Math 291-1: Midterm 2 Solutions
Northwestern University, Fall 2020

1. Determine whether each of the following statements is true or false. If it is true, explain why;
if it is false, give a counterexample.

(a) If A is a nonzero 2 x 2 matrix such that A% = A, then A = I.

(b) If U is a subspace of a finite-dimensional space V and dimU = dim V, then U = V.

Solution. (a) This is false. Take A = [} 9] for instance. Then A% = A but A # I. More generally,
the matrix of any orthogonal projection (A above gives orthogonal projection onto the z-axis) onto
a line will be a counterexample.

(b) This is true. Take a basis uq,...,u; for U. Since dimU = dim V/, a basis for V will also
contain k elements, so uq,...,u; must already be a basis for V as well. This means that U =V,
since both U and V are spanned by the same vectors. O

2. Set vi = e1,Vs = €] + €3, and v3 = €] + €3 + e3 where e; € R3 is the vector with a 1 as the
i-th entry and 0 elsewhere. Suppose A is a 3 X 3 matrix. Show that

Av; € span(vy), Avy € span(vy, va), and Avs € span(vy, v, v3)

if and only if A is upper-triangular. (Recall that an upper-triangular matrix is one where the entry
in the i-th row and j-th column is zero for ¢ > j. In the 3 x 3 case, this means that the entries in
the 2nd row 1st column, 3rd row 1st column, and 3rd row 2nd column are all zero.)

3. Let v, va, Vs, v4 € R?* be vectors which span R?, and suppose A is an 4 x 4 matrix such that
Avy = vy, Avy = 2vy, Avy = 3vs, and Avy = 4vy.

(a) Show that A is invertible by expressing A as a product of invertible matrices.
(b) Show that A is invertible by showing that the only solution of Ax =0 is x = 0.

Proof. (a) Since
A[Vl Vo V3 V4] = [AVl AVQ AV3 AV4],

the information in the setup gives
A [Vl Vo V3 V4] = [Vg 2V4 3V3 4V1] .

Since v1, Vo, v3, vy span R*, vo, 2vy, 3vs, 4v; also span R?* since any linear combination of the first
set can be written as a linear combination of the second set:

a1vi + agva + agvs + a4vy = ia1(4v1) + agva + %a3(3v3) + %a4(2v4)-

By the Amazingly Awesome theorem, both the matrix with vi,vs, v3, v4 as columns and the one
with vg,2vy, 3v3,4vy as columns are invertible, so multiplying on the right by the inverse of the
first gives:

A= [VQ 2vs 3vs 4V1] [Vl Vy V3 V4]71 ,

which expresses A as the product of invertible matrices. Hence A is invertible.
(b) Suppose x satisfies Ax = 0. Since vi, va, v3, v4 span R*, we can write

X = a1Vvy + asvse + agvs + aqvy for some ai,a2,as3, a4 € R.



Then
0=Ax = a1Avi + a2 Avsy + az3Avs + agAvy = a1vo + 2a9v4 + 3aszvs + dagvy.

Since vi,Va,v3, vy span R* and R* is 4-dimesional, vy, vo, Vs, v4 are also linearly independent.
Thus in the equation above we must have

a1 =0, 2a2 =0, 3a3 =0, and 4a4 = 0,
which implies a1 = a2 = a3 = a4 = 0. Thus
x =0vy +0vy 4+ 0vs +0vy =0,

so the only solution of Ax = 0 is x = 0, and hence A is invertible by the Amazingly Awesome
Theorem. O

4. Suppose V is a vector space over K and that U is a subspace of V. Suppose further that z,y € V
are elements such that 2z + 3y € U. If 4o + 9y € U, show that x € U and y € U.

Proof. Since U closed under scalar multiplication and 2x + 3y € U, we have

—2(2x 4+ 3y) = —4x — 6y € U.
Since U is closed under addition and 4x + 9y € U, we also have

(4x +9y) + (—4z — 6y) =3y € U.
Then %(By) =y is also in U. Moreover, —3y € U so
(20 4+ 3y) + (-3y) =22 € U,

which implies §(2z) = z is in U as well. O
5. Let B € M3(R) and let U be the set of all 3 x 3 matrices which commute with B:

U={Ae M3R)| AB = BA}.

(a) Show that U is a subspace of M3(R).
(b) Find a basis for U in the case where B = {
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