BERGMAN METRICS AND GEODESICS IN THE SPACE OF KAHLER
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ABSTRACT. A guiding principle in Kéhler geometry is that the infinite dimensional sym-
metric space H of Kéahler metrics in a fixed Kéhler class on a polarized projective Kéhler
manifold M should be well approximated by finite dimensional submanifolds B, C H of
Bergman metrics of height k& (Yau, Tian, Donaldson). The Bergman metric spaces are sym-
metric spaces of type G¢/G where G = U(dy + 1) for certain dj,. This article establishes the
basic estimates for Bergman approximations for geometric families of toric K&dhler manifolds.

The approximation results are applied to the endpoint problem for geodesics of H, which
are solutions of a homogeneous complex Monge-Ampere equation in A x X, where A C C
is an annulus. Donaldson, Arezzo-Tian and Phong-Sturm raised the question whether H-
geodesics with fixed endpoints can be approximated by geodesics of By,. Phong-Sturm proved
weak C%-convergence of Bergman to Monge-Ampere geodesics on a general Kahler manifold.
Our approximation results show that one has C?(A4 x X) convergence in the case of toric
Kéhler metrics, extending our earlier result on CP!.

In subsequent papers, the techniques of this article are applied to approximations for
harmonic maps into H, to test configuration geodesic rays and to the smooth initial value
problem.
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1. INTRODUCTION

This is the first in a series of articles on the Riemannian geometry of the space
H = {peC®M): w, = wo+ddp >0} (1)

of Kéhler metrics in the class [wy] of a polarized projective Kéhler manifold (M, wy, L),
equipped with the Riemannian metric g3 of Mabuchi-Semmes-Donaldson [M1, S, D2,

el . = /M || % where ¢ € H and ¢ € T,H ~ C>°(M). (2)
Here, L — M is an ample line bundle with ¢;(L) = |wp]. Formally, (H, g») is an infinite di-
mensional non-positively curved symmetric space of the type G¢ /G, where G = SDif f,,, (M)
is the group of Hamiltonian symplectic diffeomorphisms of (M, wy). This statement is only
formal since G does not possess a complexification and H is an incomplete, infinite dimen-
sional space. An attractive approach to the infinite dimensional geometry is to approximate
it by a sequence of finite dimensional submanifolds B, C H of so-called Bergman (or Fubini-
Study) metrics. The space By of Bergman metrics may be identified with the finite dimen-
sional symmetric space GL(d,+1,C)/U(d) +1) where dy, is a certain dimension. Thus, By, is
equipped with a finite dimensional symmetric space metric gg, , which is not the same as the
submanifold Riemannian metric induced on it by g5. The purpose of the series is to show
that much of the symmetric space geometry of (Bg,gs,) tends to the infinite dimensional
symmetric space geometry of (H, gx) as k — oo.
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To put the problem and results in perspective, we recall that at the level of individual
metrics w € 'H, there exists a well-developed approximation theory: Given w, one can define
a canonical sequence of Bergman metrics wy, € By which approximates w in the C'*° topology
(see (9)), in much the same way that smooth functions can be approximated by Bernstein
polynomials (Yau [Y] and Tian [T]; see also [C, Zel, Ze2]). The approximation theory is
based on microlocal analysis in the complex domain, specifically Bergman kernel asymptotics
on and off the diagonal [BSj, C, Zel, D1, PS3]. As will be shown in [RZ3], one may use
the same methods to prove that the geometry of (By, gs,) tends to the geometry of (H, gy )
at the infinitesimal level: e.g. that the Riemann metric, connection and curvature tensor
of By tend to the Riemann metric, connection and curvature of H. But our principal aim
in this series is to extend the approximation from pointwise or infinitesimal objects to more
global aspects of the geometry, such as such as By -geodesics or harmonic maps to (By, gs,)-
These more global approximation problems are much more difficult than the infinitesimal
ones. The obstacles are analogous to those involved in complexifying SDif f,,,(M). We will
explain this comparison in more detail in §1.6 at the end of the introduction.

This article is concerned with the approximation of gy-geodesic segments w; in H with
fixed endpoints by gg,-geodesic segments in Bj. As recalled in §1.1, the geodesic equation
for the Kahler potentials ¢; of w; is a complex homogeneous Monge-Ampere equation. Little
is known about the solutions of the Dirichlet problem at present beyond the regularity result
that ¢, € CH([0,T] x M) for all o < 1 if the endpoint metrics are smooth (see X. Chen
[Ch] and Chen-Tian [CT] for results and background). It is therefore natural to study the
approximation of Monge-Ampere gy-geodesics ¢; by the much simpler gg, -geodesics ¢y (t, 2),
which are defined by one parameter subgroups of GL(dy, + 1,C) (see (24)). The problem of
approximating H-geodesic segments between two smooth endpoints by Bj-geodesic segments
was raised by Donaldson [D1], Arezzo-Tian [AT] and Phong-Sturm [PS1] and was studied
in depth by Phong-Sturm in [PS1, PS2]. They proved in [PS1] that ¢k (¢, z) — ¢; in a weak
C" sense on [0, 1] x M (see (13)); a C° result with a remainder estimate was later proved by
Berndtsson [B] for a somewhat different approximation.

In this article, we study the gz, -approximation of gy-geodesics in the case of a polarized
projective toric Kahler manifold. Our main result is that a gy geodesic segment of toric
Kahler metrics with fixed endpoints is approximated in C? by a sequence (¢, 2) of toric
gs,- geodesic segments. More precisely, for any T € Ry, ¢k (t, 2) — p(z) in C*([0,T] x M),
generalizing the results of [SoZ1] in the case of CP!. It is natural to study convergence of two
(space-time) derivatives since the Kahler metric w, = wy + dd°p involves two derivatives. In
the course of the proof, we introduce methods which have many other applications to global
approximation problems on toric Kahler manifolds, and which should also have applications
to non-toric Kéhler manifolds.

Here, as in [SoZ2, RZ1, RZ2], we restrict to the toric setting because, at this stage, it
is possible to obtain much stronger results than for general Kahler manifolds and because
it is one of the few settings where we can see clearly what is involved in the classical limit
as k — o0o. The simplifying feature of toric Kahler manifolds is that they are completely
integrable on both the classical and quantum level. In Riemannian terms, the submanifolds
of toric metrics of H and B;, form totally geodesic flats. Hence in the toric case, the geodesic
equation along the flat is linearized by the Legendre transform, with the consequence that
there exists an explicit formula for the Monge-Ampere geodesic ¢; between two smooth
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endpoint metrics. In particular, the explicit formula shows that geodesics between smooth
endpoints are smooth. We use this explicit solution throughout the article, starting from (29).
Thus, in the toric case we only need to prove C?-convergence of the Bergman approximation.
An analogous result on a general Kahler manifold would require an improvement on the
known regularity results on Monge-Ampere geodesics in addition to a convergence result.
We refer to [CT] for the state of the art on the regularity theory.

1.1. Background. To state our results, we need some notation and background. Let L —
M™ be an ample holomorphic line bundle over a compact complex manifold of dimension m.
Let wy € HSY (M, 7Z) denote an integral Kihler form. Fixing a reference hermitian metric
ho on L, we may write other hermitian metrics on L as h, = e"¥hy, and then the space
of hermitian metrics A on L with curvature (1, 1)-forms wy, in the class of wy may (by the
00 lemma) be identified with the space H of relative Kihler potentials (1). We may then
identify the tangent space T,/H at ¢ € H with C°>°(M). Following [M1, S, D1], we define
the Riemannian metric (2) on H. With this Riemannian metric, H is formally an infinite
dimensional non-positively curved symmetric space.

The space By of Bergman (or Fubini-Study) metrics of height k is defined as follows:
Let H°(M,L*) denote the space of holomorphic sections of the kth power L* — M of L
and let dj + 1 = dim H°(M, L*). We let BH®(M, L*) denote the manifold of all bases
s={s0,...,5q,} of H*(M, L*). Given a basis, we define the Kodaira embedding

Lg: M — CP% . 2z — [50(2),...,84.(2)]- (3)

We then define a Bergman metric (or equivalently, Fubini-Study) metric of height k to be a
metric of the form

ho
1/k’
(ko lsi(2)12,)
where hpg is the Fubini-Study Hermitian metric on O(1) — CP%. We then define
B = {h,, s € BH"(M,L")}. (5)

he = (Lihps) '/ = (4)

We use the same notation for the associated space of potentials ¢ such that hy = e"%hgy and
for the associated Kahler metrics w,. We observe that with a choice of basis of H(M, L*)
we may identify By with the symmetric space GL(dy, + 1,C)/U(dy + 1) since GL(d; + 1,C)
acts transitively on the set of bases, while ¢ihprg is unchanged if we replace the basis s by a
unitary change of basis. -

Several further identifications are important. The first is that By may be identified with
the space Z; of Hermitian inner products on H°(M, L¥), the correspondence being that a
basis is identified with an inner product for which the basis is Hermitian orthonormal. As
in [D1, D4], we define maps

by the rule that a Hermitian metric h € H induces the inner products on H°(M, L*),

!M%WM=ELBM%M% (6)
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where dV), = —hw,i, and where R = %. Also, h* denotes the induced metric on L*.

Further, we define the identifications
FSy : I}, ~ By,

as follows: an inner product G = (, ) on H 0(M , L*) determines a G-orthonormal basis
s = s of HY(M,L*) and an associated Kodaira embedding (3) and Bergman metric (4).
Thus,

FSp(G) = hg,. (7)
The right side is independent of the choice of hg and the choice of orthonormal basis. As
observed in [D1, PS1], F'Sk(G) is characterized by the fact that for any G-orthonormal basis
{s;} of H(M, L¥), we have

j£:|sj Wrse =1, (V2 € M). (8)

Metrics in By are defined by an algebro-geometric construction. By analogy with the
approximation of real numbers by rational numbers, we say that h € H (or its curvature
form wy,) has height k if h € By. A basic fact is that the union

B:GBk
k=1

of Bergman metrics is dense in the C'*°-topology in the space H (see [T, Zel]). Indeed,

FS), o Hilby,(h)
h

where the remainder is estimated in C" (M) for any r > 0; left side moreover has a complete
asymptotic expansion (see [D3, PS1] for precise statements).

Now that we have defined the spaces H and By, we can compare Monge-Ampere geodesics
and Bergman geodesics. Geodesics of H satisfy the Euler-Lagrange equations for the energy
functional determined by (2); see (68). By [M1, S, D2], the geodesics of H in this metric are
the paths h; = e”%*hy which satisfy the equation

—1+0(k™2), 9)

B
b 51Vl =0, (10)

which may be interpreted as a homogeneous complex Monge-Ampere equation on A x M
where A is an annulus [S, D2].

Geodesics in By, with respect to the symmetric space metric are given by orbits of certain
one-parameter subgroups ot = e/ of GL(d) + 1,C). In the identification of B, with the
symmetric space Zj, ~ GL(dk +1,C)/U(dg + 1) of inner products the 1 PS (one parameter
subgroup) e*4* € GL(dy + 1) changes an orthonormal basis 59 for the initial inner product
Gy to an orthonormal basis e*4* - 3(0) for G; where Gy is a geodesic of Z,. Geometrically, a
Bergman geodesic may be visualized as the path of metrics on M obtained by holomorphically
embedding M using a basis of H°(M, L*) and then moving the embedding under the 1 PS
subgroup e of motions of CP%. The difficulty is to interpret this simple extrinsic motion
in intrinsic terms on M.
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In this article, we only study the endpoint problem for the geodesic equation. We assume
given hg, hy € ‘H and let h(t) denote the Monge-Ampere geodesic between them. We then
consider the geodesic G(t) of I between Gy(0) = Hilb,(hy) and Gy(1) = Hilb,(hy) or
equivalently between F'Sy o Hilbg(ho) and F'Sy o Hilbg(hy). Without loss of generality,
we may assume that the change of orthonormal basis (or change of inner product) matrix
o, = e between Hilby(ho), Hilb,(hy) is diagonal with entries e, ..., e for some Aj eR.
Let 3% = et . 5O where e+ is diagonal with entries e*i*. Define

hk(t) = FSk @) Gk(t) = hé(t) = hoeﬂpk(t). (11)
It follows immediately from (8) that

N
1 .
pultiz) = 1 log (Ze%ﬂsﬁ”ﬁg)- (12)

j=0
We emphasize that o (t; z) is the intrinsic By, geodesic between the endpoints F'Sy 0 Hilb(hg)
and F'SioHilbi(hy). It is of course quite distinct from the Hilbi-image of the Monge-Ampere
geodesic; the latter is not intrinsic to By and one cannot gain any information on the H-
geodesic by studying it.
Let us summarize the notation for hermitian metrics and geodesics of metrics:
e For any metric i on L, h* denotes the induced metric on L*, and for any metric H
on L*, H# is the induced metric on L;
e Given hg € H, hy = e¥thy is the Monge-Ampere geodesic;
e hy = F'S o Hilbg(h) € By, is the natural approximating Bergman metric to h, and
hi(t) = e #*hg is the Bergman geodesic (11).
The main result of Phong-Sturm [PS1] is that the Monge-Ampere geodesic ; is approxi-
mated by the 1PS Bergman geodesic oy (t, z) in the following weak C° sense:

oi(2) = elim {sup ok (t, z)} , uniformly as ¢ — oo, (13)
=00 | k>¢

where u* is the upper envelope of u, i.e., u*(¢p) = lime.osup;c_¢ < u(¢). In particular,

without taking the upper envelope, supys, @i (t, z) — ©(t, z) almost everywhere as { — oo.

See also [B] for the subsequent proof of an analogous result for the adjoint bundle L* @ K

(where K is the canonical bundle) with an error estimate ||@g(t) — @(t)||co = O(lolfk).

1.2. Statement of results. Our purpose is to show that the degree of convergence of
hi(t) — hy or equivalently of ¢k (t,2) — () is much stronger for toric hermitian metrics
on the invariant line bundle . — M over a smooth toric Kéahler manifold. We recall that a
toric variety M of dimension m carries the holomorphic action of a complex torus (C*)™ with
an open dense orbit. The associated real torus T™ = (S')™ acts on M in a Hamiltonian
fashion with respect to any invariant Kahler metric w, i.e., it possesses a moment map
w: M — P with image a convex lattice polytope. Here, and henceforth, P denotes the
closed polytope; its interior is denoted P° (see §2 for background). Objects associated to M
are called toric if they are invariant or equivariant with respect to the torus action (real or
complex, depending on the context). We define the space of toric Hermitian metrics by

Hom = {p € H: ()¢ = ¢, forall ¢ € T™}. (14)
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Here, we assume the reference metric hy is T™-invariant. We note that since T™ has a
moment map, it automatically lifts to L and hence it makes sense to say that hg : L — C
is invariant under it. With a slight abuse of notation carried over from [D1], we also let ¢
denote the full Kahler potential on the open orbit, i.e., w, = dd°¢p on the open orbit. It is
clearly T™-invariant.

Our main result is

THEOREM 1.1. Let L — M be a very ample toric line bundle over a smooth compact toric
variety M. Let Hr denote the space of toric Hermitian metrics on L. Let hg,hy € Hr
and let hy be the Monge-Ampere geodesic between them. Let hy(t) be the Bergman geodesic
between Hilby(ho) and Hilby(hy) in By. Let hy(t) = e #**hg and let hy = e=*hg. Then

Jim pr(t,2) = ¢u(2)

in C%([0,1] x M). In fact, there exists C independent of k such that

llox — @llezoyxay <C k713%e e > 0.

Our methods show moreover that away from the divisor at infinity D (cf. §2), the function
©r(t, 2) has an asymptotic expansion in powers of k=1, and converges in C* to ;. But
the asymptotics become complicated near D, and require a ‘multi-scale’ analysis involving
distance to boundary facets. It is therefore not clear whether ¢, has an asymptotic expansion
in k~! globally on M. At least, no such asymptotics follow from the known Bergman kernel
asymptotics, on or off the diagonal. The analysis of these regimes for general toric varieties
seems to be fundamental in ‘quantum mechanical approximations’ on toric varieties.

As mentioned above, the Monge-Ampere equation can be linearized in the toric case and
solved explicitly (17); we give a simple new proof in §2. The geodesic arcs are easily seen to
be C* when the endpoints are C*°. Hence the C%-convergence result does not improve the
known regularity results on Monge-Ampere geodesics of toric metrics, but pertain only to the
degree of convergence of Bergman to Monge-Ampere geodesics in a setting where the latter
are known to be smooth; it is possible that the methods can be developed to give regularity
results, but this is a distant prospect (see the remarks at the end of this introduction).

1.3.  Outline of the proof. Let us now outline the proof of Theorem 1.1. We start
with the fact that the Legendre transform of the Kéhler potential linearizes the Monge-
Ampere equation (cf. §2.7 and [A, G, D3]). The Legendre transform Ly of the open-orbit
Kahler potential ¢, a convex function on R™ in logarithmic coordinates, is the so-called dual
symplectic potential

up(@) = L), (15)
a convex function on the convex polytope P. Under this Legendre transform, the complex
Monge-Ampere equation on Hrm linearizes to the equation % = 0 and is thus solved by

Ut = Uy + Tty — Uggy)- (16)
Hence the solution ; of the geodesic equation on H is solved in the toric setting by
Yt = ﬁ_lut. (17)

Our goal is to show that ¢ (t;2) — L7 u; as in (16) in a strong sense.
The second simplifying feature of the toric setting occurs on the quantum level. The
Bergman geodesic is obtained by applying the F'S; map to the one-parameter subgroup
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et In general, it is difficult to understand what kind of asymptotic behavior is possessed
by the operators e/*. But on a toric variety, there exists a natural basis of the space of
holomorphic sections H°(M, L*) furnished by monomial sections 2% which are orthogonal
with respect to all torus-invariant inner products, and with respect to which all change of
basis operators e!4* are diagonal; we refer to §2 or to [STZ1] for background. Hence, we
only need to analyze the eigenvalues of e*. The exponents « of the monomials are lattice
points a € kP in the kth dilate of the polytope P corresponding to M. The eigenvalues in

the toric case are given by
1 Qi ()
Ao :i==1o ¢ , 18

where thg(a) is a ‘norming constant’ for a toric inner product. By a norming constant for

a toric Hermitian inner product G on H°(M, L¥) we mean the associated L? norm-squares
of the monomials

Qq(a) = [[sall- (19)
In particular, if h € Hrm, the norming constants for Hilbg(h) are given by
Qi) = 1l = [ [sa(a) i (20)
Mp

Thus, an orthonormal basis of H°(M, L¥) with respect to Hilb,(h) for h € Hr is given by
{—== a € kPNZ™}. An equivalent, and in a sense dual (cf. §3), formulation is in

\ Qhk (a) ’

terms of the functions

[5a(2) |3k
Por(a, 2) 1= ol 1nk 21
hk ( ) Qhk (CK) ( )
and their special values
e [sa (1t (£) 7
P =P, i (=) = 22
() = Pralon (1) = PGS (22)
Given two toric hermitian metrics hg, h; € Hpm, the change of basis matrix e+ = Thoha

from the monomial orthonormal basis for Hilbg(hg) to that for Hilb,(h;) is diagonal, and
the eigenvalues are given by

x Qi (@)
Sp(etreti) .= {2 = 0 ¢ P}, (23)
thf(a)
Hence, for a Bg-geodesic, (12) becomes
1
oi(t, z) = e log Z(t, 2) (24)

where

Qe (@) [sa(2)l1s
Zi(t,z)= Y ( i )> 0, (25)

ackPNZ™ Qh'f (@) Qh’g ()
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It is interesting to observe that the relative Kéhler potential (24) is the logarithm of an
exponential sum, hence has the form of a free energy of a statistical mechanical problem

Qi () *
with states parameterized by o € kP and with Boltzmann weights < Qh}f (a)) .
hi

Thus, our goal is to prove that

we(a)\ ' 1sa(2) 2
%mg > (Q a )) © — @y(z) in C*(Ax M). (26)

a€kPNZ™ s (a) ny ()

1.4. Heuristic proof. Let us next sketch a heuristic proof which makes the pointwise con-
vergence obvious. The first step is to obtain good asymptotics of the norming constants
(20). As in [SoZ1], they may be expressed in terms of the symplectic potential by

Qhk(a) _ /Ijek(u¢(x)+(zx,Vu¢(x)))dx (27)

As k — oo the integral is dominated by the unique point # = 7 where the ‘phase function’
is maximized. The Hessian is always non-degenerate and by complex stationary phase we
obtain the asymptotics

Qhk (ak) ~ k,—m/2€2ku¢ (o) )

The complex stationary phase (or steepest descent) method does not apply near the boundary
0P, causing serious complications, but in this heuristic sketch we ignore this aspect.
If we then replace each term in Zj by its asymptotics, we obtain

1
@k(t GP/Q) ~ E log Z er(uo(a)+t(u1(a)—uo(a))+<p,a>)' (28)

aEPNLZ™
The exponent (ug(a) + t(u1 () — up(@)) + (p, ) is convex and therefore has a unique min-

imum point. This suggests applying a discrete analogue of complex stationary phase to the
sum (28), a Dedekind-Riemann sum which is asymptotic to the integral

/ o 2h(u0 (@) +H(u1 ()0 (@) +(p0d) g
P

Taking %log of the integral and applying complex stationary phase gives the asymptote
maxiug(a) + t(ur (@) —uo(a)) + (p, a)}.
But this is the Legendre transform of the ray of symplectic potentials

Uepg (Oé) + t(u% (Oé) = Upg (Oé)),

and thus is the Monge-Ampere geodesic.
This is the core idea of the proof. We now give the rigorous version.
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1.5. Outline of the rigorous proof. The main difficulty in the proof of Theorem 1.1
is that the norms have very different asymptotic regimes according to the position of the
normalized lattice point ¢ relative to the boundary dP of the polytope. Even in the simplest
case of CPP™, the different positions correspond to the regimes of the central limit theorem,
large deviations theorems and Poisson law of rare events for multi-nomial coefficients. In
determining the asymptotics of (24), we face the difficulty that these Boltzmann weights
might be exponentially growing or decaying in k as k — oc.

To simplify the comparison between the Bergman and Monge-Ampere geodesics, we take
advantage of the explicit solution (17) of geodesic equation to re-write Z (¢, z) in the form

Isa( e

e hei(2) Zi(t, z) Ry (t
> Qhk( )

aEkPNZ™

> Rult, ) Pu(a, 2), (29)

aekPNZ™
where as usual h; = e”%'hy (with ¢; as in (17)), and where

Qh,’; (a)
(D (@) =1 Qpi (a))f
One of the key ideas is that R(t, ) is to at least one order a semi-classical symbol in k, i.e.,

has at least to some extent an asymptotic expansion in powers of k. Once this is established,
it is possible to prove that

Rk<t, Ck) =

(30)

1
%log Z Ri(t, @) Ppe(a, 2) — 0 (31)

aekPNzZ™

in the C2-topology on [0,1] x M.
The proof of Theorem 1.1 consists of four main ingredients:

e The Localization Lemma 1.2, which states that the sum over « localizes to a ball of
radius O(k~27°) around the point s,(z). Here and hereafter, § can be taken to be
any sufficiently small positive constant.

e Bergman/Szeg6 asymptotics (see §4.2), which allow one to make comparisons between
the sum in Z; and sums with known asymptotics.

e The Regularity Lemma 1.3, which states that the summands Ry (¢, @) one is averaging
have sufficiently smooth asymptotics as k& — oo, allowing one to Taylor expand to
order at least one around the point p(2).

e Joint asymptotics of the Fourier coefficients (21) and particularly their special val-
ues Ppr(«) in the parameters k and distance to 0P (see Proposition 6.1). We use
a complex stationary phase method in the ‘interior region’ far from JP and local
Bargmann-Fock models near 0P.

The Localization Lemma is needed not just for Ry(t,a) but also for summands which
arise from differentiation with respect to (¢, 2):

LEMMA 1.2. (Localization of Sums) Let Bi(t, ) : Z™ N kP — C be a family of lattice point
functions satisfying |Br(t, )] < Cok™ for some Co, M > 0. Then, there exists C > 0 so
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that for any 6 > 0,

|5a( )|;21k ‘Sa(z)’i{; ~
Z Byi(t, ) Qhk( ;= Z Bk(tya)m + Os(k™).

1
acekPNzZ™ a:|%—,ut(Z)|§k7§+6

The proof is an integration by parts argument. One could localize to the smaller scale
F—m(2) <C 10\% but then the argument only brings errors of the order (log k)~ for all
M and that complicates later applications.

The regularity Lemma concerns the behavior of the ‘Fourier multiplier’ Ry (¢, «) (30). The
sum (25) formally resembles the Berezin covariant symbol of a Toeplitz Fourier multiplier,
i.e., the restriction to the diagonal of the Schwartz kernel of the operator; we refer to ([STZ2,
Ze2]) for discussion of such Toeplitz Fourier multipliers operators on toric varieties and their
Berezin symbols. However, the resemblance is a priori just formal — it is not obvious that
Ry (t, ) has asymptotics in k. As mentioned above, the nature of the asymptotics is most
difficult near OP; it is not obvious that smooth convergence holds along D, the divisor at
infinity.

The purpose of introducing Ry (¢, ) is explained by the following result. First, we make
the

Definition: We define the metric volume ratio to be the function on [0, 1] x P defined by

- det V2u,(z) v
Roolt @) := ((det V2ug(z))=(det V%(fc))t) '

LEMMA 1.3. (Regularity) The volume ratio Ry (t,z) € C°([0,1] x P). Further, for 0 < j <
2,
8 6 . « 1
J J _ -3
(D yRut.0) = (LYRa(t, 2 + OGS,

where the O symbol is uniform in (t, ).

This Lemma is the subtlest part of the analysis. If the Rj function were replaced by a
fixed function f(r) evaluated at ¥ then the convergence problem reduces to generalizations
of convergence of Bernstein polynomial approximations to smooth functions [Ze2], and only
requires now standard Bergman kernel asymptotics. However, the actual Ry(¢,«) do not
apriori have this form, and much more is required for their analysis than asymptotics (on
and off diagonal) of Bergman kernels. The analysis uses a mixture of complex stationary
phase arguments in directions where ¢ is ‘not too close’ to 9P, while directions ‘close to’ 9P
we use an approximation by the ‘linear’ Bargmann-Fock model (see §2.6 and §6.4).

The somewhat unexpected £~'/3 remainder estimate has its origin in this mixture of
complex stationary phase and Bargmann-Fock asymptotics. Both methods are valid for
k satisfying % < 0 < \/Ellog - In this region, the stationary phase remainder is of

order (kd;)~! while the Bargmann-Fock remainder is of order kd7; the two remainders agree

when 0, = k=3, and then the remainder is O(k~'/3). For smaller 4 the Bargmann-Fock
approximation is more accurate and for larger d, the stationary phase approximation is
more accurate. This matter is discussed in detail in §6.4.
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The rest of the proof of the C?-convergence may be roughly outlined as follows: We
calculate two logarithmic derivatives of e #¢1(2) Z, (¢, 2) of (29) with respect to (¢, p). Using
the Localization Lemma 1.2 we can drop the terms in the resulting sums corresponding to
a for which |¢ — p(2)] > k=279 In the remaining terms we use the Regularity Lemma 1.3
to approximate the summands by their Taylor expansions to order one around p(z). This
reduces the expressions to derivatives of the diagonal Szego kernel

[5a(2) 7
IIx(z,2) = —t 32
h ( ) aGI;Zm th (a) ( )

for the metric h¥ on H°(M, L*) induced by Monge-Ampere geodesic h;. Here, we use the
smoothness of h;. The known asymptotic expansion of this kernel (§4.2) implies the C2-
convergence of e¥t(*) Z, (¢, 2).

As indicated in this sketch, the key problem is to analyze the joint asymptotics of norming
constants QF(a) and the dual constants Pyr() (22) in (k,«). Norming constants are a
complete set of invariants of toric Kéhler metrics. Initial results (but not joint asymptotics
in the boundary regime) were obtained in [STZ1]; norms are also an important component
of Donaldson’s numerical analysis of canonical metrics [D4] on toric varieties. In [SoZ1] the
joint asymptotics of QF(a) were studied up to the boundary of the polytope [0, 1] associated
to CP!. In this article, we emphasize the dual constants (22).

1.6. Bergman approximation and complexification. Having described our methods
and results, we return to the discussion of their relation to Kahler quantization and to the
obstacles in complexifying Dif f,,(M). Further discussion is given in [RZ2].

We may distinguish two intuitive ideas as to the nature of Monge-Ampere geodesics. The
first heuristic idea, due to Semmes [S] and Donaldson [D1], is to view HCMA geodesics
as one parameter subgroups of G¢ where G = SDif f,,(M). One parameter subgroups of
SDif f.,(M) are defined by Hamiltonian flows of initial Hamiltonians ¢ with respect to
wo. A complexified one parameter subgroup is the analytic continuation in time of such
a Hamiltonian flow [S, D1]. This idea is heuristic inasmuch as Hamiltonian flows need not
possess analytic continuations in time; moreover, no genuine complexification of SDif f,,, (M)
exists.

The second intuitive idea (backed up by the results of [PS1] and this article) is to view
HCMA geodesics as classical limits of B geodesics. The latter have a very simple extrinsic
interpretation as one parameter motions e*4*1,(M) of a holomorphic embedding ¢, : M —
CP%. But the passage to the classical limit is quite non-standard from the point of view of
Kihler quantization. The problem is that the approximating one parameter subgroups e*“+
of operators on H°(M, L*), which change an orthonormal basis for an initial inner product
to a path of orthonormal bases for the geodesic of inner products, are not apriori complex
Fourier integral operators or any known kind of quantization of classical dynamics.

The heuristic view taken in this article and series is that e*4* should be approximately the
analytic continuation of the Kahler quantization of a classical Hamiltonian flow. To explain
this, let us recall the basic ideas of Kahler quantization.

Traditionally, Kahler quantization refers to the quantization of a polarized Kahler man-
ifold (M,w, L) by Hilbert spaces H°(M, L*) of holomorphic sections of high powers of a
holomorphic line bundle L — M with Chern class ¢;(L) = [w]. The Kéhler form determines
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a Hermitian metric h such that Ric(h) = w. The Hermitian metric induces inner products
Hilby(h) on H°(M, L*). In this quantization theory, functions H on M are quantized as Her-
mitian (Toeplitz) operators H := I, HII,. on H°(M, L¥), and canonical transformations
of (M,w) are quantized as unitary operators on H°(M, L¥). Quantum dynamics is given by
unitary groups e* (see [BBS, BSj, Zel] for references).

In the case of Bergman geodesics with fixed endpoints, H should be ¢q, the initial tangent
vector to the HCMA geodesic with the fixed endpoints. The quantization of the Hamiltonian
flow of ¢ should then be e* and its analytic continuation should be e The change of
basis operator e*“* should then be approximately the same as e*#. But proving this and
taking the classical limit is necessarily non-standard when the classical analytic continuation
of the Hamiltonian flow of ¢ does not exist. Moreover, we only know that ¢ € C19.

This picture of the Bergman approximation to HCMA geodesics is validated in this article
in the case of the Dirichlet problem on projective toric Kéhler manifolds. It is verified for
the initial value problem on toric Kdhler manifolds in [RZ2]. In work in progress, we are
investigating the same principle for general Kéhler metrics on Riemann surfaces [RZ4].

1.7.  Final remarks and further results and problems. An obvious question within
the toric setting is whether ¢y (t) — ¢; in a stronger topology than C? on a toric variety. It
seems possible that the methods of this paper could be extended to C*-convergence. The
methods of this paper easily imply C* convergence for all k away from OP or equivalently the
divisor at infinity, but the degree of convergence along this set has yet to be investigated. As
mentioned above, we do not see why ¢, should have an asymptotic expansion in k, but this
aspect may deserve further exploration. We also mention that our methods can be extended
to prove C*-convergence of Berndtsson’s approximations in [B].

In subsequent articles on the toric case, we build on the methods introduced here to prove
convergence theorems for other geodesics and for general harmonic maps [RZ1] (including
the Wess-Zumino-Witten equation). In [SoZ2|, we develop the methods of this article to
prove that the geodesic rays constructed in [PS2] from test configurations are C*! and no
better on a toric variety. Test configuration geodesic rays are solutions of a kind of initial
value problem; we refer to the articles [PS2, SoZ2| for the definitions and results. For test
configuration geodesics, the analogue of R, is not even smooth in . The smooth initial value
problem is studied in [RZ2]. In a different direction, one of the authors and Y. Rubinstein
prove a C? convergence result for completely general harmonic maps of Riemannian manifolds
with boundary into toric varieties (see [R, RZ1]). This includes the Wess-Zumino-Witten
model where the manifold is a Riemann surface with boundary.

We believe that the techniques of this paper extend to other settings with a high degree
of symmetry, such as Abelian varieties and other settings discussed in [D5]. The general
Kahler case involves significant further obstacles. A basic problem in generalizing the results
is to construct a useful localized basis of sections on a general (M,w). In the toric case,
we use the basis of T™-invariant states S, = z®, which ‘localize’ on the so-called ‘Bohr-
Sommerfeld tori’, i.e. the inverse images ,u_l(%) of lattice points under the moment map .
Such Bohr-Sommerfeld states also exist on any Riemann surface; in [RZ4], we relate them
to the convergence problem for HCMA geodesics on Riemann surfaces.

We briefly speculate on the higher dimensional general Kahler case. There are a number of
plausible substitutes for the Bohr-Sommerfeld basis on a general Kéhler manifold. A rather
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traditional one is to study the asymptotics of e4* on a basis of coherent states ®}.. Here,
pr (Z) _ Hhk(z,w)
hk

5 (w,w)
Intuitively, CD%k is like a Gaussian bump centered at w with shape determined by the metric
h. Tt is thus more localized than the monomials 2%, which are only Gaussian transverse to
the tori. Under the change of basis operators e*4*, both the center and shape should change.
Like the monomials z%, coherent states have some degree of orthogonality. There are in
addition other well-localized bases depending on the Kahler metric which may be used in
the analysis.

Our main result (Theorem 1.1) may be viewed heuristically as showing that as k — oo
the change of basis operators e*4* tend to a path f; of diffeomorphisms changing the initial
Kéhler metric wy into the metric w; along the Monge-Ampere geodesic. We conjecture that
etAk'(I)}l",c ~ @i’};w), where h; is the Monge-Ampere geodesic and f; is the Moser path of

are L? normalized Szegd kernels pinned down in the second argument.

diffeomorphisms such that ffwy = w;. We leave the exact degree of asymptotic similarity
vague at this time since even the regularity of the Moser path is currently an open problem.

Acknolwedgements The authors would like to thank D. H. Phong and J. Sturm for their
support of this project, and to thank them and Y. A. Rubinstein for many detailed correc-
tions. The second author’s collaboration with Y. A. Rubinstein subsequent to the initial
version of this article has led to a deepened understanding of the global approximation
problem, which is reflected in the revised version of the introduction.

2. BACKGROUND ON TORIC VARIETIES

In this section, we review the necessary background on toric Kdhler manifolds. In addition
to standard material on Kahler and symplectic potentials, moment maps and polytopes, we
also present some rather non-standard material on almost analytic extensions of Kahler
potentials and moment maps that are needed later on. We also give a simple proof that the
Legendre transform from Kéhler potentials to symplectic potentials linearizes the Monge-
Ampére equation.

Let M be a complex manifold. We use the following standard notation: % = %(% —
ia%), 2 =124 2'8%). We often find it convenient to use the real operators d = 9 + 9,d° :=

L(0—0) and dd° = J-00.
Let L — M be a holomorphic line bundle. The Chern form of a Hermitian metric h on L
is defined by
Jv—1 _
c1(h) =wp = —Waalog leclls (33)

where e;, denotes a local holomorphic frame (= nonvanishing section) of L over an open
set U C M, and |leg||n = h(er,er)/? denotes the h-norm of e;. We say that (L,h) is
positive if the (real) 2-form wy, is a positive (1,1) form, i.e., defines a Kéhler metric. We
write |lez(2)]|2 = e™¥ or locally h = e™%, and then refer to ¢ as the Kéhler potential of wy,
in U. In this notation,

wp = g@ago = dd‘p. (34)
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If we fix a Hermitian metric hy and let h = e~%hy, and put wy = wy,, then
wp = wo + dd°p. (35)

The metric h induces Hermitian metrics h* on L* = L & --- @ L given by [|s®*||,, = |Isl|F.
We now specialize to toric Kéhler manifolds; for background, we refer to [A, D3, G, STZ1].
A toric Kéhler manifold is a Kéhler manifold (M, J,w) on which the complex torus (C*)™
acts holomorphically with an open orbit M°. Choosing a basepoint mg on the open orbit
identifies M° = (C*)™ and give the point z = e?/>7%m, the holomorphic coordinates

2= el c (C™, p,p €R™. (36)

The real torus T™ C (C*)™ acts in a Hamiltonian fashion with respect to w. Its moment
map g = p, : M — P C t* ~ R™ (where t is the Lie algebra of T™) with respect to w
defines a singular torus fibration over a convex lattice polytope P; as in the introduction, P
is understood to be the closed polytope. We recall that the moment map of a Hamiltonian
torus action with respect to a symplectic form w is the map p, : M — t* defined by
d(p(2), &) = te#w where £ is the vector field on M induced by the vector £ € t. Over the
open orbit one thus has a symplectic identification

o M~ P°x T™.

We let x denote the Euclidean coordinates on P. The components (14, ..., I,,) of the moment
map are called action variables for the torus action. The symplectically dual variables on T
are called the angle variables. Given a basis of t or equivalently of the action variables, we
denote by {%} the corresponding generators (Hamiltonian vector fields) of the T™ action.

Under the complex structure .JJ, we also obtain generators % of the R’ action.

The action variables are globally defined smooth functions but fail to be coordinates at
points where the generators of the T™ action vanish. We denote the set of such points by
D and refer to it as the divisor at infinity. If p € D and T}' denotes the isotropy group of
p, then the generating vector fields of T}’ become linearly dependent at P. Since we are
proving C? estimates, we need to replace them near points of D by vector fields with norms
bounded below. We discuss good choices of coordinates near points of D below.

We assume M is smooth and that P is a Delzant polytope. It is defined by a set of linear
inequalities

() = (x,0.) = N\ >0, r=1,....d,
where v, is a primitive element of the lattice and inward-pointing normal to the r-th (m —1)-
dimensional facet F, = {{, = 0} of P. We recall that a facet is a highest dimensional face
of a polytope. The inverse image pu~'(0P) of the boundary of P is the divisor at infinity
D C M. For x € OP we denote by

F(x)={r:L.(x) =0}
the set of facets containing x. To measure when x € P is near the boundary we further
define
Fo(z) ={r:|l.(x)] < €} (37)
The simplest toric varieties are linear Kéhler manifolds (V, w) carrying a linear holomorphic

torus action. They provide local models near a corner of P or equivalently near a fixed point
of the T™ action. As discussed in [GS, LT], a linear symplectic torus action is determined
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by a choice of m elements [3; of the weight lattice of the Lie algebra of the torus. The vector
space then decomposes (V,w) = @(V;,w;) of orthogonal symplectic subspaces so that the
moment map has the form

ppr(vr, .. vp) = Z ’Uj\zﬁj- (38)

The image of the moment map is the orthant R'?. This provides a useful local model at
corners. We refer to these as Bargmann-Fock models; they play a fundamental role in this
article (cf. §2.6).

2.1. Slice-orbit coordinates. We will also need local models at points near codimension
r faces, and therefore supplement the coordinates (36) on the open orbit with holomorphic
coordinates valid in neighborhoods of points of D. An atlas of coordinate charts for M
generalizing the usual affine charts of CP™ is given in [STZ1], §3.2 and we briefly recall the
definitions. For each vertex vy € P, we define the chart U,, by

Uvo = {Z € Mp; XUO(Z) 7é 0}7 (39)
where

Qn

XQ(Z):ZC“:Z]O_H"'Z” .

Throughout the article we use standard multi-index notation, and put |a| = a3 + -+ + .
Since P is Delzant, we can choose lattice points !, ..., o™ in P such that each o is in an
edge incident to the vertex vy, and the vectors v/ := o’ — vy form a basis of Z™. We define

*\m *\m ’Ul o™
n:(C)Y" = (C™, n(z) =n;(2) = (2",...,2"). (40)
The map 7 is a T™-equivariant biholomorphism with inverse
*\m *\m el e™
2 (C)" = (€ 2 =", (41)

where e’ is the standard basis for C™, and I' is an m x m-matrix with det I' = £1 and integer
coefficients defined by

I =el, v =al —u. (42)
The corner of P at vy is transformed to the standard corner of the orthant R’ by the affine
linear transformation

I[':R™3u— T'u—Ty € R™, (43)
which preserves Z™, carries P to a polytope Q,, C {x € R™; z; > 0} and carries the facets

F; incident at vy to the coordinate hyperplanes = {x € @, ; ; = 0}. The map 7 extends a
homeomorphism:

n:U, — C™, n(z0) =0, zo= the fixed point corresponding to . (44)

By this homeomorphism, the set ' (F}) corresponds to the set {n € C™; n; = 0}. If F' be a
closed face with dim F' = m —r which contains vy, then there are facets Fj,, ..., F;, incident
at vy such that F' = F; N---N F; . The subvariety up'(F) corresponding F' is expressed by

pp (F)NUy, ={neC™;n, =0, j=1,....r} (45)
When working near a point of ' (F), we simplify notation by writing

77 — (7],777”) c (Cm — (CT X (Cm—r (46)
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where 1 = (1;;) as in (45) and where 1" are the remaining 7;’s, so that (0,1") is a local
coordinate of the submanifold up'(F). When the point (0,7") lies in the open orbit of
up'(F), we often write " = e®"*#"/2_ In practice, we simplify notation by tacitly treating
the corner at vy as if it were the standard corner of R, omit mention of I' and always use
(2, 2") instead of n. It is straightforward to rewrite all the expressions we use in terms of
the more careful coordinate charts just mentioned.

These coordinates may be described more geometrically as slice-orbit coordinates. Let
Py € pp'(F) and let (C*) denote its stabilizer (isotropy) subgroup. Then there always
exists a local slice at Py, i.e., a local analytic subspace S C M such that P, € S, S is
invariant under (C*)%, and such that the natural (C*)™ equivariant map of the normal

bundle of the orbit (C*)™ - P,
¢, Pl € (C)" xrym S—(-PeM (47)

is biholomorphism onto (C*)™-S. The terminology is taken from [Sj] (see Theorem 1.23). The
slice S can be taken to be the image of a ball in the hermitian normal space Tr, ((C*)™P)*
to the orbit under any local holomorphic embedding w : Tr, ((C*)™Py)t — M with w(Py) =
Py, dwp, = Id. The affine coordinates n” above define the slice S = n='{(2',2"(P)) : 2’ €
(C*)"}. The local ‘orbit-slice’ coordinates are then defined by

P = (") = (P) =R 0) (48)

where (2/,0) € S is the point on the slice with affine holomorphic coordinates 2z’ = (7).

As will be seen below, toric functions are smooth functions of the variables e”i away from
D, and of the variables |z;|* at points near D. We introduce the following ‘polar coordinates’
centered at a point P € D:

ry = |z = ei/?, (49)

They are polar coordinates along the slice. The gradient vector field of r; is denoted %.
J

As with polar vector fields, it is not well-defined at r; = 0. But to prove C* estimates of
functions which are smooth functions of r]z it is sufficient to prove C* estimates with respect

to the vector fields a%j or 8&2).

2.2. Kahler potential in the open orbit and symplectic potential. Now consider the
Kéhler metrics w in ‘H (cf. (1)). We recall that on any simply connected open set, a Kéhler
metric may be locally expressed as w = 2i00¢ where ¢ is a locally defined function which
is unique up to the addition ¢ — ¢ + f(2) + f(2) of the real part of a holomorphic or
antiholomorphic function f. Here, a € R is a real constant which depends on the choice of
coordinates. Thus, a Kahler metric w € H has a Kéahler potential ¢ over the open orbit
Me° C M. In fact, there is a canonical choice of the open-orbit Kahler potential once one

fixes the image P of the moment map:
©(z) = log Z 12%* = log Z el (50)
acP acP

Invariance under the real torus action implies that ¢ only depends on the p-variables, so
that we may write it in the form

p(z) = @(p) = F(e”). (51)
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The notation ¢(z) = ¢(p) is an abuse of notation, but is rather standard since [D3|. For

instance, the Fubini-Study Kahler potential is ¢(z) = log(1 + |2]?) = log(1 + e?) = F(e”).

Note that the Kihler potential log(1l + |z]?) extends to C™ from the open orbit (C*)™,

although the coordinates (p, @) are only valid on the open orbit. This is a typical situation.
On the open orbit, we then have

A Opedp; z; 2k

)

Positivity of w, implies that ¢(p) = F(e”) is a strictly convex function of p € R". The
moment map with respect to w, is given on the open orbit by

[, (21, s 2m) = Vp(p) = V,F (e, .. efm), (2 = P10, (53)

Here, and henceforth, we subscript moments maps either by the Hermitian metric h or by
a local Kahler potential ¢. The formula (53) follows from the fact that the generators %
890(/))

of the T™ actions are Hamiltonian vector fields with respect to w, with Hamiltonians D
J

since 5
¥
g Wp = 5 (54)
The moment map is a homeomorphism from p € R™ to the interior P° of P and extends
as a smooth map from M — P with critical points on the divisor at infinity D. Hence, the
Hamiltonians (54) extend to D.

Note that the local Kahler potential on the open orbit is not the same as the global smooth
relative Kdhler potential in (1) with respect to a background Kéhler metric wy. That is, given
a reference metric wy with Kéhler potential g, it follows by the 00 lemma that w = wo+ddp
with ¢ € C*°(M). As discussed in [D3] (see Proposition 3.1.7), the Kéhler potential ¢ on
the open orbit defines a singular potential on M which satisfies dd“p = w + H where H is
a fixed current supported on D. We generally denote Kahler potentials by ¢ and in each
context explain which type we mean.

By (52), a T™-invariant Kahler potential defines a real convex function on p € R™. Its
Legendre dual is the symplectic potential u,: for x € P there is a unique p such that
p,(e?’?) = V0 = x. Then the Legendre transform is defined to be the convex function

ug(x) = (2, pe) — plps), % = p'(x) <= p, = 2logp,' (v) (55)
on P. The gradient V,u, is an inverse to p,,, on Mg on the open orbit, or equivalently on
P, in the sense that Vu,(p.,(2)) = 2 as long as p,,,(2) ¢ OP.

The symplectic potential has canonical logarithmic singularities on 0P. According to [A]
(Proposition 2.8) or [D3] ( Proposition 3.1.7), there is a one-to-one correspondence between
Tg-invariant Kéhler potentials ¢ on Mp and symplectic potentials u in the class S of
continuous convex functions on P such that u — ug is smooth on P where

Zﬁk )log lx (). (56)

Thus, u,(x) = uo(x) + f,(x) where f, € C>°(P). We note that uy and u, are convex, that
up = 0 on P and hence u, = f, on dP. By convexity, maxp uy = 0.
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We denote by G, = VZu, the Hessian of the symplectic potential. It has simple poles on
OP. Tt follows that Vng has a kernel along D. The kernel of G;l(x) on T,OP is the linear
span of the normals i, for r € F(xz). We also denote by H,(p) = V2¢p(e”) the Hessian of
the Kéhler potential on the open orbit in p coordinates. By Legendre duality,

Hy(p) = G, (z), p(e’) == (57)

This relation may be extended to D — 0P. The kernel of the left side is the Lie algebra of
the isotropy group G, of any point p € p~*(x). The volume density has the form

d

det(G") = dy(x) - [ [ t-(2), (58)

for some positive smooth function d, [A]. We note that log []°_, £-(z) is known in convex
optimization as the logarithmic barrier function of P.

2.3. Kahler potential near D. We also need smooth local Kahler potentials in neighbor-
hoods of points zy € D. We note that the open orbit Kéhler potential (50) is well-defined
near z = 0. Local expressions for the Kéhler potential at other points of D essentially amount
to making an affine transformation of P to transform a given corner of P to 0, and in these
coordinates the local Kahler potential near any point of D can be expressed in the form (50).
For instance, on CP!, a Kihler potential valid at z = oo is given in the coordinates w = %
by log(1+|wl|?). Tt differs on the open orbit from the canonical Kahler potential log(1+ |z|?)
by the term log |2|?> whose i3 is a delta function at z = 0, supported on D away from the
point w = 0 that one is studying. In [So| the reader can find further explicit examples of
toric Kahler potentials in affine coordinate charts. Hence, in what follows, we will always use
(50) as the local expression of the Kéhler potential, without explicitly writing in the affine
change of variables.

We will however need to be explicit about the use of slice-orbit coordinates 2z}, pf (48)
in the local expressions of the Kéhler potential. The coordinates near zy, depend on F(zp)
from (37). For each zy € D corresponding to a codimension r face of P, after an affine
transformation changing the face to 2/ = 0, we may write the Kéhler potential as the
canonical one in slice-orbit coordinates, F(|2'|?,e") §2.1 (48). Since 0 € P, F' is smooth up
to the boundary face 2z’ = 0. The fact that F' is smooth up to the boundary also follows from
the general fact that a smooth T"-invariant function g € C$. (M) may be expressed in the
form g(z) = FQ(M¢(Z)) where as F, € C°°(R™). This is known as the divisibility property
of T™-invariant smooth functions (cf. [LT]). It implies that F' is a smooth function of the
polar coordinates 7’]2» near points of D in the sense of (49).

2.4. Almost analytic extensions. In analyzing the Bergman/Szeg6 kernel and the func-
tions (21), we make use of the almost analytic extension p(z,w) to M x M of a Kéhler
potential for a Kéhler w; for background on almost analytic extensions, see [BSj, MSj]. It is
defined near the totally real anti-diagonal (z,z) € M x M by

8a+ﬁg0 he kﬁ

oc(x 4+ h,x+ k) ~ 520555 & PR

Q,

(59)
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When ¢ is real analytic on M, the almost analytic extension ¢(z,w) is holomorphic in z
and anti-holomorphic in w and is the unique such function for which ¢(z) = ¢(z,2). In
the general C'*° case, the almost analytic extension is a smooth function with the right
side of (59) as its O™ Taylor expansion along the anti-diagonal, for which dp(z,w) = 0 to
infinite order on the anti-diagonal. Tt is only defined in a small neighborhood (M x M)s =
{(z,w) : d(z,w) < ¢} of the anti-diagonal in M x M, where d(z,w) refers to the distance
between z and w with respect to the Kahler metric w. It is well defined up to a smooth
function vanishing to infinite order on the diagonal; the latter is negligible for our purposes
(cf. Proposition 1.1 of [BSj].)

The analytic continuation ¢(z,w) of the Kéhler potential was used by Calabi [Ca] in the
analytic case to define a Kéahler distance function, known as the ‘Calabi diastasis function’

D(z,w) = p(z,w) + p(w, 2) — (p(2) + p(w)). (60)
Calabi showed that
D(z,w) = d(z,w)* + O(d(z,w)"), dd’,D(z,w)|.—w = w. (61)

One has the same notion in the almost analytic sense.

The gradient of the almost analytic extension of the Kahler potential in the toric case
defines the almost analytic extension pc(z,w) of the moment map. We are mainly interested
in the case where w = €2 lies on the T™-orbit of z, and by (53) we have,

ipc(z,e%2) = Vope(z, € 2) = VoFe(e”2]%), (62)

where F' is defined in (51). We sometimes drop the subscript in Fr and pc since there is
only one interpretation of their extension; but we emphasize that ¢(z,e?z) = Fc(e?|z|?)
is very different from ¢(e?z) = F(|e?z|?) = F(|z|?). For example, the moment map of
the Bargman-Fock model (C™, |z|?) is u(z) = (]21]%, ..., |zm|?), whose analytic extension
is (z1W1, .-+, ZmWi)- Similarly that of the Fubini-Study metric on CP™ is (in multi-index
notation) ppsc(2, w) = 7= In §2.6 we further illustrate the notation in the basic examples
of Bargmann-Fock and Fubini-Study models. We also observe that (62) continues to hold

for the Kéhler potential F(|2'|?, e#") in slice-orbit coordinates. That is we have,

i p(2,e” %) = Vo gn Fe (e 1217, € (0 0m—(0.0)- (63)

The complexified moment map is a map
e — (M x M); = C™. (64)
The invariance of p under the torus action implies that pc(e?z,ew) = pc(z,w). The

following Proposition will clarify the discussion of critical point sets later on (see e.g. Lemma
5.2).

ProprosITION 2.1. For § suﬁicz’ently small so that pc(z,w) is well-defined,we have
(1) Suc(z,e?z) = $VoD(z,e"2).
(2) uc(z,e%2) = pc(z,2) with (z,e%z) € (M x M); if and only if €z = z.

Proof. The proof of the identity (1) is immediate from the definitions; we only note that
the diastasis function is a kind of real part, and that the imaginary part originates in the
factor of ¢ in (62). One can check the factors of ¢ in the Bargmann-Fock model, where
pc(z,€2) = e?]z|? while D(z,€%2) = 2(cos @ — 1)|z|> + 2i(sin )| z|? (in vector notation) .
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By (61), D(z,w) has a strict global minimum at w = z which is non-degenerate. It is
therefore isolated for each z. Since its Hessian at w = z is the identify with respect to w,
the isolating neighborhood has a uniform size as z varies. Thus, there exists a > 0 so that
pc(z,w) = puc(z,z) in (M x M)s if and only if z = w. This is true both in the real analytic
case and the almost-analytic case.

OJ

2.5. Hilbert spaces of holomorphic sections. On the ‘quantum level’, a toric Kahler
variety (M, w) induces the sequence of spaces H°(M, L¥) of holomorphic sections of powers of
the holomorphic toric line bundle L with ¢, (L) = 5= [w]. The (C*)™ action lifts to H°(M, L)
as a holomorphic representation which is unitary on T™. Corresponding to the lattice points
a € kP, there is a natural basis {s,} (denoted x¥ in [STZ1]) of H°(M, L¥) given by joint
eigenfunctions of the (C*)™ action. It is well-known that the joint eigenvalues are precisely
the lattice points Z™ N kP in the kth dilate of P. On the open orbit s,(2) = xa(2)e* where
e is a frame and where as above y,(z) = 2® = z{" - -- 2%, Hence, the s, are referred to as
monomials. For further background, we refer to [STZ1]. A hermitian metric h on L induces
Hilbert space inner products (6) on H°(M, L¥).

As is evident from (21), we will need formulae for the monomials which are valid near D.
By (40) and (42), we have

Xai (2) = n(2)xw0(2), 2z € (C)™, (65)
and by (43) we then have

Xa(2)[? = [P, (66)
As mentioned above, for simplicity of notation we suppress the transformation I and coordi-
nates 7, and we will use the ‘orbit-slice’ coordinates of (48). Thus, we denote the monomials
cooresponding to lattice points v near a face F by (2/)® el +2"/20") "where I'(a) = (o, &)
with o’ in the coordinate hyperplane corresponding under I' to F' and with o’ in the normal
space.

* =

2.6. Examples: Bargmann-Fock and Fubini-Study models . As mentioned above the
Bargmann-Fock model is the linear model. It plays a fundamental role in this article because
it provides an approximation for objects on any toric variety on balls of radius &% and also

near D. Although it and the Fubini-Study model are elementary examples, we go over them
because the notation is used frequently later on.

The Bargmann-Fock models on C™ correspond to choices of a positive definite Hermitian
matrix H on C™. A toric Bargmann-Fock model is one in which H commutes with the
standard T™ action, i.e., is a diagonal matrix. We denote its diagonal elements by H,;. The
Kéahler metric on C™ is thus ia&p pr.u(z) where the global Kéahler potential is

poru(2) =Y Hylzl? = F(lal, .. lzal?), with Fly,..um) = Y Hiy;.
j=1 J

For simplicity we often only consider the case H = I. Putting |z;|> = e and using (53),
it follows that uppu(z1,...,2m) = (Hiilzl* .., Humlzml?) : C™ — RT as in (38). The
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symplectic potential Legendre dual to ppp g is given by

uprn(z) = —ppru(ppp(z)) + 2(log ,UBFH Z Tj+ Z Lj log (67)

1
H ’ detHHJa:j’

The off-diagonal analytic extension of the Kahler potentlal in the sense of (59) is then

In this case, Gpr g is the diagonal matrix with entries so det G BFH =

oprH(z,W) g 5205 = F (21101, . . ., 2y,
and in particular,

wpr(ze”z) ZH 619]%’2 F(e™ 2%, e”zm]?).

Henceforth we often write the the right side in the multi-index notation Fg(e|z]?). We
observe, as claimed in (62), that VyFprc(e?|2|?)|¢=0 = inpr(z).

Quantization of the Bargmann-Fock model with H = [ produces the Bargmann-Fock
(Hilbert) space

HA(C™, (2m) ke H P dz A dZ)

of entire functions which are L? relative to the weight e *#*/2. Tt is infinite dimensional and a
basis is given by the monomials z* where o € R7"NZ™. In §3.0.1 we compute their L? norms.
For H # I one uses the volume form e *#22) (;00(Hz, z))™ /m! = e *#>2)(det H)dz A dZ.

Toric Fubini-Study metrics provide compact models which are similar to Bargmann-Fock
models. In a local analysis we always use the latter. A Fubini-Study metric on CP™ is

determined by a positive Hermitian form H on C™*! and a toric Fubini-Study metric is a
diagonal one > " H;;|Z;*. In the affine chart Zy # 0 (e.g.) a local Fubini-Study Kéhler
potential is prs (21, ., 2m) = log(1+ 3, hjl2;|*) where hj; = 5—32 This is a valid Kéhler
potential near z = 0 but of course has logarithmic singularities on the hyperplane at infinity.

The almost analytic extension of the Fubini-Study Kahler potential is given in the affine
chart by log(1 + >_; hjz;w;). Thus (62) asserts that

Z h]]|zj|2 .
= Volog(1+ > hze"%2]?)|g—0.
1+23h‘]_]’ J‘2 ; v ’
Quantization produces the Hilbert spaces H°(CP™, O(k)), where O(k) — CP™ is the
kth power of the hyperplane section bundle. Sections lift to homogeneous holomorphic

polynomials on C™*!, and correspond to lattice points in k¥ where ¥ is the unit simplex in
R™.

2.7. Linearization of the Monge-Ampere equation. It is known that the Legendre
transform linearizes the Monge-Ampere geodesic equation. Since it is important for this
article, we present a simple proof that does not seem to exist in the literature.

PROPOSITION 2.2. Let Mg be a toric variety. Then under the Legendre transform ¢ — u,
the complex Monge-Ampére equation on Hrm linearizes to the equation v’ = 0. Hence the
Legendre transform of a geodesic ¢, has the form u, = ug + t(uq — ug).
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Proof. 1t suffices to show that the energy functional

1
B= [ [ Gdu (68)
0 M

is Euclidean on paths of symplectic potentials. For each t let us pushforward the integral
Il M ¢7du, under the moment map p,,. The integrand is by assumption invariant under the
real torus action, so the pushforward is a diffeomorphism on the real points. The volume
measure dfi,, pushes forward to dx. The function 0yp;(p) pushes forward to the function
Yi(x) = @1(pes) where py, (ppi) = . By (55), the symplectic potential at time ¢ is
u() = (2, pat) = Pt(pa)-
We note that

U = (2, Orpag) — e(pat) = (Vpor(pat), Orpu)- (69)

The outer terms cancel, and thus, our integral is just

1
/ / |ut|2d$
0 P

Clearly the Euler-Lagrange equations are linear.

3. THE FUNCTIONS Pjx AND Qpr

We now introduce the key players in the analysis, the norming constants Qp,x(«) (20) and
the dual constants Py (c) of (22). The duality is given in the following:

ProproOSITION 3.1. We have:

ok (8)
Onl2) = Prr()’
Proof. By (55), it follows that
lsa(p MR = Pralp () Peon" B0 = ehvan (D), (70)
U
COROLLARY 3.2.
(Pus() (Pu(a)’
Rl ) = )
Proof. We need to show that
Qi (@) _ (Phé(“)yt ) (71)
Q@ Q@) P (@) '

By Proposition 3.1, the left side of (71) equals

_ -1, a 1-t t
PG I ( P (@) ) y ( Pt (@) )
_ —1lia 1,0 _ —lia
Pap () xalg ! (§))[2e 5000 (B) ol (§))[2e 7010 (B
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By (70), the left side of (71) equals

1—t t
B(ue($)+(1—thuo($)+tur($)) o (Ph’g(“)> (7’;&(“)) _

=e
th (a)

But uy(x) + (1 — t)ug(x) + tus(z) = 0 on a toric variety, and this gives the stated equality.
U

Further, we relate the full Py («, z) to the Szegd kernel. The Szegd (or Bergman) kernels
of a positive Hermitian line bundle (L, h) — (M,w) over a Kédhler manifold are the kernels
of the orthogonal projections I, : L?(M, L*) — H°(M, L*) onto the spaces of holomorphic
sections with respect to the inner product Hilbg(h) (6). Thus, we have

rs(z) = /]thk(Z,w) - s(w)

where the - denotes the A-hermitian inner product at w. Let ey, be a local holomorphic frame
for L — M over an open set U C M of full measure, and let {59‘3 = fief¥ i =1,...,dy} be
an orthonormal basis for H°(M, L*) with dy = dim H°(M, L¥). Then the Szegd kernel can
be written in the form

i (72)

m!’

e (2, w) = Fe(z,w) e2%(2) @ e (w) , (73)
where
di L
Fu(esw) = Y fGIT ). (7

Since the Szego kernel is a section of the bundle (L*) @ (L*)* — M x M, it often simplifies
the analysis to lift it to a scalar kernel ﬂhk (x,y) on the associated unit circle bundle X — M
of (L,h). Here, X = dDj is the boundary of the unit disc bundle with respect to ™! in
the dual line bundle L*. We use local product coordinates z = (z,t) € M x S' on X where
z = e"|ler(2)||ne;(z) € X. To avoid confusing the S action on X with the T™ action on M
we use e for the former and e? (multi-index notation) for the latter. We note that the T™
action lifts to X and combines with the S* action to produce a (S*)™*! action. We refer to
[Zel, SZ, Ze2] for background and for more on lifting the Szego kernel of a toric variety.

The equivariant lift of a section s = fe$* € HO(M, L*) is given explicitly by

8z, 1) = €Ml f(2) = e () (75)
The Szego kernel thus lifts to X x X as the scalar kernel

~

i (z, t;w,t') = ek[_%“’(z)_%@(w)Jri(t_t/)]Fk(z,w) . (76)
Since it is S1- equivariant we often put ¢t = ¢/ = 0.

ProrosiTiON 3.3. We have

m

Pur(a, z) = (27?)_’"/ I (e2,0; 2,0)e 9 dp.
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Proof. We recall that y,(z) = 2% is the local representative of s, in the open orbit with
respect to an invariant frame. Since { \/%} is the local expression of an orthonormal

basis, we have
Xal
Fr(z,w) E o(2)Xa( )
Qhk
ackPNZ™

hence

k(o(z)+p(w))/2
(2, 00,00 = > Xa(2)Xa(w)e”
ackPAZ™ Qi (@)

It follows that

i 2 ,—ko(2) pi{a,0)
e (e2,0;2,0) = Z [Xa(2)[%e e '
a€kPNZ™ Qe (@)

Integrating against e~“®? sifts out the a term.

COROLLARY 3.4. We have

«

o . o .
Pur(ar) = (27T)m/ Hhk(elepgl(g),O;u,;l(%),O)e’mde. (77)

3.0.1. Bargmann-Fock model. As discussed in §2.6, the Hilbert space in this model has the
orthogonal basis z* with a € R' NZ™. The Bargmann-Fock norming constants when H = [
are given by

— flal=m li—aq! - a,
Qus,, (@) =k al, (al:=aq! - ap!)
It follows that an orthonormal basis of holomorphic monomials is given by {klaHm %}
We therefore have
2
|Sa(z)|hl]§F _ k\a|+m|2 |26—k|z\2 (78)
' Y
Qi () a!
and in particular,
Prs, () = ke 115 o (79)
where a® = 1 when a = 0. Here, we use that upp(%) = 2log2 — 2, so that e?sr(%) =

e*|a‘k;—‘aal and that Qe () = k~m=lelal. We observe that Phe (@) depends on k only
through the factor £™.

Precisely the same formula holds if we replace I by a positive diagonal H with elements
Hj;. By a change of variables, Qh%F,H(Q) = HT:1H;3% Qus,(a), and also by (67) uppu(z) =
upr(z) + >_; x;log Hy;. Hence, by Proposition 3.1,

Prs . (@) = Py QI H S ez a8ty — Py ().
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3.0.2. CP™. In the Fubini-Study model, a basis of H°(CP™, O(k)) is given by monomials
with a € kX (see §2.6), and the norming constants are given by

0, (a) = (2) - (a * 7%)_1. (30)

Recall that multinomial coefficients are defined for oy + - - - + av,,, < k by

Eoo\ k!
) gl (kB — )

where as above, |a| = a; + -+ + ag,.
We further have |s,(z) o|2g—Flog(1+|

=z 2*) and therefore,

|2
hs

,Ph’},s (Oé, Z) _ ( k )|Za|2€—klog(1+\z|2)7

and since ]
By —-1 -14 2o ke
e k FS(k) — |SO<(MF}S‘(E))|?LI1€?S - (E) (]— - ?)k ‘ |
we have
Py () = &y - e
O P I A

4. SZEGO KERNEL OF A TORIC VARIETY

We will use Proposition 3.3 to reduce the joint asymptotics of Pyray, 2) in (k, o) to asymp-
totics of the Bergman-Szegd kernel off the diagonal. We now review some general facts
about diagonal and off-diagonal expansions of these kernels, for which complete details can
be found in [SZ], and we also consider some special properties of toric Bergman-Szeg6 kernels
which are very convenient for calculations; to some extent they derive from [STZ1], but the
latter only considered Szego kernels for powers of Bergman metrics.

The Szegd kernels I1,,x (x,y) are the Fourier coefficients of the total Szegd projector 11, (r,y) :
L2(X) — H?*(X), where H?(X) is the Hardy space of boundary values of holomorphic func-
tions on D* (the kernel of d, in L?(X)). Thus,

. 1 [ .
e (z,y) = —/ e~ F 11, (e"x, y) dt.
2 Jo
The properties we need of ﬂhk (z,y) are based on the Boutet de Monvel-Sjostrand construc-
tion of an oscillatory integral parametrix for the Szegd kernel ([BSj]):

~

(z,y) = S(z,y) + E(x,y) , &)
with S(z,y) = [;° €@V s(z,y, A)dA, E(x,y) € C®(X x X).

The phase function v is of positive type and is given in the local coordinates above by

Wl tw ) = & [1 _ o) e o) i—)] (82)
7

Here, ¢(z,w) is the almost analytic extension of the local K&hler potential with respect
to the frame, i.e., h = e #): see (59) for the notion of almost analytic extension. The
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amplitude s(z t;w, t, )\) is a semi-classical amplitude as in [BSj] (Theorem 1.5), i.e., it
admits a polyhomogeneous expansion s ~ 222 A" Fs;(x,y) € S™(X x X x R*).

The phase ¥(z,t; w,t’) is the generating functlon for the graph of the identity map along
the symplectic cone Z C T*X defined by ¥ = {(z,ra,) : r > 0} where «, is the Chern
connection one form. Hence the singularity of f[(x,y) only occurs on the diagonal and
the symbol s is understood to be supported in a small neighborhood (M x M)s of the anti-
diagonal. It will be useful to make the cutoff explicit by introducing a smooth cutoff function
X(d(z,w)) where x is a smooth even function on R and d(z,w) denotes the distance between
z,w in the base Kahler metric.

As above, we denote the k-th Fourier coefficient of these operators relative to the S?
action by I, = Sye + Epe. Since E is smooth, we have Eji(z,y) = O(k=>), where O(k~*)
denotes a quantity which is uniformly O(k~") on X x X for all positive n. Hence Ejx(z, w) is
negligible for all the calculations and estimates of this article, and further it is only necessary
to use a finite number of terms of the symbol s. For simplicity of notation, we will use the
entire symbol.

It follows that (with z = (2,t),y = (w,0) and with x(d(z,w)) as above ),

]jh’C (]37 y) - Shk (ZL’, y) + O(k—oo)
(83)
= k) 2” e Ew0) 3 (d(2,w)) sz, t;w,0,kX)dtd) + O (k™)
The integral is a damped complex oscillatory integral since (61) implies that
SY(z,y) > Cd(z,y)*, (v,y € X), (84)

for (x,y) sufficiently close to the diagonal, as one sees by Taylor expanding the phase around
the diagonal (cf. [BSj], Corollary 1.3). It follows from (83) and from (84) that the Szegd

kernel II;x(z,w) on M is ‘Gaussian’ in small balls d(z,w) < k\’}k? ie.,

log k
VEk
log k

and on the complement d(z,w) > N it is rapidly decaying. This rapid decay can be

| f.[hk (z,0;w, )| < Ckmekdzw)?* | O(k™), (when d(z,w) < ), (85)

improved to long range (sub-Gaussian) exponential decay off the diagonal given by the
global Agmon estimates,

| e (2, 05w, )| < ChkmeVRdEw), (86)

We refer to [Chr, L] for background and references.
It is helpful to eliminate the integrals in (83) by complex stationary phase. Expressed in
a local frame and local coordinates on M, the result is

PROPOSITION 4.1. Let (L,h) be a C* positive hermitian line bundle, and let h = e ¢
in a local frame. Then in this frame, there exists a semi-classical amplitude Ay(z,w) ~
Emag(z,w) + k™ tai(z,w) + - -+ in the parameter k=' such that,

1QIh’IC (Za O; w, O) = ek(v(’z’w)i%(LP(Z)JrS&(w)))Xk(d(z> w)) Ak(zv U)) + O(kioo)a

K1/2

logkd(z, w)) is a cutoff to &% - neighborhood of the diagonal.

vk

where as above, x1(d(z,w)) = x(
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Proof. This follows from the scaling asymptotics of [SZ] or from Theorem 3.5 of [?]. We refer
there for a detailed proof of the scaling asymptotics and only sketch a somewhat intuitive
proof.

The integral (83) is a complex oscillatory integral with a positive complex phase. With
no loss of generality we may set ¢ = 0. Taking the A-derivative gives one critical point
equation

1 — eP(zw)—3(p(2)+ew) it _
and the critical point equation in ¢ implies that A = 1. The A-critical point equation can only
be satisfied for complex ¢ with imaginary part equal to the negative of the ‘Calabi diastasis
function’ (60), i.e
St = D(z,w),
and with real part equal to —J¢(z, w). To obtain asymptotics, we therefore have to deform
the integral over S! to the circle |¢| = e P&%). Since d(z,w) < C'k\)/g; by assumption, the

logk .
\/E )
the contour is held fixed and the integrand is rescaled as in [SZ]. The contour deformation

is possible modulo an error O(k~*) of arbitrarily rapid polynomial decay because the inte-
grand may be replaced by the parametrix (up to any order in A\) which has a holomorphic
dependence on the C* action on L*, hence in e? to a neighborhood of S* in C. This is
immediately visible in the phase and with more work is visible in the amplitude (this is the
only incompleteness in the proof; the statement can be derived from [SZ] and also [Chr]).
We need to use a cutoff to a neighborhood of the diagonal of M x M, but it may be chosen
to be independent of 6.

By deforming the circle of integration from the unit circle to |(| = e
variables t — t + iD(z,w) to bring it back to the unit circle, we obtain

deformed contour is a slightly re-scaled circle by the amount in the complete proofs,

D(zw) and then changing

(2, y) ~ k / / StmibEw) At HDEWw ) g (5 i D(z, w); w, 0, kA)dtd\ mod k.
(87)

The new critical point equations state that A = 1 and that e5¢®e* = 1. The calcu-
lation shows that 1 = 0 on the critical set so the phase factor on the critical set equals

e?(zw) =3 (P(2)+e(w)  The Hessian of the phase on the critical set is ( (1) 21 ) as in the di-

agonal case and the rest of the calculation proceeds as in [Zel]. (As mentioned above, a

complete proof is contained in [SZ]).
U

4.1. Toric Bergman-Szego kernels. In the toric case, we may simplify the expression for
the Szegd kernels in Proposition 4.1 using the almost analytic extension (cf. §2.4); (59)) of
the Kéhler potential ¢(z,w) to M x M, which has the form

Fe(z -w) = the almost analytic extension of F(|z|*) to M x M. (88)

The almost analytic extension will be illustrated in some analytic examples below, where it
is the analytic continuation.
Thus, we have:
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PROPOSITION 4.2. For any hermitian toric positive line bundle over a toric variety, the
Szego kernel for the metrics h:z have the asymptotic expansions in a local frame on M,

I, (2, w) ~ 6k(Fc(z-@%%(F(IIZHF")JrF(HwIIQ))Ak(%w) mod k™,
where Ag(z,w) ~ k™ (ao(z, w) + @ + - ) is a semi-classical symbol of order m.

As an example, the Bargmann-Fock(-Heisenberg) Szeg6 kernel with £ = 1 and H = [ is
given (up to a constant C,, depending only on the dimension) by

My (2,0, w, ) = €73 (=R i0—0) — 37 Zalifa o= B2 Hw2) i6—¢)
aEN™ :
The higher Szego kernels are Heisenberg dilates of this kernel:

i Lo k(- L2 L2
Hh%F(x’y) = W_mk ek(t S)ek(g"] 2|C| 2‘77| )7 (89)

where © = ((,t), vy = (n,s). In this case, the almost analytic extension is analytic and
FBF@(Z,U)) =z -wW.

A second example is the Fubini-Study Szego kernel on O(k), which lifts to S~ x §2m~1
as

- _ (E+m) 5 (k+m),
ths(l‘ay) = ; mﬂﬁ ¥y = W@?w : (90)
Recalling that = = e Hzgll in a local frame e over an affine chart, the Szegd kernel has the

local form on C™ x C™ o

(k+m)! o (142 o)

I, (2,0;w,0) = VIRVl (91)
Fs Tkl

Thus, Frsc(z, w) = log(1l + z - w).

4.2. Asymptotics of derivatives of toric Bergman/Szeg6 kernels . One of the key in-
gredients in of Theorem 1.1 is the asymptotics of derivatives of the contracted Bergman /Szego
kernel A

Ly (2, 2) = Fyp (2, 2)[[ef (2)] 17 = T (2, 05 2, 0) (92)
n (t,z). (The notation is slightly ambiguous since in (73) it is used for the un-contracted
kernel, but it is standard and we hope no confusion will arise since one is scalar-valued and
the other is not.) These derivatives allow us to make simple comparisions to derivatives
of pi(t, z). Since we ultimately interested in C* norms we need asymptotics of derivatives
with respect to non-vanishing vector fields. We can use the vector fields % away from D

and the vector fields i near D. The calculations are very similar, but we carry them both

out in some detail here Later we will tend to suppress the calculations with - to avoid

duplication; the reader can check in this section that the calculations and estlmates are valid.
Only the leading coefficient and the order of asymptotics are relevant. The undifferentiated
diagonal asymptotics are of the following form: for any h € P(M,w),

(2, 2) ZHS, 21, = aok™ + a1 (2)E™ " + ag(2)EK™ 7 + .. (93)
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where qq is constant and as above dj + 1 = dim H(M, L*).
We first consider derivatives with respect to p. Calculating p derivatives of T, (e?/2, e?/?)
is equivalent to calculating 6-derivatives of 1T (€?2, 2). Using (62) we have

{a,0) |Zo¢‘2€—kFt(ei9|z|2)

th(eiez,z): Z ‘ 9, (a)

ackPNZ™

The results are globally valid but are not useful near D since on each stratum some of the
vector fields generating the (C*)™ action vanish.
In the following, we use the tensor product notation (& — s, (e”/?))5? for (5 — i (e?/?);) (% —

1 (e/2);).

PropPOSITION 4.3. Fori,7 =1,...,m we have,
m p)—kioy(eP/?) _
(1) K7™ X aenprzn (% Ut(epp))T?;) = O(™);

elanp)—kpy(eP/?) _
® it (- Scurrn (108 Qup(@) %1567 ) ~ ki = Ok )
1 2 a 2\\®2 elop) —ker(e?/?) 20 —1y.
®) e (k ek (& = 15 g Gy ) = gt = OT);
P olap)—kept(eP/?) 22
() st (b Sk (= e ) o Qup () 2552 ) ko = O

Proof. To prove (1), we differentiate and use (53)-(62) and (93) to obtain

m— olap)—kipy(eP/?)

To prove (2) we differentiate
plap)—kpi(er/?)

Qhk

with respect ¢ to produce the left side. Since the leading coefficient of (93) is independent
of ¢, the t derivative has the order of magnitude of the right side of (2).
To prove (3), we take a second derivative of (1) in p (or 6) to get

V,%th(epmaepﬂ) = —k’vﬂt(ep/z)nhf(ep/za6p/2)

log th(e"/Q, e?’?) = log Z

ackPNZ™

a,p)— kg (eP/?)

(0% €<
+k2 3 aerpram (§ — H (ep/Q))®2W

Then (3) follows from (93) and the fact that Vyu,(e”/?)) = V2p. Similar calculations show

(4).
O

In our applications, we actually need asymptotics of logarithmic derivatives. They follow
in a straightforward way from Proposition 4.3, using that IT,x(z,2) ~ k™. We record the
results for future reference.

PRrROPOSITION 4.4. We have:
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(a,p)
[Sa(2)2), Yalf=ht(2) T 1o
1 h 1
[ ] v 1OgZa€kPﬂZm [6) k( ) - o) : = O(k_2>
<Z“ th(“’>

e{ap)

Sa(2)[? D 3t10€(g a)a

o 1216g 3 oy _ = ARV ISR PTEN

k9t 08 2iackPrzm @ (a) on) o — Y\
t Za Qhé:(a)

PRroroSITION 4.5. We have:
1Sa(2)[2),

-2

1v72 _ 1 2 ela,p)  (Bp) efasp) 8290 .

(1) +Vilog > chprzm o, (a) =3 2apl@=0) Q,5(@) 0, (B) (Za —Qh?(a)) _<apia,§j> —
O(3z)

hk(ﬁ) <a o) (Bp)
Sa(2) 12, 2a,pla=B) B 10%(@ @ ) Q@ 2 ) )
(2) lgv IOZ nEo_ 1 Rk [ 0% :O(
kot V108 2uackPnzm TG, (@) k o \ dpiot
t e 3
(Z“ th“‘))

).

Tl

(3)
1Sa(2) [,
192 h
250 108 > erprzm 0 @

Q k(ﬁ)
(a,p)  (B.p)
Yo (@210% L (9 log (0t log( = )> 55
1 ,8 th(a) Q Q k( ) th( )th(’@) B 828% _ O(L)
Op; 0t k27"

k @) |
e P
(Za th”’)
Finally, we consider the analogous derivatives with respect to the radial coordinates r;
near D. We assume z is close to the component of D given in local slice orbit coordinates

by 2z’ = 0 and let v = (r;)}_, denote polar coordinates in this slice as discussed in §2. The
Szegd kernel then has the form

HP 2a] <p" o’y —kFt(r% ..... r%,eppﬂq ..... ePm)

.

aekPNzZ™

The coefficients of the expansion (93) are smooth functions of 77 and the expansion may be
differentiated any number of times.

The behavior of II,x(z, 2) for 2 € D has the new aspect that many of the terms vanish.
The extreme case is where z is a fixed point. We choose the slice coordinates so that it has
coordinates z = 0. We observe that only the term with a = 0 in (94) is non-zero, and the
ath term vanishes to order |a].

o _ 2 0

Since z— = = o7 where both are defined, the calculations above are only modified by the
J J

presence of new factors of f in each space derivative. Since we are applying the derivative to
J

functions of 7"]2-, it is clear that the apparent poles will be cancelled. Indeed, the r; derivative

removes any lattice point a with vanishing a; component. Comparing these derivatives with

derivatives of (94) gives the following:

PROPOSITION 4.6. Forn=1,...,p, we have:
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20 1y —kFy(r2,. . r2,ePP L ePm
2 g (z) Ty J el e ) TR T T

Za'a #0 I3 Q k()
1.9 _ " " hy _ 1
* ko, 108 hy(2,2) = 12_ 2% (" @)~k Fe(rFr o PPHT ) =0(g)
J=1 7
Za @
In effect, the exponent « is taken to o — (0,...,1,,...) in the sum or removed if «,, = 0,
where (0,...,1,,...) is the lattice point with only a 1 in the nth coordinate. There are

02 02 02
Orpdr; ? Orp,dt? Orn,dp;
check is that the modification changing a to o — (0, ..., 1,,...) does not affect the proofs in

§7-8.

similar formulae for the second derivatives . The only important point to

5. LOCALIZATION OF SUMS: PROOF OF LEMMA 1.2
The following Proposition immediately implies Lemma 1.2:
PROPOSITION 5.1. Given (t,z), and for any 6,C > 0, there exists C' > 0 such that
[sa(2)[3 a .
——t = —09), if |2~ ulz) = O
th(&) th(a?z) ( )7 Zf ’k Nt(z)’ -

Proof. The proof is based on integration by parts. All of the essential issues occur in the
Bargmann-Fock model, so we first illustrate with that case.

5.1. Bargmann-Fock case. To analyze the decay of P F(a,z) as a function of lattice

points «, it seems simplest to use the integral formula (suppressing the factor £ and nor-
malizing the volume of T™ to equal one),

a2 ) )
w20 ,‘ ekl = (27r)_m/ e~ F(HP1=e)=i(5.0) gp — e‘k'z'2(27r)_m/ ek (12Pe)=il5.0) gp.
(o4 m
(95)

* times a complex oscillatory

m

We observe that the rightmost expression in (95) is e ¥/l

integral with phase
(o |2( 00 e
D (6) = o 1) = (5. 6).
We observe that (consistent with Proposition 2.1),

V.2 (0) = i(|2%" — %) —0 = =22 = %
Further, we claim that
(6]
Vo®. 2 (0)] > ||z — E" (96)

Indeed, the function

Fal®) = [ = 5| =3 (cosy 15 = 32) + (siny Jo)?

J=1

on T™ has a strict global minimum at 6 = 0 as long as |2;]? # 0, % # 0 for all 5. It still has
a global minimum without these restrictions, but the minimum is no longer strict. We note
that this discussion of global minima is possible only because the Kahler potential admits a
global analytic continuation in (z,w); in general, one can only analyze critical points near
the diagonal.
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We integrate by parts with the operator

1 1 =
L= VD, oV, 97
k V@ PR O 67)
i.e., we apply its transpose
c=--2_1 ge..v 1v 1 v (98)
T k|Ved e TR0 Vod. a2 " 5%
to the amplitude. The second (dlvergence) term is —1 times
1V-V®, o 1(V*®, a VO, a, VO, a)
+ - . (99)
k [V, ""2 VO, alt

We will need to take into account the k-dependence of the coefficients, and therefore
introduce some standard spaces of semi-classical symbols. We denote by S§(T™) the class
of smooth functions ax(#) on T™ x N satisfying

sup  |Djax(0)| < Ck"HP, (100)
etfeTm
Here we use multi-index notation D) = H?;(#%)W . Thus, each Dy, derivative gives rise to
J
an extra order of k% in estimates of a;. We note that products of symbols satisfy
Sptox Syrc Syt (101)
We now claim that (With  the same as in the statement of the Proposition),
Vod, o
(1) —|v 7,7 €51 i
(2) (99) lies in Sl_é
2
In (2), we note the pre-factor % To prove the claim, we first observe that the sup norm
Ve, o .
estimates are correct by (96) and from the fact that o o] is a unit vector. We further

consider derivatives of (1)-(2). Each 6 derivative essentially introduces one more factor
of k|Vp®, «| and hence raises the order by k279, This continues to be true for iterated
derivatives, proving the claim.

Now we observe that

LSt s — S" 25 (102)
2
Indeed, the first term of £! is the composition of ( ) Vy, which raises the order by % -0,
1
k
which lowers the order by 1. The second term is a multiplication by 7 times an element of
S - 2‘5 and thus also lowers the order by 26.

1
(ii) multiplication by an element of S f_6 which again raises the order by 1 — ¢ (iii) times
2

It follows that each partial integration by £ introduces decay of k=2, hence for any M > 0,
(95) = e~HP(2m)m [, FIPEND-UEN) (LM 1) ap

=0 (k*%)M e~kl=l? Jrm ekR(|121%) 19 — O(k—26M)

in this region.
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5.2. General case. We now generalize this argument from the model case to the general
one. With no loss of generality we may choose coordinates so that z lies in a fixed compact
subset of C™, where the open orbit is identified with (C*)™. In the open orbit we continue to
write |2|> = e”. The first step is to obtain a useful oscillatory integral formula for Py (a, 2).
By Proposition 3.3 and Proposition 4.2, we have

Pur(a, z) = (27?)_m/ P eIz =F ) y (d(z, € 2)) Ap(z,€%2,0)e 1efdh + O(k=).

(103)
The phase is given by

.2 (0) = Fe(e”|2*) — F(|2*) — i(%; 0) (104)
where as above, Fr(e?|z|?) is the almost analytic continuation of the Kihler potential F'(|z|?)
to M x M. By (84) and (61), it satisfies

R(Fe(e?)2]?) — F(|2]?))) < =Cd(z,e"2)?, (for some C > 0). (105)
Hence, the integrand (103) is rapidly decaymg on the set of § where d(z,e?z)? > C’%

(see also (86)), and we may replace y(d(z,¢?z)) by y(k2=9d(z,¢?z)) € S9 since the

1 _§"
contribution from 1 — y(k2=%'d(z, ¢"z)) is rapidly decaying. Here, ' is an arbltrarily small
constant and we may choose it so that ¢’ < ¢ in the Proposition. (We did not use such cutoffs
in the Bargmann-Fock case since the real analytic potential had a global analytic extension
with obvious properties but as in §2.4, it is necessary for almost analytic extensions).

The set d(z,e?2) < C’ K = depends strongly on the position of z relative to D, or equlvalently
on the position of j(2) relatlve to OP. For instance, if z is a fixed point then d(z,e?2) =0
for all . However, we will not need to analyze these sets until the next section.

We now generalize the integration by parts argument. Our goal is to prove that th (o, 2) =
O(k=9) if |¢ — p(2)| > Ck~2. Now, the gradient in 6 of the phase of (103) is given by

o ; o i @
Vo (2, 2)(0) = VoFe(e”|z) — i = i(uc(z,¢”z) — ), (106)
0

where pc(z,ez) is the almost analytic extension of the moment map (see §2.4). The fol-
lowing Lemma is obvious, but we display it to highlight the relations between the small
parameters ¢ of the Proposition and ¢’ in our choice of cutoffs.

LEMMA 5.2. If |2 — ju(2)] > Ck™2*°, and if d(z,¢%z) < Ck™ 2% with §' < § , then
(12, €%2) = 2)| > C'h=2H,
Proof. By Proposition 2.1,

[(u(z,e”2) = )P = [(Rulz,e”2) = )P +[5VeD(2,e”2)[?

> |(u(z) = §)P +0(d(e”z, 2)).
0

It follows that under the assumption |3* — p(2)| > Ck~2% of the Proposition, we may
integrate by parts with the operator

L = %|V@¢)Z7%|72 v‘g(I)z’% -V . (107)
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The transpose L' has the same form (98) as for the Bargmann-Fock example, the only
significant change belng that it is now applied to a non-constant amplitude Ay and to the
cutoff x(kz=0d(z,¢?2)) € 51 5 as well as to its own coefficients. Differentiations of Ay,

do preserve the orders of terms7 the only significant Change in the symbol analysis in the
Bargmann-Fock case is that differentiations of y(k2~%d(z, ¢?z)) bring only improvements of
order k=% rather than k. However, the order still decreases by at least 26’ on each partial
integration, and therefore repeated integration by parts again gives the estimate

Pu(a, )| = O ((k5')M / K(RP(e*]2P%) de) 8 ((/H’)M) . (108)

O

Remark: It is natural to use integration by parts in this estimate since the decay in 1,(2) — ¢
must use the imaginary part of the phase and is not a matter of being far from the center of

the Gaussian.

5.3. Further details on the phase. For future reference (see Lemma 6.2), we Taylor
expand the phase (104) in the 6 variable to obtain

0.5 (0) = i{pu(=) = 7.6 + (Hg0,6) + Ra(k, e'n™' (), (109)

where Ry = O(|0]*). Here, He = V*F(u~'(%)) denotes the Hessian of ¢ at ¢ (see (57) of
§2.2) Indeed, we have

Fo(e®l=P?) = F(2P) = [y fFe(e™|=P)dt
= [ (VeF(e"|2[?),i0)dt
= (V,F(e")), (i) + [, (t — YV2(F(e+0))(if)2/2dt  (110)
= i{u(2),0) + VA(F(e))(i0) + Ra(k, e”n'(3),0)

(=), 0) + (H.0,6) + Ra(k,0, 17 (3),
in the notation (57), where H, = V?)F(\z|2) and where

Rs(k, 0, p) := /Ol(t — 1)X(V3(F (")), (i6)% /3!)dt. (111)

6. PROOF OF REGULARITY LEMMA 1.3 AND JOINT ASYMPTOTICS OF Ppi(c)

The first statement that R (¢, z) is C* up to the boundary follows from (58),

1/2
Sy (2)-[T0_y £r(2)
Roo t, = Pt r=1
() ((%o@)ﬂﬁ:l&(as)))l (8, (@) TT2, (:v)))

_< 5, (@) )1/2
= o, w) o

(112)
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where the functions d, are positive, bounded below by strictly positive constants and C'*°
up to OP.

We now consider the asymptotics of Ry (¢, a). We determine the asymptotics of the ratio
by first determining the asymptotics of the factors of the ratio. We could use either the
expression (30) in terms of norming constants QF () for the dual expression in terms of
P () in Corollary 3.2. Each approach has its advantages and each seems of interest in the
geometry of toric varieties, but for the sake of simplicity we only consider Py () here. In
[SoZ1] we take the opposite approach of focusing on the norming constants. The advantage
of using Pyr(«) is that it may be represented by a smooth complex oscillatory integral up
to the boundary, while QF(«) are singular oscillatory integrals over P. A disadvantage of
Pri () is that it does not extend to a smooth function on P and has singularities on 9P.

The asymptotics of P,k () are straightforward applications of steepest descent in compact
subsets of M\D but become non-uniform at D. To gain insight into the general problem we
again consider first the Bargmann-Fock model, where by (79) we have

m —aaa —-mpm e —1-i,%
Phe () = k™e | ‘J: (2m) "k /m M =1=i0.50 dp. (113)

As observed before, the factors of k£ cancel so ‘asymptotics’ means asymptotics as o — o0.
This indicates that we do not have asymptotics when « ranges over a bounded set, or
equivalently when 7 is %—close to a corner. On the other hand, steepest descent asymptotics
applies in a coordinate a; as long as a; — o0o. Our aim in general is to obtain steepest
descent asymptotics of Pyr () in directions far from facets and Bargmann-Fock asymptotics

in directions near a facet.

6.1. Asymptotics of Pj.(«). The analysis of Pyx(a) is closely related to the analysis of
P, z) in §5.2, and in a sense is a continuation of it. But the arguments are now more than
integrations-by-parts. We obtain the asymptotics of Py« («) from the integral representation
analogous to (103) (see also Proposition 4.2 and Corollary 3.4). Modulo rapidly decaying
functions in k, we have (in the notation of Proposition 4.2),

Poe(0) ~ (20)7 [ e HFECE R N F O @D A (1 (2), 11 (2), 0, k) /@0 .
(114)
This largely reduces the asymptotic calculation of Py (a) to facts about the off-diagonal
asymptotics of the Szego kernel (cf. Proposition 4.2).
The integral (114) is the oscillatory integral (103) but with z = p~'(%£). Hence, as in
(104), its phase is

0 _1,Q e e
24(0) = el () — Pl (0) % 0). (115)
As in (84) and (105) (but with ¢ included in as part of the phase),
. < _ —1,Qy g, 1Y \\2 '
Roa(0) < —Cd(p (k),e I (k;)) , (for some C > 0) (116)
Specializing (106) to our z = (%), we get
- o, —1 &y _ A 1% e —10 &
Vo (0) = VoFe(u () i = i(ueu (. () - D). )
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By Proposmon 2.1, the complex phase has a critical point at values of 6 such that d(z,e?z) <
6, and ey~ (%) = p~1(2). For & ¢ OP, the only critical point is therefore # = 0. The phase
then equals zero, and hence at the critical point the real part of the phase is at its maximum
of zero.

For ¢ ¢ OP, the critical point # = 0 is non-degenerate. Specializing (109) to z = (%),
we have

Fe(@®p, (8)) = Fluy ' (8) = Jo §Fe(ep (§))dt
= i($,0) +i(H20,0) + Ra(k,0, ' (3),
where Rj is defined in (111). Hence,
s (0) = (H30,0) + Ro(6, b, p ™' (7)): (119)

(118)

and finally,
Pus(a) ~ Qﬂ.—nzj&m Ha96>deak#—w%)L4k(ugl(%)7ewﬂﬁq(%)707k)de . (120)

Non-degeneracy of the phase is the statement that He is a non-degenerate symmetric matrix,
and this follows from strict convexity of the Kahler potential or symplectic potential, see
(57). But as discussed in §2.2, the Ha has a kernel when § € OP. Hence the stationary
phase expansion is non-uniform for # € P and is not possible when ¢ € 9P. This accounts
for the fact that we need to break up the analysis into several cases, and that we cannot rely
on the complex stationary phase method for all of them.

Specializing (85) and (86), we have

| (e (D)o ()] < CR7em ORI 4 OfemCVRI2), (121)

Hence, the integrand of (114) is negligible off the set of § where d(u~1(2),e?p=1(2)) < C’%.
We now observe that for d(z,e?z) < Cr k

d(e?z, 2)* ~ Z (1 —cosb;)l;(1(2)), (122)

where we sum over j such that |(;(4(2))] << 1 (we will make this precise in Definition 6.1).

In particular,
0 1,0, «
A ()i ()P ~ D1 = cos)t5(5). (123)
J
Indeed, both in small balls in the interior and near the boundary, the calculation is universal
and hence is accurately reflected in the Bargmann-Fock model with all H; = 1, where the

distance squared equals
D ez — 2P =2 |71 — cosb; _225 N(1 = cos;). (124)
i=1 j=1

This motivates the following terminology:

Definition: Let 0 <, << 1. We say:
e © € P is §j-close to (resp. dp-far from) the facet F; = {¢; = 0} if ¢;(x) < ), (resp.
> ).
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e 1 is a dj-interior point if it is di-far from all facets.

There are m possible cases according to the number of facets to which x is d-close. Of
course, r can be d;-close to at most m facets, in which case it is d;-close to the corner defined
by the intersection of these facets. We thus define

Fs(x) ={r: |6.(x)] < 0k} (125)
We also let
0 () = #Fs, (x) (126)
denote the number of i-close facets to x. Dual to the sets Fs, above are the sets
fFil ..... F, = {l’ f(sk( ) = {Zl, . ,ir}}. (127)

The asymptotics of Pjx () depend to the leading order on the determinant of the inverse
of the Hessian of the phase of (114) (see also (103)) at = 0. This Hessian is the same as the
Hessian of the Kahler potential discussed in §2.2, and we recall that its inverse is the Hessian
G of the symplectic potential. Hence, the asymptotics are in terms of the determinant of G,
which has first order poles on 0P. This indicates that the asymptotics are not uniform up
to OP. We saw this as well in the explicit example of the Bargmann-Fock case. We define

Goon() = | 6p(x) - [] G| (128)
J¢Fs, (x)

where the functions d,, are defined in §2.2. When z is di-far from all facets, then G,(z) =
det Gy, (cf. 58). We also define Py (kl;(z)) to be the unique real analytic extension of (79)
to all x € [0,00). We then consider Bargmann-Fock type functions of type (79) which are
adapted to the corners of our polytope P:

Prrs (@)= [ Pus, (k5 k)) (129)
JEFs,, (2)
and
Pp(z Hk: (2ml;()) 2Py (kt;(x)), (130)

When we straighten out the corners by affine maps to be standard octants and separate
variables x = (2, 2"”) into directions near and far from 0P, then Ppy 5, (x) is by definition a
function of the near variables 2’ and G, s, (x) is by definition a function of the far variables
x”.

The main result of this section is:

PROPOSITION 6.1. We have

Pu(@) = Cpk? detG¢(%>75p,k(%) <1+Rk(%,h)>, (131)
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where Ry, = O(k_%) and C,, 1s a positive constant depending only on m. The expansion is
uniform in the metric h and may be differentiated in the metric parameter h twice with a
remainder of the same order.

Equivalently, with 6,1# defined in (126) and by letting o = k:_%,

Pula) = Colit (n=ot(3) /gm(%) ppvk,ék(%) <1+Rk(%,h)>, (132)

where again Ry, = O(k™3).

The factor k2 =37 () is due to the fact that we apply complex stationary phase in

m — 5#(%) variables to a complex oscillatory integral with symbol of order Je =5 (8,

As a check, let us consider the m-dimensional Bargmann-Fock case where 575(%) =r, and
with no loss of generality we will assume that the first r facets are the close ones. The factor
k™ in the symbol of the Szegd kernel is then split into k" (absorbed in Ppy s, ) and £™ " in
the far factor. As discussed in §3.0.1, the far factor should have the form

m Qg m
- - -aj —r -3
k‘mT” e~ ~ k™ ”oz.Q.

The asymptotic factor in Proposition 6.1,

%
1 #a b k
k2 (m=6;7 (%)) ( _>
L)
j=r+1

matches this expression. Here, and throughout the proof, we always straighten out the corner
to a standard octant when doing calculations in coordinates.

Secondly, as a check on the remainder, we note that it arises from two sources. As will be
seen in the proof, in ‘far directions’ the stationary phase remainder has the form O(W)

while in the near directions it has the form O(k(d($,0P))?). When d(%,0P) ~ k™3 the
remainders match.

We break up the proof into cases according to the distance of ¢ to the various facets as
k — oo. Since we are studying joint asymptotics in (o, k), @ may change with k.

6.2. Interior asymptotics.

° a is 0-far from all facets

We first consider the case where 7 is 0-far from all facets as an introduction to the problems
we face. In this case, we obtain asymptotics of the integral (114) by a complex stationary
phase argument. But it is not quite standard even in this interior case. In the next section,
we goo on to consider the same expansion when ¢ depends on k.

LEMMA 6.2. Assume that there exists § > 0 such that £;(%) > 0 for all j, i.e., that T is
§-far from all facets. Then there exist bounded smooth functions A_;(x) on P such that

T (1 Atd) At

Pu(a) ~ Cpk y/det Go(

: : e ---+05(k‘M)) .
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Here, G, = V*u (§2.2) and G, () is its value at §; its norm is O(6~") and its determinant
is O(6~™).

Before going into the proof, we note that the only assumption on the limit points of
is that they are J-far from facets. The lattice points « are implicitly allowed to vary with
k. Asymptotics of the left side clearly depend on the asymptotics of the points ¢, and the
Lemma states how they do so.

Proof. We now apply the complex stationary phase method, or more precisely its proof. The
usual complex stationary phase theorem applies to exponents k®(6) where ®(6) is a positive
phase function with a non-degenerate critical point at § = 0. In our case, the phase is also
k-dependent since it depends on ¢ and the asymptotics of (120) therefore depend on the
asymptotics of ¢ in the domain d(%,9P) > §. Our stated asymptotics also depend on the
behavior of ¢ in the same way.

Although the exact statement of complex stationary phase [H6] (Theorem 7.7.5) does not
apply, the proof applies without difficulty in this region. Namely, we introduce a cutoff
xs(0) = x(6710) € C>°(T™) which = 1 in a §-neighborhood of # = 0 and which vanishes
outside a 2d-neighborhood of # = 0. We decompose the integral into its x5 and 1 — x4 parts.
A standard integration by parts argument, essentially the same as in Lemma 1.2 shows that
the 1 — x5 term is = O(6~MkM) for all M > 0. In the ys part the integral may be viewed as
an integral over R™ and we may apply the Plancherel theorem as in the standard stationary
phase argument to obtain

Phk(a) \/det kH )me §f>f bt <€/€RS(9J€,M I % ))Ak( (%) 61’9“;1(%),0)) <§>d€ 7

(133)
where Fy_.¢ is the Fourier transform.
The stationary phase expansion (see [H6|, Theorem 7.7.5) is the following:

o o TSgnHg .
~ () e S P A (15, € (), 0) oo (134)
k ,/|detHa|Z i k K
where
I ) , y
k’J Z Z |l/| D9’D0> (AxR%)|o=0 (135)

v—pu=j 2v>3u
The only change in the standard argument is that we have a family of quadratic forms
He depending on parameters («, k) rather than a fixed one. But the standard proof is valid
for this modification. As in the standard proof, we expand the exponential in (133) and
evaluate the terms and the remainder of the exponential factor just as in [H6] Theorem
7.7.5, to obtain (134), which becomes

_ ay) 1/2 — a j : “l(« =lray ,if,,~1ca
(det(k'G,(%))) / Zj]\/iok 7 ((Go(2)(Dg, Dy))’ xse s ®On™ D Ay (1, (2), €11, (2), 0, k) |o—o

(G () (D, D)™ x50 D 4 (), €3 (), 0,1)).

(136)
Here, G, is the Hessian of the symplectic potential, i.e., the inverse of H,-1¢,. (cf. 2.2). We
recall that G, has poles x; -1 of order one when x € aP When d(%,0P) > 0, its norm is

+O(k=M SUDge suppys
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therefore O(6~') and its determinant is O(6~™). Since R3 vanishes to order 3 at the critical
point, the terms of the expansion can be arranged into terms of descending order as in the
standard proof. If we recall that the leading term of S is k™, we obtain the statement of
Proposition 6.1 in the d-interior case.

O

o Lis Op-far from facets with kd, — oo

k

We continue to study the complex oscillatory integral (114) but now allow ¢ to become
dx-close to some facet, and obtain a stationary phase expansion (with very possibly slow
decrease in the steps) under the condition that kd;, — oo. This should be feasible since
the phase k®a is still rapidly oscillating in this region, albeit at different rates in different
directions according to the proximity of ¢ to a particular facet. The principal complication
is as as follows:

e The Hessian G, (%) now has components which blow up like d; " near the close facets.
In the stationary phase expansion, we get factors of
, a . a, a a
k™7 <G¢<E)D97 D9>JAI<: (:ulzl (%)7 616’“};1 (E>7 07 k) R3(k7 97 /1’71 (E))#

both in the expansion and remainder. We must verify that these terms still are of
descending order.

As a guide, we note that by (95), the Bargmann-Fock phase with pu(z) = ¢ is given by

e (0) = <%, ¢ — i) = (cosf + i(sinf — 0), %>,
while the amplitude is constant. In this case, the phase factors into single-variable factors
and one can employ the complex stationary phase method separately to each. In the general
case, we will roughly split the variables 6 into two groups (¢',6"), depending on ¢, so that
the 0’ variables are paired with the small components of % while the 6" variables are paired
with its large components. The complex stationary phase method applies equally to either
df' or df” integral, but the orders of the terms are determined by the proximity of ¢ to the

facets.

LEMMA 6.3. Let {0;} be a sequence such that ko, — oo. Assume that £;(%) > 0x for all j,
i.e.,, that § s O far from all facets. Then in the notation of Lemma 6.2, we have

m o A(g)  Aa(f) A m(3) _
Phk(a) ~ Cpk2 detGS@(E) <1+ 2 k2 4 /{32k ++Tk+0<k5k) M )
where now
« 1 o »
A_-(E) < D¢, = C’d(z,aP) 7,

Remark: One may regard this as an expansion in the semi-classical parameter (kd;)~' =
(kd(2,0P))".

Proof. We need to prove that the expansion (157) may be re-arranged into terms of decreasing
order and that the remainder can be made to have an arbitrarily small order 5~ by taking
sufficiently many terms.
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To analyze the expansion (157), we begin with a decomposition of the inverse Hessian G 2,
which is the Hessian of the symplectic potential, which has the form uy+ g where g € C*(P)
and where ug is the canonical symplectic potential (56). We continue to fix a small § > 0
as in the previous section, and consider the facets to which ¥ is d-close. We use the affine
transformation to map these d-close facets to the hyperplanes x; = 0. In these coordinates,
we may write the symplectic potential as

u,(z) = Z ) log 2 + g(x), (137)

JEFs

where the Hessian of g is bounded with bounded derivatives near 7. The Hessian G% then
decomposes into the sum,

G, (7) = Z xi §;; + Vg := G + Vg, (138)
jeFs(g) Y
where V?¢ is smooth up to the boundary in a neighborhood of F5,(¢). The notation G, (z)*
refers to the ‘singular part” of G,. The choice of d is not important; we are allowing % to
become d; close to some facets, and for any choice of §, the sum will include such facets.
The decomposition (138) of the inverse Hessian induces a block decomposition of the
Hessian operator <G% Dy, Dg). The chage of variables to = above induces an affine change
of the @ variables, as follows: We are using the coordinates (z/,2”) on P with 2/ denoting
the linear coordinates in the directions of the normals to the facets F;(%). The normals
corresponding to F5(%) generate the isotropy algebra of the sub-torus (T™)’ fixing the near
facets. We have T™ = (T™)" x (T™)”, and denote the corresponding coordinates by (¢, 0").
The Hessian operator in these coordinates has the form
a k o
<G(p(E)D97D0> = > o Dg;.e; + <G<p(E)”D07 D), (139)

jeFs(g)

where the second term has bounded coefficients. Evidently, the change to the interior sta-
tionary phase expansion is entirely due to the singular part of the Hessian operator,

1) k
<GSED9, Dy) = Z o Dg;e;- (140)
JEFs(2)

We now consider the order of magnitude of the terms in the jth term (135), which has
the form

k7 (Gl

a a, a e
E)DeaD9>VAk(/~LEI<%)7610#/?(%%0; k)R?)(/fye’N*l(E))“ﬂe:o (141)
with v — p = j and with 2v > 3u. The latter constraint is evident from the fact that Rs

vanishes to order 3.
Using (139), (Gy(%)Ds, Dg)” becomes a sum of terms of which the most singular is

S a 14 k: 14
<G¢(E)D97D9> = ( Z JD%@‘;)'

JjeFs(E)
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We will only discuss the terms generated by this operator; the discussion is similar but
simpler for the other terms. In the extreme case of (G’% Dy, Dy), the discussion is essentially

the same as in the previous section; in particular, (141) has order k™.
The problem with each application of (G (%)Ds, Dy) is that it raises the order by the

maximum of ﬁ, which may be as large as kdj. Although we have an overall k=7 and con-

straints v — - J,2v > 3p, it is not hard to check that these are not sufficient to produce
negative exponents of k.

The key fact which saves the situation is that the phase o and amplitude S depend
on 0 as functions of ¢”|u~*(¢)[?. Although Rs has a more complicated #-dependence, its
third and higher derivatives are the same as those of ®<, and it is obvious that only these
contibute to (141). Hence derivatives in # bring in factors of |u~'($)[* by the chain rule.
Due to the behavior of the moment map near a facet, these chain rule factors cancel a square
root of the blowing up factor in G,(¢). This turns out to be sufficient for a descending series
due to the power k=7 and constraint 2v > 3v.

Before giving all the details, let us consider what should be the ‘worst’ terms of (141), i.e.,
the ones with the least decay in k. Each factor of R3 comes with a factor of &k, so one would
expect terms with large p to be ‘worst’. The ‘worst’ term will be one with a maximum p and
where a maximum number of applications on operator (Gs% Dy, Dy)" is applied to the ‘chain-

rule’ factors (e”|p~"($)),]? (the jth component of this vector), obtained from an application
of some D@; to S or to R3. If instead we differentiate S or R3 again, we pull out another

chain rule factor, which cancels more of the bad coefficient aﬁ,
J
We now give the rigorous argument. The terms of (141) have the form,
K0 Go(2) - Gy DP Ry - D¥ Ry D1, (142)
where |3| = 2v and where DP denote universal constant multiples of the multinomial differ-
ential operators ﬁ where the union of the indices agrees with {i1, j1,...,%,,,}. We

need each |3, > 3 for ¢ < p to remove the zero of R3. If we only consider the most singular
term, then we need i, = j, € Fs(%). In this case our term becomes

z k
vt H | DB Rs--- Dﬁ“RgDﬁ““S, (143)

Of/
j=LigeFs($) Y
k

/o
aqj

For each factor

there exist two factors of the associated differential operator %. When
9

one is applied to either Rs or S it pulls out a chain rule factor e | pH(§));[%. The second
could be applied to this factor, hence need not introduce any new factors of [~ (%));|>. We
now estimate (143) by

v

» k
|(143)] < kv I -
J

J=lgeFs(g) Y ) 0=

“w
1,
N (144)
1

Now p~'(x) = Vuy(z) in p coordinates. So the square of the g;th component of p~'(%)
equals log a% plus a bounded remainder in p coordinates; here as above we are using the z;



44 JIAN SONG AND STEVE ZELDITCH

coordinates adapted to 7. It follows that in the z coordinates adapted to the facets of D

corresponding to the hyperplanes z; = 0, with |z;|* = e, |u7'($),, > < CE. The constant
C comes from the smooth part of the symplectic potential and has a uniform bound. As
a check on the square root, we note that for the approximating Bargmann-Fock model we
have |z;|? = 9. It follows from (144) and £ < Cd(2,0P)" that

J

143)] < Ok (e ) T < Chvomd(gop)

1
Jj J “q;

(145)
= C(kd(%,0P))7,

Effectively, the ‘semi-classical parameter’ has changed from k™! to k:*ld(%, OP)™1, a nat-
ural parameter in boundary problems. As long as kd(%,0P) — oo at some fixed rate, we
obtain a descending expansion.

OJ

6.3. Boundary zones: Corner zone . Having dealt with the case where | 52| > 0, we now
turn to the complementary cases where d(y(z),0P) < o, i.e., at least for one j, |5£| < d; or
equivalently, ¢ is dj-close to at least one facet. The choice of the scale dy is so that it it is
small enough to justify the Bargmann-Fock approximation in the ‘near’ variables.

In this section, we consider the extreme ‘corner’ case where p(z) lies in a dg-corner, i.e.,
where there exists a vertex v € OP so that d(u(z),v) < 0. Putting v = 0, the assumption
becomes that [u(z)] < Cdr . Our main object is to determine the scale 05 so that the

Bargmann-Fock approximation is valid. That is, for 2 = p~!(2) we should have in the

k
multi-index notation of §2.6 (see (113)),

Pu() ~ P () = k7(2m) " [, ¢ M A m140.50) g (146)

LEMMA 6.4. If u(2) lies in a d-corner, then

Prr(a) = C’mPh/%F(a)(l + O(6;) + O(ké})) = CmPh%F(a)(l + O(ké?)).

Proof. We may assume that v = 0 and that the corner is a standard octant. The phase is

k(Fe(lze) = (=) = (2,0)) (147)
We Taylor expand F(w) at w = 0:

Fe(e?|2) = F(0) + F'(0)e”|2* + O(Jz]),
so that
Fe(|2]e”) = F(|2]*) = F'(0)]2[*(e” = 1)) + O(Jz[").

Since |z|*> = O(dy), it follows that k times the quartic remainder is O(kd?) = o(1) as long
as 0 = 0(\%@)- Hence this part of the exponential is a symbol of order zero and may be
absorbed into the amplitude. Further we note that F’(0)|z|* = u(z) + O(|z|*) and therefore
we have

k <F@(|Z|2€i9) ~P(2P) - ¢<%, 9>) = kp(2)((1 — cos§) +i(sind — 0)) + O(|z]4)).
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It follows that when pu(z) = ¢
a((1—cosf) +i(sin — 0)) + O(kS}).

Absorbing the e©*%) = 1 + O(k6?) term into the amplitude produces an oscillatory integral
with the same phase function as for the Bargmann-Fock kernel.

Now let us consider the amplitude of the integral. We continue to use the notation of
Proposition 4.2. The amplitude has a semi-classical expansion Ag(z,w) ~ k™ag(z,w) +
k™tay(z,w) + - -- . Further, the T™-invariance implies that A (e?z, e?w) = A.(z,w). The
leading order amplitude equals 1 when z = w and thus

ao(z, e®w) =1+ Ce?|z|* + O(]z]*),
hence the full symbol satisfies
Ap(z,€%2) = K™(1+ Ce®2]2 + ) + O(67).
When pu(z) = ¢ = O(d) we thus have

Ap(z,e?2) = k™ (1 + Ceie% + O(5,%)> .
Therefore, Py () = P (a)(1 + O(dk) + O(kd?)) in the corner region.

= O(dy), the phase equals

O

6.4. Boundary zones: Mixed boundary zone . Now let us consider the general case
where d(u(z),0P) < 6k, but where p(z) is not necessarily in a corner. Thus, at least one
component - = O(0;) but not all components need to satisfy this condition. We refer to
this case as ‘mixed’ since some components are small and some are not.

The basic idea to handle this case is to split the components into ‘near’ and ‘far’ parts,
to use Taylor expansions and Bargmann-Fock approximations in the near components, and
to use complex stationary phase in the far components. By §6.2, complex stationary phase
works for any sequence d; satisfying kd, — oo, and by §6.3 the Taylor-Bargmann-Fock
approximation works whenever 9, = o(ﬁ), so we have some flexibility in choosing 0.

Remark: In fact, we see that both the complex stationary phase and the Bargmann-Fock

approximations are valid for k satisfying (for instance) % <o <C \/Ellogk’ although the

remainder estimates will not be equally sharp by both methods. In fact, the stationary phase
remainder is of order (kd)~! while the Bargmann-Fock remainder is of order kd%; the two

remainders agree when 0 = k=5 and for small d;, the Bargmann-Fock remainder is smaller.

We first choose linear coordinates so that p(z) = ¢ is 4, close to the first r facets and

J;, far from the p := m — r remaining facets, and by an affine map we position the first
r facets as the first r coordinate hyperplanes at x = 0, and the remaining facets as the
remaining coordinate hyperplanes. We use coordinates (z’, z”) relative to this splitting. We
also write the z variables as (2, 2”) in the corresponding slice-orbit coordinates and (6',6”)
as the associated coordinates on T".

We now introduce two small scales, a smaller one 9, to define the nearest facets, and a
larger one ¢;. The Bargmann-Fock approximation will be used in 2’ variables which are ¢,
close to a facet. It is sometimes advantageous to use the Bargmann-Fock approximation also
«” which are ¢; small, but the complex stationary phased method is also applicable. In the
following, we continue to use the notation above Proposition 6.1.
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LEMMA 6.5. Assume u(z) lies in the mized boundary zone {|z'| < 0, |x"| < oy}, If
M= kTHO0) T+ R(3L)° + R(0)°5 + 0 — 0,

then Ppr(a) has an asymptotic expansion

Pur(@) = Ck™ 54 [ G (7 Prssy ()(1+ O(ns).

Our strategy for obtaining asymptotics of Py () in this case is as follows:

e We employ steepest descent in the p directions which are §;-far from all facets, i.e., in
the 2" variables. This removes the 2" variables and produces an expansion analogous
to that of Lemma 6.2.

e In the remaining z’ variables, we Taylor expand the phase and amplitude in the
directions dx-close to JP as in §6.3.

e We thus obtain universal asymptotics to leading order depending only on the number
of facets to which ¥ is dx-close.

Proof. We are still working on the oscillatory integral with phase (114), but we now treat
it as an iterated complex oscillatory integral in the variables (¢, 6”) defined above. We first
consider the df” integral,

T8, 2) 1= (2m) [, M B ENF W 0 A, (61 (5, 17 (2),0, K) e @t

(148)
where p is the number of §” variables. We also let » = m — p be the number of ' variables.
We now verify that we may apply the complex stationary phase method to the df” integral
for fixed ¢’. Throughout this section, we put z = p~' (%) and often write |2|?,[2”|* for the
modulus square of the associated complex coordinate components of this point in the open
orbit.

The first step is to simplify the complex phase. As in §6.3, we Taylor expand Fe(e?'|2'|?, " |2"|?)

in the 2’ variable (and only in the 2’ variable) to obtain

F(C(eie’lZ/’Q’ eie”’Z//’2) _ Fc(o, €i9”|zu|2) + F{(O, €i9//|2//‘2)6i9/‘2/’2 + O(’Z"4),
where F} is the z’-derivative of F'. The phase is then
k (F ( 20/|2/|2, eie”|2u’2) _ F(‘Z’|2, |Z”|2) _ Z(%, 0/>) . Z<%, Q”>)

— e (F(0, " |2"2) — F(0,]2"2) + k (F{(0, e [2")ei? |/ — Fi(0, |-"[2)|/[2)  (149)

—k (i, 0) + (2, 0")) + O(k|2'[*).

We now absorb the exponentials of the terms kO(]2'[*), kz(%, 0’) of the phase (149) into
the amplitude, i.e., we take the new amplitude A} to be the old one Ay multiplied by this
factor. The term kO(|2'|?) is o(1), while k@(%, ') is constant in 6", so their exponentials are
symbols in #” and may be absorbed into the amplitude. Morevoer, the term —F7(0, |2”|?)|2'|?
is independent of 8" so its exponential may also be absorbed into the amplitude

The phase function for the df” integral thus simplifies to

"

0" " / 0" _n 0’ 1 e i
k:(F@(O,e’g 12"|2) — F(0, ]2 |2) +k (Fl(o 127 )el? |2 y?) — ki{==0") (150)
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Due to the presence of |2/|?, the terms k(F!(0,e?"|2"|>)e? |2'|? — FI(0, |22]?)|2'|?) are O(k¢"),
hence of much lower order than the remaining terms. To simplify the phase further, we now
argue that their exponentials can also be absorbed into the amplitude, albeit as exponentially
growing rather than polynomially growing factors in k. Since FJ(0, |25|?)|2’|?) is independent
of #”, it can be factored out of the 6” integral, so the key factor is

E(8") = FE O P ) (151)

where in the notation for Ej we omit its dependence on the parameters |2”|?, |22, 6. Thus we
would like to show that complex stationary phase method applies to the complex oscillatory
integral with phase

O/I

(") = (Fe(0.”"[2"[2) = F(0,]2"]*) = i( . 0") (152)

and with the amplitude A} (0") given by the original amplitude A, multiplied by

1
exp (0.0 )2 = B0, + i #) + ORI )

The ‘amplitude’ is of exponential growth but its growth is of strictly lower exponential growth
than the ‘phase’ factor.

The next (not very important) observation is that by (116), the real part of complex phase
damps the integral so that the integrand is negligible on the complement of the set

5/
d"(u(2), 0P)
modulo rapidly decaying errors. This follows by splitting up the sum in (122)-(123) into the

close facets to z and the far facets. The integrand is negligible unless |[R®| < C %; hence
it is negligible unless

d(e?2,2)* ~ jer, uen(l = cos )05 (u(2)) + O (|2')

0" < C (153)

e o @ (2) + O (5) (154)

log k o(sy)+o(ek)
< O = 0 < 0P VI € Fa(u(2)).

Under the assumption that d’(u(z),0P) > 0y, the integrand is rapidly decaying unless
0?- <C g—%. We could introduce a cutoff of the form x(,/ g—?e), but for our purposes, it suffices
k k

to use a smooth cutoff y5(6”) around ” = 0 with a fixed small § so that we may use local
0" coordinates. We then break up the integral using 1 = x5 + (1 — x5). The (1 — x5) term
is rapidly decaying and may be neglected.

We observe that Vg« Fe(0, " |2"|2) = ip(]2"|, " |2"|) is the complexified moment map
for the subtoric variety 2/ = 0, and we can use Proposition 2.1 to see that its only critical
point in the domain of integration is at #” = 0. We denote the Hessian of the phase (152)
at 8" =0 by

H\o = Vg, ® (0")|or—0 = V3, Fc(0,e”" |2"*) g0, (155)
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and observe that it equals iDy(]2"],e?"|2"|), the derivative of the moment map from the
subtoric variety to its polytope. By the same calculation that led to (138), the §” — 6" block
of the inverse Hessian operator has the form

p
1
Gha”) =) = 05+ Vg =G + V', (156)
j=1"17
where |2”| > §]..
We now must verify that the complex stationary phase expansion

(det k=167 (12"12) > SSM k=3 (G2 [2)(Dar, D))’ x5 A6 or=o (157)
is a descending expansion in well-defined steps and that the remainder

Fsup  [(GL(12"[*) (Do, Dor)™ A (O")Y xsAL(0")] . (158)
0" € suppxs
is of arbitrarily small order as M increases.

We first note that the Hessian operator k~'(G?,(|2"|*)(Dg, Dgr) brings in a net order of
k=(0;) 7", since the coefficients 2 in the singular part are bounded by (6;)~!. The maximal
order terms arise from applying the Hessian operator to the factor Ejy. Each derivative can
bring down a factor of kF7(0, e?"|2"|?)e? |'|?) = O(kd, ;). Since there are two 6" derivatives
for each k£~'(d;)~" the maximum order in k from a single factor of k=" (G?(|2"|*)(Dgr, Dgr)
applied to A} is of order

e =k (00) 71 ((kd3,)* (65)" + kdyoy) = K(6;)"0% + 6.

In particular this is the order of magnitude of the sub-dominant term. Therefore, to obtain a
descending expansion in steps of at least k7, we obtain the following necessary and sufficient
condition on (0}, 0y):

e < Ck™. (159)

Under this condition, the series and remainder will go down in steps of k~.

With these choices of (6}, d;), the complex stationary phase expansion gives an asymptotic
expansion in powers of k~%. Recalling that the unique critical point occurs at #” = 0, the
remaining df’ integral is given by the dimensional constant C,,(27)" times

Ppr() ~ (det(k—lag(|z~|2))1/2 Jrpr R0 Z?il k= ((GL(12"*)(Dgr, Don))’ X(;A’,;((@’, 0))d9’,
160

plus the integral of the remainder (158), which is uniform in 6" and integrates to a remainder

of the same order. Here we wrote the amplitude as A}(#,6") and set " = 0 after the

differentiations.

The differentiations leave the factor Ej (151) while bringing down polynomials in the
derivatives of its phase. The same is true of the factor e*°U='lI") that we absorbed into the
amplitude. We now collect these factors and note that the exponent is simply the original
phase (149) evaluated at 6" = 0:

V(O 2,2 ]) = Fe(e? |2, 22) — F(2,2") - (<L, 6)) (161)
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We also collect the derivatives of this phase and the other factors of A, and find that

M
> kT ((GL(12" ) (Do, Dor)) x5 Ap(0',0) = TP 4, (1), (162)

j=1

where A,(#) is a classical symbol in k whose order is the order m of the original symbol Ay.
The integral (160) then takes the form

Pue(@) ~ Co (det(k1G7(12"[2))) 72 [ eF @171 4, (00) a0 (163)
This is a corner type integral as studied in §6.3, with |2”|? as an additional parameter. The
asymptotics of (163) are given by Lemma 6.4. It is only necessary to keep track of the powers
of |2/|?,]2"]* and of the parameter k='(5}) "' (kd},)? in the analysis of Ay
To do so, we first observe that

Vg/F@(eiel\z'F, |Z//|2) _ iﬂ({j((«zly Z”), (eie’zl’ Z”)), (164)

i.e., it is the " component of the complexified moment map. By definition of (2/,2”) it equals
9 when ¢ = 0. It follows that F}(0,|2"[?)|2'|*> = <, and the almost analytic extension
satisfies

i @

k Y
where (as previously) the multiplication is componentwise. If we then Taylor expand the
phase, we obtain

Fl/(07 ’Z//|2)€z’9/‘zl|2 —e

(165)

/

1(pn! / " ! 1z ! 0’ / «Q 0’ !
(G5 |21 12"17) = F0, |21 = ) + O(']") = = (1= ) +0(]").  (166)

If we absorb the "= factor into the amplitude, he integral has now been converted to
the form (146) with a more complicated amplitude.
We next observe that

A = k™1 + O(|Z])). (167)

Hence, the assumption |2/|* = O(6},) implies that to leading order

Ppr(a) ~ \/det -1 Gg(’Z”P)km fTr efk((eié) 7149))%619/(1 +0(8,))

(168)
= k™5, /det Gg(\z”P))Ph%F(a’)(l + O(6},)).
This completes the proof of the Lemma.
O

6.5. Completion of proof of Proposition 6.1. We now complete the proof of Proposition
6.1.
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6.5.1. Asymptotic expansion for P, (a). The error terms for the asymptotics of P (),
in the corner zone, the interior zone and the mixed zone, are given by k~1(67)~!, k(d;)? and
e = k7H0)) Tt + k(6,)% + k(8},)%0) + 0}, respectively. In order to minimize these terms, we
let

E7H00) ™ = K(5),)? and 0 < 6, < 0y,

By elementary calculation, the optimal choice for §;, and §} is given by
8y =0y = k=5 and k=1 (0)) 7" = k(6})?

and
ENON T = k(0L = k75, m ~ O(K73).

We let &5 = k=3 and break up the estimate into four cases.

(1) |2'|,|2"| < dx: this is the corner case handled in Lemma 6.4 if k(5;)? — 0.

Pui(@) = Cou P (0)(1+ O(k75)).

(2) |2'|,|«"| > 0. By Lemma 6.3, stationary phase is valid and
Pue(@) ~ Cuk® [ det Gw(%) (1 + O(k*%)) .
| S 0 anad |(r | = 0. Yy Lemma 0.9,
(3) |2/| < & and |2”| > 6. By L 6.5

Pux(a) = Cruk™ % [det GI(%)Ppas, (o) (1 + O(kf%)).

(4) || < 0y and |z'| > ;. This case is the same as case (3) by switching «’ and z”.

Combining the formulas above, the asymptotics for Py () is given by (132)

Phk(a) = ka% (m_é# (%)) gso 5k( ) 7DPk 51@(2) <1 + Rk(%7h)) )

where Ry(2,h) = O(k™5).
On the other hand, equation (131) is derived by the following calculation.

1 m () k»g 22
]{ng 6# g<P5k< ),PPkék(;l/) - 2\/?73131C H 271-]{:6 |M N |Of—(kk€)(a)
kgj(z) TNk

¢ Fs, (z

|3

det G¢<%>75p,k<1 +o<k*%>>,

where the last equality follows from the Stirling approximation.
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6.5.2. Derivatives with respect to metric parameters . Now suppose that h = h; is a
smooth one-parameter family of metrics. We would like to obtain asymptotics (%)j th(a)
for j =1, 2.

PROPOSITION 6.6. For j = 1,2, there exist amplitudes S; of order zero such that

« (07

=) Pris,(—

8 l(m 5#( )
k k

Lim— a «
(57 Pus@) = Cuk3 1) g, i ( (Si(t.a,k) + Bu(Z. )
where Ry, = O(k’%). The expansion is uniform in h and may be differentiated in h twice
with a remainder of the same order.

Proof. Such time derivatives may also be represented in the form (114)

o)
with a new amplitude Ay, ; that is obtained by a combination of differentiations of the original
amplitude in ¢ and of multiplications by t derivatives of the phase. It is easy to see that
t derivatives of the amplitude do not change the estimates above since they do not change
the order in growth in k& of the amplitude. However, t derivatives of the phase bring down
factors k(2)7(Fy(e®p;, (%)) — Ft(ﬂht (%)). The second derivative can bring down two factors
with 7 = 1 or one factor with j = 2. We now verify that, despite the extra factor of k, the
new oscillatory integral still satisfies the same estimates as before.

The key point is that, by the calculation (118), the phase Fy(e“p; ' (%)) — Fy(uy, (2)) —
i(%,0) for any metric h vamshes to order two at the critical point § = 0; the first derivative
vanishes because VyF(€"2)|g—o = iupn(2). Hence, the ¢ derivative of the h;-dependent Taylor
expansion (118) for a one-parameter family h; of metrics also vanishes to order 2, i.e.,

(O (Rt ) = Fli (D) = 0(P). (170)

Thus, for each new power of k£ one obtains by differentiating the phase factor in ¢ one obtains
a factor which vanishes to order two at § = 0. As a check, we note that in the Bargmann-Fock
model, the phase has the form ) (e" —1—16;)%

Let us first consider the first derivative. We repeat the asymptotic analysis but with the
new amplitude S;. In the ‘interior region’ the stationary phase calculation in Proposition 6.2
proceeds as before, but the leading term (now of one higher order than before) vanishes since
it contains the value of (170) at the critical point as a factor. Therefore the asymptotics start
at the same order as before but with the value of the second 6-derivative of the amplitude
at 0 = 0.

In the corner, resp. mixed boundary, zone we obtain an integral of the same type as the
ones studied in Lemma 6.4, resp. Lemma 6.5, but again with an amplitude of one higher
order given by the t-derivative of the phase. The only change in the calculation is in the
Taylor expansion of the amplitude in (167) in the 2’ variable, which now has the form

mﬂ—ujw W (5) = Bl (£)) + O ), (171)

]Phk( ) (27T)7m / €_k(Ft(ei9“i:t1(%))_Ft(“;tl(%)))Ak,j (k, t,a, 9) €i<a’9>d9, (169)
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so that the final integral now has the form
—mm 71@((62'9’7149'))%' 2 0, —1 Y\ —1@ /
en i [ o (kG (Blesi () = R ) ) o
As noted in (170)
k() (B (9) = B(u (7)) = k(5) (Fe’m (%) — Bk () — (2. 0))

= O(kIo*%).

Since the stationary phase method applies as long as || — oo we may assume that || < C
and we see that the factor is then bounded. Here, we have suppressed the subscript C for
the almost-analytic extension to simplify the writing.

As an independent check, we use integration by parts in 6. We use a cutoff function y
supported near 8’ = 0 to decompose the integral into a term supported near #’ = 0 and one
supported away from 6’ = 0. We use the integration by parts operator

PO S R W
(e —1)a’)
where we note that the factors of k cancel. The operator is well defined for 6/ # 0 and
repeated partial integration gives decay in o' in case |@/| — oo. On the support of x the
denominator is not well defined but the vanishing of the phase to order two shows that £*(S;)
is bounded.

Now we consider second time derivatives. The second % could be applied to the phase
factor eF®* again or it could be applied again to (171), and then we have

Ara = (R (E(1, " (3)) = Fuluy ' (§)))

+(k(5) (B (1, () = Fulpy, (§)))? + O(=')-

The first term contains the factor k? and after cancellation it induces a term of order |«
In addition this term vanishes to order four at 8 = 0. Hence the stationary phase calculation
in the case of the first derivative equally shows that the first two terms vanish and thus the
factors of k? are cancelled. In the regime where stationary phase is not applicable, |o/|* may
be assumed bounded, and additionally one can integrate by parts twice. Thus again this
term is bounded.

(172)

/|2'

O

6.6. Completion of the proof of Lemma 1.3. So far we have only considered the asymp-
totics of Pk (t, 2). We now take the ratios to complete the proof of Lemma 1.3.

LEMMA 6.7. With 6, defined by (58), we have

det V2uy (%) 1/2 _1
Rk(t7 Ck) = ((detVzuo(a))lft(tdektvzul(%))t) (1 + O(k 3)> .

3

The asymptotic in may be differentiated twice with the same order of remainder.
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Proof. Combining Corollary 3.2 and Proposition 6.1,we have

Vdet Gy, () Pri($) 1
Rt 0) = T Pra(e) (VA G Py O (A7)
We observe that the factors of 75}3’]@ cancel out, leaving
det Gy, (T)
(v/det Gy (7)1 (y/det G, (7))

By Proposition 6.6, the asymptotic in (173) may be differentiated twice with the same
order of remainder, completing the proof.

Ri(t, o) = (14 0(k™3)). (174)

O

Remark: By (58), we also have

1-t st

Ri(t,a) = (%> - (1+O0(k™3)).

»t

N

1_ —
869'%%)
6

Indeed, the factors of £;(%) are independent of the metrics and cancel out. Also ( ;

is smooth on P.

The following simpler estimate on logarithmic derivatives is sufficient for much of the proof
of the main results:

LEMMA 6.8. We have:
(1) Oylog Ri(t, ) is uniformly bounded.
(2) 021log Ry (t, ) is uniformly bounded.

Proof. We first note that
O log Ry (t, ) = log Py () — log Py () — 9 log P (). (175)
We note that by Proposition 6.1,

1 ~ 1
log P () = élogdet(k_lG¢(%)) —l—logPp,k(%) +log Cy + O(K73). (176)

As in Lemma 6.7, the Bargmann-Fock terms cancel between the hy and h; terms, while
the metric factors simplify asymptotically to %log (04,04,), and this is clearly bounded. To
complete the proof of (1), we need that the final ratio is bounded. By Lemma 6.6, we see
that in the ‘interior’ region both numerator and denominator have asymptotics which differ
only in the value of a zeroth order amplitude at # = 0 and that it equals 1 in the case
of the denominator. Hence, the ratio is bounded in the interior. Towards the boundary,
the denominator is comparable with the Bargmann-Fock model and is bounded below by
one. The numerator is also bounded by Lemma 6.6, and therefore the ratio is everywhere
bounded.
Now we consider (2), which simplifies to

RPy()  [(0P(@))
- th(a) * ( th(a) ) '

O log Ry(t, o) = (177)
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As we have just argued, the second factor is bounded. The same argument applies to the
first term by Lemma 6.6.
O

7. C° AND C'-CONVERGENCE
We begin with the rather simple proof of C%-convergence with remainder bounds.
7.1. C°-convergence.
PROPOSITION 7.1. 1log Zy(t, z)e %) = O(*8%) uniformly for (t,z) € [0,1] x M
The Proposition follows from the following:
LEMMA 7.2. (Upper/Lower bound Lemma) There exist C,c > 0 so that
c < Ry(t,a) < C.

Proof. This follows immediately from Lemma 6.7. O
C%-convergence is an immediate consequence of the upper and lower bound lemma:
Proof. By the upper/lower bound lemma, there exist positive constants ¢, C' > 0 so that

\S (2[5

Cthc z,2) Z Ry(t Qhk( )

ackPNZ™

e < CTLp(z, 2). (178)

Hence,
1Sa(2)[2),

h

%log th<z7 Z) < %log ZaekPmZm Rk<t7 Of) Qhk(a)t < %log th (Z7 Z) + O(%)

where the last estimate follows from (93).

7.2. C1 -convergence. We now discuss first derivatives in (¢, z). In the z variable the vector
fields 5>~ 9_ vanish on D, so can only use them to estimate C" norms in directions dy, far from the

boundary In directions close to the boundary we may choose coordinates so that derivatives
in 2’ near 2z’ = 0 define the C'* norm.

The estimates in the p and 2’ derivatives are similar. We carry out the calculations in
detail in the p variables and then indicate how to carry out the analogous estimates in the
z variable.

We also consider t derivative. The key distinction between ¢ and z derivatives is the
following:

e z or p derivatives bring down derivatives of the phase, which have the form k(u(2) —
). The factor of k raises the order of asymptotics while the factor (y,(z) — ) lowers
it by the Localization Lemma.

e ¢ derivatives do not apply to the phase and only differentiate Ry (¢, o) and Q¢ ().

PROPOSITION 7.3. Uniformly for (t,z) € [0,1] x M, we have:
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|Sa(2)]?

hk 1 ]
o)

(2) The same estimate is valid if we differentiate in 5~ in directions near D as in Propo-
sition 4.0.

I =

9 1Sa(2)[2), 1
(3) ElogZaekPﬂZmRk(tva)w :O(k 3).

=

Proof. We first prove (1).

|Sa(2)[}
V,log Z Rk(t,a)—h?

ackPNZ™ th (a)

1
k

|Sal?

Daerprzn (5 — m(2)) Ri(t, @) Q, k()

> ackprzm Rai(t, @) o, @
t

|Sal?,
ZaékPﬂZm: I%—m(z)\gkf%” (E - ,ut(Z)) Rk(ta CV) Qhk(;) Y
= NN ‘ +O(k™™)
h
> ackprzm Ri(t, @) th(;)
1 ISalif
o m |2 ()| <k~ 310 Q k(a
< O | oSk IE O T B o
Sal?y
ZaEkPﬂZm th(a)
< Ok

proving (1). In this estimate, we use the Localization Lemma 1.2 and the upper/lower bound
Lemma 7.2 on R;.

Regarding % derivatives in (2), the only change to the argument is in summing only «
with «, # 0 and then changing « — a — (0,...,1,,...,0) as explained in Proposition 4.6.
Clearly the localization and the estimates only change by %

We now consider the 0; derivative. By Proposition 4.4, we have
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10 ‘Sa(z)lif
597108 2 acrpnzm Ra(t; @) 2,1 (@)

S Ri(t,0)0y log Ry (t,a) e<:,p>
1 k(@) | oF(a) 9
= = t —_ _Spt
g S Ry(tsa) L) o
a VR hf(a)
Ry, (t,) (o, p) 1 (or,p)
Z Ri(t, a)3t10g< k (Q))thk(a) 1Za3t10g<ghk(a)>gehk(a)
— 1 t t _ 1 t t O k_l
(a.p) k (a.p) (
(Za Ri(t,0) 5h§(a> 2a %
ela,
5. R (1,0)1 log Ry (1,0) &t Yo 0108 Q@) S TS T Rilta)0klog Qi (o )Qﬁfi)
Tk ela,p) t +% (c,p) B ela,p) +O(k71)
P ela,p a,p
<E Re(t, O‘)Q k(@) <Za th(w) (Z R (t, O‘)Q k(a)>
(180)

Notice that Qur = Ry (t, @) (Qp ()~ (Qpr(e))" and so 9, log Qx(t, a) = 0, log Ry (t, ) +

Q i (t,a)
log (%) It follows easily from the fact proved in Lemma 1.3 (or more precisely the
hO ’
k()

simpler Lemma 6.8) that Ry (t,a) = O(1) and 0 log (Ri(t,«)) = O(1). Also log Qh e =

O(k) uniformly in a. Replacing Ry by R plus an error of order k’_%,

10 |Sa(2) i,’; 1

8. C?-CONVERGENCE

We now consider second derivatives in p,t. Again we must separately consider derivatives
in the interior and near the boundary. The following Proposition completes the proof of
Theorem 1.1.

PROPOSITION 8.1. Uniformly for (t,z) € [0,1] x M, we have, for any 6 > 0,

1Sa(2)[2
(1) % BZ; log ZaekPmZm Ri(t, @) ?(;)? O(k_ﬂkzé);
(2) & |03y, log 2 Rit, S T
k | atop; 108 ZuaekPnzm ) th(a) (k7572%);
X Sa@y |
(3) & |52 108 X aerprzn Rk(t,a)w = O(k™3™)

(4) The same estimates are valid if we replace a% in directions near D as in Proposition
n

4.6.

We break up the proof into the four cases. To simplify the exposition, we introduce some
new notation for localizing sums over lattice points. By the Localization Lemma 1.2, sums
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over lattice points can be localized to a ball of radius O(k~2+9) around j,(z). We emphasize
that although there are three metrics at play, it is the metric h; along the Monge-Ampere
geodesic that is used to localize the sum. We introduce a notation for localized sums over
pairs of lattice points: let

e Flonf) = 2 F(a.f). (181)
12— (), 2 —pe ()| <k 2T

8.1. Second space derivatives in the interior. In this section we prove case (1). We
have,

1| 62 1Sa(2)
- log Ri(t, ) (182)
0pi0p; ael;zm ny (@)
a,p)  e(Bip)
1 % Za”g(a - ﬁ) Ri(t, a)Ri(t, B)5 0 k(pa) th(pg) o2
= — gOt
k op 2 piOp;
(SRt ) J
3 Vsl = 0P Rt )Rt D)5 58 5 Napla =B $imd G
1|24 k k Q k(a) 2 () 2 Lua,f Qe (@) Q1 (5)
pu— E J—

ela,p) ? elasp) ? ’
modulo O(%) by Proposition 4.3. We also completed the square and used that the sum over
« is a probability measure to replace o — a3 by %(a — 3)%. We also use Lemma 4.5 to write
#;m% as a sum over lattice points.
By the Localization Lemma 1.2, each sum over lattice points can be localized to a ball of
radius O(k~2%9) around 4, (z). Then, by Lemma 1.3 each occurrence of Ry(t, ) or Ry(t, 3)
may be replaced by R (t, &) plus an error of order k3. Since L 2(a— B)? = O(k*) the total

error is of order k%~3. Since 4 is arbitrarily small, thls term is decaying. Further, after
replacing Ry(t, 3) by Re(t, §) we may then replace ‘,j, - by 1(z) at the expense of another

error of order k29, By modifying (182) accordingly, we have

1 IS ()17
k 5p,apj log >, Rult Qhk( )

ackPNZ™

+ Ok 512 (183)

—~

1 2 2\\2 elp)  o(B:p) 1 9 eflap)  o(Bip)
120,00 = 8)? Reolt, ()55 12ap(@ =B S @5, @
t t t t

2 2
(ZaR (t, Nt(ep/2>> Q.1 (,l)) (Za Qe:;(pfi)>

where = means that the lines agree modulo errors of order O(k—%“‘S ). In the last estimate,
we use that R (t, p:(e”/?))? cancels out in the first term. This completes the proof in the
spatial interior case.

Ml
| =
Ml

0,
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The modifications when z is close to OP are just as in the case of the first derivatives.

8.2. Mixed space-time derivatives. The mixed space-time derivative is given by

1 \S ()7
- log Z Ry(t
k ackPNZ™ Qhk( )
Rk(t,a)th(B) elap)  ¢(Bp)
L | 2Zasl@ = B) Relt, )Ry (t, )0 log <Rk(t,ﬁ)gh§<a>) 0, (@) 2, (9 2
= —|= - Pt
| (z Ryt 0) 5 )2 "
k(@)
It suffices to prove that
elen)  elBp)
1 Za,g(a_ﬁ) O log (R (t, ) Q5 (@) 0 (B) 1
. 5 =0(k™27)
e(a,p)
(Z(}é th(a))
and
2k B)\  lan) (80
|| 2as@ = B) Relt, O)Ri(t, @)0; 10%( t(a)) Q5@ 2 () o2 O b
— | = — — 3 .
| (2 Ri(t, ) &2 ) A
k Q k(a)

The first estimate follows by the Localization Lemma 1.2 and from Lemma 6.8, i.e., that
O¢log (Ri(t,)) = O(1). The second estimate is very similar to that in §8.1, specifically in
(183), so we do not write it out in full. In outline, we first apply the Localization Lemma and
replace each Ry (t, a) by Reo(pte(2)) with z = e?/2. The errors in making these replacements

8
are of order k~1/3+° because 0, log <Qhk( ;) = O(kluy(a) — uy(B)]) = O(k2*%) and because

(@ — 3) = O(k2™) in the localized sum. We then express %gpt in terms of the Szego

kernel, i.e., as a sum over lattice points, using Proposition 4.5, and cancel the term.

92 o
Ap; ot Tt
The sum of the remainders is then of order k~'/3+% completing the proof in this mixed case.

8.3. Second time derivatives. The proof in this case follows the same pattern, although
the estimates are somewhat more involved. The main steps are to localize the sums over
lattice points, to replace each Ry by R, then to cancel out R, after all replacements, and
to see that the resulting lattice point sum cancels k g—;%. The complications are only due
to the number of estimates that are required to justify the replacements.

The second time derivative equals
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1Sa(2) 12},

102 h
5o 1082 acrprzm R(t; @) Qhk(a)t
t

2
Ry (t,a) Ry (t.8)\—1 efasp)  (Bsp)
| s RitOR(t) (8t 8 G, (9, () ) Q@] 0y @

= .
e{o,p)
<zank(t,a)ghk(’;)> (184)
t
2 Ry (t,a) | elp)  (B.p)
2 a8 R (6P Ric(t,0)0; 1°g< Qhkm)) 2, 1() 2,1 (A )
41 £ i i B il
k ot2 Sot

2
ela,p)
<Za Rk(tﬂ)ghf“’”)

Here, we have simplified the numerator of the first term by replacing

2
Rk(t7 a) Rk(t, ﬂ) 1 Rk(t, a) 1 Rk(t, Oé) Rk(t, ﬁ) 1
o1 O log———= | — = | 01 ,
( ' Og(th(Oé)(Qh,’;(ﬁ)) )) ( 1os Qh,’;(@) 2 ( ! Og<Qh{§(Oé)(th(5)) >>
which is valid since the expression is anti-symmetric in (a, ) and since we are summing in

(o, B).
To simplify the notation, we now abbreviate R(a) = Ry(t, ), 7 () = m, = %,
ht

and write (184) = % where the numerator has the schematic form

N
= T (B + F(@) + 1 (B @) + F(@) = (ZB) + F(9)) R@)T(@RAT (el
185)
and where the denominator is D = (3 R(a)T ())?. We omit the factors @0 B2 from

Q,(a) Qs (B)
the notation since they are always present.

We now compare N and D to the corresponding expressions in the second time derivative
of the Szego kernel in Proposition 4.5. In the latter case, R = 1 so any terms with ¢-
derivatives of R above do not occur in the third comparison expression of Proposition 4.5.
Terms with no t derivatives of R will be precisely as in the comparison except that R is
replaced by 1. So we consider the sub-sum of NV,

N = S ((F@) +1 (Z@) - Z8)") R@T(@RBTB)  (186)

If we now replace all occurrences of Ry (t, &) by Reo(p:(2)) in both numerator and denom-
inator we get the Szegd kernel expression (the third comparison expression of Proposition
4.5) of order 5. (This is verified in more detail at the end of the proof). So we are left with
estimating two remainder terms: First, the difference N; — ]\71 where ]\71 is a sum of terms
in which we replace at least one R(«) by Reo(1:(2)) (or with ). Second, we must estimate
N — Ny.

We first consider Ny—Nj. It arises by substituting at least one R(ar)—Roo (11(2)) = O(k™3)
for one of the R(«)’s in N;. We apply the localization argument Lemma 1.2 to replace N;

(and D) by sums over %,% € B(m(z),k 2%%). We thus need to estimate the following
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expression, when at least one R(«) is replaced by R(c) — Roo(pee(2)):

— Q,x(8) elesp)  (Bop)
ZaﬁRk(t,ﬁ)Rk(ﬂ @) <8t log —Q:; (a)) <_at log Qﬁf(@) th(pa) thgfﬂ)

2
3<04,/7>
(ZQGB(M(ZW‘%”) Ru(t,a) Qpk (a))

1
k

= elenp)  o{B.p)
> Ri(t, B)Ri(t, a)0? log (th (a)> Qhk(pa) Qhk(pﬂ) o2
t t t

2
R ela,p) 2 ot o
ZaEB(ut(z),k7%+6) k<t7 Oé) (thc (@)

| =

Due to the factor % outside the sum, it suffices to prove that

((%a))/ . (%a) - ?(ﬁ))z) — o),

By Proposition 3.1, we have

/

! P ,
TP + kut(E)
Since u; = (1 — t)ug + tuy, we have
T’ P’ o P’ a
Fla) =~ +h(u —uo)(y) = % +k(fi = fo)(3),

where we recall from §2.2 that u, = uy + f, with f, smooth up to the boundary of P.
It follows that,

T T PP o 3
(@)= =) = —5(04) + 5(@ HR(f = fo)(5) = k(fi = fo) (), (187)
T P,
(@)= —(5) =0(1). (188)
with
o N a B 1.s
k(A= fo) () = k(fr = f) (7)) = RO(I = 1) = O(k=7).

Further, by Lemma 6.7 (using Lemma 6.6), the factors of

(2)Pula)  (Si(t,a,k) + Ru(2, 1)
th () So(t, a, k)

=0(1),

and similarly ()" = O(1). Since (187) is squared, it has terms as large as O(k'*%). Taking
into account the overall factor of % and the presence of at least one factor of size ks coming
from the replacement of at least one Ry (, &) by Reoo(p¢(2)), we see that Ny — Ny has order
k5120 and again this decays for sufficiently small §.
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Now we estimate N — Np, which consists of terms with at least one ¢t-derivative of R. By
Lemma 6.7, the terms with no ¢ derivatives on 7 give the terms

Qo ela,p)  (B:p)
| S sRilt ARt 0) (at log Relt >) (0. tog Ri(1,0)) 0 th a
k (o, p) 2
ela:p
(Z Ri(t, O‘)(Q k(a))>

— elap)  o(Bp)
1 Za’gnk<t7 6)Rk(tv a)atz 10g (Rk(tv Oé)) Q, k() th (B) .
tr !

k (SRt args)

by Lemma 1.3.

This leaves us with the terms

!/ !/ / !
Ew) - Eonw - T,

Again by Lemma 6.8, the first term is O(1) while the second factor is (187) and has size
fok—2t9, Here, we again use Propositions 3.1 and 6.6. Due to the overall factor of % this
term has size k=219

Therefore, as stated above, up to errors of order k~'/3+9 (184) is simplified to — g—;got
plus

LB\ ptan) (B0
L[ ZasReo e () R (7)) (@210g< 0@ ) (Orlog 5 - )(atlog(Q:;<a>)> 0,1 @ 2,0

Lk 2
e(a:P>
(Zaewt(z),k—%%) Roo(puu(er’?)) © (a)))
(189)

As before, we cancel the factors of Re(ps(e?/?)). The resulting difference then cancels to
order k=249 by Lemma 4.5 (3).

This completes the proof of the second time derivative estimate, and hence of the main
theorem.
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