Math 291-1: Midterm 2
Northwestern University, Fall 2020

Name:

1. (10 points) Determine whether each of the following statements is true or false. If it is true,
explain why; if it is false, give a counterexample.

(a) If A is a nonzero 2 x 2 matrix such that A% = A, then A = I.

(b) If U is a subspace of a finite-dimensional space V and dimU = dim V, then U = V.
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2. (10 points) Set vi = e1, vy = e1 + €3, and v3 = e] + e + e3 where e; € R3 is the vector with a
1 as the i-th entry and 0 elsewhere. Suppose A is a 3 x 3 matrix. Show that

Av; € span(vy), Avy € span(vy,va), and Avs € span(vy, va, v3)

if and only if A is upper-triangular. (Recall that an upper-triangular matrix is one where the entry
in the i-th row and j-th column is zero for ¢ > j. In the 3 x 3 case, this means that the entries in
the 2nd row 1st column, 3rd row 1st column, and 3rd row 2nd column are all zero.)



3. (10 points) Let v1,Vva, V3, v4 € R* be vectors which span R*, and suppose A is an 4 x 4 matrix
such that
Avy = vy, Avy = 2vy, Avy = 3vs, and Avy = 4v;.

(a) Show that A is invertible by expressing A as a product of invertible matrices.
(b) Show that A is invertible by showing that the only solution of Ax = 0 is x = 0.



4. (10 points) Suppose V is a vector space over K and that U is a subspace of V. Suppose further
that z,y € V are elements such that 2z + 3y € U. If 4o + 9y € U, show that x € U and y € U.



5. (10 points) Let B € M3(R) and let U be the set of all 3 x 3 matrices which commute with B:
U={Ae€ M3R)| AB = BA}.

(a) Show that U is a subspace of M3(R).
(b) Find a basis for U in the case where B = [

oo
oo+
(=]}



