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Instructions

• This examination consists of 17 pages, not including this cover page. Verify that your copy of this

examination contains all 17 pages. If your examination is missing any pages, then obtain a new copy

immediately.

• This examination consists of 10 questions for a total of 200 points.

• You have two hours to complete this examination.

• Do not use books, notes, calculators, computers, tablets or phones.

• Write legibly and only inside of the boxed region on each page.

• Cross out any work that you do not wish to have scored.

• Show all of your work. Unsupported answers may not earn credit.

SOLUTIONS
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1. Determine whether each of the following statements is TRUE or FALSE, and circle your choice. You

do not need to justify your answers.

(a) (3 points) If the sum

1X

n=0

cn5
n
converges, then

1X

n=0

(�1)
ncn2

n
converges as well.

TRUE FALSE

(b) (3 points) If T4(x) is the 4-th degree Taylor polynomial of a function f(x) centered at a = 1, then

f(x)� T4(x) =
f (5)

(0)

5!
(x� 1)

5
.

TRUE FALSE

(c) (3 points) If

Z p
2/2

1/2

f(x) dx = �2 then

Z ⇡/4

⇡/6

f(sin x) cosx dx = �2.

TRUE FALSE

(d) (3 points) If an � 0 for all n and the series

1X

n=0

an converges, then

1X

n=0

an
n

also converges.

TRUE FALSE

(e) (3 points) If f(x) is a continuous function on [a, b], the left endpoint Riemann sum approximation

for

Z b

a

f(x) dx for a given partition is larger than the right endpoint Riemann sum approximation

for that same partition.

TRUE FALSE

÷sina.EE#EIEIF
fm some C between X and o

,
but

f- ( xl -

Ty(xl=f⇐¥4C×-115

C)
c not 0 itself

Scilly

- , = f f ( u ) du

U = six

@ sintlb

dutcosxdx = # fkldn : -2

any c- an so

0
{ an converges by comparison test

right endpoint

For is

¥*¥iII:*
.

.EE#Mw
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2. (20 points) It is known that

Z 1

0

e�x2
dx =

p
⇡

2
. Use this information to evaluate the following integral.

Z 1

0

x2e�x2
dx

Hint: It may help to rewrite the integrand as x(xe�x2
).

Jodie '×2dx=y"m→
.

)! x x e-
"

dx

III iii.¥e*i×i¥¥I¥aII[
fbx xe*d×= . Exe

'
lob +

t.f.be#dxlxexdx=Ifetdt

= - test + If .be#dx

take lin
b → a

:

Spx 'e*d× = tiny
.

I ÷ .

+ 's f.ae#dx
ft Hopital

= fine
.

Estes .

+ 's It = ot My

=F@
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3. (17 points) The following is the graph of a function g(x) on the interval [�4.4].

Consider the function f(x) on the interval [e�4, e4] defined by

f(x) =

Z lnx

0

g(t)dt.

Find all x in the interval [e�4, e4] satisfying f 0
(x) = 0.

Set Gktfoxgltldt .

so GYxl=gklby

Fundamental Theorem

of Calculus
fcxl : faux ) - Glo )

fkxl = f
'

( kx ) ( lnxl
'

by Chain rule

= g ( lnx ) l× ,

which is Zerowhen
-

ganx ) - o

) from graph need In × = -4
,

2,0 , 2,4

so x=eiYeie°,eh#_
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4. (20 points) Evaluate the following integral.

Z
1p

x2 � 2x+ 5
dx

Hint: Find values of a, b satisfying x2 � 2x+ 5 = (x� a)2 + b2.

×
'

- 2×+5  
= ( × - a) 2+5 = X

'
- 2axta2ts2

Need -2=-4 and 5=92+52

4 a=|
5=1 tb

'
→ b=2

)¥r**=J .IE ,

" x. i. nano

dx - Zseiodo

=/ 'Re ,

zseioao

x÷=*uo
.

'

' fzsetnozseiodo =fsec o do

harm -
= hhecotlanoltc

. =kl*¥"t×÷#
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5. Let R be the region in the first quadrant of the xy-plane bounded by the curves y = x3
and y =

p
x.

(a) (10 points) Find the area of R.

(b) (10 points) Set up an integral which computes the volume of the solid obtained by revolving R
about the y-axis. You do not have to evaluate this integral.

¥¥E→x¥×:IIiII¥Ii÷
"

=t¥' ' ¥4 No

- -2¥
outer radius × - y 'S

m
1 - yet •

Volume

6t€¥IIy'

:*" " '
'

⇒%
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6. This problem has two parts; the second is on the next page.

(a) (12 points) Determine whether the series

1X

n=2

p
n+ 1

n2 + n� 2

converges or diverges. Be clear about which convergence test you are using.

Compare to ⇐ ¥ =⇐zn÷h

n
't

. Fit YI dis . ten
( n2tn . 2)

2

III. f-n4 + 2n3 - 35 . 4n t 4

=L
. Ftn⇐k - 3h '

- 41ns t4/n4

= if = 1 > o and finite

So since §
,

u÷n Converges by p
- series test

;

⇐
,

T¥Lz converges by
limit

comparison
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(b) (12 points) Determine whether the improper integral

Z 1

1
2

1

x(x� 1)
dx

converges or diverges. If it converges, find its value.

¥
, ,

- ¥ txtf ,

⇒ KAH ' ) + Bx

×
= , → 13=1

×=o → A = - 1

sina.dxy.la ( ÷ + E.) dx

=s±g Iiftxtxt ,)d×
In 1=0

-

. Ish
,

flnfbittntztklb-11 .
h 's)

in

diverges to . a

s .
limit goes

to
- *

" fjz ×hT,,dx diverges .
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7. This problem has two parts; the second is on the next page.

(a) (12 points) Find the Maclaurin series of the function f(x) = x ln(1+x2
) by somehow manipulating

the series
1

1� y
=

1X

n=0

yn.
Set y= o t

%ntegratewith
respect to y : f tt in 1 = otc

- In lhyl = §
.

TY÷
,

+ C s .⇐
mum 's by - ' :

mh . yi =§=
.

' FI

set y
= - x

'
: in 1 ltxy = £ - fed

u=o nt )

ftp.#=f?n
" I

n =  o
ht I

myths : × in atx4= E.ei )
"

×2n¥
uti=⇐aixY÷D
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(b) (10 points) Determine the value of the following infinite sum. You must also give a reason as to

why the sum actually converges.
1X

n=0

(�1)
3n+3

22n+3(n+ 1)

Hint: Evaluate the series from part (a) at an appropriate value of x.

.

Set × = - tz in In ( itxz ) - { C- 15×4+3:
ntl

oe

+ get in ( it ±
,)=E←, 5 ftzynt

'

into -

nt )

oo

= { C- i )
" fi±

into 22-+3 ( ntl )
a 3nt3

= { C- I
neo 224+3 ( nti )

since this series is obtained by integrating the

geometric Series
,

which has radius of convergence I
,

this Series does. to
, So f{ / < I and - K is

within internal at

Convergence
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8. (a) (10 points) Suppose f(x) is a function satisfying f (n)
(�1) =

(n+ 3)!

3n
for each n � 0. Find the

Taylor series of f(x) centered at a = �1.

(b) (10 points) Find a single function f(x) satisfying all of the following conditions:

f(0) = 3, f 0
(0) = �11, f 00

(0) = 9, f 000
(0) = 5, f (4)

(0) = �3, f (9)
(0) = 22

§g⇐Y÷c×+n
"

:n§htI¥c×+n
'

*

Cut }7( ntzlfrtl )
= { -

Cxti )
"

n=o
3

"

Since @+371
.

#
= ( ut3)( nth Cut , )

Take Taylm series with all other derivatives

equal to 0 to get apolynomial :

f(×)=f(ol+f%l×+f÷lYx2tf÷Y)×
'

+ fC÷Y)×
"

+ M¥049

-

- 3.lk/t9zx2+5qx3.3x4tEx9#
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9. This problem has two parts; the second is on the next page.

(a) (10 points) Find the Maclaurin series of the following function.

f(x) = x(cos x� 1)

cos × ;§eny÷=r±It¥ ,
. .

.

cos X - I gets rid of %
so

a

C- I )
"

X"cosx . ' = { -

n=1 ( znl
.

mYiIIIEaie÷iD
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(b) (12 points) Find a bound on the error obtained when approximating f(x) using its third degree

Taylor polynomial T3(x) centered at 0 on the interval [� 1
10 ,

1
10 ]. Here, f(x) is the same function

as in part (a).

I fix ) - t ,
a) I = /f*heI×4|

fm some

C between

* and 0

t(x7= xcosx - ×

f 4×1 = cos × - xsin X - l

f
" (XI = - Zsinx - × cos X

f
' " ( × ) = - 3 co > × + X sin X 4 lsincl

bounds

g
bounds

/C Has c / fn

fl " 4×1=4 sinx + × cos × ( \ut
to

So 1ft
"

(c) 1=14 sin ( + ccosc It

4+1=5
this error =/ fy.tn/4/eyI,.H.l

"
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10. (20 points) Determine the interval of convergence of the following power series.

1X

n=0

(�2)
n

4n(n+ 2)
(x+ 1)

n

interval of convergence is f3
, D <

C) an

⇐ tie . ⇐ k÷÷aei"NIFt÷nl

* in
:*:*:IE÷t,±¥i¥¥IiiII?If

( - 3
, 1)

Test endpoints .

.

⇐ I. III. ,fzi=§n÷ .
which divers

:bComparison with { I

×±§¥hn ,

" 'i§¥I .
dig

.

Iro and

"

-
Converges bybn= ¥z decreases since denmihntn increases

,
so

alternating tries test
.


