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Summary. We study properties of Brownian bridges on a complete
Riemannian manifold M. Let Q% , be the law of Brownian bridge from x to
y with lifetime ¢. Qf , is a probability measure on the space €2,,, of continuous
paths @ with w(0) = x and (1) = y. We prove that Q:., possesses the large
deviation property with the rate function

1 1
Jay(o) = E[f & (9)1°ds — p(x, )ﬂ .
0

We show that if M and its metric are analytic then for any x, y on M there exists
a probability measure u, , which is supported by a subset of the space of
minimizing geodesics joining x and y such that Q% , — u. , weakly in Qo A5
t — 0. We also give a complete characterization of the exact support of JT

§ 1. Introduction

Let M be a complete Riemannian manifold of dimension m. The minimal heat
kernel on M is denoted by p(t, x, y). Let Q_ denote the space of continuous paths
@:[0, 1] — M such that w(0) = x and let Q, , denote the space of paths such that
@(0) = x and w(l) = y. Q, and Q, , are metric spaces under uniform convergence.
The set of minimizing geodesics from x to y with uniform speed p(x, y) (p is the
Riemannian distance on M) is denoted by I', . Itis clear that I', , = Q, , and since
we assume M is complete, I', , is never empty.

Let'X*¥ = {{X®¥ 0 <5 < t} be the Brownian bridge process from x to y with
lifetime 1. We set X7 = (X5 ="X3? 0 <s < 1}. We regard X' as map
from the underlying probability space to the path space Q. ,.Let O , be the law of
X in Q. ;namely QL , = Po(X )71 QL is closely related to the asymptotic
behavior of the heat kernel p(t, x, y). The purpose of this paper is to study the
behavior of Q% , as t | O for generally positioned x, y.
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Northwestern Universily
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To start with, we prove (Lemma 2.4) that the set of measures {05t >0} is
sequentially compact on Q, , as ¢ | 0. This means that any sequence t, | 0 has
a subsequence t, such that Qf:, converges weakly to a probability measure p
as k — oo,

The second result we will prove (Theorem 2.2) is that Q.. possesses the large
deviation property with the rate function

[ 1
Jx,_v(m) = EI:_[ | (S)lzdS = P Y)Zjl -

[t follows that any limiting measure y must be supported by the set of paths w with
the property J, ,(w) = 0, ie., by the set T , of minimizing geodesics joining x, .

Now the obvious question is: does Q) , have a unique limiting measure? or does
the Brownian bridge converge (in law) to a limiting Browniann bridge? Such
limiting Brownian bridge will simply consist in picking a minimizing geodesic
according to a probability measure u and then travelling along this geodesic with
constant speed p(x, y). We prove (Theorem 4.2) that the limiting measure is unique
for any x, y if M and its metric are analytic. We also prove (Theorem 3.4) the
uniqueness for a special case where the analyticity is not assumed.

In general the exact support of a limiting measure u can be strictly smaller than
Iy, We give a complete characterization of supp g in the analytic case (Theorem
4.1). In this case, it turns out that with every ye I, , we can associate a function
D(y; t) of the form t ~*(log(1/1))” (« is a rational number and m/2 < o < m — 1/2,
and f is a non-negative integer). The contribution of y to the heat kernel can be
intuitively taken as D(y; t)exp{ — p(x, y)*/2t}. The order of D(y; t) going to infinity
as t — 0 is a measure of the degeneracy of the action functional

1 1
E(w):ij [&b (5)]° ds
0

near the path y. Our result (Theorem 4.1) amounts to saying that the support of u is
exactly equal to the set of y’s in I', , with the highest degeneracy.

We will use frequently various estimates on the heat kernel in the collection of
papers [2]. This collection is an significant extension of the original work of
Molchanov [5].

§2, Large Deviation of Brownian Bridge

Let X* = {X7, s =20} be the Riemannian Brownian motion starting at point x.
The Brownian bridge from x to y with lifetime ¢ is obtained by conditioning X~ to
hit y at time t. We make the time change s+ st and denote the law of the resulting
process X “¥"*in the path space 2, , by Q5 ,. Let X ™' = {X' = X5 0 < s < 1} be
the Brownian motion with the same time change and let Q, be its law on the path
space €2,. Then we have

dos,|  _ pl(l —s), w(s)y)
Qs | 5 plt, x, y)

y OEs<l, (2.1)
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Here { #,,0 < s < 1} is the standard filtration of s-fields on Q, (or on €, , and
p(s, z, y) is the minimal heat kernel on M. (2.1) can be taken as a formal definition of
the Brownian bridge X ***. The Brownian bridge is a nonhomogeneous diffusion
process on M whose infinitesimal generator is

L f(z) = %Af(Z) + eV, log p(t(l — s),z,p)- Vf(2) . (2.2)

(4 is the Laplace-Beltrami operator and V, is the gradient in the z variables.)

Remark 2.1. The transition density function of X *¥' ig

plt(sy — 1), 24, 2,) p(t(l — 8,), 25, ¥)
pl(l — 5,), 24, y)-

By the symmetry of p(s, z, y) in z, y variables, we find that the processes s+ X 7'
and s— X7'%' have the identical transition density function. Therefore they have
the same law Qf ,.

In this section, we prove the following large deviation property for the set of
probability measures {Q% ,; t > 0}.

Theorem 2.2. For any open set G < Q. ,,
liminf ¢ log Q% ,(G) = — inf J, ,(w) (2.3)

=0 welG
For any closed set F < £, ,,
limsup tlog Q% ,(F) £ — inf J, (w) . (2.4)

t—+0 weF
where

Joy) = %[ [ 16 () > ds — p(x, y)* J
0

if |i(s) | e L2[0, 1]; otherwise J, ,(w) = oo. In other words, {Q‘x‘_,.,f > 0} obeys the
large deviation principle with rate function J .

Remark 2.3. Riemannian Brownian motion QY possesses the large deviation
1
property with rate function [(w) = (1/2) [ 1o ()1 ds (see [1], p. 149 and [4], p. 155).

0 . -
A rough calculation shows that Theorem 2.2 is a consequence of the large deviation
principle of Q% and the well-known asymptotic relation
1

lim tlogp(t, x, y) = — 5 p(x, ¥ . (2.5)
=0 2

However, there are a lew technical difficulties to overcome.
Let us start the proofl of Theorem 2.2 with a preliminary result.
Lemma 2.4. For any N > 0, there exists a compact subset Cy < Q. , such that
limsuptlog Q% , (CR) = — N .
t—0
(C4 denotes the complement of Cy).
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Proof: First, we show that

. 1
limsuptlog Q% ,[p(w,x) 2 K] £ ~ EKZ + 2p(x, y)* . (2.6)

t—~+Q0

(Notation: p(w, x) = sup p(w(s), x).) Indeed, by Remark 2.1 we have

0<s5=<1

Qxy [p(w,x) 2 K] = Qi,y[ sup  p(w(s), x) 2 K]

0=s<1/2
+ Q;,xl: sup  plw(s), y) =2 K — p(x, y)} .27
0=s5=1/2

The two terms on the right-hand side can be treated in the same way. By (2.1), we
write

Q;J[ sup p(w(S),x)zK]=QL[M; sup p(w(s),x@K}

0<s=1/2 p(t, x, y) 0Ss=£1/2

ct~ Mo
=
p(t, x, p)

P lplo,x) 2 K] .

Here we have used the following global estimate of the heat kernel ([2], p. 143): if
M is complete, then for fixed y € M, there are constants ¢ > 0, N o > 0 such that for
all ze M,

pit, 2 y) S et (2.8)

Now using (2.5) and the large deviation principle for Q% (Remark 2.3), we obtain

1 . L
limsup tlog Qi,y[ sup  p(w(s), x) = K} S-plx, )= inf  [|o(s) ds
=0 0<s<1/2 WESe

plo,x)zK

|
=506y — K*.
It follows from (2.7) and the above inequality that

limsuptlog Qi , [p(w, x) Z K]

t—=+0

1 1
= — min{Kz - E p(x, y)z,(K — plx, y))zip(xs y)z}

1
S = 5K+ 20(x9)"
(2.6) is proved.
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We continue our proof of Lemma 2.4. Take any «€(0, 1/2) and let K, n be large
positive numbers to be determined later. We have

, plefs,), 0(s,)
Qk.y su B T
0<s, <5523 |5, — 5|
$;—5; 5 1fn

gK}gn sup

0=55£2/3

Qi,y[ sup MEKJSH{II+IL+I3}. 2.9)

$55,<s;Ss+2/n ls; — 8,
where
I, = Qy[plw, x) 2 K]

I, = sup Q;,,[ sup p(w(S),w(sl))érS}

0=s£2/3 §<5;Ss+2/n

E= S Q;‘y[ I CICARCICY)

0<s<2/3 s<5, S5, S5+ 2/n [sy — 54l

Here to simplify notation, we have let

A(s,n, 6,K) = { sup  plw(s), w(s,)) < 9, plw(s),x) < K} :
sS85, Ss+2/n
We choose § to be smaller than the injectivity radii at point z for all z such that
p(x,z) < K.
We have from (2.6),
|
limsuptlogl, < — EKZ + 2p(x, y)* .
t—0

By (2.1), (2.8) and the Markov property, we have

[p(z(l =S =Y 2N ), o) 2 5]
pit, x, y) 33551§5+21’" ’ o

I, £ sup 0%

0=s=2/3

g~ o
——— g QN [plw2) Z 4]
p(t’ X, y) z€Bg(x)

(Bx(x) = {ze M :p(z,x) < K}.) We have, as t = 0,
0L[p(w,2) Z 8] ~ 204 [plw(1),2) Z 6] ~ et~ ("™ 2N2e70H2 (2.10)

uniformly on the set {z:p(z, x) £ K} ([2], Proposition 58 on p. 185 and
Proposition 5.6 on p. 183). It follows that

. 1 52
limsup tlogl, < =p(x, y)* — g
10 2 4

We now estimate I,. To simplify notation let

B(L 6, K) = {w: sup PCED @) 5 ko p pw(s), wO) < 5}.

@
0ss, <s; ! [s5 — 541 0<ssi
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We have by (2.1), (2.8) and the Markov property

pe(l — s —2/n), s + 2/n), y)
I,= sup Qi[ . B(2/n,8,K)< 8., &
’ 0£552/3 pl, x, y) (2/n )e by, plw(s), x) = K
et~ Mo U 2N B(1. 8. (2/n K
= ol ) voy G (B0 (KL 2.11)
zeBy(x)

Let X' = (X}, 0 < u <1} be the process whose law is Q¢. Let
Q' ={w:plw,z)<d}.

We need only to consider the process X* on Q'. Since § is less than the injectivity
radius at X, = z, we can choose local coordinates centered at z so that X' is the
solution of the stochastic differential equation:

dXL=\/EJ(z;X,’,)dB,,+tb(z; Xds , Xo=1z.

We may assume that the there is a constant C = C(K, §) such that

sup max{ oz w)l, bz w)} < C . (2.12)

wip(w,2)£4
zeB g (x)

Let

(M}, ..., M) =|o(z X.)dB,.

0
Each M’ is a standard Brownian motion up to a time change. Thus there are
m Brownian motions W' such that M, = W It is clear from (2.12) that there is
a constant ¢; > 0 such that 7, — t; £ ¢ |5, — s,| on Q' for all i. We now have
[rom the stochastic differential equation of X'

m

PIXL XE) S € X5, — XEI S 1 Y [ Wy — Wi+ chtls, — 5,1

5y
i=1

Therefore on Q' we have

Xi, X! n Wi, — W
sup .0( | ;)é(,J\/E sup Z i 2 s]l
0ss,<s,21 sy — 8y 0ss;<s,81 i=1 ls; — sy
[t follows that
; W, — W,
QF"[B(1,6,(2/nf*K)] < 6'41“"[ sup 'Zi, = 7 n”z“"K]
1

0S5, <5, 1 |5, — 5,

é Cel —cn' MK .

(MW stands for a one-dimensional Brownian motion.) In the last step we have used
Fernique’s theorem on the tail probability of a Gaussian system ([3], p. 159-p. 162).
From the above inequality and (2.11), we have

plx, y)?
it

limsuptlogly £ — ¢, K*n' 7% +
=0
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Putting the estimates for I, I,, and I, in (2.9) and using Remark 2.3, we have

lim sup t log Q;‘y sup ML)) ; K
=0 0<s;—s;S1/n s, — 8,1
51, 5,€[0, 1]

in{ X L g (x, y)?
< — —K? 2 Z w2 2 2,120 P Y
< mln{2 2p(x, ¥) ,4n5 2,o(x,y) ,c;K?n 5 }

Choose K so that K?/2 — 2p(x, y)* 2 N. Fix § as required in the proof. Then
choose n so large that né*/4 — p(x, y)?/2 2 N and c,K?*n' 2% — p(x, y)?/2 = N.
Now the right-hand side of the above inequality is less than — N. Therefore the
compact set

B = sup ple(sy ), wsy))

1 -4
D<s,—s;S1/n Is; — 54l
s1,82€[0, 1]

< K, w0) = x}

satisfies the requirement of the lemma. [l

In the following for two paths w,, w, we set

plwy, ;)= sup plw(s), w,(s)) .

0<ss1

We now turn to the

Proof of Theorem 2.2. The proof is naturally divided into two parts.
i) Lower bound. Let G = Q. , be open. It is enough to show that for any w*e G
such that J(w*) < oo, we have

liminftlog Q% ,(G) = — J. (@*). (2.13)
t—0

Let
0% = {weQx‘},: sup  plw(s), w*(s) < 5}

0<ss1-—¢
Fi= {meQm: sup  plw(s), w*(s)) = 5}.
1-e<ss1
Since G is open and w* € G, there exists 4 > 0 such that
{w:plw,w*)<d}cG.
This implies 05 = G u F§j. Now we can write
Qx5(G) 2 05 ,(0§) — 04, (F3) (2.14)

The two terms on the right hand side will be estimated separately. Let wf e Q, be
defined by

wf(s) = w*(1 —es) .

Let
Gi={we, plo,wr)<d}.
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Noticing that

Q% y[w(l —¢edz] = p((l — &), x, 2)p(ts, 2, y)dz
p(t, x, y)

we have by the Markov property,
0%,5(05) = | Q{77 [G51 0%, [w(1 — e)edz]
M

max p(te, z, y)
5 zeB ()

W=D GE] p(t(1 — &), x, z) dz
p(t, x, ) si{y) a ’ ko 2}

5 ¢, (ta) —-m/2 e~ A%)2et
p(t, x, y)

Here we have used the asymptotic expression

QXTI [Gs N {w(1)e By(n)}] - (2.15)

1 mf2
; ~ H(z, —plz.¥)3/2t
pt, z, ) (21: E) (z,¥)e

uniformly and H(z, y) = ¢, for all ze B,(y) with sufficiently small A (see [2], p.- 173).
Let
Cs,1 = Gin {w(l)eB,(y)} .

Cs, 2 1s open. Clearly we*e 0, We also have

plof()y)=pl@*1 —e)y) = [ |o*@ )ds< e [ @ *(s)P ds .
Choose
1
A=Me)=2 [e | |o*@s) ds.
1—¢

We see that p(w™*(1),y) < A(e); hence w}*eC;s ;). Now by the large deviation
principle for Q. (Remark 2.3), we have from (2.15)

lf) 26" plxy)
1 —¢ 2g 2 '

liminftlog Q% ,(0§) = —
t—=+0
Now
1—¢

Hof)=(1~¢ | |o*@s)ds.
0
From the assumption J(w*) < oo, we have

Iw})— I{w*) and -0,

Ale)?
£

It follows that
lim liminf tlog Q% ,(05) = — J, ,(w*). (2.16)

e=0 -0
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We now have to show that the second term Q% ,(F§) in (2.14) is negligible,
namely,

lim sup lim sup tlog Q% ,( F§) = — oo . (2.17
e—+0 t—0

Set

H§ = {wer,x: sup p(y, w(s) 2 5/2}-

Oss<e
1

For ¢ sufficiently small, we have | |@*(s)|ds < 6/2. Using this fact, by time-
1—e
reversal (Remark 2.1) we have for small ¢

0%, (F3) = 0, «(Hj)

o [p(r(l — ), 0(0). %) Hg]
pit. y, x)

Bye ™
~plt,x, y)

Without loss of generality, we may assume that ¢ is less than the injectivity radius
at y. We then have (see (2.10))

QL(HS) ~ 20 [ p((1), y) > 8/2] ~ c(tg) (m~ D2 g 2Bte
It follows that

Q, (H3) .

, plx,y)? &
'(FHE -
llrflqs;lptlog 2, (F) =— %
(2.17) follows immediately by letting ¢ — 0.
Combining (2.14), (2.16) and (2.17) we obtain (2.13). The lower bound (2.3) is
proved.
iiy Upper bound. Let us first prove the upper bound for a compact set Ce 2, ,.
Let
Ct={weQ, ,:3w°eC suchthat o(s)=w(s) for 0<s<1—¢g}
and
C: = {weQ,:Jw°eC such that w(s) = w°((1 —¢)s) for 0=<s=<1}.

C*® is closed both in Q, and @, , and C = C* By the Markov property, we have
0%.,(C) = 0,,,(CY)

< [ QEL9(CL) [w(l — e)edz]

M

max p(te, z, y)

] QU (CPUC — 9, e
2 2 M

IIA

It follows that

c(te)™N

3 t(l—¢) £
0%, (0 = 26 %) O (O
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Clearly C; is closed in £,. We have by the large deviation principle for Q¢

2
. ; | S
limsup tlog 0} ,(C) < px, y) ——— inf I(w). (2.18)
t—0 2 | — g we Ci

Let
[=limsup inf I(w).

=0 we (3

We claim that [ = inf I{w). To prove this claim we note that there exists a sequence

weC

10 and w,eCy such that [=lim I(w,). Let w’eC be such that
n=ao

w, (1 —&,)s) = w,(s), 0 <s < 1. Since C is compact, so is {w,;, n = 1}, Hence we

can assume that w, — w* for an w* e C. Because [ is lower semicontinuous on Q.

we have

[=lim I{w,) = (o *) = inf I{w) .
s o wel

This proves our claim. The upper bound for C now follows from (2.18) by letting
e— 0.

Finally, we prove the upper bound for a closed set F. Let Cy be as in Lemma
2.2, We have

0Ly (F) S 00 (FACy) + Q:,(CH) .
Since F n Cy is compact, by the upper bound for compact sets, we have

[imsuptlogQ_‘\._}.(F)g—min{ inf J(cu),N}.

t—=0 weFnCy

Letting N — oo, we obtain the upper bound (2.4). Theorem 2.2 is proved. [

§3. Weak Convergence of Q} ,

Lemma 2.4 shows that the measures {Q% ,: t > 0} is sequentially compact as t — (.
Let p be a limiting measure. Recall that [’y , is the set of minimizing geodesics
joining x, y. A little geometry shows that

Ieo={el, yt Iy o) =0}

Lemma 3.1. Let u be a limiting measure of {Q1 ,; t >0} as t - 0. Then p is
concentrated on the set I', ,:ie., u(l,,) =L

Proof. Fix ¢ > 0. Let
G={w:plw I,,;)>¢c}.

We have to show u(G) =0, Let

e = inf J, ,(w).
weG
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We claim that ¢; > 0. Suppose ¢; = 0. Then there exists a sequence w,€ G such
that J ,(@,) = 0. Since {J, ,(w,),n = 1} is bounded, by extracting a subsequence if
necessary, we can assume that w,—w for some weG. But J,, is lower
semicontinuous we have therefore Jey@) =0, or werl, ,, a contradiction. It
follows that g, > 0.

Now by the upper bound, we have

#(G) < liminf 0%,(G) = 0.

The lemma is proved. [

In this section we prove the uniqueness of the limiting measure for a special
case. In the next section we prove the uniqueness for analytic manifolds.

Let § = I’ ,(1/2) be the middle cross-section of I, ,. Consider the probability
measure p' on M defined by

ui(4) = Q;.y[w@e/l] .

If Q% , — p weakly in Q, , as t — 0 through a sequence, then clearly through the
same sequence we have u' — u° weakly on M where u°(4) = u[w(1/2)e A]. From
Lemma 3.1 we know that u°(S) = 1. Now we prove

Lemma 3.2. Q; , — u weakly on Q. , if and only u' — 1°® weakly on M.

Proof. We have just proved “only if” part. For the “if” part, suppose u' — u°
weakly on M. Define p on Q,, by p(0)=p®(0(1/2)) [0(1/2) is the middle
cross-section of 0]. We want to show Q. , - u weakly on Q, ,.
Let
0,={wpwTI,,) <e}.

Since I, ,(1/2) = § intersects the cut-locus of neither x nor y, and the cut-locus of
a point is closed and § is compact, there is an g, > 0 such that O, (1/2) intersects the
cut-locus of neither x nor y. For each ze 0, (1/2) we define the path

12 _ Yx‘:(zs) s 0 £s=E 1/2
el = egl2s—1), Y2Zs51

where y, . is the unique minimizing geodesic with uniform speed p(x, z) joining x, z.
The map z+— A* from O, (1/2) to 2, , is continuous. For w € 0,,, we set w* = 12/,
We claim:

Ye>0, Qiy[we0,, plw,w*)2e] >0 as t—0. (3.1)
Indeed, we have
Q.[we0,, p(w, *) Z e] £ 05,051 + 0%, [plw, w*) 2 6, we0,]. (3.2)

By a simple geometric argument we know there exists a § > 0 such thatif w, eI’ ,
and p(w,(1/2),z) £ é then p(w,, 4%) < ¢/2. We may assume that 26 < ¢ A g,. Now
il we 0y, then there exists w, eIy, such that p(w, w,) < 8. This implies by the
above observation p(w,, w*) < e¢/2 and therefore p(w, w*) < § +¢/2 < e This
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means that the set in the last term of (3.2) is empty. The first term on the right-hand
side of (3.2) tends to zero by Lemma 3.1. This proves (3.1).

Now let F: Q, , — R be bounded, continuous and positive. We have from (3.1)
and Lemma 3.1

| F(w) Qs ,[dw) = | F(0*)Q% ,(dw) + o(1)
Q a5

Xy

= [ FA)u'(dz) + o(1)

0,.(1/2)

~ [ F(2)° (dz)
S

= | Fo)uldo).
Q

xy

This means Q; , — 1 weakly. The lemma is proved. [

Lemma 3.3. Let x, y be arbitrary two points on M. Then for any neighborhood O of
the compact set I, ,(1/2) and any F = M, we have as t — 0,

1 I t t J
-, X,z -, 2z, .
p(t,x,y)Fnop 2,x p 2 )z

plt, x, y) ~ (j;pG,x, z)p(é,z, y) dz .

Proof. Tt is enough to show that p'(0°) - 0 as t — 0. But p*(0°) = Q% ,(2§), where

1
Q= {meﬂx'y:w(-:ﬂe()}.

The lemma follows immediately from Lemma 3.1. O

u(F)~

In particular

As mentioned earlier, the set S = I', ,(1/2) intersects the cut-locus of neither
x nor y. An e-neighborhood of § with a sufficiently small & will have the same
property. Let O be such a neighborhood. We have uniformly for z€ O:

t ] iz
2 it

where H(x, z) = det[dexp,(},..(0))]~ "> Similar assertion holds for p(t/2, z, y)
([2], p. 173). Let

E(2) = 2[p(x, 2)* + p(z, y)*1 — p(x, y)* .
It follows from Lemma 3.3 that for any F =« M

2 15 _
pit, x, y) ~ e~ Pl=2t (—I) | H(x,2)H(z, y)e @2 4z (3.3)
LV
and
[( F) E_P(x‘y)z,’Zr i m ." H( Z) H(Z )efE(z),'thz (3 4)
# plt,x, y) \nt) .7, ® ) ' '
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Theorem 3.4. Suppose that I, , is a smooth manifold of dimension k and each
geodesic in I'y , have exactly multiplicity k (this means that the dimension of the space
of Jacobi fields which vanish at both x and y is equal to k). Then Q. , converges
weakly to a probability measure i as t — 0,

Proof. Under our hypothesis, S = I', ,(1/2) is a smooth compact submanifold of
M of dimension k. Let n: N — S be the normal bundle of S in M. Then

S,={z=expb:beN,, |b| <&} .

S, is a neighborhood S, of S in M. Denote z =expb by z = (s, b). Let ¢ be the

induced volume element on S and db the standard svolume element on the normal
bundle fibre. Then inside S, the volume element of M can be written as
dz = B(s, b)a(ds) db, where f(s, b) is a smooth function such that f(s, b) —» 1 as
bl = 0.

By Lemma 3.2, it suffices to show that u' — p° weakly on M. Let f:M — R be
continuous, bounded and positive. We have by (3.4)

= p(x,9)2/2t m
[ f(@)pi(dz) ~ e___(i) [ fQ)H(x,2) H(z, y)e *®/2 dz

plt, x, y) \mt) &

e—p{x.ylzﬂt 1\™ y 35)
= =) [Qst :

plt, x, y) (m) £ {55} sl (

where

Qs;0) = [ fls, B)H(x, (s, b)) H (s, b), y) B(s, b)e P&V db
B.(0)
Here B,(0) is the ball in the fibre space N, of radius e and centered at the origin. The
assumption that each geodesic has multiplicity k implies that for fixed s€S, the
function E(s, b) has a unique nondegenerate isolated critical point on B,(0) at b = 0
(see [2], p. 117). Hence by Laplace’s method, we have the asymptotic relation

Qs; 1) ~ (4mt)™ 972 H(x, s) H (s, y)f(s)det [Hess E[y ]~ /> .

(Hess E|y, is the restriction of the hessian of E on the fibre N, ) It follows from (3.3)
and (3.5) that
§ J@)u'(dz) = [ f2)p°(dz)

M M

with u° defined by
p°(A)=C | H(x, s)H(s,y) det[Hess E|y ]~ "> a(ds)

AnS

(C is the normalizing constant so that u(S) =1). [

Remark 3.5. Theorem 3.3 remains true if I, , is a disjoint union of smooth
manifolds such that each geodesic has multiplicity equal to the dimension of the
connected component it is in. In this case u is concentrated on the components of
r,., which have the maximum dimension.

Let us Iook at a two special cases.
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Example 3.6. Let N and S be the north and south poles ol m-dimensional sphere
S™in R™"'. Then we see that I'y gis S™ ! and y is the uniform distribution on
g,

Example 3.7. Let I'y , = {y,, ..., y,} and along each of y, the endpoints x, y are
not conjugate, Then we have

det [d exp(}s,.(onJ -

X

nu’({yl})z 1 —1/2
; det[dexp(;‘rj(O))}

j=1

This is because if x, y are not conjugate along a minimizing geodesic y joining them
then ([2], p. 125)

H(x,y(1/2)) H(y(1/2), y) det [Hess E(y(1/2))] " "/* = 2" " det[d exp,(j (0))] .

§4. Analytic Manifolds

In general, the geometry of I',,, can be quite complicated. It is usually a subvariety
of M with various singularities. We consider in this section analytic manifold
M with analytic metric. We first give a characterization of exact support of limiting
measures of Q5 ,. Then we show that the limiting measure is unique.

Consider the function E(z) = 2[p(x, 2)* + p(z, ¥)*]1 — p(x, y)*. E is analytic,
nonnegative and vanishes exactly on S = I', ,(1/2). We will use the analyticity of
E via the [ollowing fact: for any open set O « M we have

]' " —E(z){2t )} 1 g
—] fe dz ~ C(0)1™*(log— ] , (4.1)

nt) o

where ae[m/2, m — 1/2] is rational and f is nonnegative integral. Furthermore, if
ze M and O is a neighborhood of z then there exists ¢ = ¢(z) > 0 such that « and
f in 4.1 depends only on z but not on O provided diam(0) < &(z) ([2], p. 172). This
fact gives rise to two functions « and f on M. Let D:M — [m/2, m — 1/2] x N be
the map D(z) = («x(z), f(z)). Also define

1\f=
D(z; 1) = z“‘z’(logt) ;

It is clear that the growth rate of D(z; t) as t — 0 is a measurement ol the degeneracy
ol E at point z.

We now give the set [m/2, m — 1/2] x N the lexicographic order; ie.,
(oty, By) = (5, By)ift; S ayorife, =a,and f; < f§,. With this ordering we verify
easily that D is upper semicontinuous. Since S is compact, D must attain
its maximum value on S. Let (x,, fl;) be this maximum value. Set
SO ={zeS:D(z) = (0g, Bo)} and I'2, = {yeT,,,:%(1/2) eS°}.

We have the following result.
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Theorem 4.1. For any limiting measure u, the support of u is exactly equal to I’ s

Proof. We first of all note that by (3.3), (4.1) and the continuity of H(x, z) H(z, y)in
z, we can show (see the proof of Theorem 4.2 below) that there is a positive constant
¢ such that

1 \Fo
plt,x,y) ~ct ™% (log?) e PR A2 (4.2)

Let
F={zeM:p(z,S%) z¢}.

Then by (3.3) and (4.2)

. S 1Y~ Bo—H)
W(F) ~ const. t*~* log;

where («;, #,) = max D(z). Obviously we have (g, By) < (ag, Bo)- Therefore
zeFnS
#(F)— 0. It follows that the support of measure p° is contained in 8oe

To show that the support of u contains S,, let z,eS, and let G be any
neighborhood of z, in M. Since z,€ S, by the definition of S,, we have from (4.1)

L\ ¢ - e - Ly
— | [e B2y ~ ¢ 7% log -
nt) t

with a positive ¢, . It [ollows from (3.4) and (4.2) that

#(G)=CC—}>0.

We thus have proved supp u® < §° Therefore supp u® = S° which implies the
desired theorem. 0O

If yerl,,, then D(y(1/2); t) is a measurement of the degeneracy of the
minimizing geodesic y. Thus we paraphrase the above theorem by saying that the
limiting measure is concentrated on the most degenerate minimizing geodesics.

We now turn to the main theorem in this section.

Theorem 4.2. If M and its metric are analytic, then for any fixed x, y€ M, the set of
measures {Q% ,, t > 0} converges weakly as t — 0.

Proof. Recall that O, is a neighborhood of I',, whose middle cross-section
0,,(1/2) intersects neither the cut-locus of x nor that of y (see the proof of Lemma
3.2). For fixed e > 0,let #* = {4,,..., 4,} be a finite collection of disjoint open
sets of M such that 4,c0,(1/2), diam(4)<e for i=1,...,n;

\J 4,2 0,,,(1/2). Let f: M — R be continuous, bounded and positive. Let
i=1
*(2) = f(z) H(x, 2)H(z, y),z€ 0,,(1/2). Finally let

de)= sup  [f*(z;) —[*(z,)l.
p(zlvzz)_s,ﬁ
zl,zzs()lo[l/z)
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We have as ¢t — 0,
jf(zu(z Y [ f@u'dz)
AdeFr A
g P lx ) 2 Z ( ) j_ e
A e e s e f* (Z (2)/2¢t dz
p(t3 x’ y) Aegz: nt
e~ Pzt Z j
~—_— iz, (*) e E@RL gy 4 0(8(e))
Here z ,is any point in 4. Note that the term O(d(¢)) is independent of ¢. It is clear
that .

1\ Ho/ 1 =0 if AnS°= ¥
wl gE= ~E@I2t g, _, (U
( gz) (nr) e z (){>0 it 4nS°+ f

Therefore, letting t — 0 in (4.3), we obtain that for any limiting measure u° of u',

[FCECERING Y CUAf*z)+ 0(5()
4 mdSEO{h @

Now let ¢ 0. Since (g) =0 as ¢—0, the limit on the right-hand side is
independent of the sequence along which ¢ — 0. It follows that u‘ converges weakly
to a unique measure. OQur theorem now follows from Lemma 3.1. [J
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