider functions f : I — F where
I is an interval in R. For ¢ in the interior of I, we can say that f is differentiable at
to if the limit w exists in ' as h — 0 (the derivative can then be defined as
this limit). We then let C*(I; F') denote the space of functions f : I — F which are
k times differentiable which are all continuous (w.r.t. the topology on F)).

Theorem 6.5. Let f € C°(RY™) and g € L*(R™). Then the function defined in
1s the unique solution of the inhomogeneous heat equation

(O — A)u= fin (0,00) x R",  u(0,2) = g(x)
amonyg functions u in C*([0,00); L'(R™)).

Proof. Tt suffices to assume that f = 0 and g = 0, since for general f and g we see
that if u; and us both solve the same equation, then v = u; —ugy solves (9, — A)v = 0,
v(0,2) = 0. Now, since u(t, -) belongs in L'(R") for all ¢ > 0 and varies continuously
differentiably in ¢, it follows that (¢, &) is continuous in £ for each ¢, and it is C*
in ¢ for each £ (essentially since the assumptions allow us to differentiate under the
integral). Thus, we see that for each £ € R" the Fourier transform must satisfy

By uniqueness of 1st-order ODE, it follows that we must have u(t,§) = 0 for all (¢, &),
i.e. u(t,) =0 for each t > 0, as desired. O
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7. LECTURE 07 (04/19): MAXIMUM PRINCIPLE AND REGULARITY

7.1. Maximum Principle. Recall: Last lecture we derived a uniqueness result for
the heat equation, using the Fourier transform.

A different approach of obtaining uniqueness involves the mazimum principle. We
consider a bounded set U and a bounded time interval [0, 7, and ask: if u solves the
heat equation, where does u attain its maximum value on U x [0, 77]?

Theorem 7.1 (Maximum Principle for Bounded Domains). Let u € C*((0, 7] x U)N
C°([0,T] x U), and suppose Oyu — Au =0 in (0,T) x U. Then

max _ u(t,r) = max ( max  u(t,r), max u(O,x)) ,
(t,2)€[0,T)xT (t,2)€[0,T]x AU wel

i.e. ([0,T)x0U)N({0}xU) contains a point which maximizes u over all of [0,T] < U.
As a consequence, we have

Corollary 7.2. If Oou—Au=10in (0,7) x U, u(t,z) =0 for all (t,x) € [0,T] x U,
and u(0,7) = 0 for all z € U, then u=0 on U x [0, T].

This follows by applying the maximum principle to both v and —u to conclude
that max 7,z (+u) = 0.

Proof of Mazimum Principle. For € > 0, let uc(t,z) = u(t,z) + €|x|*. Then
Oty — Aue = Oy — Au — 2ne = —2ne < 0

in (0,7) x U. I now claim that the maximum principle holds for ., i.e. that

max _ uc(t,xr) = max ( max ug(tw),maxue(O,x)) :
(t,)€[0,T)xT (t,)€[0,T]x U vel
To see this, suppose (tg, zo) maximized u, in [0, 7] x U. If (o, z0) € (0,T) x U (i.e. in
the interior in both space and time), then necessarily we must have dyuc(to, z¢) = 0
(interior critical point), and Au.(ty, 7o) < 0 (since the Hessian D?u, cannot have any
positive eigenvalues due to being an interior local minimum, and Au, = tr D?u,). In
particular this would give (Oyu. — Auc)(ty, x9) > 0, contradicting the calculation that
Oyue—Au, < 01in (0,T)x U. Similarly, if to = T and z¢ € U, then we necessarily must
have dyu(to, z9) > 0 (otherwise there is a larger value for smaller t), and Au,(ty, zg) <
0 (for the same reasons as above), so we'd still have (Jyu. — Auc)(to,z9) > 0, a
contradiction. It follows that either xzy € OU or ty = 0, thus showing the maximum
principle holds for ..
Since U is bounded, we have that C' = maxg |z|? is finite. In particular, note that

u(t, ) <wu(t,r) <u(t,z)+eC
for all (t,x) € [0,T] x U. Thus, we have

max u(t,z) <  max  ult,x),

(t,2)€[0,T|xU (t,x)€[0,T|xU
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while
max  (u(t,z)) <  max  (u(t,z)) + €C,

(t,x)€dU x[0,T] (t,z)€dU X [0,T]
and similarly

max u(0, x) < maxu(0,x) + eC.
zeU zelU

It follows that

max _ u(t,z) < max ( max u(t,x),maxu((),x)) + eC.

(t,x)€[0,T|xT (t,x)€[0,T]xaU] z€U

Taking € — 0 gives the desired statement. 0

Remark 10. This formulation is sometimes called the weak maximum principle. A
strong maximum principle also holds, which gives that the maximum cannot be at-
tained in the interior unless the function is constant. For instance, the proof above
shows that a function satisfying 0;u — Au < 0 satisfies the strong maximum principle,
but it is a priori not clear that the same holds passing to the limit (in this case it is
true).

When the spatial domain U is unbounded, the maximum principle still holds with
mild assumptions:

Theorem 7.3 (cf. [Eval(] Section 2.3, Theorem 6). Suppose u € C*((0,T] x R™) x
CY([0,T] x R™) solves Oyu — Au = 0 in (0,T) x R", with u(0,z) = g(z) € L=(R").

Suppose as well that u satisfies the growth estimate
u(t,z) < A for all z € Rt € [0,T]
for some constants A,a > 0. Then

sup u = supg.
[0,T] xR R7
Proof sketch. Suppose first that T' is small enough to satisfy 4aT" < 1. Then, for any
i > 0 and any sufficiently small € > 0, the function
_ K |2~y |2/ (4(T+e~t))
vu(t,x) =u(t,r) — ———=e7Y

also solves the heat equation by direct computation and is sufficiently negative (no-
tably less than supg. ¢) for sufficiently large values of |z| independent of ¢ due to the
growth estimate on u (the required lower bound depends on a, A, T', €, and pu). We
can then show that supjy s Uy < SUpgn g, by combining the maximum principle
on a sufficiently large ball in R™ and the fact that v, was constructed to be less than
supg» g outside large enough balls. Letting p — 0 then gives the desired result. If
4aT > 1, split up [0,7] into subintervals whose lengths are less than 1/(4a), and
iterate the argument on each subinterval. ([l

Corollary 7.4. For g € C(R") and f € C([0,T] x R"), there is at most one solution
u e C?((0,T] x R") N C([0,T] x R™) to the inhomogeneous heat equation

u—Au=fin (0,7) xR", u(0,z)=g(z) on R".
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Remark 11. Without the growth condition u(t, x) < Ael"* one can obtain examples
of non-uniqueness. In particular, there exists a non-zero smooth function u(t,z)
solving the heat equation with zero initial data. Indeed, the power series

wlt2) = 3 o0

for g : R — R smooth formally solves the heat equation; by choosing g appropriately
(e.g. g(t) = e V'H(t)) one can arrange for the above series to converge and vanish
only for t < 0.

7.2. Regularity. We now consider parabolic regularity estimates. These amount to
asking: if we know the “right-hand sides” of the inhomogeneous heat equation (i.e.
given a solution u we know f = Oyu — Au and g(z) = u(0,z)), can we estimate
derivatives of u by corresponding derivatives of the right-hand sides?

Theorem 7.5. Suppose u is a smooth solution to
atu —Au= f in (07T] X Rn7u|t:0 =9,

with f(t,-),g € L*(R") for all0 < t < T, and u(t,-) decays sufficiently quickly for all
t. Then, there exist constants Cr,Cl., CY. such that:

(1) maxo<i<r [u(t)l|z2@ny < Cr ([ fllz2(0,11x0) + 9]l 22en))-
(2) HU||L2([0,T};H1(RH)) < C’T (HfHL?([QT]an) + ||9HL2(R”))-
(3) 110ull 2o,y -1y < CF (1f L2 or1xrny + 119l L2 @ny) -

Remark 12. In [EvalQ] (e.g. Theorem 2 in Section 7.1.2), this is stated as a single
estimate on the sum of the three items above, i.e.

(0@% !IU(t)||L2<Rn>) + [w) 2oy @) + 1100u(t) | 2031 ey
< C (1 fllz2qomxrny + 119l 2Rn))

for some C'. This is equivalent to obtaining each of the three estimates above sepa-
rately. The single estimate is certainly a more concise way to state the result, but it
may be more useful to think about each estimate separately.

Proof. (1) Multiplying the differential equation by u and integrating in x gives
/ u(t, x)u(t, x) — u(t, ) Au(t, z) de = ft, x)u(t, ) dx.
n Rn

We now note that wu, = 39,(|ul?), so

/n ult, o)ug(t, x) do = / %(%(\u(t, 2)[2) dz = &, (%Hu(t, ~)!I%2<Rn>) .
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On the other hand, we have Green’s first identity: for any w,v smooth and
any bounded open subset U we have

/ ulAvdr = / udiv (Vo) dz = / div (uVv) — Vu - Vo dx
U U U

:/ u(VU-V)dS—/VU~VUdI.
U U

In particular, if © and v decay sufficiently quickly at infinity, so that the
boundary integral can be made arbitrarily small by taking U to be a sufficiently
large ball, we have

/ uAvdr = — Vu-Voudz.
n ]Rn
Thus, we have

1
3 =0, 2 (R Vul(t,z)* do = : ,x) dz.
B 50 () + [ VutPdo= [ fsutta) da

In particular,

1
5& (Hu( HLz(Rn / f(t, z)u(t, z) de

< w2 @ [ (2 )HL?(Rn

1
< Sz + Hf( Mz

Recall:
Lemma 7.6 (Gronwall’s inequality). Suppose y(t) satisfies the differential

mequality
y'(t) < a()y(t) + b(t)
for some functions a(t), b(t). Then

t
y(t) < eloals)ds (y(O) —i—/ e~ Jo ) drp( ) ds) :
0

Applying Gronwall’s inequality to y(¢) = [|u(t)[|72(gn, thus yields

t
lu(®)lZ2eny < € (||U(0)||iz<Rn) +/ "L (9122 @) dS)
0

T
(Ualeny + [ 16 s

=" ([If 2oy + 19l L2Rn)) -
From the inequality (a® +b%)"/* < (a +b)/V/2, we see that

Dax [u(t)l| 2@ < Cr (11l z2q0,71xmn) + 9l p2@m))

holds with Cp = €T/2//2.
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(2) From (3)), integrating from 0 to T yields

1 T T
3 (Hu(T)H%z(Rn) — ||u(0)||%z(Rn))+/ / \Vu(t,z)|* do dt = / f(t, x)u(t,x) dx dt.
o Jre o Jre
Thus

T
[2l17 20,71 ey :/ [u() |72 ny + V()1 72@n) dt
0

T 1 T
= | eyt SO ey = T o) + [ [ )t a) ot

1
< HUH%Q([O,T]XR”) + 5“9”%2(11@) + 1 fll 22 o,myxrey 1wl 2 o, 7y mmy

3 1 1
< §||U||%2([0,T]an) + 5”9”%2(11@) + EHfH%Q([O,T]XR")'

We now note that

T
T / ()2

2
< T max [lu(t)llz2@n)

<Te" (HfHLQ([O,T}XR") + HQHLQ(R")) :
It follows that

1
1l 220,795 () < (5 +T€T) (£l 2o zyxmmy + gl 2eny)

T 1/2
e [[ull 2o mm o)) < C (1|2 + 9]l z2geny) holds for C = (Z522) 7,
(3) This follows upon noting, for each ¢, that
10u(®)]| -1 rny = [ Au(t) + F ()]l -1 (m)

< [[Au@)l g-@n + L Ol z-1@n)

< Nu(@)llar @y + 1 (Ol 2y
Squaring and integrating in ¢ between 0 and 7 yields the desired result.

O

In short, we obtain estimates on u and some derivatives on u, by multiplying the
PDE that u satisfies by itself and integrating in space.

We can obtain another kind of estimate by doing similar manipulations, but starting

with the PDE and squaring it instead: again assuming that u decays sufficiently
quickly, we have

- |f<t7$)|2d$ = /n (Owu(t, z) — AU(t,I))2 dx

= [|Geu(t) | L2y — 2 A Opu(t, x) Au(t, ) do + [| Au(t) 72 gn) -
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We now note that

Owu(t, z)Au(t,z)de = — | V(0wu)(t,z) - Vu(t,z) dz

R™ Rn

1 2
= 20, (IVu®)l )
We also have

Lemma 7.7. Suppose u € H*(R"). Then

HAUH%Q(R”) = Z HaiajUH%%Rn)-

ij=1

(Note that if we define |D?ul® := Y77, [0:05ul?, then the latter quantity can be
written as || D?*ul|22gn)-)

It follows that

LF Oy = 10Oy + B0 (1N ) ) + 1Dl
Following similar logic to the above regularity result, we have:

Theorem 7.8. Suppose u is a smooth solution to
Ou— Au= fin (0,T] x R" ul4=g = g,
with f(t,) € L*(R") for all0 <t < T, g € H(R"), and u(t,-) decays sufficiently
quickly for all t. Then, there exist constants Cp, Ch., CY. such that:
(1) maxo<i<r [|Vu(t)|| 2@ny < Or (|1 £l z2qoryxrny + 19l en)) -
(2) 10sull 2o.r1xmy < Cp (I1f 112 o1y + 119l ) -
(3) |1 D?ull2o0,ryxemy < CF (1|20, 01xmmy + N9l @) -
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8. LECTURE 08 (04/21): PARABOLIC REGULARITY ON BOUNDED DOMAINS

8.1. Heat equation on bounded domains. We now turn our attention to the heat
equation, and more general parabolic equations, on bounded domains U C R". We
assume the following:

Assumption 8.1. There exists a collection of functions {wy}?2,; such that:

e Each wy, € C>*(U).

e The collection {wy}$°, forms an orthonormal basid"| for L2(U).

e Each wy is an eigenfunction of —A, say of eigenvalue \,. Furthermore, we
assume there exist positive constants ¢, a, and N such that

A > ck® forall k> N.

As we'll see shortly, these assumptions are always satisfied, but the choice of func-
tions {wy} is far from unique.
Given these assumptions, we note the following: a solution to the problem

Owu— Au=01n (0,00) x U, u(0,z) = g(z) on U
is given by

U(t, .ZE) = Z eiAkt(g7 wk)Lz(u)wk’<x)
k=1

Note that the assumptions of wy, € C°(U) and the growth rate of A\, guarantee that u

is in fact smooth on (0,00) x U (i.e. smooth in (0, 00) x U with derivatives continuous
up to (0,00) x 9U).

Example 8.2. Let U = (0,1) C R. Examples of collections of {wy} which satisfy
our assumptions include:
(1) wi(w) = v/2sin(k7rr), in which case A\, = m2k? (corresponding to “Dirichlet
boundary conditions”).
1 k=0
2) wg(z) = ,
(2) wi(e) {\/Ecos(k’m:) k>1
the “Neumann boundary conditions” )H
(3) wi(x) = ¥ for k € Z, in which case A\, = 472k? (corresponding to “periodic
boundary conditions” P

in which case A\, = m2k? (corresponding to

18Recall this means that the collection {wy} is orthonormal, and for every f € L?(U) can be
written as a convergent series f = ZZOZI frwy, for some sequence of numbers { f }, where the series
converges in L2(U). The last condition can be rephrased as saying that the algebraic span of these
functions (i.e. collections of finite linear combinations of wy,) is dense in L?(U).

BFor purposes of ordering, we can consider k — wy41.

. . Wy /9 k even . . .
20For purposes of ordering, we can consider k / , or instead consider peri-

w_(k+1)/2 k odd

odic sines and cosines.
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We'll focus on the Dirichlet condition. This roughly means we want to only consider
functions where “u(t,z) = 0 when € 0U.” To do so, we need to consider some
Sobolev spaces associated to U:

Definition 8.3. The H' norm on U (definable e.g. on C*(U)) is given by

1/2
lllin @y = (Nule + IValaey)

The space H}(U) is defined as the closure of C>°(U) with respect to the H!(U) norm;
this is a Banach space with respect to the H' norm (sometimes called the H} norm
in this context).

Remark 13. We can also define H'(U), either via an extrinsic characterization (u €
HYU) <= wu e L*(U),0;u € L*(U) for all j), or define it as a completion anal-
ogously to the above definition, in which case H'(U) is the completion of C*(U)
with respect to the H' norm. For bounded open sets U, an important fact is that
H}(U) € HY(U); the subscript 0 heuristically corresponds to the property of “u = 0
on OU” (i.e. the Dirichlet boundary condition).

Note that H}(U) has the structure of a Hilbert space under the inner product
(u, V) a0y = (W, v) 2y + (Vu, Vo) 2y,
Moreover, for u,v € C2°(U), integration by parts gives
(Vu, V) 2y = (u, (=A)v) 20y,
so for u € C°(U) we have

||U||§13(U) = ||U||%2(U) + (u, —A“>L2(U)'

By density, the above result still holds for u € C*(U)NHE(U). In particular, functions
in C2(U)N H¢(U) have the property that their H! norm is controlled by the L? norms
of u and Au (this is not true for functions in H!'(U) in general.)

An important fact is:

Theorem 8.4. Let U be bounded open (with smooth boundary?). Then —A admits
a sequence of eigenfunctions {wy} which all lie in Hy(U), with the corresponding

eigenvalues A\, — +0o. Moreover, each wy € C*(U).

Corollary 8.5. For any g € L*(U), there exists a solution u(t, x) to the heat equation
Owu — Au = 0 in U which is smooth on (0,00); x U such that u(t,z) = 0 on
(0,00); x OU and u(t,-) — g in L*(U) ast — 0.

Definition 8.6. The space H (U) is defined as the dual space of Hg(U). This is a

Hilbert space, with respect to the norm

lull -1y == sup |(u, ).

'UGH(%(U)v”'U”Hé(U):l
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Since C°(U) is contained in, and in fact is a dense subspace of, H}(U), it follows
that there is a continuous inclusion H~*(U) < D’(U) by identifying u € H~(U) with
its restriction on C°(U). (Note that there abstractly exists an isometric isomorphism
between H'(U) and H}(U), but we will choose not to use that isomorphism to
identify H='(U) and H}(U); instead we identify H~(U) with a subspace of D'(U).)

8.2. General parabolic operators: the Galerkin method. We consider a gen-
eral initial-value/Dirichlet boundary parabolic problem

Owu+ Lu = fin (0,T] x U,
(4) u=0on [0,7] x U,
u=gon {0} x U.

Here, L is a elliptic differential operator, written in divergence form

Z@m] (a” (t,2)05,u) +Zb’tx8xlu+c(t T)u
i,j=1
with®!{ @, b, c € L>=([0,T] x U) and

n

> al(t,x)&g > 06

1,7=1

for all (t,x2) € (0,T) x U for some 6 > 0 (i.e. the second order spatial derivative
component of L is uniformly elliptic).

Let L(t) denote the operator L, viewed as an operator on U, where the coefficients
are frozen at some t. For u,v € H}(U), let

Blu,v;t] := (L(t)u, v) 2)-

Then, an integration by parts arguments gives

Blu, v; ] /Z H(t, 2)0p,u(2) 0 v(T Zb’tmc‘? u(z)v(z) + c(t, x)u(z)v(r) de

’Lj].

(the condition of u,v € H}(U) means we do not need to consider a boundary term
in integration by parts). Note that if u solves our problem , say in the sense of
distributions, and is sufficiently regular, say with u(t) € H'(U) for each ¢ (in which
case it would be in H}(U) due to the Dirichlet boundary condition), and v € Hg(U),
the integration by parts would give

(Owu(t), v) 2@y + Blu(t),vit] = (f(t),v) 2

for all ¢.
One can check:

21This convention has changed from the original convention introduced in class. See Remark
for more details.
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Lemma 8.7 (cf. [Eval(] Section 6.2.2 Theorem 2). We have the upper bound
| Blu, v; t]| < &||U||H3(U)||U||H3(U)
and the lower bound
Blu,u;t] > BllullZ oy — Yllullzzw)
for some a,, 8> 0 and v > 0, uniform in t.
(The first estimate is standard; the second estimate uses the uniform ellipticity of

the coefficients a'.)
It thus follows that we would have

[(Bru(t), v) 2| < ellu(ll gganlloll a0y + 1 Oll2@lloll 2w
< Cusllvllmawy
so that in particular dyu(t) defines a continuous linear map on Hj(U) via the L*-
pairing, i.e. dyu(t) € H-'(U). This motivates the notion of weak solution that we’ll
work with in this problem:
Definition 8.8. Let u € L*([0,T]; H}(U)) with d,u € L*([0,T]; H ' (U)). We say
that u is a weak solution to the problem , i.e. the problem
Owu+ Lu = fin (0,7] x U,
u=0on [0,7] x JU,
u=gon {0} x U,
if (Opu(t),v)r2wy+ Blu(t),v;t] = (f(t),v)r2) for almost everyﬁo <t < T and every
v € H}(U), and u(0) = g as well.
Remark 14. The assumptions on u in the definition actually give that u € C°([0, T|; L*(U))

(possibly after redefining u on a measure zero set of times), so the condition u(0) = ¢
does make sense.

The goal now is to prove well-posedness results for weak solutions of the problem
, ie.
e Existence of a weak solution for any f € L*([0,T] x U) and g € L*(U).
e Uniqueness of weak solutions.
e Energy/regularity estimates on weak solutions.

These will be done via Galerkin approximations, which reduce the problem to
studying problems on a finite-dimensional space of functions, and taking the limit.

Recall Assumption in particular the existence of a smooth orthonormal basis
{wy} for L*(U). Let V,, = span {wy, ..., wy,}.

Theorem 8.9 (cf. [Eval(] Section 7.1.2, Theorem 1). Let f € L*([0,T] x U), g
L*(U), and m € N. Then there exists a unique u,, € C([0,T); V,,) which satzsﬁes

(gt (1), v) L2y + Blum(t),vit] = (f(t),v) 2wy, (um(0),v) 2y = (9,v) 2

22This convention has changed from the original convention introduced in class. See Remark
for more details.
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for allv € V,,.
Proof. Writing u,, () = >, d*(t)wy, we then get

Z (d*) () (we, v) + di(t) Blwg, v; t] = (f(£),0) 2 w)-
k=1
Writing f!(t) = (f(t),w,), it follows by plugging in v = w; for 1 <1 < m that

(@)(t) + 3 Blwr, wi ) () = 11(0).
k=1
This gives a system of m first-order ODEs, so by ODE theory there exists a unique
C! solution (d',...,d™), upon providing the initial data d'(0) = (g, w;). O

Next lecture: Regularity estimates on the Galerkin approximations, applied to
obtain well-posedness results for weak solutions of problem .
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9. LECTURE 09 (04/26): WELL-POSEDNESS OF WEAK SOLUTIONS VIA THE
GALERKIN METHOD

9.1. Clarification on conventions. First, a clarification regarding definitions:

Remark 15. In class, during Lecture 08, I originally defined a weak solution as satis-
fying the pairing equation

(Opu(t), v) 2y + Blu(t), v;t] = (f(t),v) 2wy

for every 0 <t < T'. This differed from the convention in [Eval(], Section 7.2, where
he required the condition hold only for almost every 0 < ¢t < T. 1 had originally
justified this by assuming that the coefficients a%, b*, ¢ involved the in the operator
L were continuous up to the boundary.

It turns out that the “almost every” t condition shows up in many different places,
and that it is much easier to incorporate that as part of the definition rather than
trying to avoid it. As such, I will revert to the conventions of [Eval0]. Thus, the
pairing condition should hold for almost every 0 <t < T, and the coefficients a%,
b?, c only need to be uniformly bounded on [0, 7] x U. (The change has been reflected
in the lecture notes in the previous section.)

We continue to work with Assumption 8.1} Thus, let {w;}72, be an orthonormal
basis for L?*(U), such that each wy € C*°(U), and each wy, is an eigenfunction of —A.
For the Dirichlet problem, we’ll make a further assumption:

each wy, € Hy(U) as well.
This is possible due to Theorem Note in that case that {wy} also forms an

orthogonal basis of HJ(U), since
(%U)Hg(U) = (u,v) 2wy + (u, (=A)v) 2
for u,v € H}(U).
9.2. Galerkin approximation regularity and existence of weak solution.
From last time: given f € L2([0,T] x U), g € L*(U), and m € N. Then there
exists a unique “Galerkin approximation” wu,, € C*([0,T}];V;,) which satisfies
(Orum(t),v) 2wy + Blum(t),vit] = (f(t),v)r2w),  (um(0),v) 2wy = (9,v) 2 ()

for all v € V,,, where V,,, = span {wy,...,w,}.
We also have a regularity estimate for these Galerkin approximations:

Theorem 9.1 (cf. [Eval(] Section 7.1.2, Theorem 2). Let u,,(t) € V,,, be the unique
solution obtained above. Then we have estimates

e [wm | 2@y + lwmll 20,53 0)) + 10um | 2o, y:-10y)

< C([Ifllz2qorxv) + 9llz2@wy),

where the constant C' is independent of m.
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Proof. The proof is similar to the proof of Theorem [7.5] Applying the weak formula-
tion to w,,(t), we see that

1
(5) =0 (llum () I720r) ) + Bl (t), tim ()5 8] = (F(£), th () 220
2
Recall from Lemma that we have a lower bound
Blu,u;t] > BllullZ oy — Yllullzzw)
for some 8 > 0 and v > 0. It follows that
1
50 (@200 ) < (PO )z = Bltm (1), wn(8): 1]
(f ) 2wy = Bllwm )3 0y + VMmOl 720
0

1 1
IO+ (54 7)

By Gronwall’s Lemma, we thus have

t
[t (8)[| 720y < €H7* (Ilum( M2 +/ e | £ () 1720 dS) :
0
It follows that

2 (14+9)T 2 2
tIG%iJ‘T{] [[wm (¢ )HL2(U) <et ™ (HfHLQ([O,T]XU) + H9HL2(U)) )

IN

/-\
=
£
3

| /\

which gives the first part of the estimate. Moreover, from , we also have
1
50 (I Bar) + Bl gy — Al Ol

O (lum(lZ2(0) + Blum(8), (] = (£, wn ()220

1
< —
-2
and hence

1
50 (I @320y ) + Blum(®) g ) < VMm@ 2y + (£, wn ()20

< 3150w + (1+5) lonOlEe

Integrating from ¢ = 0 to ¢t = T thus yields

1
5 (lm(T) 20y = m(©) 320, ) + Bl 18500

1 T 1
< 1B + [ (4 5 ) Tom Ol

which yields an estimate on |[un || z2(o 13,510y since B > 0 (cf. the proof in Theorem
[7.5). Finally, from the estimate (cf. Lemma [8.7))

| Blu, vi t]] < allull ggoyllvll g o
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we have
| (O (1), v) 2| = |[=Blum(t), v t]+(f (1), v) 20y | < <Oé||um(t)||H3(U) + ||f(t)||L2(U)) [0l a2 )

for any v € V,. In general, for any v € Hj(U) we can write v = v’ +v” with v’ € V,
and v” € V-, in which case [|v/[| g3y < |[v]| g3 (1), and

(@rtim(8), ) 20| = 1@yt (8), ) 1209|
< (allum® ey + 1FOllzen ) 1l

< (allun®llmyw) + 1FOllzen ) ol
Thus we obtain

1Ot (D) 10y < @m0y + 1 Ol 20y

The estimate on ||yt || 22(jo,11,5-1(v)) then follows by squaring and integrating. [

Thus, in considering our Galerkin approximations u,,, we see that they are uni-
formly bounded, with respect to all three norms appearing in the LHS of Theorem
9.1] This helps prove existence via taking a subsequence. We recall:

Theorem 9.2 (Banach-Alaoglu). Let X be a normed linear space, and X* its con-
tinuous dual space. Then, the unit ball in X*

{te X |tlx- <1}

is compact in the weak-* topology. In particular, if X is reflexive (e.g. X is a Hilbert
space), so that the weak topology on X coincides with the weak-* topology on X
viewing X as the dual of X*, then the unit ball in X is compact with respect to the
weak topology on X.

We can use this to prove:

Theorem 9.3 (Existence of weak solution). Let f € L*([0,T] x U) and g € L*(U).
Then there exists a weak solution to the problem .

Proof. From the regularity bounds on the Galerkin approximations u,, and the Banach-
Alaoglu theorem, we see that {u,,} is sequentially compact with respect to the weak
topology on L*([0,T]; Hi(U)), and {Osu,,} is sequentially compact with respect to
the weak topology on L*([0,T]; H-'(U)). Tt follows that there exists a subsequence
{tm, }32, such that {u,, } converges in L?([0,T]; H}(U)), say to u, with {dyu,,, } also
converges in L?([0,T]; H*(U)), say to @. Then necessarily we must have @ = d;u in
the sense of distributions.
It now suffices to show that u is indeed a weak solution. We first note that if

v(t) =Y d*(t)wy

for d*,...,dY € C'([0,T]), then for m > mgo we have
(Oton(1), 0(0)) 20 + Bl 0), 0(1):] = (£(2),0(0)) 1200
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Integrating thus gives

/0 (Orum(t),v(1) 2y + Blum(t), v(t); 1] dt:/o (f (@), v(t)) L2y dt.

Letting m = m; and passing to the limit, we see, due to the weak convergences, that

/0(atu(t),v(t))mw)+B[U(t),v(t);t]dt—/o (f(8), v(t)) 2wy di.

This holds for all functions of the form v(t) = Sn_, d*(t)wy, and hence by density
for all v € L*([0,T]; HJ(U)). In particular, if we now fix vy € Hj(U) and consider
v(t) = ¢(t)vy for ¢ € L*([0,T]), we then see that

T T
/0 ((Qeu(t), vo) 2wy + Blu(t), vos t]) ¢(t) dt = /0 ((F(t),v0)2)) (1) dt,
for all ¢ € L?([0,T]), from which we conclude that

(Owu(t), vo) L2y + Blu(t), vo; t] = (f(t), vo) 20

for almost everﬂ 0 <t <T. This shows that u satisfies the distributional formula-
tion of a weak solution.

[t remains to show that u(0) = g. To do so, note that from integration by parts in
t we have

A—mwwﬂmmm+3wmwmﬂw:A<ﬂmwmmmw+m@m@nw>

if v e CY[0,T); H}(U)) with v(T) = 0. Similarly, for the Galerkin approximations
we have correspondingly

T T

/ (), /() 200y + Bl (1), v(t); £]dt = / (F(E), 0(8)) 2wy di+ (um(0), 0(0)) 120
0 0

again for v € C'([0,T); H}(U)) with v(T) = 0. Taking m = m, and passing the limit,

noting that u,,(0) — ¢ in L*(U) since u,,(0) is the projection of g onto V;,, we thus
obtain by weak convergence

T T
| (o), 000y + Blutt), otstlde = [ (50,000 dt + (9000,
0 0
Thus (u(0),v(0)) 2wy = (g,v(0)) 2 for any v € C*([0,T]; Hy(U)) with v(T) = 0,
and since v(0) can take any value in Hj(U) given those restrictions, it follows that

u(0) = g, as desired. O

23This upgrades to an equality for all times if we assume in addition that f € C([0, T]; L*(U)).
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9.3. Uniqueness and improved regularity of weak solutions. Thus, we see
that the Galerkin method produces the existence of a weak solution. Moreover, any
weak solution can be obtained as a limit of Galerkin approximations, if we are able
to show uniqueness:

Theorem 9.4 (Uniqueness). A weak solution of problem 1S unique.

Proof. 1t suffices to show that if f =0 and g = 0, then the only weak solution to ({4

is identically zero. Plugging in v = u(t) in the weak formulation gives

1

§8t(I|U(t)!\%2(U))+B[U(t),U(t);t] = (Qu(t), u(®)) 2@y +Blu(t), u®); t] = (f(t), u(®)) 2wy = 0.

From Lemma [8.7] we have

%at(Hu(t)H%?(U)) = —Blu(t),u(t);t] < =Blu®) 7w + Vu®Z2w) < Au®Z2w),
so by Gronwall’s inequality we have
a2z < € [[w(0)] 72w

If u(0) = g = 0, then this gives u(t) = 0 for all ¢. O

If the initial data ¢ has a bit more regularity, then we can obtain more regularity
on u. For convenience, we now assume:

a”’ b’ c € C°(U) (i.e. independent of t).

Theorem 9.5. Suppose u is a weak solution to Problem , and g € H3(U). Then
we L2([0,T); H*(U)) N L>([0,T); HY(U)), 0w € L*([0,T); L*(U)), and
53 SUp (| @y +lull 2o,y 2 @) H|Oeul | L20,0:020)) < CUF 2o,y +H 19l 2 ))-

Proof sketch. We prove the corresponding estimates on the Galerkin approximations
and pass to the limit. To do so, we plug in v = dyu,, in the weak formulation of the
Galerkin solutions, and rewrite Blu,, O;u,;t] as the t derivative of a quadratic form
of Vu,, plus some remainders.

To be continued next lecture. . . O
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10. LECTURE 10 (04/28): IMPROVED REGULARITY AND HEAT KERNELS ON
CoMPACT MANIFOLDS

10.1. Improved Regularity of Weak Solutions. We start by finishing the proof
from the end of last class:

Proof of Theorem[9.5. The Galerkin approximations satisfy
(3tum(t), 3tum(t))L2(U) + B[Um(t), 3tum(t)] = (f(t), 3tum (t))LQ(U)

(Recall that we assume the coefficients are now independent of ¢, so the bilinear form
B is independent of ¢ as well.)
Note that if L = —A, then Blv(t), dyo(t)] = [, Vu(t) - 8;Vo(t) dt = 30,([[Vo(t) 1720

so morally we have an estimate on H@tum( )HLQ(U) + 20:(|| Vum )HLQ(U ). In fact, if

we let
Alu,v] /Z )8y, u(2) 0y, v () da

then o

%%(A[v(t),v(t)]): ), u(t) /Zb’ )0y, v(t, 2)0v(t, ) + c(x)v(t, 2)du(t, x) dz.

Thus

(6)

[0run Ol + 25 (340000 (0]

( + Z b’(f)&um + Clyy, atum)

L2(U)

< ||f(t) + Z b0, U (1) + Cliy (| Opttm, () || L2
= 12(0)
2
1 7 1 2
<5 | IOl Zb Oa Ui (1) Hlleun @) |+ S10um(®)z2w)
L2(U)

We now note that

. N 1/2
S bount)|| < (Z HbiH%oo) ()3
i=1 i=1

L2(U)
and

lewm ) 2y < llell oo [um ()] 22w
Thus, subtracting £{|0um ()| L2y from both sides of (6]), multiplying by 2, and plug-
ging in the above estimates yields

10t ()30, + 5 (Al (61,0 (0)]) < € (O, + 1 () g )
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the constant depending on ||b?||z~ and ||c||z~. Applying the same arguments in the
other regularity theorems (i.e. applying Gronwall’s inequality and then integrating)
yields

0t izt + 5 Altn(8), 1 (8] < C (Alton (0), 1O + 17 o1 + o o)

< (A[Um(o)aum(o)] + ”f||2L2([07T]><U) + ||9||%2(U)> :
We now note that the ellipticity assumptions on a* guarantee that
al[VullZawy < Alv,v] < el Vollfaw) < ellvliz o

SO

|Ovttm|| 2(jo.1)xv) + OiltlfT IVt ()| 22y < C” (Hf”%?([O,T}XU) + ||9||12H(§(U)> :

Since supg<<r ||um(t)|| L2y also satisfies the above estimate, we can replace the term
SUPg<i<7 ||V (t)|| L2y in the above estimate by supg<,<r [[tm ()| g2 ) (up to chang-
ing the constant on the RHS), thus yielding two of the three desired estimates at least
for the Galerkin approximations u,,. Applying the estimates to the subsequence u,,,
converging weakly to u, and letting [ — oo (taking advantage of the weak conver-
gences of u,,, and Qyu,y,,) yields u € L>([0,T]; Hy(U)) and dyu € L*([0,T] x U), with
the desired bounds.

Finally, note that

Lu(t) = f(t) — Opu(t)
in the sense of distributions, with L an elliptic operator. By elliptic regularity (cf.
[Eval(] Chapter 6.3), we have

lu() 1220y < CUFONZ2 ) + 10t Z20r)-
It follows that

||u”%2([O,T];H2(U)) <C <||f||%2([0,T]><U) + HatuH%Q([O,T]XU))

< & (IfBsqoean + 9l
as desired. ([l

Some other regularity results to mention from [Eval0] Section 7.2:
e If in addition 0,f € L*([0,T] x U) and g € H*(U), then
u € L([0,T]; H*(U))
Sy € L=([0,T] x U) N L*([0,T]; Hy(U))
O*u € L*([0,T); H 1 (U)).

The proof essentially amounts to finding the PDE that 0;u satisfies, and ap-
plying the regularity results obtained above to d;u.
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o If g € H*\(U) and 2 f € L*([0,T); H>"~*(U)) for 0 < k < m, with the
right-hand sides satisfying a “compatibility Condition@’ at the boundary of

U, then
e

o) 2
St € L2(0,T]; P27 (U)),

with corresponding estimates.
The argument is an induction argument, essentially again taking a look at
what equation the derivatives of u must satisfy.
e In particular, if the right-hand sides are both C*° (on the closures, i.e. on
[0,7] x U and on U, respectively), and the compatibility conditions are sat-
isfied, then the solution = is also smooth up to all boundaries, i.e. u €

C*>([0,T] x U).

10.2. Heat Kernel on Compact Manifolds. We conclude our treatment of par-
abolic equations by considering the “heat kernel” (an analogue of the fundamental
solution studied in Lecture 05) for compact manifolds. It turns out that the structure
of the heat kernel (reflecting the behavior of solving the Cauchy problem for the heat
equation) is related to the geometry and topology of the manifold.

The source for this section is [Cha84], specifically Chapter 6.

Thus, let (M, g) be a Riemannian manifold (i.e. M is a smooth manifold, g a Rie-
mannian metric on M). Associated to the metric is the so-called Laplace-Beltrami
operator A, (which can be defined as the composition of the divergence and the gradi-
ent, once those notions are defined). In local coordinates, if g = >, gij(z) dz; dx;
(i-e. (g9s(2)); ;= is the matrix associated to this metric, with g;;(z) = g(0s, |2, Or,l2)),

then
1 n g
Ay = —— 0. (g +/det g0,
gu \/mz; 1(9 et g JU)

where (g% (x)) = (gij(x))~" is the dual metric obtained in coordinates by inverting
the matrix (g;;), and det g is the determinant of the metric viewing it as a matrix
(935)-

We can then consider the Cauchy problem for the heat equation on (M, g):

(O —Ay)u=01in (0,00) x M, u(0,z) = f(x) on M.

Recall that for Euclidean space R" we were able to derive an explicit formula for a
fundamental solution of the heat operator, which can subsequently be used to obtain
a formula for the solution of the Cauchy problem via convolution. For a general mani-
fold the notion of a convolution does not quite make sense (some additive structure or
other group action is needed); furthermore in local coordinates the Laplace-Beltrami
operator A, need not have “constant coefficients” (and one key feature of convolutions
is the compatibility with constant-coefficient differential operators). Nonetheless, we
can still generalize this notion:

24This holds e.g. if f and g are compactly supported in [0,7] x U and in U, respectively, i.e.
vanish in a neighborhood of U
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Definition 10.1. A fundamental solution of the heat equation, also known as a heat
kernel, is a continuous function p : (0,00) x M x M — R, which is C? in z and C! in
t, such that

L,p=0 in (0,00) x M x M and lim p(t,-,y) = d,.
t—0+
The last equation means if ¢ € C°°(M), then

lim [ p(t, 2, y)p(x) dVoly(r) = d(y)

t—0t M

where dVol, is the volume form induced by the Riemannian metric g.

Note that if such p exists, then for f: M — R sufficiently nice (say continuous) we
have that if

u(t,z) == /A4p(t7m,y)f(y) dVoly(y),

then u solves the heat equation for ¢ > 0, while for any ¢ € C*°(M) we havﬂ

[ uttajowas = [ ( / p(t,x,y>¢<x>d\folg<x>) F) Vol () 225 [ ) 11) Vol ),

i.e. u(t,z) — f(z) in the sense of distributions as t — 0.

An “example” is in the case M = R" with the Euclidean metric, where p(t, x,y) =
E(t,x —y) = (4”1)”/26_'“3_74'2/(4” for t > 0. (Note that this “example” does not quite
fit our framework since M is non-compact.)

We now want to ask two questions about the heat kernel:

(1) Does such a heat kernel p exist?
(2) What structure does p have, if it exists?

For the first question, we take advantage of the fact that A, has an orthonormal basis
of eigenfunctions {¢y}32, in L*(M,dVol,) (hereafter denoted L*(M)) which in fact
belong to C*°(M). In particular, we suppose

Ayt = Mk, | Prllz2n) = 1.
ThenPY A, — +o00. Moreover, for any f € L?(M), we can write

o

flx) =) (f o) r2anon(T),

k=1

25To be precise, some uniform control on p as t — 07 would be needed in order for the statement
to go through; moreover more precise control allows for a more precise statement of convergence. A
posteriori we see that this will be satisfied.

26T fact, it seems plausible, from first principles, that one can show that A\, > ck® for some
¢, > 0 for sufficiently large k, though I do not know how to do it. It turns out a posteriori to be
true.
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where the sum is interpreted as a convergent sum in L?(M). It follows that if we
explicitly defined

u(t,z) =Y e M, bi) 2 an dr(2),
k=1
(i.e. take the “Fourier series solution”), then by construction u is smooth on (0, 0o) x
M (note that for ¢ > 0 the factor e ! is exponentially decaying and thus guarantees
all series involved converge uniformly on M) and solves the heat equation with initial
condition f. Noting that

(F. 60) 20 /f J62(y) dVol, (y).

plugging this into the above sum, and interchanging the sum and integral (which is
permissible given the exponential decay of e *!), we obtain

u(t,r) = /M (Ze“%k(w)m—(y)> f(y) dVoly(y).

k=1
This suggests we take

plt.a,y) = Zemaé A (y),

and indeed one can verify afterward that this does satisfy all of the requirements of
the heat kernel. Moreover, from this formula, we see that there is a strong relationship
between the structure of the heat kernel and the eigenvalues of the Laplacian: indeed,
if we plug in y = x and then integrate in z, i.e. take the trace of the heat kernel, we
obtain

/ p(t, z, ) dVoly( / Z e My (2)|? dVoly(x) = Ze_kktnﬁka%z(M) :Ze_)\kt
M M =1 k=1 k=1

since {¢y} is orthonormal in L?(M).

There is another way to approach the question of existence which also reveals some
structure on the heat kernel-namely, we attempt to guess a form of the heat kernel.
For example, we can consider the Euclidean heat kernel

1

pre(t,3,y) = We*lw\%m
7T n

and attempt to generalize this to manifolds, via
1

———e

(4t )n/2

where d,; is the geodesic distancem induced by the metric g.

po(t, x, y) = —dg(z,y)?/(4t)

2TThat is, dg(x,y) is the infimum of lengths of paths connecting = and y, where the length of a
path is measured with respect to the metric g. On a compact manifold, this infimum is attained by
some geodesic.
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Perhaps unsurprisingly this does not quite work. However, we can attempt to
modify py to get something closer. More specifically, we multiply py by an ansatz of
the form Z?:o t/u;(z,y) and consider

k

pk(ta z, y) = pO(t7 xz, y) thlbj<l', y)
=0

Lemma 10.2. There exist a sequence of u; € C®(M x M) such that

k

(O — (Ay)z) (pg(t,x,y) thuj(x,y)> € pot*C>(]0,00) x M x M).

J=0

Moreover, the u; can be chosen so that po(t,z,y) Zf:o Huj(x,y) — 0,(x) ast — 0F
for each y € M.

Furthermore, we can say some things about this sequence u;. For example:

e The condition p Z;C:o thu;(z,y) — §,(z) as t — 07 for any fixed y turns out
to force ug(z,z) = 1 for all z.

e Under the above normalization, we then have u(z,z) = £5(z), where S(z)
is the scalar curvature at x.

Remark 16. The functions wu; are derived using the so-called Minakshisundaram-
Pleigel recursion formulas. See HW 2, Problem 10 for more details.

We now note that if k is large enough, then functions in pet*C*°([0,00) x M x M)
will in fact vanish near ¢ = 0, and more generally can be made to have small L*
norm when restricted to sufficiently small times ¢.

This suggests that, at least formally, for L = 9, — (A,), we should have

(2)

P = pr — (Lpk *¢ pr) + (Lpp)™ *epp — ..

satisfies Lp = 0 and p(t, z,y) — d,(x) as t — 0. In fact, this works by making quan-
titative estimates on ||(Lpg)*®|| Lee(MxMxo,7]) to show that the above series converges
(which we can do for 7" sufficiently small whenever k is sufficiently large). Thus we
have that

o0

p=pr—pe*Fe, Fo=)Y (Lp)""
=1

and hence:

Theorem 10.3. The heat kernel indeed satisfies

p(t,z,y) = po(t, ,y) (thuj (z,y) + O(t’”l))

J=0

for any k.
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In particular, noting that py(t, z, z) = (4t)~™/? for any x, taking the trace of both

sides yields
o0 N
S e = (dnt) (Z a;t! + O(tN“))
k=1 j=0

for any N, where

aj:/ u;(z, z)dz.
M

aoz/ uo(x,x)dx:/ 1dx = vol (M),
M M

Note that the

" Y= (s + 010

Moreover, if M is two-dimensional, i.e. a surface, then the scalar curvature is twice
the Gaussian curvature, so by the Gauss-Bonnet theorem we have

o = /Mul(x,x) i — é/MS(a:) i — %/MK(Q;) iz — %(%X(M)),

where x (M) is the Euler characteristic of M. It follows that

[e.e]

Ny vol(M) 1
Ze At — %t ! +6X(M) + O(t),
=0

so in theory knowledge of the eigenvalues of the Laplacian can help determine the
volume and topology of the surface by analyzing the behavior of 3 % e it near
t=20.

Remark 17. One can use the asymptotics in (7)), combined with a theorem attributed
variously to Hardy and Littlewood or to Karamata:

«

TG+1)
(where p is a positive measure) to prove the Weyl law regarding the distribution of

eigenvalues of the Laplacian:

Theorem 10.4 (Weyl law). If N(\) denotes the number of eigenvalues of —A which
are at most X\, then

/OO e du(r) = at P(1+0(1)) ast—0 = pu([0,b]) = v’(14+0(1)) asb— oo

N = (;:)nm(M)W?a +o(1))

where wy, 1s the volume of the unit ball in R™.
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11. LECTURE 11 (05/03): INTRODUCTION TO WAVE EQUATION

We now consider the wave equation
(0} — A)u =0 in (0,00); x R”.

Since this involves two derivatives in ¢, the Cauchy problem requires two pieces of
initial data:

u(0,z) = fo(xr) and Ow(0,z) = fi(z) on R™.

Linear wave equations appear in physics in several contexts, e.g. vibrating strings,
Maxwell’s equations in electromagnetism, etc.. Nonlinear wave equations also ap-
pear in several physical contexts, such as in general relativity (cf. “gravitational
waves” ), and methods of studying nonlinear wave equations often involve getting an
understanding of the linear wave equation first.

Some properties to show:

e Existence/Uniqueness of solutions: Standard in PDE theory.

e Finite speed of propagation: initial data should “propagate” outwards with
finite speed. Contrast this with the heat equation, where initial data will
generically spread everywhere for any ¢ > 0 (note that the fundamental solu-
tion is positive for all (t,x) with ¢ > 0).

e Pointwise decay

e Energy conservation/bounds

References: Much of the treatment in the next few lectures will come from the
lecture notes of Jonathan Luk and Sung-Jin Oh: [Lukl [Oh]

11.1. Solving the Cauchy Equation. Just like with the heat equation, we will
use the Fourier transform (in the spatial variables, i.e. in z) to solve the Cauchy
problem for the wave equation. Thus, for @(t,§) = [4. e ““u(t,z) dz, the equation
(0?2 — A)u = 0 turns into
ORa(t,€) + [€Pa(t,€) = 0.

Recalling that solutions of the ODE y”(t) +k?y(t) = 0 are given by y(t) = A cos(kt)+
Bsin(kt), it follows that, viewing the above equation as an ODE in ¢ with parameter
&, we have

u(t, €) = A(E) cos([€]t) + B(&) sin([¢]t)
for each &, where A(§) and B(€) are some numbers. We can determine A(§) and B(§)
through the initial conditions: we have
u(0,7) = folw) = a(0,€) = fol€)
and hence

A1) + B()(0) = a(0,€) = fo(&) = A(€) = fo(€).

-~

Similarly, 0,4(0,&) = f1(§), and since
Ova(t, §) = —A(&)[¢] sin([¢]E) + B(E)[&] cos([€]t)
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it follows that

B(€)[€] = dva0,€) = Fi(€) = B(E) = %

Thus we havd®

a(t, €) = cos([€]t) fo(€) + g

It follows that

ult.) = (fox 7 eos( i) o) + (10 7 (D) ) o),

In particular, we see that iﬂ fo, i € S(R™), then there exists a solution to the
Cauchy problem for the wave equation
Moreover, writing cos and sin in terms of complex exponentials, we have

ey e () RO e (&) _ ()
") ( 2 +2¢|§|>+ ( 2 2z‘|§|>'

From this, we can use the inverse Fourier transform to show:

Proposition 11.1 (Local decay). For fo, fi € C°(R"™), we have, for any R > 0,
C
lu(t, )| < pr= forallt > 1,]|z] < R.

The constant depends on fq, fi, and R, but otherwise not ont or x.

Proof. For convenience, take n > 3 (the cases n = 1 and n = 2 can be handled
similarly). From the Fourier inversion formula, we have

u(t,x) = (27?)_”/ e (t, &) dE = (2m)™ /n et (eilft@ + ) d¢

2i¢|
(there are three other terms in the ...above). We thus analyze the term
/ eixfeiﬂtfl’é‘g) de

and aim to show it decays as a power of t~("~1: the analysis of the remaining three
terms is similar. We write the above integral in polar coordinates, with { = rw,
r € [0,00), w € S"7!; the integral then becomes

o0
/ / eitrem'“fl(rw)r"’z dr dw
sn-1J0

28Note that the function Sin‘(g‘t) is in fact smooth despite the presence of |¢] in the denominator.

291 fact we can make less restrictive assumptions as well.

n
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(the factor r"~2 comes from the factor "~! from the polar coordinates change of

variables divided by r originally in the integrand). Noting that " = d%« (eZT)’ we

can integrate by parts to obtain a factor of ¢ in the denominator; doing so gives
eitr 00 0 eitr o
/ { ” 91(36,7“,00)7“"21 —/ — (gl(x,r, w)r"’z) dr dw
Sn—1 1 0

0 it Or
where gy (2,7, w) = eim'”ﬁ(rw); note ¢; is smooth in all variables considered. We now
note:

eIfn—2>0 (ie. n > 3), then the term r" 2 vanishes at r = 0. Moreover,
gi(x,r,w) = e fi(rw) decays rapidly as r — +oo since f; € C*°(R") =
fi € S(R™). It follows that the boundary terms in the integration by parts

vanish.
e Furthermore, we have
0 _ n—
g (gl(x,r, w)r’ 2) = go(x, 7, w)r" 3

for some smooth function gy (explicitly go = (n — 2)g; + 70,91), such that go
also decays rapidly as r — +oc.

Thus, the integral becomes

1 R
—— / / e gy, 7, w)r" 3 dr dw.
’lt Snfl 0

If n — 3 is still positive, we can apply the exact same integration by parts argument
(in particular that the boundary terms vanish), to get that the integral equals

1 <
—= / / e gy (7, w)r"t dr dw
t2 Sn—1 Jo

for g3 = (n—3)ga +10,go. Thus, we keep iterating the integration by parts argument
until the exponent in front of r is no longer positive, in which case we get that the

integral equals
1 <
/ / e g1 (2,7, w) dr dw
tn_2 Sr—1 J0o

for some smooth ¢,_1, after which a final integration by parts argument yields

1 ) 00 oo
it”_l/ 1 ([e’”gnl(x,r,w)} ’0 —/ e O Gn_1(z, 7, W) dr) dw.
Sn— 0

The boundary term need not vanish, so we cannot iterate the integration by parts
procedure again. In this case, we note that the post-factor after tn%l is uniformly
bounded in ¢ and in x, as long as x itself is restricted to vary in a compact set. This
gives the desired estimate. 0J

Remark 18. Without the assumption of looking only at x in a compact region, we
can only get an estimate of the form

C
lu(t, z)| < ey fort > 1,z € R™
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11.2. Fundamental solution of the wave operator. We are interested in a fun-
damental solution of the wave operator, i.e. a distribution F € D'(R"*!) satisfying

(8152 - A)E — 5(0’0).

In particular, we are interested in a forward fundamental solution, i.e. a fundamental
solution E further satisfying

supp B, C {(t,r) € R"** . ¢ > 0}.

It turns out we can in fact do better:

Proposition 11.2. There exists a fundamental solution E. which satisfies
supp B, C {(t,x) e R"" 1 |z] < t}.

(Note that such a fundamental solution is forward, since |z| <t = ¢ > 0.)
Assuming the existence of such a fundamental solution, we can use it as follows:

Proposition 11.3. Let F € D'(R"™), with
supp F C {(t,r) € R . t > —T} for some T >0
(more colloquially “F =0 fort < —T"). Then

u=FE, xF
is the unique solution in D'(R™*1) to the equation
(0} —ANu=F

which also satisfies supp u C {(t,z) € R : ¢t > —T}.

The main content of the proposition is that the convolution E, * F' is well-defined.
Recall from Lecture 03 that the convolution of two distributions u; and wuy is well-
defined if the map supp u; X supp uy — R™, (z,y) — x + y is proper, or equivalently
that (K — supp w;) N supp uy is compact whenever K is compact. In this case, if
K C R™! is compact, and we let 7" = max( ;)ek t, then

(t,x)e K—supp F = t<T'+T
since supp F' C {t > —T'}, and hence
(K —supp F)Nsupp B, C {(t,r) e R"* . |2| <t <T' +T}.
The latter space can be verified to be compact.

Proof. Since E, xF is well-defined, we can apply the rules of convolution (in particular
relating to constant-coefficient differential operators) to see that

(07 — A)(E;y * F) = ((0f — A)E}) * F = 890y * F = F.

Moreover, supp (E, % F') C supp E; +supp F' C {(t,z) : t > =T} from the support
properties of F, and F.
To check uniqueness, it suffices to check that if u € D'(R""!) solves

(02 = A)yu=0, suppucC {(t,r) e R"" :¢t>-T},
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then v = 0. To do so, we note that
u=ux*dgoy =ux*((0; —A)E;) = (0} = A)(ux Ey) = (0] — A)u) * B, =0
using the rules of convolution; again the main thing to check here is that all convolu-

tions are well-defined (which is indeed the case here due to support properties). [

Corollary 11.4. The fundamental solution E from Proposition[I1.9 is the unique
forward fundamental solution of the wave operator.

That is, even if we only required supp £ C {t > 0}, we get for free that it must be
actually supported in {|z| < t}.

Finally, the forward fundamental solution F, can be used to solve the inhomoge-
neous wave equation:

Theorem 11.5. Suppose u € C*(R"™), and let
= (at2 _A)ua fO(:E) :U(O,l'), fl(x) :8tu(07$)
Then, as distributions, we have
(8) UJ]-tZO = (fo(stzo) * 8tE+ + (f15t:0) * E+ + (F]]-tZO) * E+.
The proof is similar to the calculation for the fundamental solution of the heat
equation.
In particular, since u(t, ) = fo* F (cos(|£|t)) + fi* F ! <Sm‘£||§‘t)> solves the wave
equation with F' = 0, suggests that we should have
in(t
Buttn) = ()

(note then that we’d have 9,F (t,z) = F *(cos(t|¢|))(t, ), which is consistent with
the solution above.
We can compute this explicitly in some cases:

e For n = 1, note that

Sin|<§||f|> - / “cos([éfe) da =+ / cos(g) do = %/ =T @“'So )

(The middle equations follow from the even/odd property of cosine and sine.)
This suggests

1
E(t,il?) == §1t201\m|§t-
Note then that, for ¢ > 0, we have
1
O E(t,x) = 3 (0(x+1t)+6(x—1t)),

in which case (8]) becomes

u(t,z) = (fo(x —t)+ folz +1)) / fily) dy.
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This recovers d’Alembert’s formula for the solution of the wave equation in 1
dimension.
e For n = 3, we can explicitly compute F to obtain Kirchoff’s formula:

Lemma 11.6. A solution to (0? — A)u =0 in (0,00) x R3, u(0,z) = fo(z),
Ou(0,x) = fi(x) is given by

1 o (1
(9) ult,z) = — o hily) dSi(z) + - <4—ﬂ o fo(y) dS?(fB))

where S(x) is the ball of radius t centered at x.

This will be discussed in more detail next lecture.
In general, it turns out we have
E(t,x) = calizoxy "V — [2f?),

where x4 is defined, for Re a > —1, as in Example , and extended for all a € C
via the property

a d a+1
Xy = %X-ﬁ_
(cf. Homework 1). Note that for k& € N5y we have
X;k — 5(1{?71),
so that in particular
{0} lf a 6 _N>0

supp x4 = {

Hence, we always have supp £ C {(¢,z) : t*—|z|* > 0} = {|z| < t}, while if n > 1 is
odd (i.e. (n—1)/2 € Nyg), then we in fact have supp £ C {|z| = t}. This is known
as the strong Huygens principle.

Next time: Finite speed of propagation and energy conservation

[0, 00) otherwise
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12. LECTURE 12 (05/05): MORE ON THE WAVE EQUATION, FINITE SPEED OF
PROPAGATION, ENERGY METHODS

12.1. More details on topics from last lecture. Recall from last lecture that we
solved the homogeneous wave equation by using the Fourier transform to convert the
PDE into an ODE for each Fourier mode £. In particular, we obtained

a(t,€) = cos(tlE) fa(€) + %ﬁ@.
sin(t[¢])

Note that cos(t|£]|) is uniformly bounded in & for any ¢, while e is uniformly
bounded in £ and decays as 1/|¢| as € — +oo for any ¢. It follows that if f, € H'(R")

and f; € L*(R"), then
lut, @y < W follar @y + Cill fill L2y

for some constant C} dependinﬂ on t. In particular, u(t,-) € H(R™) for each ¢ > 0,
and t — u(t,-) is continuous as a map [0,00) — H'(R"). Moreover,

da(t,€) = —sin(t|€])[€] fo(€) + cos(t|€]) f1(),

from which we see similarly that ¢ — du(t,-) is continuous from [0,00) to L*(R").
Finally, we obtained the above solution by solving a second-order ODE, for which
we specified an initial data of initial value and initial first derivative, so we obtain
uniqueness. Thus, to summarize:

Theorem 12.1. For fy € H'(R") and f; € L*(R"), the unique solution
u € C([0,00); H'(R™)) N C([0, 00); L*(R"))
to the equation (07 — A)u =0, u(0,z) = fo, Ou(0,z) = f, is given by

att.) = eostre) + o) + (71 (ZEL ) 1)

where the inverse Fourier transform and convolutions are taken in x.

We also mentioned that if E, is a forward fundamental solution for the wave
operator satisfying
supp £ C {(t,2) : [z <t}
then for any u € C*(R"™!) we have

ully>o = (fodi=o) * O Ey + (f10i—0) ¥ Ey + (Flixo) * By

30Explicitly, we have
2
S t
C? = sup (1 + 2?) n (233)
z€R x

By estimating sin2(ta:) < 1 for || > 1 and sinz(tx) < 222 for x| < 1, we can obtain the crude
estimate
C? < max(2,2t%).

As far as I can tell, the estimate cannot be made uniform in ¢ as t — +o0.
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where F' = (02 — A)u, fo(z) = u(0,2), fi(x) = du(0,z). This follows by noting that
(07 — A)(ulizo) = 0:(Fr(ulizo)) — (Au)Lizg

= at((atU)]_tzo) + 8t(u5t:0) — (Au)ﬂ_tzo
= ((8,52U - AU) :H-tZO) + (atU)(st:() + 8,5 (U(St:())
= Fl;>0 + fi0i=0 + 0:(fodi=0)-

Thus, applying Proposition [11.3| gives

uly>o = (Fli>o) * B + (fi1di=0) * £ + Oi(fodi=0) * E,

which gives the desired result upon rewriting

9 (fobi=0) * By = 0 ((fodi=0) * E'y) = (fodi=0) * O:Ey.

For n = 3, we can obtain an explicit formula for £,. We note by inspection that the
Fourier transform of the surface measureﬂ on a sphere of radius r at the origin is

F(as?)(€) = anrSnUIED.

€l
This is a straightforward computation using polar coordinates in R3. From this, we
see that
_1 (sin(t[€]) [
F = —dS;.
() = 1

From this, using we recover Kirchoff’s formula (cf. @D; note that the first term
in the RHS of (8) can also be written as 0; ((foliso) * Fy) ):

1

1 0
wtn) =g [ B <4—m [ dS?(x))

12.2. Finite Speed of Propagation. Recall we have:
supp B, C {(t,r) € R : |2| < t}.
As such, we have:

Theorem 12.2 (Finite Speed of Propagation). Let (to,zo) € (0,00) x R™. Suppose
fo and fi are identically O on the set

{y e R" : |y — xo| < to}-

Then, for u solving the homogeneous wave equation with initial data (fo, f1), we have
u(to, l‘o) =0.

[Proof by picture]

31That is, the distribution which takes ¢ € C2°(R?) and integrates it on the sphere of radius
centered at the origin.
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Corollary 12.3. Suppose u; and us both solve the homogeneous wave equation, and
for some ty <ty and ry € R", we have

ur(ty,y) = ua(t,y) and Ouui(ty,y) = Owua(tr,y) for ally s.t. |y — x| < ta — .
Then ul(tg, $0) = U2<t2, I(]).

Remark 19. The wave equation presented is in some sense a rescaled wave equation
(essentially “setting ¢ = 1”7 where ¢ is the speed of the wave). For a more general
wave operator 02 — ¢*A, the fundamental solution turns out to be supported in

{(t,r) e R"** . |2] < ct}.

Then all remarks hold above after replacing ¢ by ct. This then says that “information
cannot travel faster than ¢”: i.e. the behavior of the solution at some (o, x¢) depends
only on the behavior inside the “light cone”; the solution could have drastically
different behavior outside the light cone without affecting its behavior inside.

Since for n > 3 odd we have
supp By C {(t,r) € R"™ : |z| =t}
it follows that in such situations we have:

Theorem 12.4 (Strong Huygens Principle). Let n > 3 be odd, and let (to,xo) €
(0,00) x R™. Suppose fy and fi are identically 0 on the set

{y e R" : |y — x| = to}.
Then, for u solving the homogeneous wave equation with initial data (fo, f1), we have
u(to, l’o) =0.
In particular, if fo and fi are compactly supported, then for any fized zo € R™ we
have that u(t,xy) = 0 for all sufficiently large t.

12.3. Energy Methods. Suppose u is a solution to the homogeneous wave equation
02u— Au = 0 such that u decays sufficiently quickly as |z| — oo, and u has some level
of differential regularity, say C' in both ¢ and z. (For example, in light of the finite
speed of propagation proven above, it would suffice to consider solutions v where the
initial data fy and f; are both in C°(R™).) We define the energy associated to the
solution as .
E(t) = 5/ |Ou(t, z)|* + |Vu(t, z)|* dz, t>0.

(In physical terms, the first term in the integral above corresponds to “kinetic energy”,
while the second term corresponds to “potential energy”.)

It turns out we have “conservation of energy” (which is a theme that pops up in
physics):

Theorem 12.5. E is constant in t.
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Proof. Two methods:
(1) Note that by Parseval’s theorem we have

B(t) = 5 (10a(0)32 + [Vull3) = € (l0a)] + 1Fal:)

so it suffices to show the last quantity is constant in ¢. Noting that |%(t, §)| =
|€]|a(t, €)], the last term can be written as

[ 10ua(r, )P + e, )P de.

From
i(t,€) = cos(€10 o(©) + A
we have
€la(t, &) = cos(€[t)[¢] fo(€) + sin(|€[t) f1 (€)
dvir(t, §) = —sin(|&[£)|€] fo(€) + cos([&[£) f1(£).
Thus

(r£|a<t,§>> _ ( cos(|¢[t) sin<|§|t>> €1fo(&)

dri(t, £) —sin([¢]t) cos(lEft) ) \ fi(&) )

Note that the matrix is unitary. Thus the norm (z1, z5) — +/|21]% + |22]? on
C? is preserved, so

[Ea(t, )P + [0u(t, §)1* = [€ o) + [F1(O)].
Thus, the LHS is constant in ¢, so E (which can be written in terms of an
integral of the LHS above) is also constant in ¢.
(2) Alternatively, we multiply the equation 9?u — Au = 0 by dyu and integrate in
space. We obtain

O:/ atu(t,x)ﬁfu(t,x)dm—/ Owu(t, x)Au(t, x) du.

n

The first term can be written as a time derivative of an integral in x:

Owu(t, )OFu(t, z) do = L (1/ |8tu(t,:c)|2d:c) :
o At \2 o

The second term can be rewritten via integration by parts using Green’s first
identity:

d (1
— | Ow(t,z)Au(t,z)dx = Vou(t,z) - Vu(t,z)de = — | = (Vu(t,z)|* dw
R” R” dt 2 Rn
(note that there is no “boundary term” in the integration by parts by assuming
u decays at infinity). It follows that we have

_d (1 9 9 B i
0= 5 (5 [ ot + 1vutt ) ae) = LB
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l.e. F is constant in t.
O

Note that this method does not require us to know the form of the solution ahead
of time, only that it satisfies some decay at infinity.
We also have a local energy estimate: for zo € R", R > 0, and 0 <t < R, define

1

E(t;xo, R) = —/ |Ou(t, 2)|* + |Vu(t, )| dz.
2 le—zo|<R—t

In other words, if we draw the “backwards light cone” from (R, (), then for 0 <t < R

we have that E(t; xg, R) integrates the energy of the solution at time ¢ only over the

region which slices this cone.
We then have:

Theorem 12.6 (Local energy decay). For fized xy € R™ and R > 0, we have that
E(t; xg, R) is non-increasing in t.

One may expect E to be decreasing “most of the time” given that the region of
integration |x —zy| < R—t is decreasing in ¢ and in fact should approach 0 ast — R™;
the striking conclusion here is that this decreasing (or more accurately non-increasing)
holds at all times.

Proof. We proceed similarly as above, noting that in calculating %, we note that we

get both a derivative under the integral, and a boundary term from the fact that the
domain is changing:

d 1

E(E(t; T, R)) = / Oudiu + Vu - Vou d:v—§/ |0ul® + |Vul? dS% L (2).
|e—zo|=R—t

le—zo|<R—t

We multiply (0?2 — A)u by dyu and integrate on {x € R™ : |z —x9] < R —t}. We
note that in integrating the Laplacian by parts, we get

—/ OulAudr = — / ouVu-vdS + / Vo - Vudz.
|z—x0|<R—t |x—x0|=R—t |x—xo|<R—t

It follows that

0 / 5’tu8t2u — OwuAudzx
|x—x0|<R—t

= / Oudiu + Vou - Vudr — / ouNVu - vdS
|z—x0|<R—t

|z—x0|=R—t

d 1 1
= SBR[ Jouf - duVu- v+ 5[V ds,

|x—x0|=R—t

We now note that

1
|0 uVu - v| < |0wu||Vul < §(|8tu|2 + | Vul?)
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(the first inequality following from Cauchy-Schwarz, noting that v is a unit vector,
and the second inequality following from the AM-GM inequalitiy). It follows that

d
0= 5Bt 1)+

|x—xzo|=R—t

1 1
§|8tu|2 — OwwVu-v+ §|Vu|2 s > %(E(t; zo, R)).

Thus L(E(t; 9, R)) < 0, as desired. O

This gives another way to derive the finite speed of propagation for the wave equa-
tion:

Corollary 12.7 (Finite Speed of Propagation). If (fo, f1) are identically zero on
{z : |z — x| < to}, then u(ty,zo) = 0.

Proof. The assumptions give E(0;xg,t9) = 0, so by the local energy decay, we have
E(t;zo,t9) < 0 for 0 < t < 5. Since E is defined as an integral of non-negative
terms, it follows that we must have E(t;x¢,ty) = 0 for all ¢. This in turn implies that
Owu(t,x) = 0 and Vu(t,z) = 0 for all (¢, z) such that 0 <t <ty and |z — zo| < ¢y — 1,
so in particular u is constant on the region {(t,x) : 0 <t < tg,|x — xo| < tg — t}.
Moreover, this constant is zero, since u(0,x) = fo(z) equals 0 for |x — x| < to. It
follows that wu(ty, o) = 0 as well. O
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13. LECTURE 13: GEOMETRIC OPTICS AND NONLINEAR FIRST-ORDER PDE:
METHOD OF CHARACTERISTICS (05/10)

The references for this section are Stefanov’s Lecture Notes on Geometric Optics
[Stel, as well as [Eval(] Sections 3.2 and 4.5.

13.1. Motivation for Geometric Optics Ansatz. This week we study the behav-
ior of “highly oscillating” solutions for hyperbolic equations. Recall that the solution
to

(02 — A)u=0in (0,00) x R", u(0,2) =0, 0Ju(0,2)= f(z)

is given (via the formula for the Fourier transform a(t,&)) b

wite) = o) [ A ae = Ym0 S fgas

by writing sin(¢|¢|) = M We can view the above integrals as saying that the

solution w is a superposition of complex exponentials of the form
=BT g (t s €) = x - E £ 1],

The functions ¢ are the so-called phase functions associated to the complex exponen-
tial solutions. Moreover, note that these phase functions are (positively) homogeneous
of degree 1 in &, meaning that

A>0 = gb:l:(tvx; /\5) = )\qbi(t,x;ﬁ).

Thus, if for £ € R™ we view it as a scaled version of a unit vector, i.e. & = A\, for
& € S* ', then the complex exponential is e??+E€)  or equivalently if A = A1
this is e'?+(t:2€0)/h: note then that large € € R” correspond to large A > 0 or small
h > 0. This means that in the regime of “high frequency” (i.e. large “wavenumber” &,
corresponding to small wavelength), these complex exponentials become increasingly
oscillatory.

Thus, when studying hyperbolic equations (9? — L)u = 0 in general (where L
is a second-order elliptic operator), we are motivated to consider highly oscillatory
“solutions” (really ansatzs) of the form

u(t,z) = B0t x)

where ¢ is a “phase function”, a is an “amplitude profile”, and h > 0 is viewed as a
small number. The idea is that as h — 0, the ansatz above describes a solution which
oscillates rapidly, with the oscillation profile determined by ¢, times a slower-varying
amplitude profile a. In general there is no reason to hope that this ansatz actually
gives an actual solution, but we may ask if we can obtain an approximate solution,
i.e. such that (02 — L)u is “small” in h as h — 0 (for example, perhaps it is “O(hY)”
for some N, for a suitably defined notion of big-O).

This is called the geometric optics ansatz. The name follows from studying light,
which satisfies a wave-particle duality property where, on one hand, it can be modeled
by a solution to the wave equation, and on the other hand it has features which are
consistent with treating it as a particle and considering certain classical geometric
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dynamics regarding that particle. The two features end up being related in the
high-frequency regime, where certain features of high-frequency solutions to the wave
equation are well-described by classical dynamics.

13.2. Plugging in the ansatz. To set the setting, we consider a general hyperbolic
operato

#—L, L= Zg]k )0, akaer’“ ), + ().
J,k=1
For convenience, we assume all coefficients are smooth and bounded, and furthermore
the coefficients ¢/* satisfy that {g’*(z)}},_, forms a positive-definite symmetric ma-
trix for each x. Then, given functions ¢(¢,z) and a(t,r) on R*™! (say smooth for
convenience), we want to calculate

(02 — L) (et ha(t, z)).
Without doing the full calculation, we can easily see that the result will be of the

form Wh(hg( )+%(...)+(-~))v

where each ... consist of expressions involving derivatives of ¢ and a (but otherwise
not depending on h). (See equation below for the precise result.) This is because
when we take derivatives on the product e**/"a, they either land on the complex
exponential /" which produces a factor of h~!, or on the amplitude (which produces
something involving a and later possibly ¢, but no factors of h). Since we have a
second-order differential operator, this means that we could produce terms as large
as h=2

It follows that if we just arbitrarily choose ¢ and a, then e*/"a not only is not a
solution, but (02 — L)(¢*/"a) might get quite large as h — 0. However, if we take
a closer look at what the ... coefficients are, in terms of ¢ and a, we may be able
to arrange for those coefficients to vanish, meaning that ¢**/* does not get large as
h — 0. Thus, we are motivated to find out what those coefficients are.

Note that we have

O (e/hq) = eto/h ( ah¢a + aka)

It follows that

0;0,(e?'"a) = e'*/h ( 09 ( a];;b + 8ka> + 0, (iathbanL 3ka))

= ¢¢/h (ﬁ(—ajébak@@ + 4 (0;00ka + 0;(Okpa)) + 8j8ka) :

h

32198 probably more natural to call these coefficients a7*, b*, and ¢. However, I want to use the
letter a for the amplitude of our ansatz, and the letter ¢ often denotes the wave speed; hence I use
g’* (which later on turns out to be associated to the dual metric of some Riemannian metric) and
g (which is another letter often used for potentials).
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Hence,
D2 () = eio/h (h (—(0:0)%a) + % (OrpOra + 0y (Orpa)) + 3,5261)

and

Z gjka 8 ( i¢/h ) _ €z¢/h

7,k=1

( Z gfkajcz»am)

7,k=1

+—- Z g]k (0;00ka + 0;(Okpa)) Z gjka Gka]

jk‘ 1 j,k=1
and

Zbkak(eiqﬁ/ha) _ e1L¢/h (

(Z b’“&;@) a+ Z bkaka) .

SIS

It follows that

(10)
(0% — L)(e"/"a) = e'/h [hl ( (0:0)? + Z g% 0; ¢ak¢> a+ h£¢a+ (07 — L) ]
7,k=1
where

Lya = 0yp0ia + 0y (0rpa) — Z g'* (0;00ka + 0;(Okpa)) — (Z bk(?kgb) a

4 k=1 k=1

It follows that for the h=2 coefficient above to vanish, we need

—(00)* + > ¢7*0;6000 = 0.
k=1
This is called the eikonal equation for the phase function ¢. Note that this is a
nonlinear first-order PDE on ¢. We can rephrase this equation as

H(t,x,0:6,V¢) =0, H(t,x,7,§) = ——r + = ng’“ )&k

gkl

(the factor 1/2 is introduced for later convenienceE[). Note that the formula for H
does not depend on ¢ (though it otherwise depends on 7, &, and possibly x depending
on how the coefficients ¢’* depend on x), though it turns out to be convenient to
include t as one of the independent variables.

We note that the eikonal equation only depends on the leading-order (i.e. 2nd
order) terms of L; note that the first-order terms appear in the A~! and h° coefficients
only, while the zeroth order term only appears in the h° coefficient.

33This was not the convention introduced in lecture, but it is one that I would like to adopt in
retrospect.
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Example 13.1. Suppose L = A, so that (¢¥) = Id. Then the eikonal equation
becomes

(D0(t,2))* = [Vo(t, x)* = 0.

Then ¢4 (t,x;8) = x - & £ t|¢] solves the eikonal equation for any ¢, since 9, = [¢|
while V¢ = £ (in particular both derivatives are constant).

More generally, if L = ¢?A for ¢ > 0, then (¢’*) = ¢?Id, and the eikonal equation
becomes

(De(t, 2))* = 2|V (t, 2) ] = 0.
Then ¢4 (t,x;€) = z - £ + ct|€] solves the eikonal equation.

13.3. Nonlinear first-order PDE /Hamilton-Jacobi equations and the method
of characteristics. We now turn our attention to a general nonlinear first-order PDE
(sometimes called®] the Hamilton-Jacobi equation)

H(z, Vo(z)) =

(of which the eikonal equation above is a special case, essentially by renaming ¢ as an
x variable, e.g. as xg). The function H(z,£) : R™ x R™ — R is called the Hamiltonian
in this equation.

To solve this nonlinear PDE on all of R”, we instead ask if we can solve for the
solution, perhaps not on all of R™ at once, but at least along certain (specially chosen)
curves z(s). The advantage of restricting to curves is that this will likely reduce our
problem to an ODE (i.e. a differential equation of one variable), whose theory we
understand more completely.

As such, suppose that ¢ solves the above equation, and let x(s) be some curve in
R” (which we can choose later). We can then keep track of how the derivatives of our
solution ¢ look along this curve, i.e. we let

§(s) = Vo(a(s)).
Then ¢ must satisfy

= >~ B ola(s))ds(s)

On the other hand, differentiating H(x, V¢(z)) = 0 with respect to the x; variable
gives

Oy, H (z, V(z +Za§ x, V()04 ¢(z) = 0.
It follows that if we choose our curve z(s) to satisfy

7j(s) = Og; H (2(s), Vo(a(s)))

30 some sources, a Hamilton-Jacobi equation is specifically of the form Oho(t,x) +
H(z,V¢(t,x)) = 0, which is of the form considered here after renaming ¢ as another x variable.
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(note that if ¢ is known, then this determines z(s) up to a choice of initial condition
x(0)), then £(s) = Vo(z(s)) must satisfy

E(s) = D 3B 0la(s))d(s)

::E:agHﬂd@,V¢@i@»8%¢@)

= —0,, H(x(s), Vo(x(s))) = =0y, H(x(s),£(5)).

This means that = (determined if ¢ is known), together with £ = Vo(z), satisfy
Hamilton’s equations

i=0:H, ¢=—0,.H.

Thus, if both (x(0),£(0)) are specified, then a unique trajectory (z(s),£(s)) is deter-
mined from Hamilton’s equations.
Moreover, if we then let z(s) = ¢(z(s)), we see that

(s) = Vo(a(s)) - i(s) = £(s) - OcH ((s), £(5))-

If we know (z(s),£(s)), then we can integrate the above equation to recover ¢(x(s))
for any x(s) along our Hamilton trajectory.

This in theory gives us a way to solve for ¢ along certain trajectories. To be pedan-
tic, we’d need to check that this actually does give a solution to the claimed equation.
In particular, we need to specify “initial data” for ¢, say on some hypersurface S,
and we want to check that any point away from S can be connected to a point in S
via a Hamiltonian trajectory. That is, for every = € R", we’d like for there to exist
a Hamiltonian trajectory (z(s),&(s))o<s<r for some T" > 0 such that z(T) = = and
x(0) € S. Moreover, the choice of ¢ in the Hamiltonian trajectory cannot be arbitrary
either: if we want £ to represent the derivatives of our solution ¢, then the starting
momentum £(0) in the above trajectory must be consistent with the prescribed data
¢ on S. More specifically, we need

£(0) - U = Dy(¢|s) for all ¥ € Ty ),

where T, ()5 is the tangent space of S at the starting point #(0), and Dy(¢|g) is the
directional derivative of ¢ in the direction v

It turns out that if those dynamical assumptions are satisfied, then our construction
does work. The details are checked in Evans, Section 3.2.4.

To conclude this lecture, we see what the Hamiltonian equations are for our situa-
tion with the eikonal equation, i.e. with

fﬂﬂ%Tﬁ):_éT1+%§:9ﬂ@Kﬁh

jk=1
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Then Hamilton’s equations become

i(s) =~ i) =26 (50(0.9)

Hs) =0, (6 = ~0u (56009

where

n
G(z,0) =) ¢" ().
k=1

We will study these equations more next lecture, but it suffices to observe that 7
is constant (so s is just a linear reparametrization of t), and that (x,&) themselves
satisfy Hamilton’s equations for the Hamiltonian G(z,€). It turns out that, if we
consider a Riemannian metric (g;;) defined in coordinates by (g;r(x)) = (¢/*(z)) ™,
then the geodesic flow with respect to the Riemannian metric, lifted to the cotangent
bundle, corresponds exactly to Hamiltonian flow with respect to the Hamiltonian G.
More on this next time.
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14. LECTURE 14 (05/12): EXAMPLES OF METHOD OF CHARACTERISTICS AND
THE RELATIONSHIP OF GEODESIC FLOW WITH HAMILTONIAN DYNAMICS

14.1. Method of characteristics: examples. Recall the general strategy to solve
H(xz,V¢(x)) =0, say with specified “initial data” ¢|s on some hypersurface S:

e Solve Hamilton’s equations

i(s) = O:H(x(s),£(s)), &= —0:H(x(s),&(s))
to understand the dynamics of Hamiltonian trajectory.
e For x € R”, find a Hamiltonian trajectory (z(s),£(s))o<s<r such that:
—z(T) ==,
—x(0) € S,
— £(0) is “compatible” with the initial data ¢|g, i.e. that
£(0) - v = Dy(¢ls)

at (0) for all 7' € Ty()S.
e Along the trajectory x(s), z(s) := ¢(z(s)) should satisfy
2(s) = &(s) - &(s) = &(s) - OcH (2(s),&(s)),
with 2(0) = ¢(2(0)) known. Solve the above ODE for z to recover ¢(z) = 2(T).
Remark 20. A general fact is that along a Hamiltonian trajectory, we have that

H(z(s),&(s)) is constant, i.e. “the Hamiltonian is preserved”. Moreover, if H is
homogeneous of degree m in &, then Euler’s formula gives

f : 85H =mH 3
which can simplify the above calculations for z(s) = ¢(z(s)) especially in light of the
fact that H is constant along the trajectory.

Example 14.1. Transport equations: suppose H(x,§) = b(x)-{— f(z) for some vector
field b(z) (which we assume for convenience is non-vanishing) and some function f(z).
Then the corresponding PDE is

b(x) - Vo(x) = f(x).

Then the Hamiltonian equations become
di(s) = bi(a(s),  &i(s) = =D Oibi(w(9))&(s) + Dif(a(s)).
j=1

The first equation tells us that the characteristic curves (in the z variable) are given
by integral curves of the vector field b (for example, if b is a constant nonzero vector,
then the curves are straight lines with tangent vector b). In this case, we can actually
ignore the equation for &, and just directly note that

HO) = W) V(a(s) = flals) = ola(T) = (a0 + [ Flas)ds
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Example 14.2. Suppose H(t,z,7,§) = 7 — 3|¢|?, i.e. the PDE is

00(t,) = 5V o(t, )

Then the Hamiltonian equations become

=1, @&=-¢ =0, £=0.
Note that 7 = 0 and 5 = 0 imply that, along the characteristics where we’ll be solving
for ¢, we have that 0,¢ and V¢ will be constant. Furthermore, t =1 = t = s+ C,
i.e. t and s are reparametrizations of each other up to a constant.

For example, if S = {t = 0}, then for a trajectory to satisfy (¢(0),z(0)) € S we
clearly have t = s. Furthermore, suppose ¢|s is given by ¢(0,x) = %|x|2 Then, along
any trajectory (s,z(s),7(s),&(s)), we must have £(s) = £(0) = Vo(0,2(0)) = z(0),
while 7(s) = 7(0) = 1[£(0)[* = 3|z(0)|*. Then

t(s) = =¢(s) = —2(0) = z(s) = x(0) —x(0)s = (1 — s)x(0).

Note that for any s < 1 and any x € R"™ there exists a unique choice of z(0) such that
r(s) = x, namely x(0) = 7%, though all characteristics end up colliding at s = 1.
Furthermore,

d . . 1 2 2 1 2
75 (9(5,2(s))) = 7()t(s) +&(5) - 2(s) = 5[a(O)F ~ [2(0)[" = —5[=(O)".

It follows that

“d 1 1-—
0lt,2(t) = 9(0.2(0) + | L(s.2(s)) ds = 5lO)F = 5leO)F = L la(O)
Thus,
Blt,2) = o(t,x(t)) i 2(0) = T—

= )P

P

2(1—1)
We can go back and check:

_ e S S
9=sn - Vo1 = oV =

ie. 0y = %]V¢|2, as desired. Note that this solution blows up as t — 1~.
We now return to our nonlinear PDE of interest, the eikonal equation

H(t,2,0,6,V$) =0 where H(t,z,7,6) = —m*+ > g™"(2)¢;¢

Jk=1

Our initial hypersurface will be S = {t = 0}.
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We see that Hamilton’s equations become

i(s) =~ i) = (5000.9)

Hs) =0, ) = 0., (5600.9)

where
n

Ga,6) = 3 M )ge.

J,k=1

In particular, 7 is constant, t(s) = £(0) — 7s, and (z(s),£(s)) is a Hamiltonian tra-
jectory for the Hamiltonian $G(z,§). Note then that G(z(s),£(s)) is constant, and
it equals G(2(0),£(0)) (which also equals 7(0)).

14.2. Some Riemannian geometry: geodesic flow. How do we make sense of
the above Hamiltonian flow? It turns out we can do the following: let g be the
Riemannian metric whose dual Riemannian metric is E? 1 95 (2)0y, ® Oy, 1. g =
> k1 9ik(7)dr; @ dry Where, as matrices, we have

(gsu(2)) = (¢ ()"

Note for any tangent vector v = > v*d,» € T,R", if we letﬁl

=Y &dd, &= gulan,

then for any other tangent vector w € T,R"™ we have

f(w) = Zgjwj = Zgjk(x)vkwj = gw(v>w)‘
J Jk

Moreover, v/ = 3", ¢/*(z)&, and

ga&(vvv) = f(v) = Zgjvj = Zg]k(x)fjgk = G(xvg)

Thus, G(z,£) is the dual metric function on T*R™ with respect to the metric given
by (gjr)-

Given this Riemannian metric, we can consider when a curve is a geodesic with
respect to this metric. Recall a curve z(s) is a geodesic if V2’ = 0, where V is the
Levi-Civita connection associated with g; in coordinates this equation becomes the
system of n equations

2i(s) + Y Tha(s))ai(s)2(s) =0,

4,j=1

35This association of a covector & to a vector v via the metric is sometimes called the musical
isomorphism or raising/lowering indices.
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where the Ffj are the Christoffel symbols satisfying Vs,0; = > 7_, Ffj@k; in coordi-
nates we have

Z 9" (2)(0igjm () + 0iGim(x) — Omgis ().

Then, it turns out we have:

Theorem 14.3. Suppose (2(s),&(s)) is a Hamiltonian trajectory for 3G, where G(x,§) =
szzlgjk(x)fjﬁk, and let 7% be the constant value of G along this trajectory. Then
x(s) is a geodesic with respect to the metric g;;. Moreover, the tangent vector i(s)
satisfies

(11) 9u(s)(E(8),0) = &(s) - v
for all v € Ty R™, and g5 (2(s), 2(s)) = 72 for all s.

The proof is given in Appendix . Note that is easy to verify, since we have

= O, < Z 9" (x) fyfk) = Zgij(x)é}(s)

7,k=1

from which we see that &;(s) = > 7_, gju(x)@k(s), i.e. that

6- (Z Ujaxj> = ij(s)vj = Z gjk(x)x.k(s)vj = Ga(s) <$(S), (Z Uj&:rﬁ)) )

Jj=1 Jk=1 Jj=1
as desired.
Since t is also progressing in s at a rate of |7], it follows that:

Corollary 14.4. Suppose (t(s),z(s),7(s),£(s)) is a Hamiltonian trajectory of

(t T 5 T = (T — Z gjk {751@)

j,k=1

Then (t(s),x(s)) traces out a curve in R™ ™ which can be reparametrized in terms of t,
i.e. as (t,x(t)), such that z(t) is a unit-speed geodesic with respect to the Riemannian
metric (gi;).

Example 14.5. Suppose G = & + 5&3. Then
1

. & . Lo
T = s €T = 5 = — s = O
1=& 2 2 &1 7 &, &
Then &5 is constant. If & = 0, then &; is constant as well. Then x5 is constant, and
x1 travels at constant speed. If & # 0, then we note that G is constant, and & = 2

implies
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One can check that, up to constant-speed reparametrization, we have
r1(s) =14/ 5_3 + G's?
G
Gs

oy & &G _ &S
Ta(s) = % e B0 —> 15(s) = arctan 3 + x9(0).

in which case

Note that if we let ro = |&|/v/G and v = VG, then

21(s) = /12 + (v)2, a(s) = 22(0) £ arctan (i—j) ,

which is in fact the radius and angle of a straight line in R? located a distance of
ro from the origin parametrized at speed v. (In that case, |&2| = rov, and & being
constant is the “conservation of angular momentum.”). This is no surprise, given that
the corresponding metric g = da? + x?dz3 is the Euclidean metric in polar coordinates
(7, the radial variable, x5 the angular variable; rewriting this gives g = dr? + r2df*
which may be more familiar).

Moreover, if we now call » = x1 and 6 = x5, the corresponding operator

L=0 4120

is, up to lower-order terms, the Laplacian in polar coordinates in R?, since in fact

1 1
A=8+ -0, + 0.
T r
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15. LECTURE 15 (05/17): BACK TO THE GEOMETRIC OPTICS ANSATZ AND
APPLICATIONS

Recall that the reason we investigated solving first-order PDE was in considering
geometric optics ansatz:

(12) (07 — L)(eid’/ha) = ¢/h <%H(t,x, 09, Vo)a + %£¢(a) + (87 — L)a) ,

from which we’d like to impose H(t,x,0,¢,V$) = 0, i.e. that ¢ solves the eikonal
equation. To do so, we saw that we wanted to study the Hamilton trajectories with
respect to the Hamiltonian

H(ta x,T, {) = _7_2 + Z gjk(m)gjgka

J,k=1

whose trajectories (projected to the (¢, x) variables) traced out a curve which in turn
can be traced by (¢,z(t)), where x(t) is a unit-speed geodesic with respect to the

metric (gx(z)) = (¢7*(z)) L.

15.1. Finishing up the eikonal equation. For concreteness, we also need to im-
pose initial conditions on ¢ on some initial hypersurface, which we take to be S =
{t = 0}. We’ll make the particular choice

(b(oa ZL’) =T £0

for some &, € R™. This corresponds to solving the following problem:

find an “approximate solution” u to (97 — L)(e"/"a) =0

with initial condition u(0, z) = €%/ q(x).
If a is compactly supported in a small neighborhood of some point, say xg, then one
can view the initial value e/ ha(z) as a “wavepacket” spatially supported near zg
with momentum &y/h; as h — 0 the momentum gets larger in magnitude (though
with a fixed direction).

Thus, for (to, o), we want to find a Hamiltonian trajectory (¢(s),x(s),7(s),&(s))
and some “final’d time” T such that

o (UT),z(T)) = (to, 7o),
e {(0) =0,
* £(0) = &.
Recall that 7 = 0;H = 0, so 7 is constant, and in fact we must have
T = i’£0’g,:v(0)7

where [¢]2, = G(z,€). In particular, we have two possible choices for 7 (this corre-
sponds roughly to having an “incoming” or “outgoing” wave.) Moreover, we have

t=—7 = t=—7s.

36Actually, we can take T' < 0: as we see below, this is needed if we subsequently take 7 > 0.
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(Thus, T = —to/7.) Finally, x(s) traces a geodesic of speed |7|. Reparametrizing by
t, we see then that z(t) is a geodesic of speed 1, since ‘dt} = |7|. Moreover, the initial
velocity #(0) (when parametrized by ¢) has a corresponding momentum parallel to
€o-

This describes the trajectories, though as a reminder we also want to solve the
actual eikonal equation, for which understanding the trajectories gets us almost there.
We now note that

d

75 (O(t(s), 2(5))) = (7,€) - OreH = 2H = 0,

since H is homogeneous of degree 2 in (7,§), and our trajectories stay in {H = 0}.
Thus, the initial value ¢(0,x) = z - & is simply transported along the trajectories,
with no modification.

Example 15.1. Suppose (¢”) = ¢*Id. In this case, T is independent of (¢, z), since
T = %c|&|. Moreover, £ is constant, so & = &y. Finally,

T =c* =% = 2(s) = 2(0) + *&ps.
Thus, if (£(s),2(s)) = (t,z), then t = —7s = Feléls = 5 = F b, 50
&o

=z(s)==x ? t c S 2(0) = 2 + ct>2
oot =500+ 0 (e ) =20 Fetigy = a0) = o2t

Finally, from above we have that ¢ maintains its value along the trajectory, so

¢<t,x>=x<0>-§o=(xict|§,) )

Remark 21. Note that the speed of the trajectory z(t) measured with respect to ¢
does not depend on the magnitude of &, only its direction (the speed measured with
respect to the original trajectory parameter s does depend on |&y|, but then so does
t(s); the two end up canceling here). This is a sign that the linear wave equation is
not dispersive, i.e. high frequencies are not “spreading” faster than low frequencies.

15.2. Solving the transport equation in the h™! coefficient. Now that we've
solved the eikonal equation, thus removing the =2 component in , let’s consider
the h™! coefficient. This is iL4a, where

Lya = 0,0dya + 0,(d,pa) — Z g% (8;00ra + 0;(Oroa)) (Z bkakqs)

k=1

Note that we can separate L4 into a first order and zeroth order part, i.e. Lya =
—Ef;)a + E((z,o)a where

LYa =2 (—@qbata + > gikaquaka)

J.k=1
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and

LYa=y(t,2)alt,7), = <53¢ - > 500000 = ) bkam) :
k=1 k=1
Thus, we can rewrite the condition as ﬁg)a = Eé)o)a, with the LHS a vector field
applied to a, and the RHS a function multiplied by a. This is essentially a transport
equation, with a zeroth order term.
If we wanted to solve ﬁ((;)a = 0, we would use the method of characteristics (cf.
Example , in which case we want to consider curves in R"*! whose velocities

agreed with the coefficients in £((;)a, i.e. curves (t(s),z(s)) satisfying

(13) i(s) = =00(t(s), x(s)),  an(s) = Y g™ (a(5))0(t(s), 2(s)).

jk=1

Such curves are precisely the Hamiltonian trajectories with respect to H. So, in
considering the dynamics needed to solve the eikonal equation, to solve away the h~2
term, we also come up with the relevant dynamics to solve the transport equation in
the A=! term.

In this case, we do have a zeroth order term. It turns out, to solve the transport
equation with zeroth order terms, that we can still consider the same characteristics;
the resulting ODE to solve for the value ends up differing. Explicitly, if (¢(s), z(s))
satisfies (13)), so that < (a(t(s), z(s))) = Lsa(t(s), z(s)), then our ODE becomes

d%(a(t(S),w(S))) = (t(s), z(s))a(t(s), z(s)),

which, given a known ¢ (which can be determined having solved for ¢), is just an
ODE on the unknown a(t(s),z(s)). So we can integrate that ODE to solve for a
along these characteristics. In particular, the geodesic dynamics (i.e. Hamiltonian
dynamics for our Hamiltonian H) once again show up in solving for a.

15.3. Solving the remaining terms: asymptotic series ansatz. Now that we’ve
solved away the A~ component, we see that we are left with an order h° component
(0?2 — L)a. Given that we've already solved for a, it is in general unreasonable to
expect that (92 — L)a = 0. So it seems initially that we can say:

there exists ¢, a such that (92 — L)(e**/"a) = O(1) as h — 0.

However, we can do better. Note that a itself is independent of h—what if we added
a correction term to a, depending on h, to possibly solve away the O(1) error? That
is, we make the ansatz

a(t,z;h) = a’(t,x) + ha'(t, ).

Let us suppose for convenience that ¢ still solves the eikonal equation. Then

(02 — L)(e"/"a) = e™/h (%£¢a0 +iLlyat + (07 — L)a® + h(0? — L)ao) .
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We once again require L£4a° = 0, and now we see if we can arrange
iLya' + (97 — L)a® = 0.

This is indeed possible, once a® has been solved for: it’s essentially the same process
as described above, namely decomposing £, into a first-order term and a zeroth-order
term, in which case we are solving a transport equation (where the vector field is still
the same one as above, i.e. the ones obtained by Hamiltonian dynamics!), now just
with an inhomogeneity (namely the (9? — L)a" term).
It follows, by adding the order 1 correction, that
there exists @(t,z), a(t, z; h) such that (92 — L)(e*/"a) = O(h) as h — 0.

We don’t have to stop there of course: if in general we make the ansatz

a(t,z; h) Za]tx

then (continuing to assume that ¢ solves the eikonal equation) we have

. N
(02—L)(e"/ha) = e™/h (%ﬁd,ao + Y W iLydd — (0] — L)) + WV (0] - L)aN> :
j=1
It follows that if we inductively solve
iLyal — (07 — L)' =0,
then
(87 — L)(e"*/"a) = O(h").

Having solved for these a’, we may be tempted to consider

a(t,z; h) Zajtx

which should heuristically satisfy
(02 — L)(e""a) = “O(h*™)"  (i.e. O(h™) for each N).

However, there’s no guarantee that the sum Z;io a’(t,x)h’ converges in any mean-
ingful way. Nonetheless, we can make sense of it in the sense of asymptotic series (cf.
Taylor expansions), as follows:

Lemma 15.2 (Borel Summation Lemma). Let a®(y),a'(y),... be any sequence of
functions in C*°(Y') (where Y is any manifold, say R™). Then, there exists a function
a(y,h) € C=(Y x [0,1)) such that, for any N and any compact subset K CY, there
exists Cn x > 0 such that

a(y,h) — @ (y)h'| < CN,KhN

forally € K.
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The proof is somewhat explicit: we can take

a(y,h) = ix (g) a (y)I?,

where y € C°(R) is identically one for |h| < 1/2 and supported in |h| < 1, and ¢;
is a rapidly decreasing sequence of positive numbers whose rate of decrease we can
control. Note then that, for a fized h > 0, the above sum is a finite sum (we sum only
over j where h < ¢;, which happens for only finitely many j), and we can control ¢;
to decrease sufficiently fast so that the sum is uniformly bounded as h — 0.

Remark 22. The “zero-dimensional” version of this (i.e. when “Y is a point”, so
functions in C*°(Y") are just numbers) says that the Taylor coefficients of a smooth
function can be completely arbitrary: any sequence (even those growing as fast as
you like) is the set of Taylor coefficients for some smooth function. Such a function
will necessarily non-analytic; in fact the Taylor coefficients of a (say 1-dimensional)
analytic function cannot grow faster than exponential (equivalently, the jth derivative
at a point cannot grow faster than C7j! for some C > 0), essentially due to Cauchy’s
integral formula.

For t > 0 and & € R™ nonzero, let (x(t),£(t)) be a Hamiltonian trajectory where
x(0) =z and £(0) = ﬁ; here [€]2 = 3~ ¢*¢;&).. Note then that z(t) is a geodesic of
speed 1. Set

expy(z) = o).
Let’s make the following dynamical assumption:

Assumption 15.3. The set U C R" is bounded, and T" > 0 satisfies the property
that exp, : U — R" is a diffeomorphism onto its image for all 0 < ¢ < T and all

¢ e RM\{0}.

Under this assumption, we have that for any & € R™\{0} there exists a unique
solution to the eikonal equation

H(t,x,006,V¢) =0, ¢0,2)=x-forxelU
which is well-defined on
Qe :={(t,x) : 0 <t <T,w = exp,¢(zo) for some o € U}.

Then, the geometric optics ansatz developed in the previous few lectures give the
following result:

Theorem 15.4. Suppose U and T satisfy Assumption [15.5, and let a € C=(U),
¢ € R"™\{0}. Then there exists a family of smooth functions u(t,z;h) for h > 0,
supported on ¢, with the property that

u(0,z; h) = e/ ha(x)
and for every N there exists Cy such that
|(02 — L)u(t,z; h)| < Oxh™  uniformly on Q.
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15.4. Approximate solution for hyperbolic equations. The development of this
ansatz also allows us to construct an “approximate solution” for the general wave
equation. Here the notion of “approximate inverse” must be taken with a grain of
salt—the approximation here is in the sense of regularity, not in terms of size. Thus,
the following theorem shows that we can construct a function (for short times) which
solves our hyperbolic equation (0?2 — L)u = 0 up to smooth errors (which a prior:
could be large in size, but at the very least contains no additional singularities):

Theorem 15.5. Suppose U and T satisfy Assumption and suppose fo, f1 €
L*(R™) and are compactly supported in U. Then there exists u € C'([0,T]; E'(R™))
such that

(07 — L)u € C=([0,T] x R™),
tli%i [u(t) — fol € CZ(R"),

Jim [D(t) - fi] € C2(R").

Moreover,

supp u C U Q.
¢eR™\{0}

The motivation is that the solution to the Cauchy problem to the linear wave
equation is given by

. i P sin(t[£]) »
atte) = @ [ e (cosrie o) + L) de
Writing cos and sin in terms of complex exponentials, and writing £ in polar coordi-
nates £ = w/h, with h = 1/|£|, we can rewrite the solution as

) = oy 30 [ [T o)/ o dh s )

k=0,1,0=%

where

1 1 1 1

27 ap,— = 27 a4 = 227 , A1, — = 2Z

Proof. Let x € C2°(U) satisfy x = 1 on the support of fy and fi, and let p € C°(R)
satisfy p(h) =1 for all |h| < 1. We take

a07+ =

u(t,x) (27T / / zqﬁo txw)/hakg(t 7w, h) ( )fk(W/h) i S dhdSn_l(w)
k=0,1,0=+/5""!
where ¢ (t, z;w) solve

n

—(0i+)? + Y ¢7"(2)00,00,,0 =0, ¢1(0,250) = 2w, 04 (0, 7;w) > 0.

k=1
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(we require the differential equation to be satisfied at least on €, for all w € S*~!
in case it cannot be solved on all of R"), and ay 4 (¢, z;w, h) satisfies an asymptotic
expansion

ap +(t, x;w, h) ~ Zakitxw

§>0
where
z£¢iaki—0 z£¢iaki+(82 L)a ,(C =0forj>1
and at t = 0 we have
1 1 1 1
ao+(0, z;w) = EX(%’)» ao,—w = §X($)a a1+ = Q—Z.X(x)a A1, — = —2—ZX( z).

(i.e. a,(coi are the above values at t = 0, and ak i = 0att =0). Then, by differentiating

under the integral sign, we see that

@-Dulta) = )" Y [ [0 o) ooy 1 s ),

k=0,1,0==+

We note that this integral converges due to the p(h) term controlling behavior for
“large h” (i.e. for small £), and the “O(h>)” error controlling behavior for “small h”
(i.e. for ¢ large). Moreover, taking any derivatives in ¢ and = will return an expression
of the same form, since the worst that could happen is multiplying the integrand by
a factor of h=! (which is absorbed by the O(h*) error). Moreover, by construction
all ay + are compactly supported, since it solves a transport equation with compactly
supported initial data. Thus, we have (07 — L)u € C>°([0,T] x R"). Finally, at t = 0
we have

u(0, ) = "y /S / el ay (0, ;w0 B)p(h) fi(w/R) ™" dh dS" ™ (w)

=0,1,0=%

/Sn 1/000 ey (@) p(h) fo(w/R)R™" "t dh dS"H(w)
(@) (2m)~ / = (1) (6 de.

The integral returns fy(z) up to an error whose Fourier transform is supported in
|€]7! > 1, i.e. whose Fourier transform is compactly supported, and hence equals f,
plus a smooth error. Multiplying this by x(x) returns fo(z) (since x is identically
one on the support of fy) plus x times a smooth error, i.e. a C°(R™) error. Thus,
u(0,2) — fo(z) € CX(R™). Similarly, we have d;u(0,z) — fi(z) € C*(R"). O

Remark 23. A more polished (though characteristically terse) treatment of this is
given in Grigis and Sjostrand’s Microlocal Analysis for Differential Operators [GS94],
Chapter 7.
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15.5. Finite Speed of Propagation. We end the variable-coefficient discussion
with the finite speed of propagation in the variable coefficient case. In the constant
coefficient case, we saw that solutions “propagate at finite speed” (specifically speed
1), in that the value of a solution depends only on the values at a previous time at
points which can be reached by a geodesic (i.e. straight line) at speed at most 1. The
natural generalization one may guess for the variable coefficient case is to replace the
above by a geodesic with respect to the metric g;; induced by the dual coefficients
g, and this is indeed the case herd®}

More concretely, fix 2o € R", and let g(z) = dy(x,x¢) be the geodesic distance
from zg to x € R™ Let B.(zg) be the geodesic ball of radius r around z, i.e.
{z : dy(x,x9) < r}. One can check, as an exercise in the method of characteristics,
that if the metric has no conjugate points in B,.(zo) (roughly speaking that a variation
in an initial velocity yields a nontrivial variation in the geodesic endpoint), then ¢ is
smooth in B, (x )\{zo}, and in fact it is the unique smooth solution to the equation

Z ¢*(2)0,q(2)05,q(x) = 1 in B, (20)\{zo}, zli_}riloq(a:) = 0.
7,k=1
(Note that the assumption of no conjugate points is automatically satisfied if the
sectional curvature is non-positive everywhere.)
Now, assume t, satisfies the assumption above. Let K; = By, _4(x¢) and K =
{(t,z) : 0 <t < tg,x € K;}. We then have the analogue of the finite speed of
propagation statement for the standard wave equation:

Theorem 15.6 (Finite speed of propagation). Suppose u € C*°([0, o] x R™) solves
(02 — L)u in [0,t9] x R", and suppose u =0 and dyu =0 on Ky. Thenu =0 in K.

Proof sketch. The proof is similar to the standard case: we define a suitable “local
energy”’

1 K
E(t) = 2/ |Ou(t, x)|* + kzlgj 2)0y,u(t, )0y, u(t, ) dx
D>
and aim to show that E'(t) < CE(t) for some constant C' > 0. See [Eval(] Section
7.2.4 Theorem 8 for details. O

3TThe material below is taken from [Eval0] Section 7.2.4
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16. LECTURE 16 (05/19): INTRODUCTION TO MICROLOCAL ANALYSIS:
SYMBOLS AND PSEUDODIFFERENTIAL OPERATORS

References: Grigis and Sjostrand, Microlocal Analysis for Differential Operators
[GS94], and Hoérmander, The Analysis of Linear Partial Differential Operators IIT
[H6r07], specifically Ch. 18.

Some of the arguments will also be adapted from expository lecture notes of Melrose
[Mel] and Wunsch [Wun].
Convention: A capital D denotes derivatives with “a factor of i~! built in”, i.e.
D* = (40)" = i71*19>. Then with respect to (our conventions on) the Fourier

transform we have 50‘\u(§) = £u(¢).

16.1. Motivation. Suppose we have a constant-coefficient differential operator P.
We can write P in the form

P= Z anD®, a, €C

laj<m

(where D® is defined as above). We can ask: how can we invert such an operator P?

The answer is not by applying another differential operator: note that the compo-
sition of two differential operators is another differential operator, whose orders add.
Since the orders are always nonnegative, we can never compose two differential orders
of positive order to obtain a zeroth order differential operator, such as the identity.
However, if there was a way to define a “negative-order” differential operator, then
this may be possible-this is one motivation behind a pseudodifferential operator, as
a way of inverting a differential operator.

If u is sufficiently nice (say in S'(R")), and Pu = f, then taking the Fourier
transform gives

p&)a(€) = f(€), p&) =D aa™
la|<m
That is, on the Fourier side, constant-coefficient differential operators turn into mul-
tiplication by a polynomial. In particular, if this polynomial p(¢) does not vanish for
any £ € R", then we can recover u (uniquely among tempered distributions) via the
Fourier transform:

, _LA

If in turn f € L*(R™), we can rewrite the Fourler transforms as integrals to obtain

uw) = Cm) [ et dg = (2m [ o (€) de
— e [ e ( [ i) dy) e
= ) [ ) dy de
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In the case that P does not have constant coefficients, we can still write
P = Z aq(x) D,
lal<m
where now the a,(z) are functions and not constant numbers. Then we can still write

Pulz) = 2m) " [ N S dyde, )= 3 aufa)e”

n
laf<m

One can guess that a way to recover u from f = Pu is to do the same Fourier multiplier
approach, except now with this multiplier p(x, &) which depends on z. That is, we
can guess:

) £ ) [ ) dyde

Perhaps unsurprisingly this does not give us the correct answer, but we can ask how
close this gets us. This motivates studying expressions of the form on the RHS above.

We first study a class of “symbols” (i.e. the multiplier 1/p(z, £) above) before using
those symbols to create operators known as pseudodifferential operators.

16.2. Symbol classes.

Definition 16.1. Let n,p e N, 0 < p < 1,0 < < 1, and m € R. The space of
symbols S7's(RP;R™) is the set of smooth functions a : R? x Rf — C such that, for
any multi-indices v € N" and 8 € NP, there exists a constant C, 3 > 0 such that

[020¢ a2, €)| < Cap(1 + [y rallel,

Typically either p = n (in which case we write z instead of z) or p = 2n (in which
case we write z = (z,y) € R" x R"). One should interpret R? x R™ as a vector bundle,
where R? is the “base” space and R" is the “fiber” of the bundle.

Note: a commonly used pair of parameters (p,d) is (p,d) = (1,0).

Example 16.2. In all of these cases, p = n.

e Suppose a(z,§) = Z|a|§m ao ()" where a, are smooth, and all derivatives of

each a, are uniformly bounded. Then a € ST, (R"™; R™).

e Suppose a is smooth and a(z,§) = % when ¢ is sufficiently large, where

P and @ are polynomials of order m; and my, with |Q(§)] > (1 + [£])™2 for
sufficiently large {. Then a € S7j~"*(R™; R").

e Suppose a(z,§) = log(1 + [£]?). Then a € MysoSTH(R™; R™).

e Suppose a(t,z, 7,€) is smooth and independent of (¢, x), and for |(, )| suffi-
ciently large we have a(r,§) = Wﬁ Then a € Sf/lz,o(Rn; R™).

e Suppose a(z,§) € S)5(R™;R™), and a(y,n) = a(F'(y), G(y)n), where F': R" —
R™ is smooth with bounded derivatives of all orders, G : R" — Mat,,«,(R) is
a matrix-valued smooth function with bounded derivatives of all orders, such
that det G(y) is bounded from above and also bounded away from zero. Then
a € Spmax(s1—p)(R";R™), and the parameter max(é,1 — p) cannot in general
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be improved. (An example of such a pair (F,G) would be: F'is an arbitrary
diffeomorphism of R” such that F' and F~! both have bounded derivatives,
and G(y) = (DF(y)")™!, where in this context DF is the derivative matrix
of F': R" — R™. Note that (y,n) — (F(y),G(y)n) is the symplectomorphism
on T*R™ = R™ x R" corresponding to the diffeomorphism =z = F(y).)

e Suppose a(z,£) = €€ where 2o € R". Then a € S, (R™;R").

Remark 24. If R? = R x RP2 and a(z, ) € S™(RP;R™), then a(z,y,§) = a(z,§) is
also in S™(RP; R™), since any derivatives in the additional variables just annihilate a
completely.

Proposition 16.3. Fach ST (]Rp R™) is closed under addition, and under pointwise
multiplication we have

Spa (RP;R™) - S72(RP;R™) C Sp ™2 (RP; R™)
(in fact, it turns out to be an equality).
Proof sketch for the multiplication property. Givena € S’ (RP;R") and b € S3 (R; R"),
we need to estimate derivatives on the product ab. By Lelbmz rule, this turns into

a sum of products of the form (some derivatives on a) times (some derlvatlves on b);
multiplying the estimates on those terms gives the desired estimate. 0

We consider a “residual space” consisting of symbols decaying very quickly:

Definition 16.4. The space S™>°(RP; R™) consists of smooth functions a : R? — R”
with the property that, for all multi-indices o and 3, and all N € R, there exists
Cu v such that

070¢ a(z,€)] < Capn(1+ €)Y
As a quick exercise:
S=(R7;R") = Ny ST (R7; RY)
for any (p,0).

16.3. Pseudodifferential Operators. We now take p = 2n, and consider operators
which are defined with respect to a € S7%5(R**; R") as follows:

(14) Au(z) = (2m)™" / eV a(w, y, Euly) dy dé.
R2n

We can write that the Schwartz kernel of this operator is

(15) Klzy) = (20) " [ D ol 6)de

interpreted as an oscillatory integral. Actually, all of this really means that we want
to consider the distribution K satisfying

10)  (Kow e =0 [ ([ de 9ot ddy ) de
for ¢, € S(R™).
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Proposition 16.5. Suppose u € S(R"). Then the integral in the RHS of (14)),
interpreted as an iterated integral (first over y € R™, then over & € R™) converges for
every x. Moreover, the resulting function Au(z) belongs to S(R™).

We denote the operator A obtained in through the symbol a as Op(a), i.e. the
operator corresponding to the symbol a. Thus,

Onta)ute) = ()" [ ([ e atay utr) dy ) de

Proof. Since we assume, for fixed £, that a is uniformly bounded in (z,y), it follows
that the inner integral

/ "z, y, u(y) dy

converges for every £, as u € S(R™). The question is whether the value of this
integral, considered as a function of &, is sufficiently controlled so that it is integrable.
To show that this inner integral is integrable as a function of ¢, it suffices to show that
(L + [N [on € %a(z, y, &)uly) dy satisfies a uniform bound in ¢ for sufficiently
large N.
This in turn follows from integration by parts. We note that

(L+ [ = (1~ ¢ D) (e V%)

from which we have
(1+]¢2)Y / (e, Euly) dy
- /R (1 =& D)V () a(x, y, uly) dy
_ /R g D) alw, ,€)u(y)) dy.

(the last line following by iterating integration by parts, noting that boundary terms
at infinity vanish due to u being Schwartz). I now claim that

(17) (1+€-Dy)N(au) = Z o nDu

lal<N

for some choice of symbols a, y satisfying a, y € SerNM(N |a|)(]R2" R™). This fol-
lows by induction and from the Leibniz rule: each derlvatlve D, either falls on u
(which just returns another Schwartz function) or on a symbol; in that case it raises
its order by ¢; furthermore we can absorb the - multiplier on the symbol and raise
its order by 1 as well. It follows that

[ D, ey, uly) dy| < (1 + €)™Y,
R2n
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the exponent following since it is the highest order of any of the a, y in , and
hence

/ e a(z,y, Euly) dy‘ = (L+leH™N /R L4 DY) (al, y, Ouly)) dy

< On(1+ €))7 (L + Jg])ymtNTon
= Ox(1+ [ely™ 0.

If 6 < 1, then taking N sufficiently large gives that the interior integral is at most
(1+ |¢])~" ¢ and hence integrable. Thus, the outer integral defining Au(z) converges
absolutely, and furthermore by the Dominated Convergence Theorem we have that
Au € CO(R™) N L*°(R™).

[t remains to show that in fact Au € S(R™). To do so, we provisionally consider
the space

§ = Op (UnSy5(R")) (SR R™))
= {v : v =Op(a)u for some u € S(R") and some a € U, S5(R*";R")}.

That is, we consider the space of all functions obtainable as Op(a)(u) for some symbol
a and some Schwartz function u. The above paragraph shows that S C C°(R") N
L>(R™). It suffices to show that

0,5 C S and ;5 C S

to show that
S c S[R).

To show that S is closed under differentiation, we note that

By, ((2@” /R N "8z, y, )uly) dy dé)

= n) ™ [ gt 0,0) (0.0, Duly) dy de = Op(@u.
R2n

where @ = i€;a + 0,0 € S)5TH (R R") if a € S)5(R*; R"). Thus, d,,0p(a)u € S.
Similarly, for multiplication, we rewrite z; = (x; — y;) + y; to obtain

z;0p(a)u = Op((z; — y;)a)u + Op(a)(y;u(y))-
The latter term belongs to S since y;u(y) € S(R™) when v € S(R"). By the former
term, we mean the function whose value is the interated integral

@m) " [ s = y)ate, v, €uly) dy e

R2n

which a priori is not of our desired form, as (z;—y;)a is unbounded in (z, y). Nonethe-
less, we can integrate by parts by noting that

() — yy)e" V€ = De (1070%),
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so the above integral can be written as

@2m)" [ De (e a(x,y, E)uly) dy dE

R2n
= (2%)_"/ ei(w_y)f(—nga)(x,y,f)u(y) dy d§ = Op(—Dg,a)u.
R2n
Thus, z;0p(a)u = Op(—D¢,a)u + Op(a)(y;u) € S, as desired. O

Remark 25. The uniform integrability of the function defined by the inner integral in
allows one to prove, using Fubini’s theorem, that the iterated integral definition
coincides with the distributional definition given in or .

Definition 16.6. Given a(z,y,§) € Sy5(R**; R"), the operator A = Op(a) : S(R") —

S(R™) defined in is called the pseudodifferential operator quantized by the sym-

bol a (sometimes written WDO for short). The set of YDO quantized by a(z,y,§) €
75 (R*™; R™) is denoted W7's(R™).

Remark 26. If (p,d) = (1,0), then often the subscript (p,d) is dropped.

Example 16.7. Some examples of WDOs:

o Ifa(z,y,8) =D 4 )<m @a(@)E?, then A =37 _ aq(x)D*.

o If a(z,y,&) = X0j<m @(¥)E®, then A = 37 D% (2), ie. Au(z) =
Z|a|§m D*(aqu)().

o If a = a(§) is independent of z and y, then A is the Fourier multiplier operator
corresponding to multiplier a(§).

We now consider the (complex) formal adjoint of a WDO, i.e. the operator A*

satisfying [, Au(z)v(z)de = [, u(x)A*v(z)dz for u,v € S(R"). The Schwartz
kernel satisfie

Ka(oy) = Ralpa) = @) [ etvosaty,a,€)dg = (2" [ e <a(y, o, €)de.

n

It follows that Op(a(z,y,§)) = Op(a(y, x,&)). Thus
Since A* maps S(R™) to itself, we can then claim:

Proposition 16.8. A VDO A € V';(R"), initially defined as an operator S(R™) —
S(R™), extends uniquely to an operator S'(R") — S'(R").

Finally, DOs can be left-reduced, meaning the following: while we initially con-
sidered quantizing symbols whose base space is R?", i.e. symbols a(z,y, &) where we
allow for dependence both in z and y, it turns out that requiring dependence on just
n base variables is sufficient. In particular, we can choose a symbol independent of y
(i.e. only depending on the “left” variables z) to give the same operator:

38To be rigorous /safe, these manipulations should be done distributionally.
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Proposition 16.9. Suppose p > 0. Let a(x,y,§) € %(RQ”;R”). Then there exists
a unique a(x,§) € S)5(R™;R™) such that o(a) = o(a).

The idea of this proof is by considering a Taylor expansion of a(z,y, &) along the
diagonal y = x:
0% (x,z,§) N
a(r,y,&) ~ Y yT(y — )"
Putting this into the integral, and recognizing that (y —z)®e!(@=9)¢ = (g )*(e!@=¥)),
we thus have that the Schwartz kernel equals

. 0%a(x,x,
S [ gy B g

n
o

Integration by parts gives

Y . 0°Dga(x, x,§)
(2) /Rnd eyt 5a! de.

Thus, we should take
dy Dia(r,x,¢)

a(e, )~y

o
Note that each of the terms in the sum belongs to S™~(P=9lel 5o at least we are
summing over “lower-order” terms.

The issue with this argument is that the sum above has no reason to converge
anywhere (in fact, the Taylor expansion which started the proof is an “asymptotic
expansion” and should not be interpreted as a convergence in the sense of series; cf.
non-analytic smooth functions). So we would need a notion of asymptotic summation
for symbols. Such a notion happens to exist in this case.

Next time: more on left-reduction/asymptotic summation, composition, principal
symbol, ellipticity, elliptic regularity.
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17. LECTURE 17 (05/24): MORE ON THE PSEUDODIFFERENTIAL CALCULUS

For today: always take 0 < 9§ < p < 1.

Remark 27. If p < pand §' > ¢, then it is easy to see that ST';(RP; R™) C S77 5 (RP; R™).
In particular, S77 is contained in S7's for any (p,d) satlsfymg 0<d,p< 1 SO we can
always multiply a symbol (of any parameter (p,d)) by a symbol in S'{’fo (e.g. by
polynomials in £) and get out another symbol with parameter (p,d) (with the orders
adding as expected).

17.1. More on reduction, asymptotic summations. Last time, we gave an ar-
gument that a WDO a priori quantized by a symbol a(z,y,§) € ST S(R*™; R") can
be quantized by a symbol depending only on n variables a(z,§) € m (R" R™). The
idea is to use the Taylor expansion

a(z,y,8) ~ Y P 2,8) () _ ye

ol
o

(the sum is taken over all multi-indices «). More specifically, we have

0%l (x,x,§)

a(r,y,§) = ) Ty —2)"+ > Raa(z,y,&)(y — )
lo|<N ) la|=N+1
where
\Oél
Roa(z,y, &) = / ’Oé| 1 ca(z,r +t(y —x),§) € Seré‘a'(RQ" R™).

Noting as well that (y — x)*e!@ %€ = (i0)*(e!@¥)€), we have

) [ s B e = omyr [ fiageiee g TS g

al ol

—|a| 9o Ha
_ (27)_11/ ei(z_y){z 0, 0 a(x,z,§) e

al

similarly

@0 [ I Ralny o -y dg = 2" [ DR a6 de,

n

i““'@?ﬁ?a(w,m,é)

al

with D¢ Raa € SI5 (=0l (R2n. Rn) | Tt follows that for ay(z, &) = > jalen
we have

~ m— —6 N n
Op(a) — Op(ax(,£)) € Wy "N I(R?),
so with p — 4 > 0 we see that we can find a left-reduced symbol ay where the
corresponding operator Op(ay) agrees with Op(a) up to a lower-order operator error

in \IJ (o= 5)(N+1)(R”); by choosing N appropriately large we can make the error have
arbltrarlly small (i.e. negative) order.
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We however would like a left-reduced symbol which straight up matches Op(a). To
do this, we’d like to set
Oy Dia(x,x,§)

i~ ,

but we’d need a way to make sense of the above sum.

Proposition 17.1. Suppose {m;} is a decreasing sequence of real numbers, and a; €
S;?g (RP;R™) is any sequence of symbols (of decreasing order m;). Then there exists
a € S)3(RP;R™) such that, for any N € R,

a— Y a;€8 NR;RY).

mj>—N
We then say that a is an asymptotic sum of the symbols a;.

Note that any two asymptotic sums differ by a symbol in S~ (RP; R™). In addition,
there are no requirements on the a; (in particular the sum does not need to pointwise
converge anywhere) for an asymptotic sum to exist, beyond that the symbols belong
to a specified symbol class.

Thus, we can find @ € S%(R";R") such that @ ~ i
we have

Op(a) — Op(a) = (Op(a) — Op(ay)) — Op(a@ — ay) € Wy C~ON (R,

ag
MM. In that case,

So we once again have Op(a) — Op(a) € ¥} (PO (VH) (R™) for all N, except the LHS

does not depend on N. Thus, we have Op( ) Op(a) € NNV, Y(R™). We would like
a characterization of the latter space:

Proposition 17.2. Let A be a WDO on R™. The following statements are equivalent:
o A= Op(a) for some a(x,&) € ST°(R™";R").
e A= Op(a) for some a(z,y,&) € S™(R*;R").
e Aen, \I/ s(R™).
e The Schwa'rtz kernel K(x,y) of A is a smooth function on R* which is
“Schwartz off the diagonal”: that is, for any multi-indices o € N?" and
B € N", there exists Co g > 0 such that

(& = )07, K (2,y)] < Cap for all (x,y) € R*".

Definition 17.3. The space W~>°(R") consists of operators which satisfy any (and
hence all) of the equivalent conditions in Proposition m

Thus, it follows that Op(a) — Op(a) € ¥~>°(R"), so Op(a) — Op(a) = Op(as) for
some (2, &) € ST°(R™ R"), and hence Op(a) = Op(a(x,&) + axo(,£)). It follows
that a(z,€) + ax(w, &) is our desired left-reduced symbol; note that such a symbol
satisfies the same asymptotic sum as a since the addition of a,, does not affect our
asymptotic sum.
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Remark 28. A computation which helps with proving Proposition [17.2} if A is quan-
tized by a left-reduced symbol a(x,§), then we have

Klzy) = (20) " [ 9 %0(0,6)de = Falw,a ),

where .7-"5 —..a(z, z) is the inverse Fourier transform of a in the  variables only. Thus

we can recover a(x,§) by taking the Fourier transform of K(x,z — 2):

a(z, &) = / e FK (x,x — 2) dz.
This in fact also shows the uniqueness of the left-reduced symbol.

From now on, we denote S™(R"; R™) simply by S™(R"), or even S™ if the context
is clear; in other words we will by default consider symbols on R™ x R".

Definition 17.4. Suppose p > 4§, and let A € V';(R"). The left-reduced symbol
or(A) is the unique symbol a(z,§) € S)5(R") satisfying A = Op(a). The principal
symbol (of order m) o,,(A) of A is the equivalence class of o(A) in the quotient
space S;%(R")/S;l;_(p_d) (R™).

In practice, we identify o,,(A) with one of its representatives; this is particularly
the case if one of the representatives is homogeneous of degree m.
Example 17.5. Let A = Y% | ¢""(2)0;0p + >3, V¥ ()0 + ¢(x). Then A €
W3 o(R™), and

ng’“ £J£k+z2b )0k + q(x),

7,k=1
and
) Z g]k gjgk
7,k=1

By the last line, we mean that there exists a representative in the equivalence class
of o1,(A) which is homogeneous of degree 2 (in fact a polynomial), and o (A) equals
the above homogeneous polynomial up to a difference in S%VO(R”).

Thus, to summarize our left-reduction result:

Proposition 17.6. Suppose a(x,y,&) € S™(R*;R"™). Then there exists a unique
a € S™(R™) such that Op(a) = Op(a). Moreover,

—la|
d(x7€>NZZ 80486 (:vaag)a

so that in particular

om(Op(a)) = a(z,z,£).
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Corollary 17.7. Let A € V'(R"), and let a = or(A) € S]5(R"). Then

i—lel
oL (A*) ~ Z — 07 0ga(, §).

«

In particular, ,,(A*)(z,€) = a(x,§).

Proof. This follows since if A is left-quantized by a(z, £), then A* is quantized by the
il? 6

full symbol (x,y, &) — a(y,&). Applying Proposition gives the desired asymptotic
expansion. 0

Corollary 17.8. Let A € W7';(R"). Then there exists a unique “right-reduced” symbol
ag(y, &) € S™(R™) such that A= Op(ar(y,£)). Moreover, if ar(z,&) = or(A) is the
left-reduced symbol of A, then

ol
ar(y,€) ~ Y 0 a(y.S).

(67

In particular, ar(y,§) —ar(y,§) € S, ~eO (R,

P’I"OOf. aR(yag) = O—L(A*)<y7£) [

Remark 29. One advantage of using left /right-reduced symbols is that they interact
well with the Fourier transform. If A = Op(ar(x,§)), then we can in fact write

Aula) = (2m) " [ oo )ae) de.

while if A = Op(ag(y,§)), then

Au(z) = (2m)™" / et ( / e San(y, uly) dy) 3

and noting that the inner integral does not depend on =z, it follows that Awu is just
the inverse Fourier transform of the inner integral, i.e.

i) = [ e anly.uly) dy
17.2. Composition. The above work leads to:

Theorem 17.9. Let A € U75(R") and B € U1 (R"). Then AB € UIH™(R").
Moreover,
i~ lel

TL(AB) ~ 30 08 0L(A) (0, 001 (B) (1,€),

In particular,

Tt (AB) = 0 (A) - 7 (B).



MATH 218 LECTURE NOTES (SPRING 2022) 99

Proof. Consider the left-reduced symbol a;, = o,(A) of A and the right-reduced
symbol bp = og(B). Then

ABu(z) = (27)" / e ar, ) Bulc) de

= [ e ([ et Ot dy) e

=) [ 0y, by, uly) dy

Thus, AB is the YDO quantized by the full symbol (x,y,&) — ar(z,)br(y,§).
The asymptotic sum for o (AB) follows by applying the left and right-reduction
formulas for full symbols in Proposition and Corollary [17.8,  We check that

the formula holds up to the |a| = 1 terms, i.e. we check the formula holds modulo

Sh m' =209 (Rn): gee [Mel] for a full computation.

For v = 0, we just evaluate ar(z,£)bgr(y, &) along the diagonal. This is

aL<x7£)bR(x7£> = aL('r7£> bL QZ 5 Z ZaBaﬁbL 'T 5) m o) (Rn>

I81=1

= ag (2, )br(2,6) = > ity (2, )20 bs (x,€) + Si5T PR,
|8|=1

For |a| = 1 we have the term

10y O |y=a (ar(z,€)br(y,€))
=i (ap(x,£)030¢br(x, €) + O ar(x, €05 br(x, €))
— i (a2, ©)00Lby (0, €) + O ay (w, )by (x,€)) + SI5 IR,

It follows that

or,(AB) mod S;?;m/_ﬂp_é) (R™) = ap(z,&)bp(x, &) — Z i_laL(x,ﬁ)afagbL(x,ﬁ)

1B1=1
+ Z CLL x,8)0,0¢b(x,€) + Ofar(z,£)07bL(z, 5))
la|=1
= ar(z,&)br(z,§) + Z i'0gar(x, £)00bL(x,8),
la|=1
as desired. 0

Remark 30. Note that W=>°(R") is a two-sided ideal: if A € ¥}';(R") and B €
T—°(R"), then AB € U~(R") and BA € U~ (R").
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Corollary 17.10. Let A € V7'(R") and B € \I/Z?;(]R"). Then the commutator

[A,B] = AB—- BA € @Z;mlf(p%) (R™). Moreover,

Ommi—(p—o)([A, B)) = i7" Y (9£adb — 93adfd),  a = 0m(A),b=0,(B).

la|=1

Remark 31. The above formula can be rewritten as i '{c,,(A), 0,,v(B)}, where

{fa g} = Zaﬁjfngg - a9ijaﬁjg

j=1
is the Poisson bracket on R?".
Next time: We will study ellipticity, which we begin to define in this lecture:

Definition 17.11. A symbol a € S]5(R") is elliptic if there exist constants ¢, C' > 0
such that
a2, &) = (1 + €)™ for all [¢] > C.

An operator A € UI's(R") is elliptic if its principaﬂ symbol is elliptic.
Example 17.12. For A = Y7, | ¢*(2)9;0) + Y_p_, 0*(2)0k + q(x), we have

02(A)(7,6) = = Y ¢F(@)¢é

J,k=1

Due to the homogeneity of (our choice of representative of) the principal symbol, we
see thatf™

09(A) is elliptic <= Z ¢ (2)€;& # 0 for all € # 0.
k=1
If ¢/% is in turn real-valued, this means that the matrix (¢/*(z)); is always positive
definite or negative definite.

One main feature:

Lemma 17.13. Suppose a € S}'5(R") is elliptic, and b(x,§) is a function satisfying
b(z, &) = @ for sufficiently large §. Then b € S §*(R™).

Thus, we will consider operators quantized by such symbols b, and consider how
they interact with an elliptic operator A.

39By this, we mean if some (and hence every) representative is elliptic; it is easy to see the notion
of ellipticity does not change under lower-order perturbations.

40Technically one also needs to arrange the uniformity of the estimates, which can be an issue
if the coefficients vary wildly over all of R™, but locally the nonvanishing of the quadratic form is
enough to give locally uniform ellipticity estimates.
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18. LECTURE 18 (05/26)

18.1. Elliptic operators and parametrices. From the composition calculus, we
can find “parametrices”, or approximate inverses, for elliptic operators. Recall that
a WDO A € UJ5(R") is elliptic if its principal symbol a = o,,(A) is elliptic, meaning
that

la(z, §)| = (1 +[§])™ for all €] > C
for some ¢, C' > 0. In that case, 1/a (or more pedantically a smooth function agreeing
with 1/a for large enough &) will also be a symbol, in fact in S §*(R").

Proposition 18.1. Suppose A € V';(R") is elliptic. Then there exists B € U §(R")
such that AB — I, BA—1 € U~>*(R").

Proof. We first guess By = Op(by), where by € S §*(R") agrees with 1/a for suffi-
ciently large €. Then Ao By € W9 5(R™), with™]

0o(Ao By) = 0(A)o_m(Bo) = 1.

This means that og(Ao By — ) = 0, ie. Ry:=AoBy—1¢€ ¥, (R"). Thus B,
does not exactly invert A, but it inverts A up to an error that is a bit better than
the identity.

Thus, we modify our guess to Bo+B;. We want to choose By such that A(By+B;) =
I, ie. that

0=A(By+ By)) — I = AB, + (ABy — I) = AB, + R,.
Thus, we want B; to satisfy AB; = —R,. This suggests we take B; € \I!;?_(p_é) (R"),
with
O'm(A)U,m,(p,(g)(Bl) = —O',(p,(;)(Ro).
Thus, if ro = or(Ry), we let by = —bgrg (i.e. heuristically —r¢/a), and we consider
A(By + By) with By = Op(b;). Then similar arguments as before give that if R; =
A(Bo + By) — I, then o_(,_5(R1) = 0,50 By € ¥ 37 (R").
Iterating this argument, by induction we can find B; € \IJ;gn_j (p=0) (R™) such that

J
R;:=A <Z Bk> — e w YT Rm),

k=0
The inductive step is by setting o, (B;) = —boor(R;).
Finally, if b; = o1,(B;), we find a symbol b which asymptotically sums the b;, i.e.
b, &) ~ D bj(w,€).
Jj>0
Then one can show that

AB— 1 € U=(R").

41Technicadly7 aby equals 1 only outside a sufficiently large ball in &, i.e. aby — 1 is supported in
a region of the form || < C. But that means that aby — 1 € S7°°, so we get equality after passing
to the quotient.
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Thus, we have found a right parametrixz for A; pedantically we should write ABr—1 €
i (R”) for some Br € ¥ §"(R"). Similar arguments yield the existence of a left
parametrix BpA—1 € U~ (R”) A priori the two parametrices can be different, but
it turns out they differ by a trivial error as well: indeed, note that

B + BL(ABR — I) = B ABr = Br + (BLA — I)BR

Thus By, — Bg = (BLA—I)Bgr — BL(ABg — I) € Y~°°(R"). In particular, the right
parametrix Bp is also a left parametrix, since BRA— I = (Br — Bp)A+ (BLA—1) €
U—>°(R™); similarly the right parametrix is also a left parametrix. 0

18.2. Mapping properties. To make the “approximate” part of the approximate
inverse more useful, it is helpful to have mapping properties of WDOs. Note that
if A is a Fourier multiplier, and the corresponding multiplier a is bounded, then by
Parseval’s theorem we have that A maps boundedly from L? to L?. We show that
this is the case for Oth order ¥YDOs as well.

Theorem 18.2. Let A € U 5(R"). Then A maps boundedly from L* to L*.

Proof. We first show that W7"s(R") maps L to L* when m < —n. In that case, the
oscillatory integral defining the Schwartz kernel

Klag) = @n) " [ e %o, €)de

converges absolutely, so K (z,y) is a bounded function on R?*. Moreover,
(=) Ke.9) = 20)" [ DE D a(z, € dg = (2m) " [ D(-Drata, ) de
RTL n

with (—Dg)%a(x,€) € ST ~lele=0) (R™); hence (x —y)*K (x,y) is uniformly bounded for
every a. By taking enough multi-indices, we can conclude that K (x,y) is uniformly
integrable in x or y, i.e. that there exists C' > 0 such that

(18) |K(z,y)|dy < C for all z, |K (z,y)| dz < C for all y.
R™ R”
We then use:
Lemma 18.3 (Schur’s criterion) Suppose K € CO(R™) satisfies (18). Then the
corresponding operator Au(x fRn u(y) dy is bounded from L? to L?.

(Idea: estimate |Au(x)]* < fRn (z y)||u NP dy [gn | K (2,y)| dy for each z.)

Thus, we see that W7 (R") maps L* to L* when m < —n.

Next, we show that the same conclusion holds for all m < 0 (not just m < —n).
This follows from the observation that

A is bounded L? — [? <= A*A is bounded L? — L?.

This essentially follows from the observation

||AU||%2 = <AU,AU>L2 = <A*AU,U>L2
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From this, we see that
Us(R™) maps L? to L? <= ¥23(R") maps L* to L*.

In particular, for any k we have that W7';(R™) maps L* to L* if and only if \Ilf) (R")
maps L? to L?. For any m < 0, we have 2Fm < —n for k large enough, from which
we get the result.

Finally, suppose A € W) ;(R"). Let a € o1(A), and let C' > 0 satisty C' > |a(x, )|+

1 for all (z,£). The heuristic argument goes as follows: we should be able to find
B € ¥) 5(R") such that

Cld=A"A+ B*B.
In that case, we have
Cllullzz = {((A*A+ B*B)u,u) = || Aul|?2 + || Bul|72 > || Aulf7..
In fact, for the above equation to hold, we should have
= la(z, )" + b(z, O = b(x,€) = /C? —|a(z, )P

It turns out that b, as defined above, is indeed a symbol in Sgﬁé(R").
However, since the symbol of the composition is not exactly the product of the
symbols, the best we can say is that

00(A"A+B'B-C)=0 = A"A+B'B-C=Re ¥, "R

But this turns out to be okay, since the remainder R is still some negatlve—order DO,
and hence bounded from L? to L? by our discussion above. Thus

lAul7> = (A" Au,u)r2 = Cllul|Lz — | Bullf: + (Ru, w)r2 < (C+ [[R] g2 ) lull e,
i.e. A is bounded as desired. O
Corollary 18.4. A € WJs(R") is bounded H**™ to H* for any s € R.

Proof. Let A® denote the Fourier multiplier operator with multiplier (1 + |£]?)%/2.

Then, by definition,

el sy = 1A% ]| 2@y

Moreover, A* € W 5(R™) for any (p,d). It follows that A*AA=C+™) € WO (R™) and is
thus bounded L? to L?, so

| A prsmy = [|A° Aul| 2@y = [|ASAATCET™ (AF0) || L2 gn)
S C'||As+mu||L2(Rn) = CHU||Hs+m(Rn),

as desired. O

A related mapping property:
Proposition 18.5. Let A € V=>°(R") and u € S'(R™). Then Au € C>*(R"™).
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18.3. Applications to Elliptic Regularity.

Theorem 18.6. Suppose P € W]'(R") is elliptic, and suppose u € S'(R") satisfies
Pu=0. Then u € C>*(R").

Proof. Since P is elliptic, there exists a parametrix ) € W §* such that R = QP —1 €
U=>°(R™). Then

QPu = u+ Ru.
But Pu =0, so u = —Ru € C*(R") by Proposition |18.5| O
Theorem 18.7. Suppose P € W]'\(R") is elliptic, Pu € H*(R"), and u has some

initial Sobolev regularity, say u € H-N(R"). Then u € H*t™(R"™), and for any
s' < s+ m (in particular for very negative s') we have

Hu||Hs+m(Rn) S CSI(HPU‘

HeR") + ||U’||HS'(R"))'

Proof. Similar to above, the existence of the parametrix € ¥ " allows us to con-
clude

u = Q(Pu) — Ru.
Since Pu € H® and Q is order —m, i.e. it maps boundedly from H*® to H*™™, we have
Q(Pu) € H**™. On the other hand, R maps any Sobolev space (in particular the
initial H~" space to which u belongs) to any other Sobolev space. Hence, u € H*™™.
Furthermore,

[ellzssm <A QUms s msem | Pullis + Bl o prs [l o

giving the desired estimate. ([l

As an application, if u € L*(R™), P is a second order differential operator which is
elliptic as an element of \II%OGR”)@ and Pu € L*(R"), then u € H*(R").

18.4. Pseudolocality. Differential operators are local, heuristically meaning that the
behavior of the output on an open set depends only on the behavior of the input on
that open set. More precisely, if P is a differential operator, then supp (Pu) C supp wu,
so if u = @ on some set U, then Pu = Pt on U as well.

Pseudodifferential operators do not have this property. For example, if a(z,§) =
a(€) is independent of z, then Op(a) is a Fourier multiplier operator, which is equiv-
alent to convolution with the inverse Fourier transform of a(¢). This operator is not
local unless F~1(a) is supported at the origin.

Nonetheless, pseudodifferential operators are pseudolocal, in that they do locally
preserve smoothness property. Recall that a distribution u is smooth at © € R" if
there exists a neighborhood V' 3 x such that u|y is smooth (i.e. agrees with the

“2This is equivalent to P = 3" ¢7%0;0) where (¢7*(x)) is uniformly elliptic, i.e.
Z ¢F(2)&;€, > 01€)*, 0 > 0 independent of .

j,k=1
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restriction of a smooth function on V'), and that the singular support sing supp u of
u is the set of points where u is not smooth.

Proposition 18.8. Let A € W}'\(R"). Then, for any v € S'(R"), we have that
sing supp (Au) C sing supp (u).
In particular, if u is smooth on U, then Au is smooth on U as well.

Proof. This is equivalent to noting that the Schwartz kernel K of A is smooth away
from the diagonal... O

Corollary 18.9. Suppose P € W7'(R") is elliptic. Then, for any u € S'(R"), we
have that sing supp (Pu) = sing supp u.
Proof. Since P admits a parametrix ) € \I/;g”(R”), we have
u = QPu— Ru
where R € U~>°(R™). Then R is smoothing, i.e. Ru € C*°(R"), so sing supp u =

sing supp (QPu). But Q € \II;?(R”), so sing supp (QPu) C sing supp (Pu), as
desired. O
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19. LECTURE 19 (05/31)

19.1. Coordinate Invariance. Suppose we have a VDO

Au(y) = (2m) ™" / W=V a(y, ) dy' dn

R2n
and a diffeomorphism F' : R} — R}. We now want to study the operator A=
F*A(F~Y*. That is, given v(z), if v(z) = u(y) when y = F(z) (i.e. u(y) =
v(F~(y))), then
Av(z) = Au(y).
Proposition 19.1. Let A € \If;%(R”), and suppose, for technical convenience, that
supp K4 C R?/Z/ is compact.

Then A = F*A(F~1)* € U (R™), where §' = max (0,1 — p). Moreover, if p < 1/2,
i.e. p>0', then

on(A)(2,€) = 0u(A)(F(2), (DF ") (2)E).
Proof Sketch. We have

Av(e) = (2m) " [ O au(F ) ' d

y'=F(z')

£ (9)=n / G F@-FE) 14 p(2) mu(’) | det DF(2')| da’ di.
R2n

We can write

F(x)— F(2') = G(z,2')(x — 1)

for some smooth matrix-valued function G. Explicitly
1
Gis(w,a) = / 0, Fy(tx + (1 — t)a') dt,
0

so in particular G(z,x) = DF(z). It follows that if we let £ = G(x,2")Tn, so that
(F(z) = F(2)) -0 = (z —a') - G(z,2")'n = (& —2') - €,
then
/
Av(z) = (2m)™" /R% e @ (F(x), (G(x, ") 1) 1) u(z) % dx' dg.

Thus, it suffices to show that
DF(x'
a@.0'.) = ol Fla), (Gla.a') ) e L D]

| det G(x, 2')|

is a symbol in S;’?,(]RQ"; R™). We leave this calculation as an exercise; we only com-
ment that taking derivatives in 2’ on a@ may end up taking derivatives in 7 on a and
then subsequently multiplying by 7, thus leading to an overall loss of 1 — p orders of
decay; hence the need to increase ¢ to 0.
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In particular, since G(z,z) = DF(z), it follows that
a(z,,€) = a(F(x),(DF(x)")7'¢),
so if p > ¢, then we get the desired principal symbol statement. 0

Thus, we can view the (principal) symbol a as naturally living on T*R". In gen-
eral, the coordinate invariance result allows us to define pseudodifferential operators
vy (M) (with p > 1/2) on smooth manifolds M, essentially by considering opera-
tors whose restrictions to local charts look like ¥DOs on R".

19.2. Symbolic iterated regularity and radial compactification. For now, we
consider (p,d) = (1,0).

The symbolic estimates for ST%(R") can be thought of as saying: there is an “initial”
growth rate of (1 + [£|)™, with every derivative in = preserving this rate, and every
derivative in £ improving the rate of decay by 1. Thus there is an asymmetry in the
roles of x and &. One way to have the two variables serve somewhat more similar roles
is as follows: viewing the derivatives d,, and O, as vector fields on T*R", instead of
considering the vector fields J¢;, we consider the vector fields

Then, applying a vector field of the above form to a symbol will keep the rate of
growth: the derivative lowers the rate by one, but the multiplication by &; raises it
back.

This is also true for a product V' of vector fields of the above form as well. Here,
Ve denotes a product V< = Ve1Vez . Vel where each V' is either 0., or &0k,
for some 1 < 17,7 < n. In fact, we have:

Lemma 19.2. Let a : T*R" — C be smooth. Then a € ST(R™) if and only if, for
every product V' of vector fields of the form 0., or §0¢;, 1 <14, < n, there exists a
constant C,, (depending on the choice of vector fields) such that

[Ve(x,&)| < Co(1 4 [E])™ for all (x,&) € T*R™.

Thus, we can say that a satisfies “iterative regularity” with respect to the set of
vector fields given by
Op;, &0, 1 <10,5 < n.
There is a geometric way to think about this set of vector fields. We can “radially
compactify” the fibers of T*R" to form a fiber bundle T*R" where each fiber is a
compact manifold with boundary, namely a closed half-sphere. For each fiber R”, this
is done via the radial compactification map R™ — S7}, where

n+1
St = {(zl,...,zn+1) e R"! . 223 =1, 241 > 0}

=1

defined by

@(x): < - ) ! )
VI [z2 1+ 2
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Geometrically, this is done by mapping z € R™ to (z,1) € R™"! and then setting
z = p(z) to be the point on S™ on the ray from the origin to (x,1). We then define

n+1
@::@: {(zl,...,zn+1) e R sz =1,2,11 20},

i=1
where we identify the interior of R with R™ via the identification of R” with the

interior of S’L i.e. 8. We define T*R~ by radially compactifying each fiber; in other
words T*R" = R™ x R”

Remark 32. An alternative way to construct the radial compactification is as follows:
we define the compactification map “near infinity” by the “inverse polar coordinates”

map @ : R"\{0} — (0,00) x S*~1,

= ()

In polar coordinates, this is the map (r,w) = (r~',w). We then identify [0, 00) x "~
with S?\{(0,...,0,1)} via a “collar neighborhood” map viewing S"~! = dS7, before
adding back in the origin which was originally left out, identifying it with the point
(0,...,0,1) € S".
Note that if p = 1/r = 1/|z|, then
d,o duw?
VR
ptop
Let X = T*R", and consider the map ¢ : T*R" — X, v(x,&) = (2, p(§)) where @ is
the radial compactification map.

|dx|?* = dr® + r* dw® =

Proposition 19.3. Let V(X;0X) denote the collection of vector fields on X (with
coefficients in C°(X), i.e. functions smooth up to the boundary) which are tangent
to 0X. Then the vector fields

L*(aﬂfg')? [’*(giaéj% L*(afj)> 1<4,5<mn,

wniatially defined as vector fields in the interior of X, extend to smooth vector fields
in V(X;0X). Moreover, V(X;0X) is generated, over C*(X) by these vector fields.
Here, v, denotes the pushforward of vector fields (colloquially the vector field in the
interior viewed as a vector field on X ).

Proof sketch. Viewing the fiber as a subset of R**! with coordinates 1, ..., 7,41, We
have

ffk
] W F—nt1

SO
n

1(0e)) =D (Gt = 1) M1 0, — MM 41 0

k=1
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and, using that (:=1)*(&) = =%~ we have

Mn+1 ’

n

1(8i0e,) = > mi(Sjk — 0jk) O — i Ms1 Oy

k=1

To show these generate all tangent vector fields, we work with local coordinates.

Note that S” can be covered with open sets of the form {|n;| > €}, 1 <i <n+1 for

sufficiently small € > 0 (explicitly € < \/nlﬁ would work).

Suppose first we are in the open set {|n;| > €} for some 1 <7 < n; w.l.o.g. we can
take 7 = n. Consider

i 1
zizé,lgign—l,zn:—.
&n &n
Then (z1,..., 2,) give local coordinates on {|n,| > €}, since
1 , 1
zi=—n, 1<t <n—-12,= —np1.

We then have §; = z;/z,, 1 <i<n—1jand &, = i It follows that

0: =&, 1<i<n—1, 20, =—Y &,
=1

Thus, we have that 0,,, 1 < ¢ < n — 1, together with z,0.,, are locally generated
by vector fields of the form ;0. Note that in this open set we have that z, is a
boundary defining function for 90X, so vector fields tangent to 0X are generated by
0., 1 <i<n—1, together with 2,0,,.

Otherwise, suppose we are in the open set {|n,+1] > €}. In that case, the ¢
coordinates {£1,...,&,} themselves give local coordinates, so {0, } form a local basis
for smooth vector fields on X (here the boundary 0X plays no role). U

Corollary 19.4. Let a € T*R™ — C, and for technical convenience assume that
I, (supp a) is compact,

where 11, : T*R™ — R™ s the projection onto the base. Then the following are
equivalent:
e a € STH(R")
e For any product V* of vector fields in V(X,0X), we have a uniform estimate
of the form
V(14 1€)™a) < C.
e a is smooth, and for any product V* of vector fields which are homogeneous
of degree 0, we have a uniform estimate of the form

Ve ((1+[€)™a) < Ca.

Remark 33. The second condition above is sometimes written as u € A(T*R"), or
that u is (L*°-) conormal to the boundary 0X of X.
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Thus, we can view the symbolic requirements on a as iterated regularity statements
with respect to the class of vector fields tangent to a particular compactification of
the cotangent bundle.

19.3. Parametrices for parabolic operators: the hypoelliptic calculus of
Boutet de Monvel. We now turn to a seemingly different topic. Last lecture we
showed that elliptic operators admitted parametrices; this crucially used the fact that

a € ST(R") elliptic = 3b € S, 7(R") such that ab— 1 € S, ¥ " (R").

A non-example of an elliptic operator is the heat operator P = 9, — A on R""!. Its

full symbol is p(7,§) = it + [¢]* € S7(R™), and while 1;1('2‘9 is well-defined if y is

identically one for small (7,§), this function does not belong to Sy 2(R™).
Nonetheless, we do have

1- X (7-7 5)
it + |2
and furthermore since p, ¢ are independent of (¢, ), i.e. the corresponding operators

are Fourier multiplier operators, we have

Op(q)P — I = POp(q) — I = Op(gp — 1) € Y"*(R")
since gp—1 is compactly supported in (7, ). Thus, P admits a parametrix ¢ = Op(q),
which is a DO, albeit not of the “ideal” order (at best we can say it’s order —1,

despite P itself being order 2). Nonetheless, it still has nice mapping properties; in
particular it is pseudolocal. Thus we have:

Proposition 19.5. Suppose u € S'(R"™). Then

sing supp (u) = sing supp ((0r — A)u).
In particular, if f = (0, — A)u € C(R"™), then u € C®(R™1).

q:= € Sf/évo(R”),

Thus, we can say that the heat operator 0, — A is hypoelliptic, in that like elliptic
operators we have the property that solutions u do not have additional singularities
beyond what’s present in the output Pu.

There is, however, a more refined pseudodifferential calculus we can consider. This
is a construction of Boutet de Monvel, in 1974 (see [BouT74]).
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20. LECTURE 20 (06/02)

20.1. The Boutet de Monvel hypoelliptic calculus. We consider the calculus
first introduced by Boutet de Monvel in 1974 to provide parametrices for hypoelliptic
operators. We are particularly interested in

Pzdt—<2a3ktx83k+2b (t, )0k + c(t, :U)),

7.k
where we assume for convenience that all coefficients above are smooth and have

bounded derivatives of all orders, and that the matrix (a’*(x)), is uniformly elliptic
with bound independent of x. Then

—ZT+ZaJk é’jfk—szk )k + c(x).

The calculus is in general deﬁned for any manifold M and any conic subset ¥ C T*M;
we’ll focus on the specific case M = RZII and

Y={(tz,7,& € TR : ¢ =0}

== (rgf)\? ! r<s,17>r)1/2'

Note that dy is bounded from above in the region |(7,£)| > 1, and also bounded from
below by (£]/](¢,7)])%; on the other hand at & = 0 we have that dx, decays as |7|~1/2.

Definition 20.1. Let m,k € R. The space S™F(M,Y) (where M = R"™! and
¥ = {¢ = 0}) is the space of smooth functions a : T*R"*! — C such that we have
estimates of the form

WAVealt,2,7.6)| < Capl(rO"dS ™ for all [(r,€)] > 1

whenever V' is a product of vector fields homogeneous of degree 0 tangent to ¥, and

W¥ is a product of vector fields homogeneous of degree 0 (not necessarily tangent to
¥).

For this lecture, we write the space as S™* for short.

Thus, in our iterated regularity requirement, we distinguish between “tangent”
vector fields tangent to 3 (which do not affect the growth/decay of the symbol) and
“non-tangent” vector fields which affects the behavior when dy, is small, i.e. near .

In this case, let

Remark 34. In our specific case, in testing the symbolic requirement it suffices to
consider the tangent vector fields

aﬁl‘j)g’iafj’ fiaﬂ 7—67'7 I1<i<n
and the non-tangent vector fields
70,1 < j <.

This since the tangent (resp. non-tangent) vector fields homogeneous of degree 0 can
be generated (say over S°(R™*!) away from the origin) by the above vector fields.
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Example 20.2. Let P be our parabolic operator. Then
_47+§:m gk—wE:M ()&, + c(z) € SP (R, %),

To see this, we note that o (P) is a sum of terms which are monomials in (7, §) with
coefficients in (¢,z). If we consider just the vector fields in Remark [34] then each
vector field applied to a monomial in (7,§) with coefficients in (¢,z) will return a
term of the exact same form and of the same degree. Thus, the terms of degree at
most 1 all remain monomials of degree at most 1 under arbitrary application of the
relevant vector fields (regardless of whether they are tangent to ¥ or not). Noting
that

(& 7)[Pds = [€° + [(&, 7)1,

we see that monomials of degree 1 are bounded by |(&,7)|, and hence always by
(€, 2. ,

Thus, it remains to check the sum )~ a?*(2)¢;&. We see that we always obtain a
monomial of degree 2 upon applying one of the vector fields in the Remark 7?7, and
in fact applying a tangent vector field will return a monomial where the terms are
both {’s (no 7s). The only issue is in applying the non-tangent vector fields 70, .
One application returns terms of the form 7&;, and one additional application returns
terms of the form |7]2. (Applying it a third time actually annihilates the term, but
the fact that the behavior changes under application of one or two of these vector
fields already indicates an interesting behvaior). We now note that

76| < (&) 1€ lds = (€, 7)Pds, |71 < (&, 7))
to conclude that
WOV (or(P)(t 2,6, 7)| < Capl(€, 75
whenever V' and W are products of vector fields in Remark
Proposition 20.3. The symbol classes S™* satisfy the following properties:

e Sums and products: S™F is closed under addition, and
Sm,k . Sm’,k’ C Serm’,kJrk/.
e Inclusion: we have S™* C S™* if and only if
m<m' and m-—k/2<m' —Fk/2.
This follow by noting that if k' > k, then
dk = dk’d (K'—k) < dk/Kf, )‘ *k)/Q.
o We have ST (R™) C 5™ C ST}, ((R"™). Consequently, we also have

sk c SRR, ko = max(0, —k).

o Vector fields: we have 0,,0,, : S™F — S™% and g, : S™F — SmbFL e
also have O, : S™F — §m—Lk,



MATH 218 LECTURE NOTES (SPRING 2022) 113
o FEllipticity: suppose a € S™* also satisfied
la(t,x, 7,€)| = (&, 7)["dy, for all |(€,7)] > 1.

Then, if b is smooth and agrees with 1/a for sufficiently large |(&,7)|, then
be S™™ % We will then say that a is an elliptic S™F symbol.
o Residual class: for any m and k, we have

ﬂjZQSm_j’k = ﬂjZQSm_j’k_j = S_OO(RR—H).

(For the second space, note that S™ 7%= c Sm=i/2k )
o Asymptotic sum: if a; € S™I*7I then there exists a € S™* such that
N-1
a— Z a; € Gm=Nk=N

Jj=0

Example 20.4. Let p = o (P) where P is as above. Then, if x(7,&) € C(R™"1) is
identically one on a sufficiently large ball, we have

1 —x(7,§) —2,-2 —2+(—2)-/2/pn -1 n
We now quantize such symbols. Since, for any m, k, we have that S™* C 51"}’270

for some m/, it follows that we can quantize symbols in S™* to get operators that at
the very least belong to \If’l% o(R™).

Definition 20.5. The space ¥™*(R""! %) is the collection of operators Op(a) for
a € S™F(R™ X). (We can view them as mapping S(R") — S(R") or S'(R") —
S'(R™).

We write this space of operators as W™* for short. Some properties about these
operators:

Proposition 20.6. We have:

&™)

. ! 1 / !
o Composition: W™k . Ym -k c gmmi kb - g

o
0L(AB) ~ Y 0 on(a)(t a7, 0L 0)(t 2, 7,

Note that each term in the asymptotic sum belongs to S™+m ~lalk+k ~lal

e Principal Symbol: As such, we can define a principal symbol o, : W™F —
Smok [ §m=LE=1 in which case

Om+m! k+k' (AB) = Um,k(A)am',k' (B)

o Mapping: we have ¥°° maps boundedly from L*(R™') to L*(R™) (note that
mapping properties for other U™* can be obtained via appropriate inclusions).

o Parametriz: If o, 1(A) is an elliptic S™F symbol, then there exists B €
U=~k such that AB — I and BA — I both belong to W~>°(R").
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Indeed, the third item regarding parametrices follows from the composition and
principal symbol results, using exactly the same arguments as in the standard case.

We apply the Boutet de Monvel hypoelliptic calculus to parabolic regularity results.
Thus, let

P=§ — (Z @ (t,2)0;00 + >V (t,2)0% + et w))

Jik
be our parabolic operator of interest. Note that our assumptions on the coefficients
imply that P is an elliptic U??2 operator. As such, we have:

Theorem 20.7. Let u € S'(R"), and let f = Pu. Then:

® sing supp u = sing supp f.
o If f € LA(R™™), and u has some initial reqularity v € H-N(R"), then u,
Oyu, Oy,u, and 0§jxku are all in L*(R™1), with L* norm bounded by a multiple

of 17l zxqaosy + Tl - oy
Proof Sketch. All of this follows from the equation

u=Qf — Ru

where Q € U™2? is a parametrix for P, and R = QP — I € U=>°(R"). To obtain the
L? bounds on the derivatives of u, we note that

&gu = @th — 3,5Ru,

with 9,0 R € U~°(R"), and 0,0 Q € U0 o =272 C =172 C U0 in particular it
maps boundedly from L* to L?. A similar argument holds for d,,. Finally, for éﬁjm,
we note that

or(02 ., ) = —§& € S*2.

TjT

That is, not is the symbol of order 2, but the fact that it vanishes (quadratically)
on X means that we can also capture its behavior with respect to dy. Consequently,
02  o0Q C V2200272 WO 50 it also maps boundedly from L? to L2. O

Ty

Remark 35. The property that u, d,,u, and aijzku all belong to L? can be rephrased
as saying that u € L*(R;; H*(R?)); furthermore in the above case we have

lull 2@ m2@ey) < O fllL2@nry + ||ull -~ @y+1y).

Remark 36. The symbol calculus can also be defined by iterative regularity (with
no change in growth/decay) with respect to a certain class of vector fields. We can
no longer take the vector fields tangent to the boundary of radial compactification
of T*R™*!. However, if we take this compactification, and perform a parabolic blow-
up of X N OT*R™*1, thus creating a manifold with corners, then it turns out that
the symbolic requirements to be in S%° are equivalent to requiring iterative uniform
bounds with respect to vector fields tangent to the boundary of this blown-up space.
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20.2. Wavefront sets.

Definition 20.8. Let u € D'(R™), and let (g, &) € R*", with & # 0. We say that u
is microlocally smooth at (xq,&) if there exists a cutoff y € C(R™) with x(zg) # 0
and some € > 0 such that, for every N > 0, we have

xu(€)] < On(1+[¢))™
for all & which point “roughly in the same direction as &,”, i.e. more precisely for all

¢ # 0 such that ‘é—l - %‘ < €. We let W F(u) denote the collection of all (z,¢) with

¢ # 0 where u is not microlocally smooth.

The motivation is the following: recall that the Fourier transform interchanges
regularity (in z) for decay (in &), and in fact if u is a compactly supported distribution,
then u is smooth if and only if its Fourier transform decays faster than any power of
& as £ = oo. We employ a similar notion here, except we also want to distinguish the
directionﬂ where a singularity may occur.

Note by definition that W F(u) is a conic sef] which is closed in R* x (R"\{0}).
As an exercise, one may show that

II,(WF(u)) = sing supp u,

where II, : R x (R"\{0}) — R™ is the projection onto the z-variables.
We proceed to define some quantities associated to operators. Here, we take (p,d) =
(1,0) for convenience.

Definition 20.9. Let (x¢,&) € (R") x (R"\{0}). A conical neighborhood T of (g, &)
is a set of the form
£ & }
o<,
€l 1€l

r={(0.6 € ®)x @O : -l <c,
Definition 20.10. Let A € U (R"™). We say that A is microlocally trivial at (z, &)
if there exists a conical neighborhood I' of (x¢,&y) such that, for every N > 0, we
have

oL Az, )] < Cn(1+[€])7N for all (z,€) €T
We let the essential support W F'(A) of A denote the set of points (z,&) € (R") x
(R™\{0}) where A is not microlocally trivial.

Definition 20.11. Let A € U™ (R"). We say that A is elliptic at (zo,&) (of order
m) if there exists a conical neighborhood I" of (xg, &) such that

oL A2, )] = (1 + [§])™ for all (,£) € T, [§] = C

for some ¢, C' > 0. The set of (z,£) € (R™) x (R"\{0}) where A is elliptic is denoted
Ell(A). The complement of ell(A) (in (R™) x (R™\{0})) is denoted Char(A), the
characteristic set.

3\More naturally the co-directions
41n the sense that (z,£) € WF(u) = (z,\¢) € WF(u) for all A > 0.
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Example 20.12. Suppose P =3 aq(x)D®. Then
WF'(P) = Uja|<mSUpPp Gq

(this is essentially due to the fact that polynomials cannot vanish on a nonempty
open set). On the other hand, ell(A) may be smaller, and we can in fact describe its

complement by
Char(A4) = p,, ({0}),
where p,,(x,€) : (R") x (R"™\{0}) — C,

Pule.€) = 3 an(a)e™.

|a|=m
Proposition 20.13. Let A € Y™ (R") and u € S'(R™). Then
WF(Au) C WE'(A)NWF(u).

Furthermore,
WF(u) C WF(Au) U Char(A).

See [Mel| for proofs.
Corollary 20.14. If A is elliptic, then W F(u) = W F(Au).
Corollary 20.15. If Au e C*(R"™), then WF(u) C Char(A).

Using the above properties, we can give an equivalent definition of wavefront set
which is often more microlocally practical:

Proposition 20.16. Given u € §'(R"), we have that (z9,&p) is not in W F(u) if and
only if there exists some WDO A which is elliptic at (zo,&o) such that Au € C*(R™).

Thus, if A is a differential operator, and we want to study solutions to Au = 0,
we have some precision in describing how singularities of u can look; namely that the
wavefront set must be part of the characteristic set of A, or roughly speaking the zero
set of the principal symbol. We now mention one of the most important results in
this topic, namely that of the propagation of singularities:

Theorem 20.17 (Hormander’s Propagation of Singularities). Let P € W™(R"™) sat-
isfy the property that the principal symbol p = o,,(P) is real-valued and homogeneous
of degree m. Then, if Pu € C®(R"™), we have that WF (u) is invariant under the
Hamilton flow of p. That is, if (x,£) and (2',£') lie on a common Hamiltonian tra-
jectory with respect to p, then (z,£) € WF(u) <= (2/,£') € WF(u).

Example 20.18. Let g be a Riemannian metric, and consider the wave equation
Pu =0, P=0?— A, with respect to the Laplace-Beltrami operator A, of g. Note
that the leading order term of A, is Y.\ ¢/%0,,0,, , where (¢7*) = (g;x)~". Then

- _T + Zg]k gjfkh

and Hamiltonian trajectories (¢(s), z(s), (s )

£(s)) satisfy that the (¢, ) components
trace out a curve that can be described by (¢, z(t

)) where x(t) is a geodesic of speed
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1. It follows that, on physical space, singularities of u appear to propagate along
unit-speed geodesics, with W F'(u), i.e. the “phase-space singularities”, propagating
along Hamiltonian trajectories.

Recall that the Hamilton vector field appears in the symbol for the commutator
of operators: if P € U™ and A € ¥, with p = 0,,(P) and a = 0,,(A), for
[P, A] :== PA — AP we have

Um+m’—1([P7 A]) = i_l{pu CL} = i_ala

where {, } is the Poisson bracket, and H, = Z?Zl O, p0y; — Oy, p0¢, is the Hamilton
vector field of p; note that Hya(z,&) = <L|,—o(a(z(s),£(s))) where (z(s),&(s)) is (the)
Hamilton trajectory with (z(0),£(0)) = (=, &).
Below is a very rough sketch of the proof (see Section 4.2, Theorem 4.11 in [Wun]
or Ch. 5 in [Mel| for more details):
e Assume for additional simplicity that Pu = 0, and that P* = P (this is
certainly consist with the condition that ,,(P) is real-valued, since o,,,(P*) =
om(P). Then we have

(i]P, Alu,u) =0
for any WDO A, since
([P, Alu,u) = (PAu,u) — (APu,u)
PEP (Au, Pu) — (APu,u) =0 (Au, 0) — (A(0), u).

e Suppose (z,€) is not in W F(u), and suppose (2/,¢’) is along the same Hamil-
tonian trajectory of (x, ). We want to show that (z/,&’) is also not in W F'(u).
It turns out that the former condition implies that if C' € W satisfies W F'(C')
is supported sufficiently close to (z,€), then Cu € L.

e We now claim that, for any s, that there exist a € S?*=™*! and b, ¢ € S® such
that

Hya =b* -,
where b is elliptic near (2/,¢') and c¢ is supported sufficiently close to (z,&).
The idea is that the above equation is a first-order linear equation in a, which
we can solve with the method of characteristics; in this case the relevant
characteristics are precisely the Hamiltonian trajectories. Thus, the above
equation reduces essentially to an ODE.

e In that case, we have

i[P,A]= B*B—-C*C +R, RecU* !
If R =0, we then have
0 = (i[P, Alu,u) = ((B*B — C*C)u,u) = ||Bul|3> — ||Cul|3,

ie. |[[Bullzz = ||Cullzz. Since Cu € L* as c is supported close enough to
(x,€), it follows that Bu € L? as well. Hence, for any s, there is B € U¥,
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elliptic at (2',¢'), such that Bu € L?. This is morally the same as saying
(', &) & WF(u): in fact, we can make a more precise definition

WFE,(u) = {(z,€) : BA € U* elliptic at (z,£) s.t. Au € L*},

in which case the above argument gives (z,§) € WFi(u) = (2/,¢) &
W Fg(u). It turns out WFE (u) = NsW Fy(u), giving the desired result.

e In general, R # 0. Hence we have to work iteratively, and assume u has some a
priori regularity. For example, if we want to establish that (2, &) & W F,(u),
we can assume that u a priori is (microlocally) H*~%/2. Then (Ru,u) is finite
as well, so the above argument still follows through.
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APPENDIX A. GEODESIC AND HAMILTONIAN DYNAMICS

Let ¢*(x) (j,k = 1,...,n) be real-valued smooth functions on R™ such that (g/*(x))
is a positive-definite symmetric matrix for each € R", and let g;x(x) be functions
such that, as matrices, we have (g;x(z))™! = (¢?*()). The goal here is to prove the
relationship between geodesic flow and Hamiltonian flow of %G where

G(z,§) = Z 9" ()€ 6

jk=1

Following geometric conventions on sub/superscripts, we will write spatial coordinates
with superscripts (27), coordinates of tangent vectors with superscripts (v7), and
coordinates of cotangent vectors with subscripts (;).

A convenient way to represent vectors and covectors is to represent vectors as

Ul

column vectors, i.e. : | corresponds to the vector ) v70,;, and to represent

,UTL
covectors as row vectors, i.e. (51 e f’n) corresponds to the covector » ;& dx’. In

that case, viewing g = (gjx) and G = (¢?%) as matrices, we have G = ¢g~!, and

g(v,w) = v guw, G(¢) = EGET.

Given the metric g, we can define so-called musical isomorphisms b : TR™ — T*R"
and g : T*R™ — R", also known as raising and lowering indices, which give fiber-
wise isomorphisms between the tangent and cotangent bundles via the metric. More
concretely, b is defined by

v =v'yg
when we view the vectors and covectors as column /row vectors; in terms of coefficients
we have
n
by k
(U )j - Zgij )
k=1

and

F=a¢", e (&Y =) g
k=1

(Note that b and £ are inverses of each other.) Moreover, the musical isomorphisms

satisfy

v"-wzg(v,w), g(fﬁ,’LU):fw

(Here, the - represents the natural pairing of covectors with vectors.) In addition, we
have

glv,v) = G(€) if E=v" (equivalently v = £¥).
Finally, we note that matrix-valued functions satisfy a matrix form of the product
rule



120 JOEY ZOU

(note that here the order of multiplication matters), from which we obtain that
0 - 81<AA_1) - A@iA_l + (alA)A_l — @A_l - —A_laiAA_l.
Thus, ;g = —g0;Gg, so that in particular if £ = v* (or equivalently v = ¢*), then
v Ogv = —£,GET.
We now recall that given a Riemannian metric g, there is an object called the Levi-
Cwita connection V which measures how vector fields are changing along curves; in
particular it gives a notion of when a vector field is “parallel” along a curve. This

object takes in two vector fields X and Y and returns another vector field V xY which
measures “how Y is changing along an integral curve of X”. The connection satisfies

Vixi+x,Y = [Vx,Y +Vy,Y
and
VxfY1+ Y, = X(/)Y1+ fVxY1+ VxYs
for all smooth functions f and vector fields Xy, X5, Y;, and Y3, where X(f) is the

function which gives the directional derivative of f in the direction of X (note that all
connection satisfy the above properties). In particular, if we let Ffj be the functions

satisfying
O = > TH 0,
k

then one can compute VxY solely in terms of the derivatives of the component
functions of X and Y as well as these functions I'j;. The I'}; are called the Christoffel
symbols.

Remark 37. For a fixed z, if v is the integral curve of X through x, then the value
of VxY at z depends only on the values of Y along 7, i.e. if Y =Y along =, then
VY = VxY at z. It follows that, for any curve v, it makes sense to discuss VY
where Y is a vector field only deﬁned along -, by (locally) extending Y’ arbltrarlly
away from 7. In coordinates, if 4(s) = 3=, a'(s)0,:, and Y (y(s)) = 32,17 (5)0,s, then

VY = ZbﬂaxmL Z a'b'T}0 xkzz(buzw ij>
1,7,k=1 k=1 7,k=1

The Levi-Civita connection satisfies two additional conditions (which uniquely spec-
ifies this choice of connection), namely that it is torsion-free, meaning

VyY — Vy X = [X,Y]
where [,] is the Lie bracket of vector fields,

[Z ’8331 ijaxj = Z ( Z(‘)mzb]aw - Naﬂa@,ﬂ) = zn: (Zn: ajaiji - M@x]a’) 8331',
i=1

2,7=1
as well as a Compatlblhty with the metric, meaning

Xg(Y,Z2)=g(VxY,Z)+ g(Y,VxZ)
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for all vector fields X, Y, and Z. Note that the first condition gives Ffj = F;‘?i by
applying the condition to X = 0; and Y = 0; (noting that [0;,0;] = 0), while the
second condition can be used to solve for Ffj in terms of the components of the metric
g and its derivatives, by noting that plugging in X = 0;, Y = 0;, and Z = 0, to give

0igit = »_ Tiygn + Tl
=1

(recall that g, = ¢(0;,0k)). Changing the order of 4, j, and k, and taking advantage

of the symmetry I‘fj = F?Z- derived above gives, after some cancellation,

n
0;gjk + 0;9ir — Orgij = 2 Z Fflijgkl-
=1
This can be used to solve for Ffj by noting that, in matrix notation, if we form a
vector whose kth entry is as above, we have

1
(Digjr + 0;ik — Ongij)r = 29(T,) 1 = (L) = iG(aigjk + 0i9it — OkGij )k

i.e.
n

1
L= §9lk(3igjk + 0;9ir — OkGij)-
k=1
Finally, a geodesic with respect to the Riemannian metric ¢ is a curve x(s) which
satisfies the property that V;)@(s) = 0. In coordinates, if v = &, then we have

vE(s) + > Th(z(s)v'(s)?(s) =0, k=1,...,n.

ij=1
We now aim to show:
Theorem A.1. Let G(x,§) = szzlgjk(x)fjgk, and let g be the corresponding Rie-

mannian metric satisfying (gjx(z)) = (¢°F(x))~'. Suppose (z(s),&(s)) satisfies Hamil-
ton’s equations with respect to the Hamiltonian %G, i.€.

29 =05 (36) (@666, &) = 0 (36) (61 €6D. = Tovveon

Then x(s) is a geodesic with respect to the Riemannian metric g. Moreover, viewing
&(s) as a covector in T} R", i.e.

£(s) = (Z &i(s) dﬂ)

we have that £(s) = (i(s))’. Finally, if T2 is the constant value of G along the
trajectory, then the geodesic has speed |T| with respect to the metric g, i.e. that

Ja(s)(@(5), E(s)) = 7°.

a(s)
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Proof. Note that
1 o
% (56) (0.9 = Y.
k=1

and hence z(s) satisfies

() = 3 g (w(s))uls)

k=1
Letting v = &, we see that v(s) = £(s), i.e. that £(s) = v(s)’. Moreover, we have

0. (36) 09 = 3 X g
jk=1
since v(s) = &(s)*, we see that

0 (36) (00618061 = —3 2 (el ()45

2
Gk=1

As such, we have

(6) = =0 (36 (0(5): €6 = § D () (5

and hence
0i(s) = 32 (M) + D0 (wls)Enls)
— Z 0ig7* (2(8))v' ()& () + % Z " (2(8))Orga(x(s))v' (s)v!(s).

Using that 9;,G' = —Gd;gG, or in terms of entries that 9,6’ () = — 3_7', _1 ¢’'(2)Digum () g™ (2),
and then using that >_,_, ¢™*(x)&, = v™, we have

Z azgjkvzgk _ Z gjlgiglmgmk,uié-k _ Z gjlaiglmvivm.

ik=1 ikl m=1 il,m=1

In the sum on the RHS, we relabel m to [ and [ to k, and note that the resulting sum
is symmetric after interchanging ¢ and [ due to the symmetry of g;;, and hence

L ‘ 1 . _
> PO = 5 < > 70+ algki)vlvl> :
iLm=1 il=1
Hence

vi(s) = —% Y 7 (1(5)) (Qigra(x(s)) + Augra((s)) — Dpga(a(s))) v (s)0'(s).

ik,l=1
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Using
I (x Zgﬂ’f ) (Ds g (%) + Oygui(x) — Orga(x)),

it follows that

= > Dila(s)v'(s)(s).

il=1
These are precisely the geodesic equations, as desired. 0]
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