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BERNSTEIN POLYNOMIALS, BERGMAN KERNELS AND TORIC KAHLER
VARIETIES

STEVE ZELDITCH

We show that the classical Bernstein polynomials By (f)(z) on the interval [0, 1] (and their
higher dimensional generalizations on the simplex ¥,, C R™) may be expressed in terms of
Bergman kernels for the Fubini-Study metric on CP™: By (f)(x) is obtained by applying the
Toeplitz operator f(IN~1Dy) to the Fubini-Study Bergman kernels. The expression generalizes
immediately to any toric Kéhler variety and Delzant polytope, and gives a novel definition of
Bernstein ‘polynomials’ B~ (f) relative to any toric Kdhler variety. They uniformly approxi-
mate any continuous function f on the associated polytope P with all the properties of classical
Bernstein polynomials. Upon integration over the polytope one obtains a complete asymptotic
expansion for the Dedekind-Riemann sums ﬁ Yacnp F(5) of f € C(R™), of a type
similar to the Euler-MacLaurin formulae.

Introduction

Our starting point is the observation that the classical Bernstein polynomials

0 B = ¥ (e el s,

aeN™:|a|<N
on the m-simplex 3, C R™ may be expressed in terms of the Bergman-Szego kernels ths (z,w) for

the Fubini-Study metric on CP™: Let ¢’ denote the standard T™ = (S')™ action on C™ and and let
Dy, denote the linearization (or ‘quantization’) of its infinitesimal generators on H°(CP™, O(N)).
As will be shown in §1 (see also §3),

@) By (f)(x) !

= ——f(N"'Dp)In_(e”
thS(Z,Z)f( 9) hgs(e 272)

lo—0,:=155 (2"

where f € C§°(R™). Here, IS denotes the Bergman-Szego kernel on powers O(N) — CP™ of

the invariant hyperplane line bundle, f(N~'Dy) is defined by the spectral theorem and py,,.¢ is

the moment map corresponding to hpg. Thus, the Bernstein polynomial By f(z) is the Berezin
N, N (2,2)
. . —1 . . h .
covariant symbol of the Toeplitz operator ths f(N D9)thsﬁ i.e. the quotient % of its

kernel hgs(z, z) on the diagonal by the Bergman-Szeg6 on the diagonal. From this formula, many
properties of Bernstein polynomials may be derived from properties of the Fubini-Study Bergman-
Szego kernel.

Furthermore, the formula (2) generalizes immediately to any polarized toric Kéhler variety

(L, M,w) and defines analogues By~ (f)(z) of Bernstein polynomials for any Delzant poytope P
and any positively curved toric hermitian metric & on the invariant line bundle associated to P.
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We simply replace the Hermitian line bundle O(1) — CP™ with its Fubini-Study metric by any
toric invariant Hermitian line bundle (L, h) — (M,w) (see Definition 2).

The connection between Bernstein polynomials and Bergman-Szego kernels may be used to obtain
asymptotic expansions of Bernstein polynomials as the degree N — oo;

THEOREM 1. Let (L,h) — (M,w) be a toric Hermitian invariant line bundle over a toric Kdhler
variety with associated moment polytope P. Let f € C§°(R™) and let By~ (f)(z) denote its Bern-
stein polynomial approximation in the sense of Definition 2. Then there exists a complete asymptotic
expansion,

By (£)(x) = f(2) + L1f(@)N "+ Lof ()N 24+ 4 Lo f(z) N+ O(N™71),

in C(P), where L; is a differential operator of order 2j depending only on curvature invariants
of the metric h; the expansion may be differentiated any number of times.

In the case of classical Bernstein polynomials (1) (i.e. the interval or simplex) , this expansion has
recently been derived by L. Hérmander [HG] by a different method (see (6)). The approach taken
here is to use the Boutet de Monvel-Sjostrand approximations of Bergman-Szego kernels, with some
simplifications in the case of toric hermitian metrics [BSj, STZ]. The operators £L; are computable
from the coefficients of the asymptotic expansion of the Bergman-Szegd kernel II,~(z,z) on the
diagonal in [Z, Lu]. It should be noted that for general toric Hermitian line bundles, the Bernstein
‘polynomials’ are not quite polynomials in the usual sense, although they are algebro-geometric
objects in the sense of [D, TJ; see §2 for further discussion.

As defined in (2) and in Definition 2, the Bernstein polynomials are quotients

Nin f(2)
3 By~ x) =
@ O G ) )
of a numerator polynomial Ny~ f(x) by the denominator I~ (z,z) with pp(z) = x. Here, uy is
the moment map associated to the Kéahler form wy associated to h. The numerator polynomials
also admit complete asymptotic expansions, and indeed the Bernstein polynomial expansions are
derived from the numerator expansion and from the asymptotic expansion of the denominator.
Hence, Theorem 1 follows from:

THEOREM 2. With the same assumptions as above, there exist differential operators N, such that

m

N (£)(@) ~ o (£() + NG () ).

where the operators N are computable from the Bergman kernel expansion for I~ (z,z). In par-
ticular,

Nf () = 5 (£S5 @) + Vil () - V£()

where S(z) is the scalar curvature of the Kdhler metric wy,.

The operator A7 is calculated in §5. Note that S is constant on p~1(x) so it may be evaluated
at any point of this set.

Theorem 2 has an application to Dedekind-Riemann sums over lattice points in dilates of the
polytope P, i.e. sums of the form

> F5) feCE®™)
aeENP

Upon integration of NV}~ f(z) over P and multiplication by a universal constant, one obtains:
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COROLLARY 3. Let f € C§°(R™). Then there exist differential operators £;, such that

> 1)~ [ e+

f
aENP or

m—1

(z)do + N™2 / Eaof(z)dx + -,
P

where o is the Leray measure on OP corresponding to the affine defining functions £,(x) = (x,v,)

of the boundary facts (cf. 23). That is, on the rth facet of OP, dl, N do = dzx.

Exact and asymptotic formulae for ) . p f(f) have been previously proved for special f using
the generalized Euler-MacLaurin formulae of Khovanskii-Pukhlikov, Brion-Vergne, Guillemin-
Sternberg and others (cf. [G, GS, GSW, KSW]). For purposes of comparison, Theorem 4.2
of [GS] states that for f € C5°(R"),

) D S (P gzm%%) /th<a:>da: lho + O(N—),

aeN™:|a|<N yery,

where the sums involve various data associated to the polytope P and where P, is a parallel dilate
of P. We refer to [GS] for the notation. The two term expansion given in Corollary 3 was stated
in [Sz]. It is straightforward to generalize the formula and proof to the case where f is a symbol
as in [GSW], and to obtain remainder estimates in the expansion.

A significant difference between the Euler-MacLaurin and the Bernstein methods for obtaining
expansions of Dedekind-Riemann sums ZaeNm:| <N f(f) is that the Bernstein approaches uses
an arbitrary toric Kahler metric while the Euler-MacLaurin approach is metric independent. This
reflects the fact that the Bernstein approach is to integrate the pointwise expansion of Theorem
2, which depends on the metric h. The metric independence of the expansion in Corollary 3
is equivalent to a sequence of integration by parts identities involving curvature invariants. For
instance, we obtain the second term in the expansion in §6 by using an integration by parts identity
on polytopes due to Donaldson [D2]; see also §1 for the simplest case. Conversely, comparision of
the metric expansion in Theorem 2 and the Euler-MacLaurin expansion in (4) gives another proof
of this identity, and generates further identities in the lower order terms for any choice of toric
hermitian metric.

The connection between Bernstein polynomials, Bergman kernels and Berezin symbols appears to
be new, and one of the principal motivations of this article is simply to point out the toric geometry
underlying the classical Bernstein polynomials. We then exploit it to simplify the approximation
theory and to extend it to general toric Kéhler varieties. The generalized Bernstein approximation
theory should be useful in the program of Yau-Tian-Donaldson of making algebro-geometric (i.e.
polynomial) approximations to transcendental geometric objects on Kéhler varieties (cf. [D1, T]).
For instance, in [SoZ] what we recognize in this article as Bernstein polynomials were used to
approximate geodesic rays in C? (see also [PS]). However, in [SoZ] the function denoted by f in
Definition 2 in §2 (denoted Ry in [SoZ]) also depended on N in a subtle way, and so the polynomial
approximations were much more complicated than the Bernstein polynomials of this article. One
of our purposes in this article is to separate out the role of Bernstein polynomial approximations
implicit in [SoZ] for other applications, for instance to test configuration geodesics in [SoZ2]. In
particular, the measures p3; defined in (31) are studied in detail in [SoZ2], and the ‘law of large
numbers’ in Corollary 5 is developed into a large deviations principle.

We close the introduction with references to related work. As mentioned above, the article
[HO] also concerns relations between Bernstein polynomials and Bergman kernels, for the opposite
purpose of deriving Bergman kernel expansions on Reinhardt domains from classical Bernstein
polynomial expansions on the simplex. The exposition in §5 was influenced by its analysis of
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Bernstein polynomials. It also draws on the analysis of [STZ, SoZ|. More on Berezin symbols of
Toeplitz operators can be found in [Ch] and specifically in the toric case in [STZ].

Bernstein introduced Bernstein polynomials to uniformly approximate continuous functions on
[0,1]. M. Kac and O. Szasz introduced analogous analytic functions on [0,00] to approximate
continuous functions uniformly on compact subsets of [0, 00]. In [F], it is explained that the Szasz
analytic functions are also of the form (2), but with the Bargmann-Fock Bergman kernel replacing
the Fubini-Study one. Feng then generalizes the results of this article to infinite volume toric
varieties (e.g. Calabi-Yau toric varieties), and explains how the Szasz analytic function is the
scaling limit towards the boundary of a toric Bergman polynomial.

In addition to the Bergman-toric generalization of Bernstein polynomials, there also exists a
probabilistic generalization of Bernstein polynomial which replaces (]O\f ) by the weighted number
of lattice paths from 0 to o with steps in the polytope P. This definition also coincides with the
canonical one in the case of the Fubini-Study metrics on CP™ but in general gives a different class
of polynomials defined on the simplex of probability measures on {1,...,m}. In the case of the
simplex >, = P, both spaces are the same, but in general they are not. The relevant analysis could
be obtained form [TZ]; we will not discuss these generalizations here. In [Ta], T. Tate defines yet
another kind of Bernstein polynomial on a convex polytope, based on certain ‘Bernstein measures’.
They are closely related to the analysis in [HG6]. In his recent survey [D3] (Section 2.3), Donaldson
discusses a number of problems and results on norms of monomials and measures on lattice points
in convex polytopes which are closely related to the material in [SoZ, STZ, Ta].

We would like to thank H. Hezari for a careful reading of the article and for pointing out some
notational inconsistencies and misprints in an earlier version.

1. Fubini-Study and classical Bernstein polynomials

Let us begin by explaining in more detail the Bernstein-Bergman connection for the Fubini-Study
metric in one complex dimension. We recall that Bernstein polynomials of one variable give canon-
ical uniform polynomial approximations to continuous functions f € C([0,1]):

N .
(5) BN =3 (7)1 - ap

J=0

They have the special feature that they simultaneously uniformly approximate all derivatives of f
if feCk ie By(f)®(z) — f®(z) (cf. [L]), and if f € C* there exists a complete asymptotic
expansion ([HG))

00 d »
(6) BN(f)@) ~ > Lu(w, ) f(x)N ™
pn=0
for certain polynomial differential operators L, (z, %),
1 5, d? 1 5 @ 1 9vg d*

In this case, BN(f) = 53 /N~(f) (cf. Theorem 2), and also

1
1
() oo (el
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Hence, (5) implies that

Jo Mv(H)@)dz = YN, F(4)
— (N +1) (fo p)da + & [N (@ — 22) (= )da:+---)
= (N + 1) (fy F@ydz + g (F0) = £0) =23 f(w)de) +--)

= N [y f@)de+ 3(f(1) = £(0) + O().

We included the routine details to point out that obtaining the first two terms of the Euler-
MacLaurin Rlemann sum expansion in Theorem 3 required two integrations by parts and cancella-
tions of fo x)dz in the constant term between the subleading term of the dimension (Riemann-

Roch) polynomial (N 4 1) term and in the fo L f(x)dx term. Similar cancellations occur in the
general case (see the proof of Theorem 3).

We now relate the Bernstein polynomials By (f) on [0,1] to the Bergman kernel for the Fubini-
Study metric on CP'. The discussion is almost the same for the m-simplex %,, C R™ and the
Bergman kernel for the Fubini metric on CP™, so we carry it out in all dimensions. We first need
to recall some standard facts about the Bergman or Szeg6 kernels for the Fubini-Study metric.

By the m-simplex we mean the convex set ¥, = {(z1,...,2m) € R} ¢ [|z]] :== 370, z; < 1}
We denote its dilate by N € N by NX,,. As discussed in [STZ] and elsewhere (see [STZ] for
references), the space Poly(NX,,) of polynomials with exponents o € N¥,,, can be identified with
the space of degree-N homogeneous holomorphic polynomials in m + 1 variables by identifying the
(non-homogeneous) polynomial

f(zlu"'yzm): Z Caza (Zazz?l...zglm)

with the homogeneous polynomial

F(Coy--yCm) = Z cagév—\alglal... om

la|<N

The space Poly(NY,,) has a natural £2 inner product,

1 __
8 g) = — FGd
( ) <f7g> m! 32m+1 V??
where dv is normalized Haar measure on S$27+1,
This inner product is equivalent to viewing f,g as a holomorphic sections of the Nth power
O(N) of the hyperplane line bundle O(1) — CP™ dual to the tautological line bundle. The line
bundle O(1) carries a natural metric hrg given by

© Isthas () = L2

for s € C™t* = HO(CP™,0(1)), where |w|? = >0 lw;* and [w] € CP™ denotes the complex
line through w. The Kéahler form on CP™ is the Fubini-Study form

—1 v—1 -
(10) wis = ~5—Onps = —5—00log lw|? .

, w = (wy, ..., wy) € C™
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The natural Fubini-Study inner product on sections is then

(51, 52) = / (51, 52 hpswiis /.
]pm

In an affine chart and local frame e, sections have the form fe where f is a polynomial and the
inner product takes the explicit form

(1) 0= [ G o) g0 € PolyvE),

H?:l dzj\dZz;
(1+]2]2)(4+1)
generalize to any holomorphic line bundle.

A basis for Poly(NX,,) is given by the monomials x4 (z) = 2{" -+ 25, |a| < N. The monomials
{Xa} are orthogonal but not normalized. Their £2 norms given by the inner product (8) are:

where dVpg = is the Fubini-Study volume form. Both versions of the inner product

1
(N — |a])lag! - ap!] 2
12 = .
(12) Il = |
Thus, an orthonormal basis for Poly(NX,,) is given by the monomials
1
1 (N +m)! 2 (N+m)! (N
where
N N
14 = .
(19) <a) (N —Ja])lar! -
We let XY : §2m+1 — C denote the homogenization of yq:
(15) WN(z) = xév_‘alx?l ceexom

The Bergman or Szegd kernel ths for the Fubini-Study metric is the orthogonal projection to

the space HY(CP™, O(N)) of holomorphic sections with respect to the inner produced induced by
hrs, which lifts to the orthogonal projection ths onto Poly(N3). The latter is given by

- 1 = N+m)! N
(16) ths(‘r7y) - Z ||Xa||2X0£( )Xa(y) - T<x7y> ’
la|<N
for 2,y € S?™*1. In particular, on the diagonal we have (z,z) = 1 and
(N +m)!
N!

In terms of the standard local affine frame on C™, we have Y\ (z) =

(17) My (z,2) =

Za
W s and hence

N _
(N +m)! 2 lal<N (o) 20"
N (4 2N+ [w][2)N/2
We now have the ingredients to identify Bernstein polynomials for the simplex NX,, in terms

of the Fubini-Study Bergman-Szegd kernel. The Ké&hler potential of the Fubini-Study metric is
ors = log(1 + ||z||?) where ||2]|?> = > |zj|?, and its moment map is

(18) My, (2 0) =

Bl |2l
L | N € |1

Mth(Z) = ( )
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The Fubini-Study symplectic potential is the convex function on ¥, given by the Legendre trans-
form of prg in logarithm coordinates,

uo(@) = ) wjlogaj + (1 — [|z])) log(1 — [|[])
j=1

where ||z|[ = 377", z;. A simple calculation shows that the Bernstein terms may be expressed in
terms of the symplectic potential as
N N N(uo(ac)-l—(%—:v,Vuo(:v)))
(19) () = halp-r = 2 2
a (N +m)! [E2 1N
FS

It follows that the Fubini-Study Bernstein polynomial is given by

N (ug(@)+(§ —=,Vug(@)))

IES
hps

(20) By(f)(@) = W Yoo f(§) € y 2= HZ;S(CU)-

On the other hand, one can also express the Bergman-Szegé kernel in terms of the symplectic
potential at the points (¢%z, 2) as

@
. B N e )eN(uo<z)+<W—m,Wo(m>>)
11 e 2) = eilfa
nls(€722) = 2amo E
FS

(21)
= Ty (22) Xz (3)e (1 = |lz[ N1,

Indeed, comparing (18) and (21), we see that the two expressions for the Bergman-Szegd kernel
agree as long as

(22) ’za‘Qe—Nlog(l—i-HzHQ) _ eN(uo(:t)Jr(%fx,Vuo(x)))’ when 'thS(Z) =z,
and this follows from the pair of identities,
|22 = elVuo(@) og(1 4 2|?) = (x, Vug(x)) — up(z) when pp,q(2) = z.

On the open orbit, we may use logarithmic coordinates z = e?/2®_ Then p = Vug(z) and the
identities are equivalent to the fact that the Ké&hler potential and symplectic potential are Legendre
transforms of each other. Since both sides of (21) are continuous, the equality extends to all of M
and P.

Applying the operator f (%) just replaces e{®® by f (%)- Then, dividing by ths(z,z) gives
(20) and (2). Together with the formulae above for norms of monomials and the Szegé kernel in
dimension m, the formula (1) also reduces to (20).

2. Definition of the generalized Bernstein polynomials

We now generalize the definition of Bernstein polynomial to any polarized toric Kahler variety, and
generalize the calculations of the previous section.

We recall that a toric Kéhler manifold is a K&hler manifold (M, J,w) on which the complex torus
(C*)™ acts holomorphically with an open orbit M°. We assume that M is projective and that P
is a Delzant polytope, i.e. a convex integral polytope in R” with the property that each vertex is
contained in exactly m facets, and the normals to the m facets at each vertex form a Z-basis for a
lattice I' C R™ so that T = R™/T" is the torus acting on Mp. The convex polytope P is defined
by a set of inequalities of

(23) (x,vp) > Ay, T=1,...,d,
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where v, is a primitive element of the lattice and inward-pointing normal to the r-th (n — 1)-
dimensional face of P.

We denote by T™ = (S*)™ the real torus underlying (C*) By a toric Kahler metric we mean
a Kihler metric w invariant under T™. We assume that % ~w is a de Rham representative of the
Chern class ¢1(L) € H*(M,R) of the invariant holomorphlc line bundle L — M. We let h denote
the Hermitian metric on L inducing the Chern connection with curvature (1,1) form wy, = w. Here,
given a Hermitian metric A,
(24) on=—-YLobl0g es .
where ey, denotes a local holomorphic frame (i.e. a nonvanishing section) of L over an open set
U c M, and |leg||n = h(er,er)'/? denotes the h-norm of e;. We often write w for wy, when the
metric is fixed.

Now fix a basepoint mg on the open orbit and identify M° = (C*)™, endowing M with the
logarithmic coordinates

z = eP/2tiP ¢ CH™, p,p e R™.

Over the open orbit, w has a Kihler potential, i.e. w = —2id9¢(z). The associated Hermitian
metric then has the form h = e™¥. Invariance under the real torus action implies that ¢ only
depends on the p-variables, hence,

_ Z (9 Y2 dZ] dgk
Oprpj z 5k '
We sometimes subscript w to indicate the associated hermitian metric or Kahler potential, e.g.
w = wp = w,. By a slight abuse of notation, we denote the Kahler potential in the logarithmic
coordinates by ¢(p). Positivity of w implies that ¢ is strictly convex of p € R".
The real torus T acts on (M,w) in a Hamiltonian fashion with respect to w, and its moment
map fu, = pp With respect to w, = wy, is defined by

(25) Mh(Zl,...,Zm) :vp@(plw--,ﬂm), (Zzep/2+i9),
The symplectic potential u, associated to the Kéhler potential is defined to be the Legendre-dual

of ¢, defined as follows: for x € P there is a unique p such that ,ug,(ep/ 2) = Vo = x. Then the
Legendre transform is defined to be the convex function

(26) up(2) = (2,0) = 0(p), &* = p;'(2)
on P.
Guillemin [G] (see also [A]) has defined a ‘canonical’ Kahler metric and symplectic potential, as
follows: Let . : R™ — R be the affine functions,
gT’(x) = <$,UT> - )‘7‘-

Then the canonical symplectic potential is defined by
(27) Zek ) log £k (@),

which in turn corresponds to a canonical Kahler potential. Every symplectic potential has the same
singularities on the boundary 0P as the canonical symplectic potential.

In general, we denote by G, = V?Ewp the Hessian of the symplectic potential. It has simple poles
on OP. We also denote by Hy(p) = V,%(p(ep/ 2) the Hessian of the Kihler potential on the open
orbit in p coordinates. By Legendre duality,

(28) Ho(p) = G\ @), pp(e?’?) = 2.
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We now let (L,h) — M denote the invariant Hermitian line bundle with curvature wy, = w.
A natural basis of the space of holomorphic sections H°(M, L") associated to the Nth power of
L — M corresponds to monomials z%* where « is a lattice point in the Nth dilate of the polytope,
« € NP N Z™. The hermitian metric A on L induces inner products Hilby(h) on HO(M, L"),
defined by

rsh = [ (s1(2),sa(e)ao 2.

The monomials are orthogonal with respect to any such toric inner product and have the norm-
squares

(29 Qux(a) = /C [N, (2),

where dV,, = (i00p)™/m/!. Integrating over the torus fibers, we obtain an expression in terms of
the symplectic potential,

(30) Quv(a) = C1 / N o (@ § 2.V ua@)) g
P

where C7, is the (common) volume of the torus fibers. It depends on the expression for L;l—hwr in
action-angle variables with respect to the moment map py, hence on the first Chern class ¢1(L).
The Bergman-Szego kernels for this hermitian metric are the orthogonal projections with respect

to Hilbx(h) to HO(M, L"™). If we denote the sections corresponding to the monomials by S, then,

B Sa(z) ® Sa(w)*
I~ (z,w) = QGZNP O (@) .

Yaenp 1Sa()I2 v
QhN (Oé)
The following definition generalizes the formula of (1) to any toric Kéhler manifold.

The diagonal contraction of the kernel is denoted by I~ (z, z) =

Definition: Let f € C(P). The Nth normalized (Bergman-)Bernstein polynomial approximation
to f with respect to the hermitian metric h on L — M is defined by

By f(z) = mNth($), where

N (up (@) +(f o, Vue(@)))

Nvf() = aenp [(R)S @

To our knowledge the only previously studied cases are the Bernstein polynomials for the simplex
(1) or the d-cube, where

d

BN(f)(CU): Z f(%,,zﬁd)n <Z>x2k(1_xk)]v_ik'

0<i1,...,ig<N k=1

Here, (21,...,7q) € [0,1]%

2.1. Associated measures p3;. As in the classical case, Bernstein polynomials are closely related
to certain probability measures on P. We define

(31) p = Y Ples)s,

wenp Tnn(2,2) ¥
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where Py~ (a, z) denote the Fourier coefficients of the Bergman kernel with respect to the T™,

(32) Puv(a,) = 2L
Q, 2 _—.
" Qn ()
PROPOSITION 2.1. Let f € C(P) and let x = py(z) and let h = e~%. Then,
By f(x) = [p fW)dui(y).
Proof. This follows from the pair of identities,
ay PN (a2
Jp fWdui(y) = Yaenp f(N)HZIJVVi((z,z;v
1 NV (up (@) +(F —a log ug ' (@)
I, v (2,2) ZaENP f(ﬁ) Q:N(a) .

The first equality is obvious from the definition. The second equality generalizes the identity (22):
(33) ’za‘Qe—Nw(Z) — eN(uq;(:v)+<%—w,loguél(w»)’ when pu,(2) = 2.

As in the case of the Fubini-Study metric, the identity splits into two identities on the open orbit,
(34) 2% = elor)  o=Ne(z) — N (up (@)= (2 log ' ()

The first follows from the fact that

(35) Veug(x) = log ,u;l(ac) =p,

since by (26), Vyu,(r) = p+(x, Vap) — (Ve(p), Vap) = p, as V(p) = x. The second then follows
from the fact that ¢(p) and u,(z) are Legendre duals. The identity of the Proposition then extends

by continuity to the closure.
O

As a simple corollary, we obtain one of the standard properties of Bernstein polynomials.
COROLLARY 4. Let f € C(P). Then minpg f < Byn(f)(r) < maxp f.

Furthermore, as an obvious consequence of the leading order asymptotics in Theorem 1, we have:
COROLLARY 5. In the weak topology of measures on C(P), puf — 6y, (»)-

In [SoZ2], it will be shown that in addition the sequence { }72, of probability measures satisfies
a large deviations principle for each z (which is uniform in z).

2.2. Bernstein polynomials for the Guillemin Kihler metric. Let us calculate explicitly
the numerator polynomials for the canonical symplectic potential (27) or Kéhler form. We have,

Vug(z) = Z(log b vk + 0, U= ka.
k k

Hence,

o « (0% _
<N —z,Vug(z)) = ;(N —z,vy) log £}, + <N —z,7),

and
eN(uo(x)Jr(%fx,Vuo(x))) _ 6(04fo,17>Hk(gk(x))NZk(:t)Jr(afN:t,vk)

— ela—Nz,p) Hk (gk (x))—NAk—i—(a,vk)
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where in the last line we use that ¢x(x) — (z,vr) = —A,. Hence, the numerator of the canonical
Bernstein polynomial may be rewritten as
(36) N f(@) = Eaenr F) g7 V00 Tlels(z) - Mten),

can

which closely resembles the classical cases (where also v = 0). Here, @~ (c) is the norming con-
stant with respect to the canonical Hermitian metric, given by (30) where the symplectic potential
is chosen to be the canonical one.

In general, the symplectic potential has the form

(37) Uy () = ug(w) + gp(x ka )1og . (x) 4 gp(x),

where g, € C*°(P) is smooth up the boundary [G, A, D2]. Hence the a term gets multiplied by
the additional factor
N (90 (@) +(F—2,Vgp(2)))

3. Bernstein polynomials, Toeplitz operators and Berezin symbols

In this section, we prove formula (2) in the setting of general toric Kéhler varieties. We use the
notation and terminology of [STZ].
We state the general result in the following

ProrosiTioN 3.1. We have,

Niw (F)(@) = (Tl FN"LD0) g ) (€2, 2) o ()=

Remark:
We note that when f =1, then Ny~ (f)(z) = Uy~ (2, 2) (with pp(z) = ).

Proof. The proof is simply a matter of unwinding the definitions and using some basic Fourier
analysis. The Bergman kernel is a section of the bundle (LV) ® (LY)* — M x M. It is simpler
to deal with scalar kernels, and so we lift the Bergman kernel to a kernel II,~ (z,y) on the unit
circle bundle 7 : X — M with respect to h in the dual line bundle L*. In other words, X = 0D}
is the boundary of the unit disc bundle with respect to A in the dual line bundle L*. We use local

product coordinates z = (z,0) € M x S' on X where z = % Hzggll in terms of a local holomorphic

frame e(z) for L. When working on M we tacitly use the representative of I}~ relative to the
frame e(2)" of LY. For the sake of brevity, we will not review the definitions but refer to [STZ]
for the relevant background.

The space H(M, L) is naturally isomorphic to the space H3;(X) of CR holomorphic functions
transforming by ¢”V? under the S! action of the circle bundle X — M. The generator of the S!
action is denoted by %. We further denote by s — § the lift of a section to an equivariant CR

function and by fIhN (z,y) the lifted Szegd kernel, i.e. the orthogonal projection from L?(X) —
H%(X). The monomial sections s, which equal z® on the open orbit lift to equivariant functions
Soon X.

By the standard linearization of geometric quantization (reviewed in this context in [STZ]), the
T™ action lifts to X as contact transformations of the Chern connection form associated to h. For
the sake of completeness, let us recall the lift of the torus action to H%,(X), and its linearization
on HO(M, LN): The generators W of the T™ action on M lift to contact vector fields =1, ...,
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on X with respect to the vertical contact 1-form « satisfying dao = m*w. The horizontal lifts of the
Hamilton vector fields §; are then defined by

&l =&, ag)) =
and the contact vector fields =; are given by:
0
700
where p is the moment map corresponding to h, and where f;-‘ € R™ is the element of the Lie
algebra of T™ which acts as {; on M.

It follows that the vector fields act as differential operators on the CR Hardy spaces, Z; :
H%(X) — H3(X) satisfying

fh—|—27'r2<,uo7'r & >— —§h+2m(,uo7r)

e O e oo
(38) (559)(Q) = 5-5(e" - Qlp=0, S €CF(X).
¥j
Furthermore, the generator of the S' action acts on these spaces and
0 10, . .
(39) BT CHE(X) — HA(X) T3gN = Niy for sy € H%(X) .

Since by (38), the operators =; act by translating functions by the T™ action lifted to X, we
henceforth denote %Ej by Dg,. Then for 1 < j < m, the lifted monomials X, € H3,(X) are joint
eigenfunctions of these commuting operators,

ng)za = Oéj)za, VYa € NP.

The dilation P — NP is best viewed in terms of constructing a conic set of eigenvalues in one
higher dimension by adding the operator

\ 18 -

The monomials X5 are then the joint eigenfunctions of these (m + 1) commuting operators and we

define the ‘homogenization’ NP C Z™+! of the lattice points in the polytope NP to be the set of
all lattice point @ of the form

(41) v =a:=(oq,...,am, N —la]), a=(a,...,am) e NPNZ™,

Given f € C®(R™), we now define f(Dgy) on L?(X) by the spectral theorem for m commuting
operators, i.e.

(Do) = | J(&)e&P0de, where (§,Dy) = ZﬁjDe
We then have

(42) F(NT'Dg)sa = f(=)3a

Since [T, (2, 10) = Y aenp Sa(2)a (W), where 2 (etc.) denotes any point of X projecting to z under
m, we have

(43) FINT Do) (e?2,9) = Y f( f Sa ().
aeENP

It follows that

(44) FINT D) (€2, ) 52 = D f AP

aeNP
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The right hand side is constant along the orbits of the S' action and may be identified with a
function of z € M. On M we have |3,(2)]* = |Isa(2)|[7x and by Proposition 2.1 we obtain the

definition of the numerator polynomials when we substitute z = ,u;l(:c). This is equivalent to the
statement in the Proposition. O

To obtain the Bernstein polynomial formula, we divide by II;~(z, z). As mentioned above, the
ratio is the Berezin covariant symbol of I~ f(N 1 D)L~ .

4. Proof of Theorems 1 and 2

We now use the Boutet de Monvel - Sjostrand parametrix [BSj, BerSj, BBSj| to obtain a complete
asymptotic expansion for the Bernstein polynomials from (3.1). There now exist many expositions
of the construction and properties of this parametrix, so we will only briefly recall the essential
elements in the case of toric varieties [SoZ, STZ]. We also use the notation x,y for points of X,
hoping that no confusion with coordinates on P will occur.

We first recall that, on the diagonal, the Bergman-Szego kernel has a complete asymptotic
expansion,

dn m
(45) My (z,2) = Y _ISY ()7, = JZ—m [1+a1(z)N"' +ag(z)N2 4],
=0

for certain smooth coefficients a;(z), of which the first two lower coefficients are

1
a] = =S
(46) { ar = LAS + L(IRP — 4Ric? + 35%)
where R, Ric and S denotes the curvature tensor, the Ricci curvature and the scalar curvature of
wp, respectively, and A denotes the Laplace operator of (M,wp,).; see [Z, Lu, BSj, BBSj].
Off the diagonal we have the following expansion:

PROPOSITION 4.1. For any C* positive hermitian line bundle (L, h), there exists a semi-classical
amplitude in the parameter N=1, sy(z,w) ~ N™so(z,w) + N™ sy (z,w) + - -+, such that

I (2, w) = eNPEW=3 @@+ g (2 ) + O(N~F),
where @ is a smooth local Kdhler potential for h, and where p(z,w) is the almost-analytic extension
of p(z) = ¢(2,2).

Since the local Kéhler potentials (e.g. the Kéhler potential on the open orbit) are invariant
under the T™ action, they can be expressed in the form F(|z|?) where F' € C°*°(R). We denote by
F(z - w) the almost analytic extension of F'. Thus, we have:

PROPOSITION 4.2. For any hermitian toric positive line bundle over a toric variety, the Szegod
kernel for the metrics hg have the asymptotic expansions in a local frame on M,

I, (2, w) ~ eN(FED=3EADHENIN) Ay (2 w) mod N=,
where Ay (z,w) ~ (X)m (1 + w + - ) is a semi-classical symbol of order m.
We now prove Theorems 1 and 2.

Proof. We apply the geometric quantizations of the torus action to get, by Definition 2,
ez‘(Nfla,@|Za|26—NF(\z\2)

Qv ()

i(6,N~1D i
RIS 9>HhN(€Z 2,W)|zmwi9—0 = Z
aeNPNZ™
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By (3.1), we obtain A~ f(z) by integrating the right side against f(é) We note that in general
&N Do) (¢ p) g = ¢(ei(9+%)w)|9:0 = @b(e’%w) Performing the same transformation on the
parametrix gives,

. N1 A
(47) Niw(F)(@) ~ [ FeeN e =) 4y (2, e 2) e,
RmMm
where ~ means that the difference is a function which decays rapidly in N along with its deriva-
tives. Such a remainder may be neglected if we only consider expansions modulo rapidly decaying
functions of N.

We have,
(48)
Fo(eNT'e2?) — F(21) = [} LFc(e™¢)2%)dt
= INT! [V F(ENTERR) 9)dt
= iNTHVeF(er), (i€)) + (iN)~2 [ (t — 1)V2(F (N "60))(i€)? /24t
= IN“Hu(2),€) + (iN)"2V2(F(er))(i€)? + Ry(¢, N, a)
= NN u(2),€) + (iN)2(H.£,6) + N72Ry(€, N, 2),
where
1 .
(49) Ry(€, N, 2) = N~ / (t — 12V (F(E+0)) (i€)? /31,

and where H, = V2F(|z|?) = V2p(eP) is the Hessian in the notation (28). Hence, (47) takes the
form

(50) N (f)(@) ~ fum F(E)BEE N HHEOENTREN A (2 o2, 0, N)do

and by Taylor expanding the factor e(#V) ™ (HzE8+N""R5(0.N.2) one obtains an amplitude Ay such
that

(51) Ny~ (f me (=), >AN(Z e Nz 0, N)d9

The amplitude Ay has an expansion of the form,
le(z, ei%z, O,N) = N™ag + N™ta; + O(N™Y),

for various smooth coefficients a;(2); the first one is constant. If we divide by IIj~ (2, z) we cancel
the constant and by expanding the denominator we obtain,
(52)

Naw(F)(@) ~ (F)™ (F(u(2)) + N7 (i H. Dy, Do) f(1(2) + a1(2,2) f(u(2))) + O(N72))

As a check on the leading term, we set f = 1 and use Remark 3. Since p(z) = = we obtain Theorem
2. Dividing by II;~ (2, z) and using (45) completes the proof of Theorem 1. O

It is difficult (but possible) to calculate the coefficients in explicit geometric terms by this method.
In the next section, we will reduce the calculation to the known calculation of Bergman kernel
expansion coefficients.
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5. Calculation of coefficients for the Bernstein expansion of Theorems 1 - 2

In this section, we give a second proof of Theorems 1 - 2 which gives a more effective approach
to the calculation of the coefficients in the Bernstein polynomimal expansion, and in particular we
calculate the operator A in the expansion of Theorem 2. The approach is based on the localization
of the sum over 5 € PN %Zm around the image of z under the moment map. For classical Bernstein
polynomials, this is well-known and various expositions can be found in [H6, K, L]; see also [D]
Lemma 6.3.5). The localization approach reduces the calculation of the lower order terms in the
Bernstein polynomial expansion to that of the Bergman kernel expansion in [Z, Lu] and elsewhere.
The relevant Localization Lemma was proved in [SoZ]. We use a notation similar to [HG].

LEMMA 5.1. (Localization of Sums) [SoZ] Let f € C(P). Then, there exists C > 0 so that
a . [Sa(2)lin a . 1Sa(2) i _c
= O .
> S o+ o)

aENPNZ™ a:| & —pp(2)| SN0
Given the localization lemma, it is natural to Taylor expand f around pup

)= D ) (5 = () /v + Ras (e,

v<2M

—~

z) to obtain

),

Zl@

where Ry is the Mth order Taylor remainder. We then have,

N f(x) = Xgis<m %Dgf(u(z)) (ZO‘GNIPOZ(% — pn(2))° S;(i;;)
(53)

+R(M,N,z),

where the remainder is obtained by summing Ry (f,e”, &) in the variable £-.
The next step is to study the special functions

v o o V|SO‘(Z)|}2LN _ a p/2\\v
6O I = Y (S -y a S (& )

€<a7p> —Net (eﬂ/2)

N N
aENPNZ Qp (a) a€PNZ Q) (@)
PROPOSITION 5.2. Uniformly for z € M we have:
(55) Yn(2) = O(N™"/(log N)¥).

Proof. The Localization lemma implies that

v (2) = > (5 = 1n(2)" Sy + O(NC).
Q€N PNZ™:| & —puy (2)| < E108N
In the domain of summation we then have,

(0%

(o — () = (B2

VN

and this implies the statement.
O

We can explicitly evaluate these functions by relating them to derivatives of the Bergman-Szego
kernels. The following Lemma was also used in [SoZ]. We employ a tensor product notation
(% — uh(epﬂ))?f for (5 — i (eP!?); )5 — pr(e?/?);). In the following, we implicitly assume that

z lies in the open orbit and express it as z = /2% Similar formula hold at the boundary as well
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where the vector fields 8%3- are replaced by derivatives in affine coordinates. For the sake of brevity
we refer to [SoZ]| for the modifications to the formulae around the boundary.

ProrosIiTioN 5.3. We have:
a,p)—Ne(eP/?)

(
1) 3 enpogm (& — u(em))w = LV, I, (ef/?, er/?);
(aup) =Nep(eP/?)
2) Y penprzm (2 —u(ep/Q))‘?f% = LTn (012, e0/2) V20 + 25 V2T (012, eP/2).

Proof. To prove (1), we differentiate (25) to obtain

e<a,p>—Nw(e”/2)nhN (eP/2,er/2)

VoIl (02, eP2) = N3 ey prgm (5 — 1(e?’?)) Q) (@)
To prove (2), we take a second derivative of (1) in p to get
V2T, (¢P/2, e#/2) = — N i (2/2) Ty (012, 91

9 9\ @3 elap) —Np(eP/?)
N2 Y enprzn (R — Hn(e?/?))®26 Qv (a)

g

We now evaluate these functions geometrically. Recall that S is the scalar curvature of the
Kéhler metric wy. Below, C), denotes a constant depending only on the dimension (which may
vary in each occurrence).

PROPOSITION 5.4. We have:

1) I{Y(2) = CuN™2VS(2) + O(N™3);

2) I (z) = - NIV 20 4 LNT25(2) V20 + O(N™3).

Proof. From (45) it follows that
Vol (z,2) = 7 mN™1iVS(2) + O(N™2),
Vot (2 (2, 2) = 7™ N (Vjap + AN"18(2)Vpan(2) + O(N2);

V2I0,n (eP/?,eP/?) = $x~mN™=1V28(2) + O(N™2).

We also use that Vuy,(e”/?) = V2.
i

To complete the second proof of Theorem 1, it suffices to observe that the remainder in (53)
after expanding to order M is O(N™M/2(log N)M), which follows from the fact that R(M, N, z) <
CyN™IE (2).

5.1. Calculation of N;. By Proposition 5.4 and by (45)-(46),
(56)
Nuv (F)(u(z)) = f(u(2))yn (2, 2)

+ s DO () IR (u(2)
+ 33 DO () I (1)) + O(N 3/ (log N)?)

= ()" (F() + X (F()S(=) + Vin(z) - V(=) + O(N™=3/2(log N)?).
After multiplying by 7™ we obtain the stated result.
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6. Dedekind-Riemann sums over lattice points: Proof of Corollary 3

To prove the Corollary, we integrate the expansion (52) over P. The terms in
(57) (Lt f (N Do)l ) (72, 2) =0

are the values on the diagonal of an orthonormal basis of H%(M,L"). When integrated over M
one obtains Y . yp f(%). Since (57) is constant along torus orbits, and since =2 is a constant
multiple of dfdx, we obtain

(58) Saenp (&) = 7 o Ny (f)(@)da.

Here, we use that 7 is the common volume of the torus fibers. We can calculate this constant by
putting f = 1 and determining the leading order term in the asymptotics as N — oco. The left side
is #{a € NPNZ"} ~ N™Vol(P) + --- while the right side is CL(%)WVOZ(P) + ---. Matching
expressions shows that the fiber volume is 7"

The existence of an asymptotic expansion for the Riemann sums thus follows immediately from
Theorem 2. However, it is an expansion in terms of integrals of curvature invariants against
derivatives of f over P. We now prove that the first two terms can be put in the form stated in
Corollary 3, and thus to clarify the relation between the Bernstein and Euler-MacLaurin approaches
to lattice point sums.

By Proposition 5.4 only the zeroth and second order terms of the Taylor expansion of f contribute
to the N~! term of the Riemann sum expansion, and we have

Yaenp [(F) = 7 [p @) (p (@), p~ " (2))do
+ 5 Y giea Jp D2 (@) Iy (w)dz + O(N~%2(log N)?)
= N [pf(@)de + N [p(5f(2)S(u"(2))
+5(Voun(p™ (2), V3 f(2)))dz + O(N™3/2(log N)?).
Here, (Vun, V2f(1(2))) denotes the Hilbert-Schmidt inner product of the tensors.

By Legendre duality, the Hessians of the Kéhler potential and symplectic potentials are inverses,
i.e.

(60) Votin( () = (V2up(2) "
Hence,
(61) (Tt (0. V2 e = [ > s

Further, we recall (cf. [D2, A]) that the scalar curvature of a toric Kéhler metric is given in terms
of the symplectic potential by

82ujk
9 — _ [
(6 ) s ],Zk a$]a$k ’

where u&k, 1 < j,k < n are the entries of the inverse of the matrix VZu,. See [D2] (3.1.4).
We now use the following integration by parts formula due to Donaldson:
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LEMMA 6.1. ([D2], Lemma 5.5.5) For any symplectic potential u, and f € C*, 3 ., uf;,kak €

LY(P) and
ke Ty :
/P]Zku{o f,]k /P]Zk(u{o ),kadl’—i-/and ’

where do is the measure defined in Corollary 3.

Combining Lemma 6.1 and (62) we obtain

1 1

[ @S @) + 5T @), V2 @)do =5 [ g

proving that the two term expansion in Corollary 3 is correct.

Remark:

(i) We note that in [D2] Lemma 3.3.5, the boundary term is given the — sign. However, the
measure do was only defined there (page 307) up to sign. The sign of this term is universal and by
comparing with the one-dimensional case, we see that it is positive.

(ii) To connect this calculation to the classical one-dimensional case (7), and perhaps clarify the
notation, we note that its N1 term (with m = 1),

1 1
1
| f@is 5 [ @ ety @y,
0 2 Jo
may be expressed in terms of the Fubini-Study K&hler potential and moment map as

Ld
/0 d_p:U'FS(H_l(-T))f”(CC)dx’ T = M(ep/g)’

since d p
p/2y _ & p/2y _ p/2y _ ¢
prs(e’”) =log(1 + €”), dpQOFS(e ) = urs(e )_1—|—ep_x’
and P2 B o
4 R Y ———Y -
dpQSOFS(e ) = Ao~ z(1—x).

Regarding 5, we recall that it is the scalar curvature of the metric g7 associated to the Kéhler
form wpg = $00(1 + |2|?), thus
2

5= 0207

log(1 + |2*) 72 = 2Trg 1 = 2.
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