COMPLEX ZEROS OF REAL ERGODIC EIGENFUNCTIONS
STEVE ZELDITCH

ABSTRACT. We determine the limit distribution (as A — 00) of complex zeros for holomor-
phic continuations <p(§ to Grauert tubes of real eigenfunctions of the Laplacian on a real

analytic compact Riemannian manifold (M, g) with ergodic geodesic flow. If {¢;, } is an

ergodic sequence of eigenfunctions, we prove the weak limit formula %[ch_ ] — %58|§ lgs
j Jk

where [Zq,c‘ ] is the current of integration over the complex zeros and where 0 is with respect
J

to the adapted complex structure of Lempert-Szike and Guillemin-Stenzel.

1. INTRODUCTION

A well-known problem in the geometry of Laplace eigenfunctions is to determine the
asymptotics of the volume of their nodal hypersurfaces in the limit of large eigenvalues. At
the present time, the best result for compact real analytic Riemannian manifolds (M, g) of
dimension m is the estimate

(1) Cl)\ S Hm_l(Zw) S OQ)\

due to Donnelly-Fefferman [DF]. Further background and references can be found in [DF, JL,
NPSo]. In this article we are concerned with the yet more difficult problem of the asymptotic
distribution of nodal hypersurfaces, i.e. with integrals of continuous functions over nodal
hypersurfaces (cf. (10)). This problem is much too difficult for real hypersurfaces, but it
turns out to simplify quite a bit if we complexify the problem, i.e. analytically continue the
eigenfunctions into the complexification of M. Our main results determine the asymptotic
distribution of complex nodal hypersurfaces for eigenfunctions of real analytic Riemannian
manifolds with ergodic geodesic flow, or more generally for any sequence of quantum ergodic
eigenfunctions.

To state our results, we need some notation. Let (M, g) be a real analytic Riemannian
manifold of dimension m, and consider an orthonormal basis of real eigenfunctions

Agp; = Ni,  (©5s Pr) L2 (Mdvoly) = /MSDj(ilf)wk(ﬂf)d’UOZg(fK) = 0,

of its Laplacian A,. We use the sign convention for which the Laplacian is positive; we
often write A, as A when the metric is understood. As reviewed in §2, a real analytic
manifold possesses a Bruhat-Whitney complexification M, that is, a complex manifold in
which M embeds as a totally real submanifold. This complex manifold may be identified (by
means of the complexified exponential map) with a ball bundle B} M inside the cotangent
bundle T*M, equipped with a complex structure .J;, adapted to the metric in the sense of
Guillemin-Stenzel [GS1, GS2] and Lempert-Szoke [LS1, LS2]. We denote by [¢]2 = 3. g7&:¢;
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the norm-squared of ¢ € T*M with respect to the metric, and by 0 the Cauchy-Riemann
operator with respect to J;. The maximal ball bundle B} M to which this complex structure
extends is known as the Grauert tube of (M, g). The natural symplectic form w and the
complex structure .J, endow B; M with the Kéhler metric w, = $90|]2.

By a theorem due to Boutet de Monvel [Bou] (see also [GS2, GLS]) the eigenfunctions
possess analytic continuations ¢ to the maximal Grauert tube. The complex nodal hyper-
surface of an eigenfunction is defined by
(2) Zye ={¢ € By, M : ¢5(¢) = 0}.

There exists a natural current of integration over the nodal hypersurface in any ball bundle
BXM with € < ¢y , given by
{ 3 m—1,m— *

B (Zshe =y [ 00MslSPap= [ o peDm ),

8 21 JBrm Z ¢

X

In the second equality we used the Poincaré-Lelong formula. The notation D™~tm=1(B* M)
stands for smooth test (m — 1, m — 1)-forms with support in B} M.

The nodal hypersurface ng also carries a natural volume form \Z¢§| as a complex hyper-
wgnfl
pro

0 to

surface in a Kahler manifold. By Wirtinger’s formula, it equals the restriction of
ng. Hence, one can regard Z@g: as defining the measure

0!

wm—l

(4) (Zsho) = | ooty v eCBM),

We prefer to state results in terms of the current [ng] since it carries more information.
We will say that a sequence {¢;, } of L*-normalized eigenfunctions is quantum ergodic if

(5) (Apj . 0j) — m /S*M oadu, YA€ V(M).

Here, U*(M) denotes the space of pseudodifferential operators of order s, and du denotes

Liouville measure on the unit cosphere bundle S*M of (M, g). More generally, we denote by

du, the (surface) Liouville measure on 0B} M, defined by

(6) iy =

dgl,
Our main result is:

on 0B M.

THEOREM 1.1. Let (M, g) be real analytic, and let {p;, } denote a quantum ergodic sequence
of eigenfunctions of its Laplacian A. Let (B M, J) be the mazimal Grauert tube around M
with complex structure J, adapted to g. Let € < €y. Then:

1 dlg]2 A

w . weakly in DYV (BM).
o]y 7 AmlEf} ( )

1 1=
(7] — D0l€l, =
m

)\j Sojk

In other words, for any continuous test form ¢ € D'("=1m=D(B* M), we have

1 [ =

— UV — — P A 00|,

Aj Zc T JB:rm s
Tk
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The limit (1, 1) form £99|¢], first arose in [LS1, GS1] for a different reason which is reviewed
in §2.1. As a corollary we obtain a similar result on the integrals of scalar functions against
the measures | Z ¢ |: for any p € C(BM),

Ik

1 m—1 m—1

e e~
— p— — — %) —_—
i Jz (m—=1! 7 Jpeur 77 (m—1)!
Ik
As is well-known, ergodic sequences of density one in the spectrum arise when the geodesic
flow is ergodic, and an entire orthonormal basis is ergodic when the Laplacian is quantum
uniquely ergodic [CV, Shn, Z, Z2]. Thus, we obtain the titled result:

COROLLARY 1.2. Let (M, g) be a real analytic with ergodic geodesic flow. Let {y;, } denote
a full density ergodic sequence. Then for all € < ¢,

1 - /
)\—jk[Z@;c‘k} — ;88|£|g, weakly in D' V(B M).

By the unique quantum ergodicity result of E. Lindenstrauss [Lin|, the zero currents
of the full sequence of Hecke eigenfunctions on arithmetic hyperbolic surfaces satisfy the
limit formula in Corollary 1.2. The Rudnick-Sarnak conjecture [RS] that negatively curved
compact manifolds are quantum uniquely ergodic would imply that the zero currents of the
full sequence of eigenfunctions should satisfy the limit formula on such spaces.

Theorem 1.1 also has implications for a general Riemannian manifold (M,g). The or-
thonormal basis of a general Riemannian manifold is not quantum ergodic and moreover
the complex zeros do not generally tend to the limit %58[5\ o (a flat torus provides a simple
example where zeros concentrate on complex hypersurface). However, in a precise sense, a
random orthonormal basis of L*(M) (adapted to A,) has the quantum ergodic property, and
hence the complex zeros of the basis functions will satisfy the limit formula of Theorem 1.1.

To state the result, we recall the definition and results on these random orthonormal bases
from [Z3]. We partition the spectrum of /A, into the intervals I, = [k, k + 1] and denote
by Iy = E(k + 1) — E(k) the spectral projections for \/KQ corresponding to the interval
I,. We denote by N(k) the number of eigenvalues in I and put H; = ranll, (the range
of I). Hy, consists of linear combinations } . e, Giws of the eigenfunctions of VA, with
eigenvalues in I;,. We define a random orthonormal basis {Uy,} of Hy by changing the basis
of v/A-eigenfunctions {¢;} of Ain H;, by a random element Uy, of the unitary group U(Hy)
(equipped with its normalized Haar measure dvj, of the finite dimensional Hilbert space Hj,.

We then define a random orthonormal basis of L*(M) (adapted to A,) by taking the prod-
uct over all the spectral intervals in our partition. That is, we define the infinite dimensional
unitary group

U(oo) = ;2 U(Hy,)
of sequences (Uy, Us, . ..), with Uy € U(Hy), and equip U(co) with the product measure

dvee = 1172 dvyg.

A random orthonormal basis ¥ = {(Uyp;)} of L?(M) is thus an orthonormal basis obtained
by applying a random element U € U(oo) to the orthonormal basis ® = {p;} of eigenfunc-

tions of V/A.
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In [Z3], it is proved that random orthonormal bases satisfy the following variance asymp-
totics:

E (S nen [(AUg;, Upy) = w(A)?) ~ (@(A"A) = w(A)?).

To be precise, in [Z3] it is assumed that the widths of the intervals I increase to infinity, but
the more recent strong Szegd asymptotics of [GO, LRS] allow one to prove the same result
for intervals of bounded width such as the I}, above. By the strong law of large numbers (see
Z3]) it follows that with probability one, a random orthonormal basis of L*(M) is quantum
ergodic. We thus have:

COROLLARY 1.3. Let (M, g) be any real analytic compact Riemannian manifold. Then with
probability one, a random orthonormal basis {1; = Up;} of L*(M) as defined above satisfies

1 1= . ' N

V[Zwi] — ;88|£]g, weakly in D' V(B M),
k

for a full density subsequence {1, }.

This gives a kind of almost sure improvement of the complexification of Theorem 14.3 of
Jerison-Lebeau [JL] from an inequality to an asymptotic formula.

1.1. Discussion and outline of the proof. In summary, the complex zeros of a quantum
ergodic sequence become equidistributed with respect to the (1,1) form £90[|,. As men-

tioned above, the Kahler form on B} M associated to g is the (1,1)-form w, = %5@|§|§ We

observe that 09|¢|, is singular relative to the Kéhler form along the zero section, i.e. the to-
tally real submanifold M (the geometry will be reviewed in §2). This singular concentration
could be attributed to the fact that the Laplacian is time reversal invariant (i.e. invari-
ant under complex conjugation), so that the eigenfunctions are usually real-valued on the
real submanifold M. Hence their complex zero sets are invariant under the (time reversal)
involution o : (x,&) — (z, —&) (the classical limit of complex conjugation).

As a simple example of Theorem 1.1, consider the circle S'. The geodesic flow is ergodic
modulo the symmetry (z,§) — (z, —¢§). The real eigenfunctions sin 27wk, cos 2rkx are there-
fore quantum ergodic. They complexify to the cylinder as sin 27wkz, cos 2rkz. The complex
zero set of these holomorphic functions lies entirely on the set Iz = 0 and become uniformly
distributed with respect to 2df as k — oo. It will be checked in §5 that the coefficient agrees
with the result of Theorem 4.1. Note however that the complex eigenfunctions e*?7** are
not quantum ergodic and have no complex zeros (see §5 for further discussion).

We now outline the main steps of the proof. As mentioned above, eigenfunctions ¢,
of Laplcians of real analytic Riemannian manifolds admit holomorphic extensions ¢ to
a maximal Grauert tube in the complexification M¢ of M, which we will identify with a
maximal ball bundle B} M on which the adapted complex structure is defined. The square

|€]2 of metric norm function [¢], = > et 99 ()& is a smooth, strictly plurisubharmonic

exhaustion function on B M. For 0 < € < ¢ the sphere bundles S} M = 0B;M are strictly
pseudoconvex CR manifolds. We denote by O(B(M)) the class of holomorphic functions
on this domain, and by O(9B}(M)) the space of boundary values of holomorphic functions,
i.e. the CR holomorphic functions. For each 0 < € < ¢, the restriction QO(;:‘{)B;«( ) thus lies
in the Hardy space O°(0B?(M)) of square integrable CR functions.
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A key object in the proof is the sequence of functions Uy (z,§) € C*°(B*M) defined by
Us(z,€) = 2@ (1 €) € B*M, where

PX (:I"){) !

(7) )

pA(JI7 5) = H()O)\ |8B‘€‘g HL2(8B‘*€‘QM)
Thus, pa(z,€) is the ‘moving’ L%norm of ¢f as it is restricted to the one-parameter family
{0B! M} of strictly pseudo-convex CR manifolds. U, is of course not holomorphic, but its
restriction to each sphere bundle is CR holomorphic there, i.e.
(8) u§ = Un|op:m € O°(OB:(M).

Our first result gives an ergodicity property of holomorphic continuations of ergodic eigen-
functions.

LEMMA 1.4. Assume that {p,} is a quantum ergodic sequence of A-eigenfunctions on M in
the sense of (5). Then for each 0 < € < €,

1 o _ L
\UAPHWMQ L weakly in LY(BfM,w™).

We note that w™ = r™!drdwdvol(z) in polar coordinates, so the right side indeed lies in
L'. The actual limit function is otherwise irrelevant. The next step is to use a compactness
argument from [SZ] (see also [NV]) to obtain strong convergence of the normalized logarithms
of the sequence {|U,|?}. The first statement of the following lemma immediately implies the
second.

LEMMA 1.5. Assume that |Uy|* — mm;m*l, weakly in L'(BM,w™). Then:

(1) 5 log|Uj|* — 0 strongly in L'(B; M).
(2) 5;00log|Uj|* — 0, weakly in D'(1,1)(BIM).

Separating out the numerator and denominator of |U;|?, we obtain that

1 .- 2

(9) —00log |¢5|> — ~0dlog py, — 0, (Aj — 0).
A Aj J

The next lemma shows that the second term has a weak limit:

LEMMA 1.6. For 0 < € < ¢,
1
Tlogpa(@,6) = [€ly., in LNBIM) as A — oo,

Hence,
1 _
A—aalogpxj — 00\¢|g., (A\j — 00) weakly in D'(BIM).
J

It follows that the left side of (9) has the same limit, and that will complete the proof of
Theorem 1.1.

The proofs of the lemmas are based on the properties of the analytic continuation of
the wave kernel as a complex Fourier integral associated to the complexified exponential
map [Bou, GS2, GLS]. Since goﬂaB%M = e PE(i\/p)gx, the analytic continuation of ¢,
is obtained by applying a complex Fourier integral operator of known order and symbol.
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This allows us to connect growth and distribution of zeros in tubes to the dynamics of the
geodesic flow. Although this paper treats only the ergodic case, it would be of interest to
investigate complex zeros of A-eigenfunctions under other dynamical hypotheses such as
complete integrability. It would also be interesting to investigate analogues for boundary
value problems.

Let us compare the results of this paper to earlier results of B. Shiffman-S. Zelditch [SZ]
and of S.Nonnemacher- A. Voros [NV] (see also [R]) on complex zeros of eigenfunctions
of ergodic quantum maps in Kéahler phase spaces. These articles were concerned with the
complex zeros of eigenfunctions of ergodic quantum maps acting on spaces H°(M, L") of
sections of powers of a holomorphic line bundle over a a Kéhler manifold (M,w). The role
of the Grauert tube was played by the disc bundle D* C L* of the dual line bundle, and the
role of the CR manifolds S*M was played by the circle bundle X = 0D*, which is a strictly
pseudoconvex CR submanifold of L*. The norm function [£|, of (M, g) is thus analogous
to the hermitian metric of (L, h), but the analogy is not very close. Indeed, the role of the
geodesic role in the (M, g) setting was split in the Kéhler setting between two dynamical
systems: the S' action on the circle bundle X — M (which is the direct analogue of the
geodesic flow in the Riemannian setting but is of course not ergodic); and an auxiliary ergodic
symplectic transformation x of the Kéhler manifold M. Ergodicity of joint eigenfunctions
{sn,;} of the S' action and of the quantum map associated to x gave |[sy;(2)[[Zx — 1 in
the weak sense (as in Theorem 1.4), where the norm is the pointwise norm relative to a
hermitian metric on L with curvature equal to the Kahler form w. Weak convergence of the
zero currents as in Lemma 1.5 showed that %ZSNJ — w, proving equidistribution of zeros
relative to the Kéhler form. In comparison, Theorem 1.1 shows that complex zeros of real
ergodic eigenfunctions are not equidistributed relative to the analogous Kéhler form w, in
the Riemannian setting, but rather to the relatively singular form stated in the theorem.
The difference can be traced to Lemma 1.6, which indicates that the moving L%norm p)
ends up playing the key role of the hermitian metric.

1.2. A conjecture on ergodic real nodal hypersurfaces. We close the introduction
by stating a conjecture on the real nodal hypersurfaces Z, = {z € M : ¢;(z) = 0} on
Riemannian manifolds with ergodic geodesic flow. We define the distribution of real zeros of
) by integration

(10) ((Z,], f) = g fla)dH™ ",
with respect to (m — 1)-dimensional Haussdorf measure dH™ ! on the nodal hypersurface
induced by the Riemannian metric of (M, g).

CONJECTURE 1.7. Let (M, g) be a real analytic Riemannian manifold with ergodic geodesic
flow, and let {¢;} be the density one sequence of ergodic eigenfunctions. Then,

(Zo), 1) ~ | /M FAVol, I\

More generally, we conjecture the same limit result for any quantum ergodic sequence of
eigenfunctions. In the case of random spherical harmonics, the limit formula was proved
in the PhD thesis of J. Neuheisel [Ne]. We believe that (in a straightforward way) it can
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be extended to random orthonormal bases on any compact Riemannian manifold as defined
above, which would give the asymptotic strengthening of [JL] in the real domain.

There is of course a very wide gap between the equidistribution Conjecture 1.7 and the
best known result on volumes (1). Due to the singular concentration along the real zero set,
it seems possible that Corollary 1.4 could have implications for the distribution of real zeros
in the ergodic case.

Acknowledgements This work developed out of joint work with B. Shiffman on line bun-
dles. A preliminary version was presented at the Newton Institute workshop on quantum
chaos in June, 2004 and the final version was complete at the IHP program Time at Work
in June 2005. We thank these institutions for their support. We would also like to thank
Z. Rudnick, M. Sodin for suggesting improvements in the exposition and D. Jerison for
encouragement to include Corollary 1.3.

2. ANALYTIC CONTINUATION TO A GRAUERT TUBE

In this section, we recall the relevant known results on analytic continuation of the wave
kernel and A- eigenfunctions of a real analytic (M, g) to a Grauert tube.

A real analytic manifold M always possesses a complexification Mc, i.e. a complex man-
ifold of which M is a totally real submanifold (Bruhat-Whitney [BW]). The germ of M¢
along M is unique. In [G], Grauert constructed plurisubharmonic exhaustion functions p on
M¢, which define the Grauert tubes M, = {p < €} relative to p.

In [GS1, GS2, LS1, LS2, GLS|, the complex geometry of Grauert tubes was brought into
contact with the symplectic geometry of the cotangent bundle 7% M and with the Riemannian
geometry of real analytic metrics g. The key results (for the purposes of this article) are
the following: First, a metric g determines a canonical plurisubharmonic function p, on Mc.
It is defined on a maximal Grauert tube whose radius ¢y is often called the ‘radius of the
Grauert tube’. There is a symplectic diffeomorphism

Y : M, — BIM
of the Grauert tubes with respect to p, to the ball bundles B} M C T*M with respect to g,

which identifies p, with |£[2. As pointed out in [LSI] (see also [GLS]), one may take ¢~ to
be the complexified exponential map

(x,€) € B"M — exp, V—1£ € M..
The map ¥ endows B!M with a complex structure J, adapted to g.

ProrosITION 2.1. [LS1, GLS] The adapted complex structure is uniquely characterized by
the property that the complexified exponential map,

(2,€) € BIM — exp, vV—1€ € M,
15 a btholmorphism for 0 < € < €.

The domains B M are strictly pseudoconvex for € < ¢, hence their boundaries S*M =
0B M are strictly pseudoconvex CR manifolds. We use the notation 0B*M to emphasize
the role of sphere bundles as boundaries of domains. The restrictions

V. = exp(ie) ' : OM, — OB’
of ¢ are then CR holomorphic diffeomorphisms.
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As mentioned above, the metric norm function |{|, pulls back under 1, to the function ,/p
on Mg, which is known as the Monge-Ampére function [GS1]. It equals rc(z, Z) where ¢
is the holomorphic extension of the distance function. In the cotangent picture, the metric
norm function [£], is smooth on B M\M and solves the homogeneous complex Monge-
Ampere equation (09|¢[,)™ = 0 there. In fact, the form 09|¢|, has rank m — 1 on B} M\ M,
and its kernel is a smooth rank 1 sub-bundle of T'(B; M\M). The leaves of the associated
(‘Monge-Ampere’ or Riemann) foliation are the complex curves t + it — 77(t), where v is a
geodesic, where 7 > 0 and where 77(t) denotes multiplication of the tangent vector to v by
7. We refer to [LS1] for further discussion.

2.1. Model examples. To better understand complexifications and Monge-Ampére func-
tions, and in particular the limit form in Theorem 1.1, we go over several (well-known) model
examples. We note that these examples do not have ergodic geodesic flow, so they do not
exemplify Theorem 1.1, but only the objects involved in it.

(i) Complex tori:

The complexification of the torus M = R™/Z™ is Mc = C™/Z™. The adapted complex
structure to the flat metric on M is the standard (unique) complex structure on C™. The
complexified exponential map is exp(cx(if ) =z :=x+i, While the distance function r(x,y) =
|z — y| extends to r¢(z, w) = /(2 —w)?. Then /p(z,2) = /(2 — 2)? = £2i|Fz| = £2i[¢].
Thus, the limit form is £99|Sz|.

(ii) S" [PW, GS1] The unit sphere 3 +---+z2,; = 1 in R is complexified as the complex
quadric

St ={(z1,...,20) EC™ i 2f -+ 22 =1}
If we write z; = x; +i;, the equations become \:c|2 — € =1, (x, &) = 0. The geodesic flow
G'(x,&) = (costx+sint, —sintx 4 cos t§) induces the exponential map exp,& = (cos [])x +
(sin [£])€, which complexifies to

expe V1€ = (cosh [¢])a + v/=1(sinh |§|) e’

The distance function of S™ of constant curvature 1 is given by:

— 1
r(z,y) = 2sin~* lz=y] = 25in‘1(§ (x —y)?),

whose analytic continuation to S x Sg is the doubly-branched holomorphic function:

1
re(z,w) = 2sin™? 3 (z —w)2.

One branch gives the pluri-subharmonic function
Vp(2) = 1¢(z,2) = 2sin 1 i|Qz|) = 2isinh ™! [S2]) = icosh™ 2], (2 € SR).

Since
expi /p(x, &) = cosh_l|(cosh|£\)x+z(smh|§\)§|]2
— cosh™{{cosh [€)? ~ (sinb €]
= cosh™!cosh2[¢| = 2/¢],

the limit form is ;=99 cosh™" |2|* on SE.
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(iii) (See e.g. [KM]). H" The hyperboloid model of hyperbolic space is the hypersurface
in R"*! defined by

Then,
He ={(21,- -+, 2n11) GC”+1:Z%+---Z721—ZTQL+1 = —1}.

In real coordinates z; = x; + ¢;, this is:

(,2), — (&, &)L =—1, (,§)L=0

where (,) is the Lorentz inner product of signature (n,1). The complexified exponential
map is given by
IEHL

expe, (vTe) = cos( 1l )e o322 2

NG T

Let
Mo={zeCM" 224+ . 42222, =—1, |z1]*+- 4 |z.]* — |2a]* < €}.

We note that M, has two components according to the sign of z,,;. The Monge-Ampere
function is:

Vp(2) = cos H(|[alff + €Nl — ™)/ V2.
The radius of maximal Grauert tube is € = 1 or r = 7/ V2. Hence the limit form is
200 cos(||=|[7 + I¢]7 — m)/v/2) on M.

2.2. Analytic Continuation of the wave kernel. By the wave kernel of (M, g) we mean
the kernel

E(t,z,y) Ze”’\ﬂgo] (v)

of ¢™A_ As discussed in [Bou, GS2, GLS}7 the wave kernel at imaginary times admits a
holomorphic extension to M, x M as

(11) E(ie,¢,y) = Ze Yoo (Qwi(y), (G y) € Mcx M.

In the simplest (albeit non-compact) case of R”, the wave kernel E(t,z,y) = [, e"lle!&==d¢
analytically continues to t +i7,{ =z 4+ ip € C, x C" as the integral

E(t+ir,x+ip,y) = / e el gil&atip=v) ge

which converges absolutely for [p| < 7. At positive imaginary times and for (z,y) € R™ x R™,
E(iT,z,y) is the Poisson kernel of the upper half space R” x R,

n+1
n+1

T

which visibly has a holomorphic continuation to ¢ = = + ip in the x variable for |p| < 7.
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On a general analytic Riemannian manifold, one has a similar integral formula for the
wave kernel of the form

(12) E(t’ .T7 y) = / eit|£‘gy ei<gveXp’;1(x)>A<t7 x’ y7 g)dg
M

where [{|,, is the metric norm function at z, and where A(t,z,y, &) is a polyhomogeneous
amplitude of order 0. The analytic continuation of the wave group at imaginary times is the
Poisson operator e_“/g, a Fourier integral operator with complex phase; for background on
the microlocal analysis of such kernels, we refer to [T] (Chapter XI). The analytic continua-
tion,

(13) B(iT,¢,y) = / elel citee D AL, ¢y, €)dE (¢ = +ip).

of the Poisson kernel to the Grauert tube |(| < 7 defines a complex Fourier integral operator
from L?(M) with values in holomorphic functions in M, where 7 < €. Its canonical relation
is the complexification of the canonical relation of the real wave group, i.e. ‘graph’ of the
complexified geodesic flow at imaginary times

(14) Tir = {(2,&,2,() € T*M\0O x T*M\O : G (2,€) = (2,¢).}

We may (and will) also express the adjoint operator in the modified form

(15) B*(ir,2,¢) = / eIl 6 ) 4 (1, ¢ 2, €)dE (¢ = @ + ip).

Here, we use the phase —7|¢|,, + (&, exp;1(€)) instead of —7[¢],, — i(¢, expgl(x)).
We can transport the complexified wave kernel to BXM x M using the complexified ex-
ponential map (or ):

(16) E(ie, (,€),y) := Elie, expg V=1€,y).

It is again a complex Fourier integral operator whose canonical relation T';; can be obtained
from (14) by composing with .

2.3. Szego projector. We denote by O+ 7 (8B* ) the subspace of the Sobolev space
Wst"T (0B: M) consisting of CR holomorphic functions, i.e.

OS+m4—1

(0B*M) = W™ (0B*M) N O(dB:M).

The inner product on O°(GBM) is with respect to the Liouville measure dj.. There are
similar spaces for 0M, and composition with v, defines an isomorphism

W O (OBIM) — O (9M.).

We further denote by
I, : L*(OB: M) — O°(0B* M)
the Szego projector for the tube B M, i.e. the orthogonal projection onto boundary values

of holomorphic functions in the tube. It is well-known (cf. [BoSj, MS, GS2]) that II, is
a complex Fourier integral operator, whose real canonical relation is the graph Ay of the
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identity map on the symplectic cone ¥, C T*(0B* M) spanned by the contact form o« = £-dx,
ie.
Ye=A(z,&ra), (x,§) €9BIM), r >0} C T(IBIM).

Alternatively it is a Toeplitz operator in the sense of Boutet de Monvel—guillemin [BG]. The
analogous Szegd projector I : L*(OM,) — O°(OM,) is conjugate to Il in the sense that
Ie = (¥7) Iy o

We now consider the restrictions II, o E(i€) from L?*(M) to O(OBM). Since ¥, is an
R, -bundle over 9B M, we can define the symplectic equivalence of cones:

(17) le © "M — 267 L<x7£) = (l’, 657 ’£|a(%€§))'

The following result is the transport under . to 0B M of results due to Boutet de Monvel
(see also [GS2]).

THEOREM 2.2. [Bou, GS2] II, o E(ie) : L>(M) — O(dB*M) is a complex Fourier integral
operator of order —™= associated to the canonical relation

1
I'={(y,n,t(y,n)} CT*M x %..

Moreover, for any s,
I, o E(ie) : W*(M) — O™ (9B* M)
1S a continuous isomorphism.

2.4. Analytic continuation of eigenfunctions. We obtain the holomorphic extension of
the eigenfunctions ¢, by applying the complex Fourier integral operator E(i7):

(18) E(iT)pr = e 75
As usual, we can use the complexified exponential map to transport the ¢ to Bz (M):
(19) 25 (,€) = X (exp, v-16).

By Theorem 2.2,we obtain:

COROLLARY 2.3. [Bou, GLS] Fach eigenfunction @y has a holomorphic extension to B M
satisfying

sup |5 (2, &) < CA e
(z,£)eBr M

The fact that the holomorphic continuations of eigenfunctions can be obtained by applying
a complex Fourier integral operator is the crucial link connecting the geodesic flow and the
growth rate and zeros of ©5.

2.5. Examples. We pause to consider some basic examples of holomorphic continuations of
eigenfunctions. The simplest example is the flat torus R™/Z™, where the real eigenfunctions
are cos(k, z), sin(k, ) with k € 27Z™. The complexified torus is C™/Z™ and the complexified
eigenfunctions are cos(k, ¢), sin(k, ¢) with { = z + i&.

No such explicit examples exist in the ergodic case, but one can see the uniform analytic
continuation of eigenfunctions very clearly in the case of compact hyberbolic quotients H” /T".
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For simplicity we consider the two-dimensional case. Eigenfunctions can be then represented
by Helgason’s generalized Poisson integral formula [H],

(,0,\(2’)_/€(iA+1)<Z’b>dT)\(b).
B

Here, z € D (the unit disc), B = 0D, and dT, € D'(B) is the boundary value of ¢, taken
in a weak sense along circles centered at the origin 0. Also, (z,b) is the (signed) hyperbolic
distance of the horocycle passing through z and b to 0. To analytically continue ) it suffices
to analytically continue (z, b). Writing the latter as ((,b), we have:

AS(0) = /B DD GT ().

Using this representation, one could verify directly the estimates on growth of complexified
eigenfunctions.

3. THE OPERATORS E(i€)*II.all E ie)

The following lemma will be used to reduce ergodicity properties and norm estimates of
the complexified eigenfunctions ¢$ to properties of the initial real eigenfunctions py. We
recall that the E, IT notation refers to the B M setting while E, II refers to the M, setting.

LEMMA 3.1. Let a € S°(T*M — 0). Then for all 0 < € < €y, we have:
E(ie) TLall. E(ie) € U~ (M),

_(m=1

with principal symbol equal to a(x, ) |§|g( 7).

Proof. We observe that E(ie)*Il.all. E(i€) is a complex Fourier integral operator on L2(M)
associated to the canonical relation,

oAy, o' ={(y,n,2,)} CT*"M X T*"M : 1(x,&) = tc(y,n)}

S~ince Le is a Cg)nic symplectic isomorphism, it follows that I o A o I' = Aquprxr=ar, 1.€. that
E(ie)*Tl.all E(ie) is a pseuododifferential operator. It follows from Theorem 2.2 that

Bie) Tlall. E(ie) : W3 (M) — W (M),
m—1

is a continuous linear map and hence that the order is —"—.

The principal symbol of E(ie)*II.all. E(i€) equals a(z,€) times the principal symbol of
E(i€)*II E(i€). Indeed, by the calculus and Egorov theorem for complex Fourier integral
operators, it equals the the principal symbol of E(ie)*II.E(i€) times the translate of a under
the canonical relation underlying I.FE (it). As discussed above, this relation is the symplectic
identification of T*M — 0 = X.. 1

Thus, it suffices to show that the principal symbol of E(ie)*II.E(i€) equals |£], 2 . Since
it equals the principal symbol of E(it)*II.E(it) transported under ¢, we can (and will) do
the computation in the M, setting. The calculation could be done using the calculus of
complex Fourier integral operators, but that would require a digression on symbols of Szego
projectors and on the composition of the symbols of the three factors. It seems quicker to
calculate the symbol from scratch by applying stationary phase for complex phase functions
with only real critical points.
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The calculation is well illustrated by the simplest case of the Euclidean wave kernel on
R™. We then have:

Bir) L E(i7) (2, ) / / / —il=in)l€r] iles o (=) Gilim) el ilEz o1 i) g, ey dpdir,.
m m Rm x §m— 1

This is a complex Fourier integral operator with phase

(20) Vo(z,y,§,¢7) = =7(|&] + |&2]) + S, 21 + ip — y) — {61, @ — (& — ip)).
The dz; integral produces 0(&; + &), and then the d¢; integral gives
E(ZT)*HTE<ZT)(I, y) — me me me 71 t iT ‘Ele <§,x7(ip)>€i(t+iT)‘£|ei<f, ip*y)dé'dp

— me fsm_l 6_27"£|€—2<§7p>e—i<§7y>d£dp

~ 275 [ [€]7F sinh 27 |¢|em 2Tl iery) ge

In the last step we used the asymptotics of the inner integral
Jrgmo €2 du(p) = T [, e TR dp(w)

~ 2r77 |§| T smh27’|§|e 2rlel,

(21)

Thus, E(i7)*Il,E(iT) is a Fourier multiplier by a polyhomogeneous function with leading
term [ ]*mTfl
We now show that the same result holds on a general compact analytic Riemannian man-

ifold by reducing to the Euclidean case. Using the analytic continuation of the parametrix
(13), we have

E(it)' 1L E(it)(z,y) = fT*M fT*M fS* T(1€1lg.0+|€2lg.0) o —i(E1,ex02 1 (0)) pi(€2,0x05 (C))
(22)
x A (ta ga z, gl)A(t7 Cv Y, 52)d£1d§2d\/(z)dw
The phase
(23) U = —7(|&], 7 + [algy) — (& expz1(C)) + (€, exp, ' (C))

is complex but has only real critical points given by the non-degenerate critical manifold
Cy ~T"M:

(24) Co ={(z,9,61,6,( =2 Fitw) 1y =z, & =&, 2=0, |§|}

The Lagrange immersion
v:Cy = T"MxT"M, wy(z,y,&,6,( =2+itw) = (2,d,V,y, —d,¥)

is then real valued and, as mentioned above, we may apply stationary phase for complex
phase functions with only real critical points (cf. [Ho|, Vol. 1) to evaluate the principal
symbol.

We recall that the principal symbol is the transport to Arps«prxrsar by tg of the 1/2-
density 0¢+/dc, where oy is the principal term of the amplitude restricted to C'y, and where
dc, is the Leray density on C'y induced by the map 7y and the coordinate volume density
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d&1d&dV (z)dw. Above, oy is the principal term of A*(¢,(, z,&)A(t,(,y,&) = 1 on Cy. The
Leray density is given by

-1 -1

drdgy,

D( oV ow 8_\11)

xv&‘l?ma%a ¢

D(x7£1 BIRS 7<)

(5_‘1’ o 0_‘1’)
0€170€9° OC

D(y,£2,¢)

do, =

dzdé, = ‘

where we regard (z,&;) as coordinates on Cy. We write ( = x1 + ip in Riemannian normal
coordinates based at . Expanding first along the D, rows and then along the ¥/ columns,

we obtain
1

dzdé,.

ow
(5p)

(25) dey = | D)

A4

Indeed, simple calculations show that the D, derivatives only act non-trivially on W , and
that U’/ only has non-trivial derivatives under Dg,, D,,. To eliminate the D, rows and the

Z1
W7, column, it suffices to show that W7 = 0 and that Wi, = Id = W[ . on the critical

T1T1 z182
set. In the calculation of \I/;/m on the critical set we may put & = —& =6 x=y,p = é—i‘,
and then the calculation reduces to D2 ((£, exp, ' (z1 —ip) —exp, ' (214 p)))|s;=0 = 0, which
holds since exp, ! is the identity map when ¢ = x + ip is expressed in Riemannian normal
coordinates at x. In calculating W) = D2 (|€alg, +i(E2, exp, ' (¢)))]e=y.c=—¢,, the first term
has a zero Hessian since all metric coefficients vanish in normal coordinates. The second
is easily seen to be a constant multiple of the identity operator (the multiple is the same
as in the Euclidean case). Finally, W7 . = iD,, exp, ' (21 + ip)|s;=0y=. = CId. Taking
the determinant of the result gives (25). Finally, we calculate this last determinant after
restricting to the critical set, obtaining a constant multiple of
2 —1y; 2
det D (&, exp, (zp)}\p:% = Cdet Dpp<§,p>\p:%.
The last determinant is precisely the one that arises as the Hessian determinant in the
stationary phase formula in (21). The derivatives are taken on S™~! hence we obtain |£|™!
times the normalized determinant, which is invariant under rotations and hence constant.

Raising to the power —% completes the calculation.
O

4. PROOF OF LEMMA 1.4 AND LEMMA 1.6

We now use Lemma 3.1 to reduce the quantum ergodicity and norm properties of the
complexified eigenfunctions to properties of the original real eigenfunctions.

4.1. Proof of Lemma 1.4. We begin by proving a weak limit formula for the CR holo-
morphic functions u§ defined in (8) for fixed e. For notational simplicity, we drop the tilde
notation although we work in the B M setting.

LEMMA 4.1. Assume that {y\} is a quantum ergodic sequence. Then for each 0 < € < €,

weakly in L' (0B M, dy.).

Jus|* —

1
(0B M)’
That is, for any a € C(OB!M),

€ 2 N 1
L, o O O~ s [ G e
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Proof. 1t suffices to consider a € C*(0B*M ). We then consider the Toeplitz operator IT.all,
on O°0B:M). We have,

<H all u], UJ]> = e ||90)\ | |L2 (0B M) <HSGH6E(iE)QOj, E(iE)QOj>L2(gB;M)
(26)

25/\

T eI 2o an (B (i) TLeall Ei€)p;, ) 12 (ar)-

m—1

By Lemma 3.1, E(i€)*Il.all E(ze) is a pseudodifferential operator on M of order —™=
with principal symbol a|¢ |g , where a is the (degree 0) homogeneous extension of a to
T*M — 0. The normalizing factor e ng/\||L2(aB* ary has the same form with a = 1. Hence,
the expression on the right side of (26) may be written as
(E(ie) Tleall E(i€);, ¢5) r2(ar)

(E(ie)* IlE(i€)p;, j)12(m)

By the standard quantum ergodicity result on compact Riemannian manifolds with ergodic
geodesic flow (see [Shn, Z2, Z, CV] for proofs and references) we have

(27)

E(ie)* I all E(i€)p;, 0i) 2 1
(E(ie)* L E(ie)p;, 0j) L2(m) (0B M) Jop:
More precisely, the numerator is asymptotic to the right side times A\~ "z Whlle the denomi-

nator has the same asymptotics when a is replaced by 1. We also use that m /. op g AdHe
equals the analogous average of @ over 0B (see the discussion around (30)). Taking the ratio
produces (28).

Combining (26), (28) and the fact that
(Ieallcug, uj) :/ alu§ [Py
aB: M

completes the proof of the lemma.

We now complete the proof of Lemma 1.4, i.e. we prove that

1
29 / a|UyPw™ — 7/ alé|m o™
(29) B:*M IO pa(S*M) Jps €l

for any a € C(BfM). It is only necessary to relate the Liouville measures du, (6) to the
symplectic volume measure. One may write du, = %|t:rxtwm, where y; is the characteristic
function of By M = {|¢|, < t}. By homogeneity of |¢|,, p.(0BiM) = r™1u (0BfM). If
a € C(BY), then [,., aw™ = foe{faB;M adp, }dr. By Lemma 4.1, we have

(30)
Joens O™ = [ fogar ol P Ydr = [y Sosas adis Ydr

_ —-m—+1, ,m
= m(@B* fB* W,
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4.2. Proof of Lemma 1.6. We actually prove the stronger result that

1
Xlogp,\(x,g) — [€]g,, uniformly in B!M as A — oo.

We state the weaker form because that is what we need in the proof of Theorem 1.1.
Again we drop the tilde notation for simplicity.

Proof. Again using E(ie)gy = e ¢S, we have:
2@, 8) = (oS, IS 12000 (€ = |€]4,)
AT, ePx> ey ) 12(6B: M) 9z
(31) = (I E(ie)py, I E(i€)x) 2082 M)

= e2(E(ie)* Tl E(i€)px, @)

Hence,
2 1 . .
(32) 3 log pa(,€) = 2[¢g, + i\ log(E(i€) TI E(i€)px, ¢a)-
To complete the proof, we observe that
1 log A\
(33) —log(E(ie)' Il . E(i€)pr, pr) < C i, uniformly in e,

A
where C' is a constant independent of (e, A\). Indeed, by Lemma 3.1, E(ie)* Il E(i€) is a

pseudodifferential operator of order —mT_l with principal symbol |€ |_mT_1. To obtain a uniform
bound on (E(ie)*II. E(i€)py, x) in €, any of the standard bounds for the norm of a pseudo-
differential operator in terms of derivatives of the complete symbol would suffice.

To take one such bound with a convenient reference, we write (E(ie)*TI.E(i€)py, ©x) as
(1+X2)"2 (I — A)~"2" E(ie)" I E(i€)px, 0). Put A, := (I — A)~"2" E(ie)*II. E(ic). Since
A. € UMD we may apply the Schur-Young bound of [H] (Vol. III, Theorem 18.1.11) to
obtain

A

(34) <Ae§0)\7§0)\> S HA6HL2—>L2 S C’m (SUP/ |@E(l’,f)|d£) )
TxM

xT

where a, is the complete symbol of A, relative to some choice of quantization a(x, D) of

symbols. The complete symbol of A, may be obtained by applying ((I — A)_mT+1 to the
representation in (22). It is clear that the complete symbol is smooth in the parameter e,

hence the right side of (34) has uniform bound in €, proving (34) and therefore the lemma.
U

5. PROOF OF LEMMA 1.5 AND THEOREM 1.1

The remaining step in the proof of Theorem 1.1 is the proof of Lemma 1.5.
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5.1. Proof of Lemma 1.5.
Proof. The proof is similar to that of Lemma 1.4 of [SZ]. We wish to prove that

1

J
We argue by contradiction. If the conclusion is not true, then there exists a subsquence 1;,
satisfying ||’l/fjk | |L1(BgM) Z o> 0.

To obtain a contradiction, we first observe that v; is quasi-plurisubharmonic (QPSH) on
B M, i.e. may be locally written as the sum of a plurisubharmonic function v; and a smooth
function p;; equivalently i00v; is locally bounded below by a negative smooth (1,1) form.
Indeed we put

1
J )\j

We use the following fact about subharmonic functions (see [Ho, Theorem 4.1.9]):

log |07 1%, pj = —px;-

Let {v;} be a sequence of subharmonic functions in an open set X C R™ which have a
uniform upper bound on any compact set. Then either v; — —oo uniformly on every compact
set, or else there exists a subsequence vj, which is convergent in Lj,.(X).

Since the proof is local, it also holds for open sets in manifolds, and in particular for
X =B!M.

We now verify that the hypotheses are satisfied in our example:

e (i) the functions v; are uniformly bounded above on B} M;
e (ii) limsup, ., v; < 2[¢],.

It suffices to prove these statements on each surface 0B M with uniform constants inde-
pendent of €. On the surface 9B; M, U; = u$. By the Sobolev inequality in (’)mT_l(ﬁB:M),
we have

SUD(z,¢)caBx M) |U§(93>§)| < ATHU;(%S)HB(@B:M)

m

Taking the logarithm, dividing by A;, and combining with the limit formula of Lemma 1.6
proves (i) - (ii).

We now settle the dichotomy above by proving that the sequence {v;} does not tend
uniformly to —oo on compact sets. That would imply that 1); — —oo uniformly on the
spheres 0B*M, for each ¢ < ¢;. Hence, for each ¢, there would exist K > 0 such that for
kE>K,

1 €
(35) )\—jklog|ujk(z)| < -1
However, (35) implies that
lw;, (2)| < e v Vze dBIM

which is inconsistent with the hypothesis that |u§, ()] — 1 in D'(0B; M).
Therefore, the second half of the dichotomy holds, i.e. there must exist a subsequence,
which we continue to denote by {v;, }, which converges in L'(B)) to some v € L'(B). By
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passing if necessary to a further subsequence, we may assume that {Ujk} converges pointwise
almost everywhere to v in B} . Then,
v(z) =limsupw;, <2[], (ae).
k—o0
Now let
v*(z) ;= limsupv(w) <0

be the upper-semicontinuous regularization of v. Then v* is plurisubharmonic on B M and
v* = v almost everywhere.
Put ¢* := v* —2|{|,. Then ¥* < 0, and the assumption ||, [|11(p:ar) > d > 0 implies that
Us:={C € BLM : 47(C) < —5/2)

has positive volume. Since 1), — ¢* in L'(Us), one has by [Ho|] Theorem 4.1.9 (b) that

(36) liglsup¢jk|U5 < Y*|y, < —6/2.
Hence, there exists a positive integer K such that v, (() < —d/2 for ( € Us, k> K ie.,
(37) [ (Ol S e, CelUs, k> K.

This again contradicts the weak convergence to 1.
Therefore ||4;, |11 (Bza) > 0 > 0 leads to a contradiction, and the Lemma is proved.

O
To complete the proof of Theorem 1.1 it suffices to combine the results that
1
5 A8810g|U>\| =3 [Z)\] = ﬂaﬁlogH%HLz on,y — 0 (weakly),
and that (by Lemma 1.6) the second term tends to 299[¢[,. O

5.2. Final remarks. (i) We check the numerical details in the case of the circle.
The zeros of sin27kz in the cylinder C/Z all lie on the real axis at the points z = ;.
Thus, there are 2k real zeros, and the Poincaré-Lelong formula gives

limy o 5500 log | sin 20k[? = limpcc 3 > oor 60

— L5y(&)dw A de.

On the other hand,
L00le] = iifalel 2donde

matching the other expression.

As mentioned in the introduction, the complex eigenfunctions e have no complex
zeros, hence Theorem 1.1 is false for them. The reason is that they are not quantum ergodic
but rather localize on just one of the two components of the unit tangent bundle (the one
with the same sign as k). Running through the previous calculation shows that the limit
zero current for these eigenfunctions is £99¢ = 0 rather than £99|¢|.

2mikax
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(ii) One can obtain other formulae for the distribution of zeros in the ergodic case using
the fact that the maps t + v/—1s — exp, ) $¥(t) are holomorphic curves yc(t + V—15s)
relative to the adapted complex structure for each geodesic . If one pulls back complexified
eigenfunctions under 7¢, then one obtains a holomorphic function in a strip around the
real-axis. Its complex zeros are discrete and correspond to the intersection points ngg Ne.-
Its real zeros are the intersection points of the real geodesic v with the nodal hypersurface.
In connection with Conjecture 1.7, it is natural to conjecture that these intersection points
become uniformly distributed on (M, g) when ~ is a uniformly distributed geodesic.

(iii) We can give a simpler form to £00|¢|, in dimensions m > 2. Let p(z, &) = [£2. We
note (with [GS2]) that
90f(p) = f'(p)90p + f"(p)Op N Op,
and that
IpNOp=idp Ao, 00p=—iw,.
It follows that in dimensions m > 2, we have

T .= 1 dp N\ «
(38) ;83\/5 = 27rp1/2wg + L2
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