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ON EXCURSIONS OF REFLECTING BROWNIAN MOTION

PEI HSU!

ABSTRACT. We discuss the properties of excursions of reflecting Brownian
motion on a bounded smooth domain in R¢ and give a procedure for construct-
ing the process from the excursions and the boundary process. Our method is
computational and can be applied to general diffusion processes with reflecting
type boundary conditions on compact manifolds.

1. Introduction. We study the excursions of reflecting Brownian motion
(RBM) X = {X;,t > 0} on a bounded domain D in R? with smooth boundary.
The excursion structure of one-dimensional RBM has been studied by many authors
([2, 6, 7, 9], to mention just a few). It is therefore interesting to see whether the
elegant methods developed for this case can be generalized to higher-dimensional
cases. The difficulties in doing this arise mainly from the fact that in the latter
cases the excursion set is no longer a single point but the whole boundary; as a
result we have to consider the so-called boundary process & = X, where 7(t)
is the right continuous inverse of the boundary local time of X. One immediately
faces the problem of constructing sample paths of RBM by attaching the individual
excursions to the boundary process. §7 deals with this problem. The main idea,
due to Ito, is to regard the excursions as a point process. Unlike the one reflecting
barrier case, however, the point process of excursions is no longer Poisson.

We will assume throughout that D is a bounded domain with C3 boundary.
This strong regularity assumption enables us to keep the necessary estimates from
analysis to a minimum and to study the excursion structure by explicit compu-
tation, which is the main feature of the method adopted here. Although some of
our results are known in more abstract terms in the general excursion theory of
Markov processes ([4, 8, 12], etc.), our approach here is completely independent of
this theory.

Our method is perfectly generalizable to general diffusions on a compact Rie-
mannian manifold with reflecting type boundary condition. We will make more
comments on this point in §9. We choose the RBM because, on the one hand, it is
a typical case of diffusion revealing the general structure of excursions, and on the
other hand, it is well adapted to explicit computation.

We give a short outline of the contents of each section. The basic properties of
RBM on a bounded domain are reviewed in §2. In §3-6 we study the excursion
processes and the boundary process associated with the RBM. For each pair of
distinct points a,b on the boundary, we introduce in §3 a probability law pab
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which governs the excursion process from a to b. The characterizing property of
the law P®? is given in Theorem 3.5.

The boundary process {&;,t > 0} is a 9 D-valued strong Markov process of jump
type. The properties of the boundary process are studied in §4. We limit ourselves
to those properties which are needed in subsequent sections. In §5, the point process
of excursions of the RBM is defined and studied. We prove that this point process
possesses a compensating measure of the form Q¢ (de)dt, where Q2, called the
excursion law from a, is a o-finite measure on the space of excursions starting from
a € 0D. The form of the compensating measure was known before, but it seems
that a rigorous verification was never given. As an application of excursion laws,
we prove in §6 a theorem concerning the asymptotic number of excursions and the
boundary local time, whose one-dimensional version is well known.

§7 is the center of our discussion. To describe our result in a heuristic way,
what we show is that one can construct the RBM paths by filling the jumps of
the boundary process with excursion paths. The key to the construction is the ob-
servation that, conditioned on the boundary process, the individual excursions are
independent. We first construct a point process of excursions and show that it has
the desired probabilistic structure. The sample paths of process to be constructed
are defined by this excursion process in the usual way (see, for example, [6, pp.
123-131]). The last step involves verifying that the process constructed is indeed
the RBM.

88 contains a sketch of proofs of several estimates used in the previous sections
and is included here for the sake of completeness. In §9, we make some further
remarks on the problem treated in this paper.

ACKNOWLEDGMENT. The author wishes to thank Dr. Peter March for his
interest in this work and for helpful discussions.

2. Reflecting Brownian motion. Let D be a bounded domain in R? (d > 2)
with C3 boundary. The Laplace operator and the snward normal derivative at
the boundary dD will be denoted by A and d/9n. Roughly speaking, the RBM
on D is the diffusion process generated by the operator A/2 with the Neumann
(reflecting) boundary condition. We will give three equivalent definitions of this
diffusion process.

Consider first the heat equation with the Neumann boundary condition:

1 _
%p(t,z,y) = EAzp(ta r,y), z€D, yeD;

(2.1) 0 p(t,z,y) =0, z€dD, ye D;
ong — —
}in‘(l)p(t, z,y) = 6y(z), zeD, yeD.

(Here the subscript = means the operation is performed on z variables.) If D
has C3 boundary, this equation can be solved by the parametrix method. On the
canonical path space based on D, we can construct a continuous strong Markov
process (a diffusion process) {C([0,00), D), ¥, %, P%, X;,t > 0} whose transition
density function is p(t, z, y), and we define this process to be the standard RBM on
D. See [13] for details.
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We can also define RBM by a stochastic differential equation with boundary
condition. Consider the following equation with reflecting boundary condition:

(2.2) dX; = dB + in(X;)do(t),

where B = {B;,t > 0} is standard Brownian motion in R¢ and n(a) denotes the
inward unit normal vector at a € 3D. The factor % is added for technical reasons.
Now if the domain D is assumed to be C?, a solution to (2.2) exists and pathwise
uniqueness holds [6]. The existence and pathwise uniqueness of the solution to (2.2)
can be proved via the so-called deterministic Skorohod equation, without resorting
to the general theory of stochastic differential equations [5].

The increasing process ¢ in (2.2) is a continuous additive functional of X and
is called the boundary local time of the RBM. It can also be characterized as the
unique continuous additive functional satisfying

(2.3) E=[6(t)] = /O ds /8 pls.ab) o),

where o denotes the (d—1)-dimensional volume measure on D. Using It6’s formula
we can show that

(2.4) #(t) = lim / Ip.(X,)

e—0

Here D, = {z € D:d(z,0D) < ¢}. The convergence is in the sense of L? for each
fixed t as well as almost surely uniform on bounded intervals of time.

To show that the previous two definitions give the same process, we state yet a
third definition—a martingale characterization of RBM. Let (C([0,00), D), 7, %) be
the usual continuous path space based on D equipped with the standard filtration.
We say that a probability measure P* on this space is an RBM on D starting at
¢ € Dif P*(Xo = z] = 1 and it is a solution to the submartingale problem of
(A,8/0n); namely, for any f € C?(D) with df/Adn > 0, the process

(25) My(X) = 1(5) ~ f(X0) — 5 [ Af(X.)ds

is an F-submartingale. By general theory, the RBM in the sense exists, is unique
and is a strong Markov process [6, pp. 203-218].

Now all three definitions are equivalent. This follows from the uniqueness of the
martingale characterization. The processes in the first and second definitions can
be shown easily (in the first case by direct computation, in the second case by It&’s
formula) to be solutions of the submartingale problem.

From the second definition above, we have the following extension of the one-
dimensional Skorohod theorem [6]. In the one-dimensional case, we simply define
RBM by X; = |B| for an ordinary Brownian motion B. This definition has no
higher-dimensional analogue.

THEOREM 2.1. Let {X:, B, #(t), t > 0} be three continuous, 7 -adapted sto-
chastic processes on a certain probability space {1, ¥, %, P} such that the following
conditions hold: (a) X = (X¢,t > 0) ts D-valued and P[Xo € D] = 1; (b) B =
{By,t > 0} is a standard Brownian motion in R® with initial value D, and B and
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Xo are independent; (c) almost surely, ¢ 1is nondecreasing, ¢(0) = 0, and increases
only when X; € dD; (d) almost surely, the Skorohod equation holds:

(2.6) X, = Xo + By + % / " n(X.)6(ds).
0

Then X s a standard RBM on D.
Now assume that X = {X;,t > 0} is an RBM. Define the stopping time
(2.7 p = inf{t > 0: X; € dD}.

The killed Brownian motion X° = {X;,t < 7p} is the RBM (also the ordinary
Brownian motion) stopped at time 7p. X© is sometimes called the minimal part
of X on D. By the strong Markov property at 7p, we find its transition density
function to be

(2.8) po(t, z,y) = p(t,z,y) — E°[p(t — 7p, X+p,y); 7D < t].

The distribution of X, is concentrated on 0D and is absolutely continuous with

respect to the volume measure ¢ on the boundary. The Poisson kernel K(y,b) is
defined by

(2.9) PY[X,, € db] = K(y, b)o(db).

The transition density function (2.8) satisfies the heat equation with absorbing
boundary condition:

1
%pO(tazay)ziA'tpO(tazay)a .’EED, yEDa t>0)
(2.10) po(t, z,y) =0, z€dD, yeD, t>0;

tlirr(l)po(t, z,y) = by(z), zeD, yeD.

As with equation (2.1), this equation has a unique solution which defines a contin-
uous strong Markov process on D with finite lifetime 7p. §8 contains a sketch of
the construction of po(t,z,y) by the parametrix method.

In the next section, we need the joint distribution of (X,,,7p).

THEOREM 2.2. We have fort >0, z € D, and b€ 9D,

(2.11) P*[X,, € db,7p € dt] = g(t, z;b)o(db) dt
where
(2.12) (t,235) = - po(t,2,b)

. gii, T; _2anbp0 sy V).

A proof can be found in [1, p. 261].

3. Excursion processes. Let X = {X;,t > 0} be the standard RBM on D
with probabilities P®. Fix a time t > 0. Define two random variables ~(t) and 5(t)
as follows:

~4(t) = sup{s < t: X(s) € D},
B(t) = inf{s > t: X(s) € 0D}.
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As usual, we set sup@ = —o0. Since P*[X; € D] = 1, we have
Pr4(t) <t < B(t) < 0] = 1.

Following (2], we call the random interval [y(t), 8(¢)] an excursion interval and the
process Z(u) = X(y(t) +u), 0 < u < B(t) — ~(t) the excursion process straddling
t. The length of the excursion is I(t) = B(t) — ~(t). In this section we compute the
law of this excursion process. Qur method is an extension of the one used in [2] for
one-dimensional Brownian motion.

Given any two distinct points a,b on the boundary, let WP be the space of all
continuous excursions from a to b; namely, the space of continuous paths e: [0, 00) —
D with the property that €(0) = a and there is an | > 0 such that e(t) € D if
0<t<lande(t)=bift >l Thespace W*? is equipped with a natural filtration

B,(Wab) = g{e(s), e e WP, 0 < s <t}

We want to define a law P*® on W%®, the law of the excursion process from a
to b. P%® can be described by the following characterizing property: The law of
the excursion process Z(u) = X(y(t) + u) straddling ¢ conditioned by the event
{7(t) =s, Xy =a, Xp) = b} is P2® conditioned by [ > ¢ — s. It is not difficult
to guess what P*® should be. If e = {e(t), t > 0} is the corresponding process,
then once e(t) is inside D, it behaves like an ordinary Brownian motion conditioned
to exit at point b. Thus the transition density function of P*® should be

K(y,b)
K(z,b)

Next, the absolute distribution P%*[e(u) € dy, u < [] is formally the limit of (3.1)
as £ — a and s — 0; thus we have

(3.1) p*t(s, x,t,y) = po(t — 5,7, e

K(y,b)
. b 1] =2g(u,y; ’ .
(3.2) P*le(u) € dy, u <] = 2g(u,y; a)aK(a, b)/on,
The probability P*? is uniquely determined by these two conditions. We can check
easily that P®® defines a homogeneous diffusion process with sample paths in Wab.
Let us now show that the P®? has the characterizing property described above.
Introduce the notation

(3.3) 0(t,a,b) = ia%aimp(t, ab).

It can be checked easily that for any 0 < s < t,

(3.4) 0(t,a,b) = /D g(t — s,z;a)g(s, z;b) m(dz).
From (2.9) and (2.11) we have

(3.5) K(z,b) = /O " ol, 5 b)dl,

and

(3.6) N(a,b) % %aiK(a,b) _ /  0(L,a,b)dl.
Na, 0
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Now (3.1) and (3.2) become

(1, y; b)dl
3.7 “b(s,z,t,y) = po(t — fo :
( ) D (S,(E, )y) pO( $,Z, y fo l z; b)dl
and
(1,y; b)dl

3.8 pab d = fO : d
(3.8) le(u) € dy, u <] =g(u,y;a) =000, 5)dl m(dy).
Integrating the last density over D and using (3.4), we have

*0(l,a,b
(3.9) pedfy < 1] = du_0ha,b)d! ( % )

fo , ’

This gives the probabilistic meaning of 0(t, a, b).

PROPOSITION 3.1. Lett be fized. Letu <t < s, u<w; <wy < -+ <wp <$
andy; € D, »=1,...,n. We have

P?[x(t) € du, Xy €da, Xu, €dys, i =1,...,n, Xgu) €db, B(t) € ds]
= dup(u,z,a)o(da)g(w1 — u,y1;a ) (dy1)

x [T po(wi = wi-1, i1, 9)m(dys)o(db)g(s — wn, yn; b)ds.

PROOF. We will prove this formula for n = 2 and w; < t < we. By the Markov
property, conditioned on X(t), the processes before ¢ and after ¢ are independent

(3, p. 2]. Therefore, for any nonnegative bounded continuous functions 1,12 on
[0,00), ¢1,¢2 on AD and &1, & on D, we have

E=[h1(7(2)) 61 (X)) €1 (X, ) €2 (X, )2 (Xg(e) )02 (B(2))]
(3.10) - /D By (4())61 (X )€1 (X )| Xe = 1]
X E*[1ha(B(t))d2(Xp(t)) €2(Xw, )| Xe = ylp(t, 7, y)m(dy).

(Convention: 1(—o0) = 0.) Let us compute the expectations under the integral
sign. Using the Markov property at t and ¢t — we, and Theorem 2.2, we have

Ex[th2(B(t))d2(Xp(t)) E2(Xuw, )| Xt = 1]
_Ey[¢2(TD+t)¢2( TD)£2( wg — t)‘w2—t<TD]
= EY[&2(Xuwy—t) EXv2 =t [tho(7D + w2)da(Xrp ) w2 — t < 7p)

= /Dﬁz(yz)Po(W — t,9,y2)m(dys)

x /0 " (s + wa)ds /8  ¢alb)g(s, vai o).

(3.11)



REFLECTING BROWNIAN MOTION 245

Next, under the probability P*[- |X; = y], the law of the reversed process
Y = {Yu :Xt—u,OS ’U/S t}

is equal to the law of RBM starting at y and conditioned by Y; = z. Denote this
law by E¥%t, We have by the Markov property at ¢ — wy,

(3.12)
E*[Y1(v(t)1(Xq 1)) €1(Xw, )| Xt = y)

= BV (t = D)1 (Vrp ) &1 (Vemwy )it — w1 < 7p < 1]
= BVT €1 (Vemwy ) BV =05 [y (w1 — 7D)$1(Yop ) 7D < wi]jt —wi < 7p)]

_ . p(wlaylaz)
= /D &1(y1)po(t wl,y,yl)——p(t’y’ ) m(dy1)
w _ . p(wl —Uu,aqa, :l‘)
[ o — /3 @@l ;02— o (aa),

It follows from (3.10) to (3.12) that

E=[1h1(7(1))01( X)) €1 (Xw, ) E2( Xy )2 (Xgey )2 (B(2))]
= [ wrtdu [ or(@plu.z.a)otda

0
x / €1 (un)g(ws — u, yy; a)ym(dyy)
D

X/ &2(y2)po (w2 — w1, Y1, y2)m(dys)
D

X ¢2(db) ¥a(s)g(s — wa, y2; b)ds,
aD wa

which is equivalent to our assertion.

PROPOSITION 3.2. Let t be fized and Z(v) = Xy(t)+v the excursion process
straddling t. Let 0 < v1 < vg < +++ < U, § >tV (u+wv,) and y; € D, for
1=1,...,n. We have

Px[’y(t) € du, X’y(t) € da, Z(’Ui) Edy;, 1=1,...,n, Xﬁ(t) € db, ﬁ(t) S ds]
= dup(u, T, a)a(da)g(vl, Y1; a)m(dyl)

x [T po(vs = vie1,i-1,9:)m(dys)o(db)g(s — u = vp, yn; b)ds.
1=2

PROOF. Again we assume n = 2. Let ¢;,%;, &, © = 1,2, be the same as before.
Let thx = k/2" and I,k = (tnk,tnk+1]. By the preceding proposition and the
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dominated convergence theorem,

E?[1(1(1) 01 (X (1)) €1 (Z (1)) €2(Z (v2)) d2 (X (1) )02 (B(2))]
= lim Y " ET[1(7(8)) b1 (X)) €1 (X (tnk + 1))

k=0
X E2(X (tnk + v2)) 2 (X)) ¥2(B(t));
Y(t) € L N[0, 8], B(t) >tV (u+v3)]
= lim kzz:o/lnm{O,t] wl(u)du/aD é1(a)p(u, z,a)o(da)

n—oo

x / €1 (92)9(buk + v1 — 4, 913 )m{dyy) / 2(y2)p0(v2 — v1, y1, y2)m(dys)
D D

(o <]

x [ $a(b)o(db) / 2(5)g(5 — tmi — v, y2; b)ds

aD tV(utvs)

- / wi(w)du [ 1(@p(u, 5, 0)o(do) / 1(y1)9(v1, y1; @)m(dyy)
0 oD D
X/ 52(?/2)190(02—U1,y1,y2)m(dy2)/ $2(b)o(db)
D oD

X / ¢2(S)g(8 —U—V2,Y2; b)ds7
t

V(utvz)
which is exactly what we want.
Take n = 1 in the preceding proposition and integrate out y; and s. By (3.4),
we have

COROLLARY 3.3. LetO0<u<t. Then
{e o]
P?[y(t) € du, X € da, Xp@) € db] = dup(u, z,a)o(da) 0(s,a,b)ds a(db).
t—u
As an immediate consequence, we have
THEOREM 3.4. The ezcursion process straddling t
Z={2(u) = X(y(t) +u), 0<u<I(t)}

conditioned on the event {y(t) = s, Xyu) = a, Xg) = b} is a nonhomogeneous
Markov process with transition density function

o0
fvv(t—s)—v g(l’ Ys b)dl

3.13 po(v — U, T,Y) ~=5
( ) 0( ) fu\/(t—s)—u g(l’ Y5 b)dl

and absolute distribution
P?[Z(u) € m(dy), u <I(t)|¥(t) =5, Xyz) =a, Xa) = b]
(3.14) Jovie—s)—u (L y; b)dl
= 9(w,y;0) = 0(l,a,b)dl
The law in Theorem 3.4 depends on t because we have only included the excur-
sions from a to b straddling a fixed time t. Thus we expect the “true” law P*?

should be the limit of the law in the theorem as t — s. This agrees with our
previous definition of P,
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THEOREM 3.5. Let P* be defined by (3.1) and (3.2). The law of the excursion
process straddling ¢t conditioned on the event {y(t) = s, Xy = a, Xaw) = b} 15
equal to P¥b[- |1 >t — s].

PROOF. By (3.8) to (3.9),
— _P%e(u) edy, u<l|i>t—s
e le(u) € dy | ]
= P%le(u) e dy, uV (t —s) <I]/P¥[ >t - s]
_ . fo l Y; )dl fuv(t B) —u9 l y’ ft s
- g(U')ya )
fo (I,a,b)dl fo (1, y; )dl fo la,b

f::\o/(t_s)_u (l7y7 b)dl

[2,0(1,a,b)dl

This agrees with (3.14). A similar calculation shows that (3.13) is the transition
density function of P*? conditioned on | >t — s.

Finally we remark that P*? is completely determined by the minimal part of

the RBM X and has nothing to do with the boundary condition. Using RBM to
characterize this law is simply a matter of convenience.

=g(u,y;0)

4. The boundary process. Loosely speaking, the boundary process is the
trace of the RBM X on the boundary. Since X spends zero amount of time on
the boundary, a time change is needed here. Recall that the boundary local time
¢ (see (2.4)) is a continuous strong additive functional which increases only when
X; € dD. Let

(4.1) 7(t) = sup{s > 0: ¢(s) < t}
be the right continuous inverse of ¢. We have 7(¢(t)—) <t < 7(¢(t)) and ¢(7(t)) =

t. For fixed t, each 7(t) is a stopping time for X. The boundary process is defined
by

(4.2) £={& =X-q),t 2 0}.

It is routine to verify that £ is a dD-valued strong Markov process and the sample
paths of ¢ are right continuous with left limits. In this section, we discuss a few
properties of the boundary process needed later.

Let us first describe the infinitesimal generator of ¢. Let f € C>%(D) and let
us be the solution of the Dirichlet problem on D with boundary function f. Then
by the boundary regularity theorem, we have uy € C**(D). Define the operator

Af(a) =

Thus A is well defined on C*(8D) and is called the Dirichlet-Neumann operator
of D (for the obvious reason). A is in general an integrodifferential operator on
oD.

PROPOSITION 4.1. The restriction to C**(8D) of the infinitestmal generator
in C(AD) of the boundary process £ 1s 2 A.

PROOF. Assume that {7%,t > 0} is the natural filtration associated with the
RBM X. Let f € C?>*(dD), and uy as before. By the Skorohod equation (2.6), we

Ouy
P (a), a € 0D.
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have
t t
uf(xt)—u,(xo)=/0 w,(xs).stJr%/O Vus - n(Xs)dd(s).

We assume that X € dD. Since 7(t) is a stopping time, we can replace ¢ in the
above relation by 7(t) and obtain

7(t)
f€) - €)= [ Vug(X.)-dBs+» [ Af()d

0

The first term on the right side is obviously uniformly bounded for fixed ¢; hence
it is a %(;)-martingale. The assertion follows by taking the expectation.

Let us now obtain a more explicit description of the Dirichlet-Neumann operator
A. For each b € dD, let V;, be a C? vector field on 8D with the following properties:
(i) for any fixed a € D and f € C?(AD), we have

(4.3) F(6) = f(a) = Vs f(a) = O(|lb - al[*)
as b — a. (ii) If Vf(a) =0, then V,f(a) = 0 for all b. It is not difficult to verify
the existence of Vj,. For example, in a coordinate neighborhood b = (b1,...,b4—1),
one may take
3f
be(a‘) (9b ( )(b _a'l)’

and then obtain V; globally by a partltlon of unity.
Now outside a neighborhood of a, the Poisson kernel K(z,a) is well-behaved.
Thus if f € C?(dD) vanishes in a neighborhood of a, then we can write

W) Af@)=g [ K@OI®o@)=2 [ 6N o)
On the other hand, by (8.2), we have N(a,b) = (Ha — b||7%); hence (4.3), the
operator

(45) Aof(a) =2 /3 [7(6) = Fla) = Vi @)}V (o b)o(a)

is well defined on C?(dD). The operator D; = A — Ay is a local operator in the
sense that if f vanishes in a neighborhood of a, then D;f(a) = 0. This is true
because for such f, the right side of (4.5) reduces to that of (4.4). By a theorem
in analysis, a local operator is a differential operator. Hence D; is a differential
operator. D is even a vector field, since D;f(a) = 0 if f(a) =0 and Vf(a) =
Therefore we have shown

PROPOSITION 4.2. The Dirichlet-Neumann operator has the form
(4.6) A= Ao+ Dy,
where Dy 1s a vector field on D and Ag is given as in (4.5).

It follows that A is an integrodifferential operator without diffusion part, and ¢ is
the process of jump type generated by the operator %A‘ The existence of processes
generated by integrodifferential operators is discussed in [10].
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Let us look more closely at the jumps of £. Let J be the set of times when ¢ has
a jump:
4.7 J={s2>20:&_ # &}

We also set
Jy=JN(0,t] and J;— =JN(0,t)

to simplify notation.
An immediate consequence of Proposition 4.2 is

PROPOSITION 4.3. Let £ be the process on 0D generated by the operator %A.
Then the Lévy system of & 1s (N(a,b)o(db),dt). Namely, for any nonnegative mea-
surable function f on D x 0D and any stopping time 7 of £, we have

(4.8) [Zf&s &) = [/ dS/ ffs, fsa b)o ( b)| -
See [10] for a proof of (4.8).

seJ.
For later discussion, we also need

PROPOSITION 4.4. (a) Almost surely, the random set J is dense on Rt =
(0,00). (b) There exists a constant € > 0 depending only on dD, such that almost
surely,

limsup [|¢; — & > e.

teJ

PROOF. (a) Let
=inf{s > t: {s— # &}
Clearly, Tt is a stopping time of . Letting f = 1 and 7 = 7y in (4.8) and using
Jap N o(db) = oo, we obtain 1 = oo - E%[rp]. Hence 790 = 0 a.s. It follows
from the Markov property that we have 7, = 0 a.s. simultaneously for all rational
t, which implies that J is dense in R*.

(b) The proof is similar. Let us choose € > 0 such that for any a € dD, we have
0(Be(a)¢) > 0, where Be(a) = {b € dD:||a — b|| < €}. Such ¢ obviously exists.
Now let

=inf{s > t:||{ — &-—|| > €}
(inf @ = oo) Let 7 = 09 and f(a,b) = I|c «)(||a — b]|) in (4.8), we have

1> E® [ /0 " N(€a, Be(£4)°)ds

Since N(a,b) is bounded uniformly away from zero, by the choice of ¢, there exists
& > 0 such that N(a, Bc(a)¢) > 6 for any a € dD. It follows from the above
equality that 1 > § E%[og); hence 09 < 0o a.s. Again by the Markov property, we
have g, < 00, n =0, 1,..., which implies part (b).

5. Point process of excursions. RBM gives rise to a point process taking
values in the space of excursions. The idea of regarding excursions of a Markov
process from a set in the state space as a point process is due to It6. Let us
begin with a brief review of some basic notions of point processes. We follow the
exposition of [6]. Suppose (E, ) is a measurable space and Es = E U {3}, where
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0 is a fictitious point attached to E. An E-valued point function is a measurable
function e: [0,00) — Eg such that the set J(e) = {s > 0:¢; € E} is countable. For
each point function e, the counting measure 7. is defined by

ne(C) = {(s,z) € C:es = x}

for C C (0,00) x E. We denote the set of E-valued point functions by I'(E).

Now let (Q, 7, %, P) be a probability space equipped with a filtration of o-
algebras. A function e: () — I'(E) is called an %-adapted point process if for each
set C € &, the increasing process t — n.((0,t] X C) is %-adapted.

One of the important characterizations of a point process is its so-called com-
pensating measure.

DEFINITION. A o-finite random measure fi, on the measurable space ((0,00) x
E, B(0,00) x £) 15 called a compensating measure of e if there s a sequence of sets
{U,} C & ezhausting E with the following properties:

(a) For each n, the function t — f¢((0,t) x Uy) s continuous;

(b) for each n, we have E[f¢((0,t) x Uy,)] < oo;

(c) for any set V € £ contained in some Uy, the process

t > 7e((0,t) X V) = ne((0,¢) X V) — 7e((0,¢) x V)
15 an F-martingale.

A point process possessing a compensating measure is said to be of class (QL)
(quasi-left continuous). The compensating measure, if it exists, is unique. As an
example, it is a well-known result that if 7i.(dzdt) = m(dz)dt for some o-finite
measure m on F, then e is a Poisson point process whose law can be written down
explicitly in terms of m [6, pp. 43-44].

For each point process of class (QL), there is a corresponding stochastic in-
tegration theory. We say that a real-valued measurable function f(t,z,w) on
[0,00) x E x Q0 is #-predictable if for each fixed t, f(t,z,w) is £ X % measurable,
and for each fixed z, (t,w) — f(t,z,w) is an #-predictable process.

Let e be a point process of class (QL). Define
t+

I = {?t-predictable f:vt >0, / |f(s,z,w)|ne(dz ds) < oo a.s.};
0

¢
Il = {?}-predictable f:¥t>0, E [/ 1f (5,2, w)|fte(dz ds)] < 00}?
0

t
I? = {.’r’t-predictable f:vt>0, E [/ |f (s, z,w)| % (dz ds)] < oo} .
0

Then for each f € I} N I? C I, we can define the stochastic integrals

(5.1) )= [ ” [ szt @) - 3 Sl
t+

(5.2) ne(f)s =/0 Lf(s,z,w)ﬁe(dz ds),

and

t+
(5.3) fie(f)e = /0 /Ef(s,w,w)ﬁe(dw ds) = ne(f)e — Ne(f)e.
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Here J; = J N (0,t]. The process t — 7i.(f): is a square integrable %-martingale
whose quadratic variation process is t +— 7i¢(f2);.

Let us now return to the RBM {X;, %, P*,t > 0} and define the point process
associated with it.

Recall that W®? is the space of continuous excursions from a to b. Let us set

we = U Wa,,b

beoD, b#a
(the space of excursions from a) and
w=J we
a€dD

(the space of all excursions). As with W®?, the spaces W® and W are equipped with
natural filtrations B;(W?) and B;(W). As before, let ¢(t) be the boundary local
time of X and 7(t) be its right continuous inverse. The point process of excursions
of X is a W-valued point process defined as follows. We set

(5.5) J={s€(0,00):7(s—) < 7(s)}.
For each s € J, define I(s) = 7(s) — 7(s—) and

, _ Xt +71(s=)), ift<I(s);
(56) es(t) - {XET(S)S,S l)f)t 2 l(S) S)

If s & J, define e, = 0. It is clear that the point process e thus defined is G;-adapted
with G = F(;). We call this e the point process of excursions of X.

THEOREM 5.1. The point process of excursions of RBM X 1s of class (QL),
and 1ts compensating measure s given by

(5.7) A((0,8) x C) = /O " 08(C N {e:e(0) = £.1)ds.

where £ 1is the boundary process, and the o-finite measure Q* on W9, called the
excursion law from a, has transition density function po(t,z,y) and absolute distri-
bution

(5.8) Q°%[e(t) € dy;t <] = g(¢,y;a)m(dy).
PROOF. There is no question about the existence of @*. In fact, @* can be
defined by
(5.9) Q[A] = / PobA N {e:e(l) = b} N (a, b)o(db)
aD
for a measurable A C We.
For the sequence of sets {U,} in the definition of compensating measure, we take
U, ={ecW:l(e) > 1/n}.

Since the function I(e) is positive on W by definition, we have U, 1T W. The
increasing process t — 7((0,t) x Uy) is obviously continuous and Gi-adapted. It is
integrable because by (5.10) below we have

Q°[Ua] = /D g(n~", v Q)m(dy),
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and the right side of this equality is bounded uniformly in a € 8D.
We claim that for any fixed ¢ and any nonnegative measurable function f on W,

S s =5 [ [ @sas].

s€Jy
where for any measurable function f on W,
@)= | reee).

Let us prove (5.10). Set I = {t > 0: X; ¢ 0D}. Since I is open, we have I = J,, I,
where I, = (la, 7o) are the maximal open intervals contained in I. For each «, the
path e, defined by

(5.10) E®

eu(t) = [ Xt 1), HO<t<ra—la,
T\ X(re),  ift>ra—la

is an element in W. Let

A(f) =Y flea)-

o<t
We compute the expectation of A;(f). Denote the excursion process of X straddling
t by Z;. Recall Theorem 3.4, which says that under the probability P*, the law of Z;
conditioned on the event {y(t) = s, X, =a, Xg() = b} is just P** conditioned
byl > t—s. Set tpx = k/2" and I, k = (tn k, tn,k+1]. By the monotone convergence
theorem, we have

E*[A(f)) = lim Y E*(f(Zn4n)iV(bnks2) € Tni]

k<2nt

~ lim / / / E*S{f(e)|l > tnpsz — ]
n—oo J1 Jap Jap

X PE[y(tn,k+2) € d8y Xy(tys2) € 40y Xp(t,, 410) € db]

— lim [ ds / p(u,,a)o(da) / E“Pf(e)ll > tuesa — 5]
(5.11) n—oo Jr D oD

v / C 9L, a,b)dlo(db)

n,k+2—S8

= /Ot ds /é)D p(u, z,a)o(da) /(w E**(f(e)]N(a,b)o(db)

- / " ds / p(u, 2, 0)Q%(f)o (da).
0 oD

Here we have used Theorem 3.3, Corollary 3.4 and (5.9) exactly in this order. It
follows from this and the identity

/Ot ds /aD p(s,u,a)g(a)o(da) = E® Uotg(Xs)qs(ds)] ,

which can be proved by (2.4) via an approximation argument, that

(5.12) E*(A,(f) = E¥ [ / ox (f)as(ds)] -
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(5.12) implies in particular that the process fot Q% (f)¢(ds) is the dual predictable
projection of the increasing process A;(f) (with respect to the filtration {7%,t > 0}).
It follows that for any nonnegative predictable process Z;, we have

Z Zl,,f(ea)

In particular, we can let Z = I ,(1)}, because 7(t) is a stopping time. Making a
change of variable on the right side of (5.13), we obtain (5.10).

To finish the proof of the theorem, let V' be a measurable subset of W contained
in some U,. Then t — 7((0,t) X V) is §i-adapted and integrable; and so is t —
7((0,t) x V) = n((0,t) x V) —A((0,t) x V'), and we have E*[7i((0,t) x V)] =0 by
(5.10). From the strong Markov property and the easily verified identity

n((s,t) X V) =0((0,t — ) x V) 00,5
for s < t (6 is the shifting operator of X), we obtain
Ez['f),(((), t) X V)|98] = ~((0 3) X V) + Ex[ﬁ,((() t— 3) X V) o 07‘(8)'77’(8)]
=7((0,8) x V) + EX- [a((0,t — s) x V)

=7((0,s) x V).

(5.13) E®

_ e [ /0 " 2,05 (/)é(ds)]

Theorem 5.1 is proved.

6. An application of the excursion law. Recall that l(e) is the length of
the excursion e. Let A be a measurable subset of D and [2(t) be the number of
excursions of length not less than ¢ and that start from A and occur before time .

As an application of the excursion laws Q° of the last section, we prove the
following theorem whose one-dimensional version is well-known.

THEOREM 6.1. With probability one, we have for all t > 0,

(6.1) hm VEIA(L) \/'/ IA(X5)o(ds).

PROOF. The key to the proof is the asymptotic formula (8.1). Let f2(e) =
Ii>¢)(e)14(e(0)). By definition, we have

A7 (t)] / / fA(e)n(de ds).
Since fA € I' N I2, the process
62)  AAR) = A(F() / / FA(€)Q8 (de)ds = / / A (e)it(de ds)
is a square integrable martingale with quadratic variation process
t t
[ s [ r£P@Q% @0 = [ @¥letle) > &) Lalé.)ds
0 w 0

Therefore by (8.1), we have
E|AL(t)* = O(te™'/?).
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It follows from Doob’s inequality that for fixed T,

o 4 2
3P [Ver e 188012 ] <K BT <o

2
logn = n

where €, = n~%. By the Borel-Cantelli lemma, we have

(6.3) P [Vt >0: lim E,04 (t) = o] =1.
n—oo

Again by (8.1),

6 ImvE [ [ 7400 s =t [ VEQS( > eliale)ds

9 t
=3 [ 1ates
Hence, from (6.2) to (6.4),

(6.5) P [Vt > 0: lim /Enl2 (7(¢)) = \/§ / " IA(Xs)q&(ds)} =1
n— oo ™ Jo

Now for any ¢ choose n = [1/¢]. We have

[L+1/n] 722, (1) < VEIL(r() < [1+1/nfle,, . (7(2)).
This and (6.5) imply

P |vt>0: lim /e 1A(7(t) \/. / Ia(X, ¢(ds)] =

which is equivalent to (6.1).

7. Construction of the RBM. Since the RBM spends zero amount of time
on the boundary, one may think of it intuitively as obtained by piecing together its
excursions. In the one-dimensional case, this procedure was carried out in various
forms (see [6, 7, 9]). One of the approaches is to start with the point process of
excursions.

Our intention in this section is to carry out the same procedure for higher-
dimensional RBM. This case is more interesting because of the presence of the
boundary process. Observing that, conditioned by the boundary process, the indi-
vidual excursion processes are independent and depend only on the endpoints (8],
we naturally start with a collection of independent copies of excursion processes
{Wab ep ,3’“ b pa, 1 and a Jump process & on the boundary generated by the
Dirichlet-Neumann operator §A We have shown that the Lévy system of £ is
(N(a,b)o(db),dt). Since the Lévy system describes the jumps of the process and
these jumps come from the excursions, there must be a consistency condition which
involves both the Lévy kernel and the excursion laws. This is exactly the meaning
of identity (5.9).

The first step in our construction is to obtain a point process of excursions with
the expected compensating measure (5.7). Let us first define a probability space on
which our processes are based. Let (Qy, ¥, ¥, &, P#) be the jump process on 8D
generated by the operator %A, as described in §4. We may assume ¥; = 0{&,,s < t}
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and ¥ =/, ¥:, appropriately completed if necessary. Let (02, M, P») be another
probability space on which are defined, for each triple (a,b,7) € dDXODXN, a #
b, an excursion process e>%* with the law P®® and we require further that these
excursion processes are mutually independent. Finally let

(7.1) (€,6,P%) = (Q1 x Q2, ¥ x M, P{' X Py).

A typical element in (2 has the form w = (wy, ws).
After these preparations, we now define the point process of excursions. Suppose
w € ). Let

(7.2) J(w)={s>0:&- # &)

We know that almost surely J is a dense countable subset of R*. We will call a
point s € J(w) a jump time of size (§s—,&;). Define amap e: R* x Q@ = W UJ as
follows:

g, if s & J(w).

Let G: be the o-field generated by the random variables £;,es, s < t. Then the
point process e defined above is G;-adapted.

(7.3) es(w) = {65"-’5";"(1,0), if s € J(w) is the #th jump time of size (&5, &);

PROPOSITION 7.1. The Gi-adapted point process e defined above 1s of class
(QL) with the compensating measure Q% (de)ds.

PROOF. For {U,} in the definition of compensating measure we can still take
Un = {e € W:l(e) > 1/n}. Let f be a nonnegative measurable function on W so
that for any ¢ > 0,

B [ / t Qfa(|f|)ds] < oo.
We have to show that
(7.4) A(f)e = /0 /W f(e)n(de ds) - /0 Q% (f)ds

is a §¢-martingale. Let us check that 7i(f )t.is integrable. We have by (7.3) and
(4.8) that

E° = E°

S f(eu)} = [Z Ex(f(ew))

u€Jy u€Jy

>, Efs-*fs(f(eu))}

u€E Jy
_me [ fo " ds /8 B f(e))N(Es,b)a(db)] .

Hence by the consistency condition (5.9),

(1.5 B [Z f(eu)] [ [ Qv (as].

uEJy

We now show that for any bounded g(w) € Gs and t > s,
(7.6) E[(A(f)e — 7(f)s)g(w)] = 0.
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By definition, for fized w;, under probability P,, the collection of excursion pro-
cesses {ey,u € Js} is independent of {e,,u € J; — Js}. Hence for fixed w; the
random variable g(w) is independent of

W=l = X fle - [ Q5

u€Jr—J,

Consequently, we have

E*[(A(f)e — 1(f)a)g(w)]

= Ef {Eg (g(w)]E2

> e /Qﬁu(f ”

uEJy—

> Bl - [ Qv (s

ueJ: Js

}

But E;[g(w)] as a function of wy, is measurable with respect to ¥;. Hence by the
Markov property of ¢ and (7.5), we obtain

E*[(A(f)e — 7(f)a)g(w)]

= E} {E2 [9(w)]

= E{ J Ez[g(w ) Ef*

> B f(e)]—/t SQE“(f)du}}

uEJy_g
=0.

The next step is to get the boundary local time. Recall that [ is the lifetime
function on . Let

(1.7) 7(t) = ) lfes).

s€Jy

By definition, 7 is right continuous increasing and 7(0) = 0. To ensure that 7(t)
has a continuous inverse, we need

LEMMA 7.2. With probability one, the function T defined above 1s finite, strictly
wncreasing and tends to infinity as t — oo.

PROOF. By Proposition 4.4(a), the set J is dense on (0,00) . Hence 7 is
strictly increasing because [ is strictly positive on W. Next, we show that 7(c0) =
lim;— oo 7(t) = 00 a.s. The function f(a,b) = E*[l(e)] is positive and continuous
on 0D x 8D with the diagonal deleted. Thus for any ¢ > 0, there is § > 0 such
that f(a,b) > 6 if d(a,b) > €. It follows by the construction of the point process
and Proposition 4.4(b) that for a fixed w;, under the probability P, the random
variable 7(00) is no less than a sum of independent positive random variables with
expectations greater than or equal to §. Hence 7(0co) = 0o, Py-a.s. and therefore
also P%-a.s.

The assertion 7(t) < oo, a.s. for each fixed ¢ is implied by E[r(t)] < oo, which
we are about to show. From (7.17) below, we have

Qull(e)) = 55~ Blro] < ©
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with C independent of a. Consequently, by (7.5),

Eelr(t)] = E° [ /0 e [l(e)]ds] < Ct < 0.

The lemma is proved.

It follows from the lemma that 7 has a finite, continuous, increasing inverse ¢
with ¢(0) = 0. This ¢ will be the boundary local time of the process X.

Now we are ready to define the process X. Let w € Q and ¢t > 0. Define

EO( )’ lf t=0,
Xe(w) = { ea()(t —7(6(t-))), i (t) € J(w),
Sa(t)> if ¢(t) & J ().
We see immediately that the process X has continuous sample paths; ¢(t) increases

only when X; € 0D and X ;) = &. We can check directly that the amount of time
X spends on the boundary is zero. Indeed, for any T > 0,

m{te (0,T:X, e M}= > le))+T —7(6(T)-)

s€J¢(T)_

T

by the definition of 7(t).

Let us now define the filtration with respect to which the constructed process
X is adapted. Recall that {G;,t > 0} is the filtration associated with the point
process of excursions e = {e,,u > 0}. If e € W is an excursion path, let e* denote
the path e stopped at u, namely

e = {e(t Au),t > 0}.
Now define
(7.8) 7o = G- v o{ehs ;PO

Since ¢(t) is a §;-stopping time, the above definition has a meaning. Clearly, X;
is #-adapted. Note that we also have

(7.9) Gat)— CF C Goe)-

Now we can state and prove our main theorem.
THEOREM 7.3. The process X defined above is an %-adapted RBM on D.
PROOF. Let f € C%(D). We show that the process

(110)  B(f)e = £(X2) - f(Xo) - & / AF(X / o x

is an %-local martingale.
By the definition of Xy, we have for ¢(t) € J

F(Xe) = flegy (D) — [fep(y (1)) = fleper) (t — T((2)-))))-
Let

(7.11) fe(u,e,0) = [f(e(l)) = fle(t = m(u=))] - Tu>t—r(u-)y-

Then we can write

(7-12) f(Xt) = f(f:b(t)) - ft(¢(t)’ %(t),w)-
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This obviously also holds for ¢(t) ¢ J if we make the convention that fi(u,d,w) = 0.
Let us rewrite the terms on the right side of (7.12). First of all, since ¢ is the
process generated by %A, the process

M= 1(6) - 1) - 5 | Afta)du

is an X;-martingale. Because the o-field §; is generated by X; and other events
independent of VtZO Mi, the process M(f) is also a Gi-martingale. Now ¢(t) is
Gt-stopping time for fixed ¢t and t — ¢(t) is increasing. Therefore we have

1 [o®)
(7.13) F(&s) = f(&o) + Mooy + 5 A Af(&u)du

and t — M(f)g(¢) is a Gg(¢)-local martingale. To rewrite the last term in (7.13),
we show first

af l(e)
(7.14) Af(a) = %(a) +Q° [ ; Af(e(u))du} .
We have
115) AT = o) = - lusla) - 1(0) + 5 (@)

In the following Ey will denote the expectation with respect to the ordinary d-
dimensional Brownian motion. We have

116)  uslo)~ J(o) = B (Bry) ~ B0 = 355 | [ Ar(BuIau] .

On the other hand, we can verify easily that for any g € C(D),

l l
(17 Q° [ / g(e(u))du] = lim Q" { [ stetwinst > ¢

J

TD
=iy [ aewamy ([ oBaa)
e—0 D 0
1

) [P
2511_{% . /D po(e,y,a)Ef _ /0 g(Bu)du] du

. o ol [ )

= 58_%E0 |:‘/0 g(Bu)du} .

The last step can be justified. Equation (7.14) follows from (7.15) to (7.17).

On the other hand, since the process X spends zero amount of time on the
boundary, we have by Proposition 7.1,

7(¢(t)) U(ew)
[ arxam= 5 [ afteutrar
0

u€Jy(ry ¥ 0

#(t)
= Gg(t)-local martingale + Q% [
0 0

l(e)
Af(e(r))dr} du.
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Therefore, by (7.13), (7.14) we get

t
(7.18) f(€s(t)) = f(Xo) + Gg(+)-martingale + /0 g—fl(Xu)qﬁ(dU)

aCO)
+2 / Af(Xy)du.
2 0

To rewrite the second term on the right side of (7.12), let us set
I(e)

119 almew) = flwew) 5 [ AT Ty
t—7(u—

We claim that for any bounded function G(e) € B,_;(y—)(W*) and any t > s,

(7.20) / ge(u, ¢, ) G(e) Q% (de) =

Indeed, since the measure Q¢ has the transition density function po(t,z,y), and w
and u are regarded as constant in the integration in (7.20), if we replace t — 7(u—)
by t and s — 7(u—) by s, the left side of (7.20) becomes

D

Q° [G(e) . Eg(s) (f(BTD) — f(Bi—s) — % Af(By)du;tp >t — s) ;1> 3] =0,

t—s
which indeed holds because Eg*)(--.) =

We have
Fi((t),esmyyw) = D filueu,w)
u€Jy(¢)
S atwen) i [ Afesnu)d

7.21 = gt (u, eu,w) + 5 ety (u))du
( ) ‘U,EJ¢(¢) 2 t_T(¢(t)_) ( )

o(t)+ T((t))
/ / gt (u, e, w)n(de du) + / Af(X,)du.

Note that in the summations, only the last term is not zero. Finally, by (7.10) and
(7.12), (7.18) and (7.21), we obtain

(t)+
(7.22) B(f)t = Gg(t)-local martingale —/ / g:(u, e, w)7i(de du).
0 w

It follows from the above relation and (7.9) that to show B(f) is an F-local mar-
tingale, it suffices to prove the last term in (7.22) is %-local martingale, namely for
any bounded measurable H(w) € %;, and any t > s, we have

(7.23)
l/¢(t)+/ gt(u, e,w)n(de du) H(w) /¢(8)+/ gs(u, e, w)fi(de du)H(w) | .

We will now show in fact that both sides reduce to zero. The idea of the fol-
lowing proof is in [6]. By (7.8) and the usual argument, we may assume that

H(w) = K(w)L(w), where K (w) € Gg(s)— and L(w) = G(e;?t;(‘b(t)_)) for a bounded
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measurable function G on W. For K(w), there exists a §;-predictable process K;
such that K(w) = Ky(s). Using (7.20) we have

o(t)+ (s)+
/ /gtuew (de du)H / /gtuew (de du)H (w)

) E[ 2wl e«w)Ku(w)G(ez-““-))J

u€Jy(5)

= E[ i Ku(w)du/ g¢(u, e,w)G(es'T(“'))qu(de)}
0 w

=0.

The same proof applies to the right side of (7.23). Strictly speaking, we have to
replace s and t by s A 7(T) and t A 7(T) respectively in the above argument to
ensure that the proper integrability conditions are satisfied.

We have proved for any f € C?(D), B(f) defined in (7.14) is a %-local martin-
gale. By the martingale characterization, we conclude that X is indeed an RBM.
We may also start from the fact that B(f) is an %-local martingale and prove that
there exists an %-Brownian motion B; so that the Skorohod equation (2.6) holds
for the triple (X, B, ¢), thus proving that X is an RBM.

REMARK. We have only considered RBM starting from a point on the boundary.
Using an independent copy of killed Brownian motion on D, we can construct RBM
starting from any point in D. We omit the details.

8. Some asymptotic estimates. In this section we verify the following asymp-
totic formulas used in the preceding sections:

(8.1) Q%le:1(e) > t] ~ /2.
(8.2) N(a,b) ~ 2%22) lla — b2
For d > 3,

(8.3) E*[i(e)] ~ (1/d)||a — b]|*.

Space prohibits us to give complete proofs and we are content with indicating
the major steps and leave the interested reader to fill out the details. The appendix
in [13] is a good reference. Although it only deals with the RBM transition density,
the method and most of the estimates there are valid for the killed Brownian motion
transition density.

Let D be a bounded domain in R? (d > 2) with C? boundary. The fundamental
solution po(t, z,y) of the heat equation (2.10) can be constructed by the parametrix
method. Let

L(t,2,y) = (2mt) =% l=ull/2
be the transition density of the free Brownian motion in R%. Let ¢ be a C? function
on D such that 0 < ¢ < 1 and ¢(z) = 0 if d(z,8D) > 2, and ¢(z) = 1 if
d(z,0D) < ¢, for a small but fixed positive . For a point z € D close to the
boundary, let z5 denote the unique point on 4D such that d(z,dD) = ||z — z5]|.
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Let 2* = 225 — . Thus z* is a point outside of D symmetric to ¢ with respect to
the boundarv.
As a first approximation of the solution pg(t, z,y), we set

(84) Q(t’x’y) = F(t,z,y) - ¢(x)F(t,z*,y).

Obviously the boundary condition is satisfied, namely q(t,z,y) = 0if z € 9D. The
parametrix method is to seek a solution po(t, z,y) of the following form:

(8.5) po(t, z,y) = q(t,z,y) + /Ot ds/D q(t — s,z,2)f(s, 2z, y)m(dz).

It is not difficult to write down an integral equation for f(t,z,y):

fonn) =[5 - S dto - [as [ [5- 2] ate s 0s620mia)

This equation can be solved by the iteration method, and we express f(t,z,y) as
an absolutely convergent series

o0

(8.6) f(t,e,y) = Z (t,2,y),

where

hltz) = | 5 - 5] ato)

ultsa) = [ ds [ folt =5, 2)ucs(s, v )m(d)
Differentiating (8.5) with respect to z, we have

0
(87) 2g(t7y7 a’) - Bna (tva,y)

t )
q(t,a,y)+ [ ds 3 q(
0 D a

t— S, a, Z)f(S, 2, y)m(dz)

0
= _—q(t Li(t,a,y).
anaq( ,a,y) + 11t a,)
For the last term we have the estimate
(8.9) / (¢, 0, ) m(dy) < const.
D
for a constant independent of ¢ and a. A straightforward calculation shows that

(8.9) /D ;@q(t,a,y)m(dy) = 2/DainaF(t,a,y)m(dy) ~ 2\/%.

It follows from (8.7) to (8.9) that

/D g(t,y;a)m(dy) ~ \/;zt

This proves (8.1).
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Differentiating (8.7) with respect to y, we obtain

9(t,0.0) = 50 polt 0,0

(8.10) = sza—;bq(t, a,b) + o /Ot ds/D Bia q(t — s,a,2)f(s,z,b)m(dz)
- %{;an(t, 0,b) + L(t,a,b).

For I1(t,a,b), the following estimate holds:

(8.11) /000|I2(t,a,b)|dt=O(||a—b||_(d_1)),

(8.12) /Ooot||I2(t,a,b)||dt = O(a - b|~+9).

Again by straightforward computations, we have when a and b are close,

(8.13) /0 - %{;an(t, 0, b)dt ~ 22(5/22) lla = b||-,

(8.14) bl 0, )t ~ %Ha _ b2,

(8.12) and (8.14) hold if d > 3. It follows from (8.9)-(8.14) that

%0 T(d/2 )
N(a,b):/0 0(t,a,b)dt~%||a—b|| d

and ifd > 3
I t0(t,a,b)dt 1

E*Hi(e)] = ——fo 202 o

— b2

(8.2) and (8.3) are proved.

9. Concluding remarks. (a) Sato [12] proved that under certain conditions,
a time homogeneous Markov process is completely determined by its minimal part
and its boundary process provided that the process does not spend time on the
boundary. In view of Sato’s result, it is quite natural to construct a process from a
minimal process and a process on the boundary. As we have mentioned earlier, our
method can be applied to general diffusions on a compact Riemannian manifold
with boundary. Thus at least in this special case we have succeeded in carrying out
such a construction. (Recall that the excursion process P*? in our case depends
only on the minimal process.) In contrast to the method in [15], the shape of the
domain under discussion does not play any role in our approach. This makes it
possible to generalize our construction to processes of nondiffusion type with zero
sojourn time on the boundary. In the general case, however, the resolvent theory
should take the place of the martingale theory used here. This topic will be dealt
with in a future publication.

(b) In our construction, we have started with a minimal process X° (killed
Brownian motion) and a process £ on the boundary (the boundary process) which
are known to be the corresponding parts of a process X. Thus the data we started
with is consistent at the beginning. In the case of diffusions, consistency simply
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means that the Lévy measure of the boundary process must be related to the
minimal process in a certain way. Let us be more precise. Assume L is a smooth
elliptic differential operator on D which generates a minimal diffusion X° on D.
Let Ky (z,b) be the Poisson kernel of L and

10

NL(a'$b) - iﬂKL(awb)‘

Now let £ be a process on the boundary generated by an integrodifferential operator
L. Then a necessary and sufficient condition for X° and ¢ to be the minimal
process and boundary process of some diffusion process on D is that the Lévy
system of ¢ have the form (u(a)(0/0n,)NL(a,b),ds), where u is a finite strictly
positive function on dD. The function y is immaterial since it can be set to 1 by
an equivalent choice of the boundary local time

w) = | " W(X.) 80 (ds).

Now suppose we are given a minimal process X9 and we want to characterize
all possible boundary processes ¢ associated with X°. The answer is that the
Lévy kernel, which can be read off from the generator of £, must be of the form
described above. For example, all oblique RBMs on D will have the same minimal
part, and hence their boundary processes have the identical (up to a function y on
the boundary) Lévy system, but the generators of the boundary processes differ
one from another by a vector field on dD. More precisely, let v be a smooth vector
field on 9D such that v-n > a > 0, and let A, be the infinitesimal generator of
the boundary process of the oblique RBM with reflecting direction v. Then

Ay (a) = v(a) -n(a)An + vt (a).

Here v+ = v — (v - n)n is the projection of v on the tangent plane of the boundary.

(c) The so-called inverse problem is much more difficult to answer. In this
problem, we assume that a process on the boundary is given and ask for conditions
on minimal processes which can be associated with it. We can ask the following
more restricted question: Given a pure jump process £ on the boundary, is there a
minimal process X° consistent with ¢ so that the resulting diffusion process X is a
diffusion with normal reflecting boundary condition? If such X0 exists, is it unique?
The problem of uniqueness among diffusions with generators of the form V -4V is
equivalent to the physical problem of determining the interior conductivity (v) of
a body by measuring temperature and heat flow at the boundary. Although there
are some recent results by analysts towards an affirmative answer to the uniqueness
[14], the problem as we just stated remains open.
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