NUMBER VARIANCE OF RANDOM ZEROS ON COMPLEX MANIFOLDS
BERNARD SHIFFMAN AND STEVE ZELDITCH

ABSTRACT. We show that the variance of the number of simultaneous zeros of m i.i.d. Gaussian
random polynomials of degree N in an open set U C C™ with smooth boundary is asymptotic
to N™1/2y,,,, Vol(OU), where vy,,, is a universal constant depending only on the dimension
m. We also give formulas for the variance of the volume of the set of simultaneous zeros in
U of k < m random degree-N polynomials on C™. Our results hold more generally for the
simultaneous zeros of random holomorphic sections of the N-th power of any positive line
bundle over any m-dimensional compact Kahler manifold.

CONTENTS
1. Introduction 1
2. Background 6
2.1. Expected distribution of zeros 6
2.2.  Off-diagonal asymptotics for the Szegd kernel 11
3. A pluri-bipotential for the variance 14
3.1.  Asymptotics of the pluri-bipotential 18
3.2.  The pair correlation current 22
3.3.  Explicit formula for the variance 23
3.4. Smoothing KJ{: Proof of Proposition ?? 27
3.5.  Completion of the proof of Theorem 77 32
4. Variance of zeros in a domain: Proof of Theorems ?? and ?7? 34
4.1. Positivity of the constant in Theorem ?7? 39
5. Appendix: Proof of Theorem 77 40
References 43
1. INTRODUCTION
This article is concerned with the asymptotic statistics of the number NJ(pY, ..., pY) of

zeros in an open set U C C™ of a full system {p}'} of m Gaussian random polynomials (or
more generally, of sections of a holomorphic line bundle over a Kéahler manifold M,,) as the
degree N — oo. In earlier work [SZ1], we proved that the zeros become uniformly distributed
in U with respect to the natural volume form. The main result of this article (Theorem 1.1)
gives an asymptotic formula for the variance of Ny (pY, ..., pY) for open sets with piecewise
smooth boundary. We also give analogous results for the volume of the simultaneous zero set
of k < m polynomials or sections (Theorem 1.4). Our results show that the zeros of a random
system are close to the expected distribution, i.e. number statistics are ‘self-averaging’, and
moreover the degree of self-averaging increases with the dimension.

Research of the first author partially supported by NSF grants DMS-0100474 and DMS-0600982; research of
the second author partially supported by NSF grants DMS-0302518 and DMS-0603850.
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2 BERNARD SHIFFMAN AND STEVE ZELDITCH

To introduce our results, let us start with the case of polynomials in m variables. By homog-
enizing, we may identify the space of polynomials of degree N in m variables with the space
H°(CP™,O(N)) of holomorphic sections of the N-th power of the hyperplane section bundle
over CP™. This space carries a natural SU(m + 1)-invariant inner product and associated

Gaussian measure vy. To each m-tuple of degree N polynomials (pY,...,p), we associate its
zero set {pl¥(2) = -+ = pl¥(2) = 0}, which is almost always discrete, and thus obtain a random
point process on CP". We denote by
N N
Zp{V,...,pan = {Z eM P (Z) = :pm<z> = 0}

the set of zeros and by

(2] )= > w(2), wec 1)

the sum of point masses at the joint zeros. It easily follows from the SU(m + 1)-invariance of
~vn that the expected value of this measure is a multiple of the Fubini-Study volume form, i.e.

1 m
B [Zyp.0n) = 5" (Furs) 2)

™

where wpg = %85 log |z|? is the Fubini-Study metric on CP™. Here, E(X) denotes the expected
value of a random variable X.

Given a measurable set U, the random variable counting the number of zeros of the polyno-
mial system in U is defined by

NEY, .. ph) =#{z €U :py(2) = =ph(z) =0}

Clearly, N{ is discontinuous along the set of polynomials having a zero on the boundary oU.

Integrating (2) over U gives
1 m
BvE) = 87 [ (Fors) 3)
o\

Formula (3) has a counterpart for Gaussian random holomorphic sections of powers of any
Hermitian holomorphic line bundle (L, h) with positive curvature ©j, over any m-dimensional
compact Kéhler manifold M with Kahler form w = 50,. The Hermitian inner product

1
(o1,02) :/ W (o1, 52) —,Wm ) 01,00 € H(M, L"), (4)
M m!
induces the complex Gaussian probability measure
1 N
Ny _ —e|? N _ N
j=1
on the space H°(M, L") of holomorphic sections of LV, where {57, ..., S} } is an orthonormal

basis for H°(M, L"), and dc denotes 2dy-dimensional Lebesgue measure. The Gaussian mea-
sure yy given by (4)—(5) is called the Hermitian Gaussian measure induced by h. The Gaussian
ensembles (H°(M, LV), vy) were used in [SZ1, SZ2, BSZ1, BSZ2]; for the case of polynomials
in one variable, they are equivalent to the SU(2) ensembles studied in [BBL, Ha, NV] and
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elsewhere. In [SZ1], we showed that the expected value of the corresponding random variable
NY (where U C M) on the ensemble (H°(M, LY)™ %) has the asymptotics

%E(N}\{):/U(%@h)er o(%) | (6)

Thus, zeros of Gaussian random systems of sections of L” become uniformly distributed with
respect to the curvature volume form %wm, as N — oo.
Our main result gives an asymptotic formula for the number variance

Var(NY) := E(WY — EWY))
in this general setting:

THEOREM 1.1. Let (L, h) be a positive Hermitian holomorphic line bundle over a compact m-
dimensional Kihler manifold M. We give H*(M, L) the Hermitian Gaussian measure induced
by h and the Kdhler form w = %@h. Let U be a domain in M with piecewise C* boundary and
no cusps. Then for m independent random sections S§V € HY(M,LY), 1 < j < m, the variance
of the random wvariable

NG(Y, o sy =4z eU sV (2) = =50 (2) =0}

s given by
Var (V) = N2 |:I/mm Voly,,, 1 (0U) + O(N_%J“e)] :
¢(3/2)

where Vy,, 18 a universal positive constant. In particular, vi; = 57

Here, we say that U has piecewise C¥ boundary without cusps if for each boundary point
29 € AU, there exists a (not necessarily convex) closed polyhedral cone K C R*™ and a C*
diffeomorphism p : V — p(V) C R?*™ where V is a neighborhood of 2, such that p(V NU) =
p(VYNK. By O(N~2*¢), we mean a term whose magnitude is less than C,N? for some constant
C, € R* (depending on M, L, h,U as well as p), for all p > —%.

As mentioned above, a special case of Theorem 1.4 gives statistics for the number of zeros
of systems of polynomials of degree N. Identifying polynomials on C™ of degree N with
H°(CP™,O(N)) endowed with the Fubini-Study metric, we obtain an orthonormal basis of
monomials (see [BSZ2, SZ1)):

Ny 1/2 1 im . . . . N\ NI
{(J) 2y 2y }IJSN (J— (]1;---;]m)7 |J| =n+ + Jmo (]) = (N,|J|)!j13...jm1)
The polynomial case of Theorem 1.1 then takes the form:

COROLLARY 1.2. Consider the Gaussian random polynomials
1/2 ;
plzv<21a"'7zm): Z CJ,Z({\][) Z{IZ%T (1§l§m)7
{JeN™:|J|<N}

where the cj; are independent complexr Gaussian random variables with mean 0 and variance
1. Let U be a domain in C™ with piecewise C? boundary and no cusps. Then the variance of
the number N of zeros in U of the degree-N polynomial system (pY,...,pN) is given by

Var(NVY) = Nm-1/2 [ymm VoISF" (89U + O(N—%+f)] ,

where Volggnil denotes the hypersurface volume with respect to the Fubini-Study metric on CP™.
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The variance Var(NY) measures the fluctuations in the number of zeros in U of random
systems of polynomials or sections. Theorem 1.1 implies that the number of zeros in U is
‘self-averaging’ in the sense that its fluctuations are of smaller order than its typical values.
Recalling (6), we have:

COROLLARY 1.3. Under the hypotheses of Theorem 1.1 or Corollary 1.2,
[Var(NY)]'/ y

~N7T75 0 as N — o0 .
E(NY)
By Corollary 1.3 and the Borel-Cantelli Lemma applied to the sets { N *"(NY —ENY)? > ¢},
the zeros of a random sequence {(s¥,...,sN): N =1,2,3,...} of systems almost surely become

uniformly distributed:
1
WNJ[\{(S?,...,S%)Hm!VOKU) a.s.

Our proof of Theorem 1.1 also yields asymptotic formulas for the variance of volumes of
simultaneous zero sets Zn oy NU, where

Zn, v ={z€M: sV(z) =+ =5 (2) =0}.
of k < m sections s7',...,s. For N sufficiently large (so that L™ is base point free), Zyyv .~
is almost always a complex codimension &k submanifold of M (by Bertini’s Theorem) and
1
VOIQm,Qk(ZSN 5N N U) = / 7wm7k . (7)
Lok Z N Si\]ﬂU(m_ky

We have the following asymptotic formula for the variance of the volume in (7):

THEOREM 1.4. Let 1 < k < m. With the same notation and hypotheses as in Theorem 1.1,
for k independent random sections S;-V € HY(M,LY), 1 < j <k, we have

Var (Volymox[Zoy v N UJ) = N2y Vol 1(9U) + O(N *%%)] ,

where Vy 1s a universal constant; in particular,
m—>5/2

3 C(m+1).

Theorem 1.1 is the case &k = m of Theorem 1.4, where the 0-dimensional volume is the
counting measure:

™

Vm1 =

Volp(Zyy . ox NU) = N (Y, ... 8N .

’ m
In §4, we simultaneously prove Theorems 1.1 and 1.4.

The constants v, in Theorem 1.4 must be nonnegative, since variances (of nonconstant
random variables) are positive. We prove in §4.1 that v, is positive in the point case of
Theorem 1.1, and we know that v,,; is positive by the computation of its value. We conjecture,
but do not prove here, that v,,; > 0 for all k. Although we do not prove that our asymptotics
results in these intermediate cases are sharp we include them here because they follow with no
additional effort from the proofs in the point case and because our analysis of the point case
makes use of induction on the codimension.

In the remainder of the introduction, we discuss related results on the variance problems
studied in this article and indicate some key ideas in the proofs. In particular, we indicate
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which aspects of the results and methods are essentially complex analytical and which aspects
are mainly probabilistic.

The first results on number variance in domains appear to be due to Forrester and Honner
[FH] for certain one-dimensional Gaussian ensembles of random complex polynomials. They
gave an intuitive derivation of the leading term of the asymptotic formula in dimension one,
which is proved in Theorem 1.1. Peres-Virag have precise results on numbers of zeros of
Gaussian random analytic functions on the unit disc for a certain ensemble with a determinantal
zero point process [PV]. To our knowledge, there are no prior results on number or volume
variance in higher dimensions.

Variance asymptotics have also been studied for smooth analogues of numbers statistics,
namely for the random variables (1) with ¢ € C*°(M). A rather simple and non-sharp estimate
on the variance for the smooth linear statistics was given in our article [SZ1] to show that the
codimension-one zeros of a random sequence {s¥} almost surely become uniformly distributed.
Smooth linear statistics were then studied in depth for certain model one-dimensional Gaussian
analytic functions by Sodin-Tsirelson [ST]) as a key ingredient in their proof of asymptotic
normality for linear statistics. For their model ensembles, they gave a sharp estimate for the
variance of (Z,~v, ) and determined the leading term. (The constant % was given for model
ensembles in a private communication from M. Sodin.)

We now discuss some key ideas in the proofs, and also their relation to Sodin-Tsirelson [ST]
and to our prior work [BSZ1, SZ3]. Apart from a rather routine computation (Lemma 3.3)
for the expected value E(log |Y1| log [Y3|) where Y; are complex normal random variables, the
principal ingredients in our work are purely complex analytical. The key ones are:

e A bipotential formula for the variance current of one section (Theorem 3.1) or several
sections (Theorem 3.13), and the closely related formulas for the pair correlation current
K2 (cf. (79)) in the codimension one case (Proposition 3.10);

e Analysis of the singularities along the diagonal of the pair correlation and variance
currents, particularly in the point case (maximal codimension) where these currents
contain a delta-function along the diagonal in M x M (Theorem 3.15). This analysis

is necessary to verify the formula K = [K%}Ak (see (82)), where K% is the pair
correlation current for the simultaneous zeros of k random sections or polynomials of
degree N, and to define the product [KJ] .

e Application of the rapid (in fact, exponentially fast) off-diagonal asymptotics of the
Szegd kernel of [SZ2] as the degree N — oo to obtain asymptotics of the variance
current and number variance.

Let us discuss these items in more detail. The ‘bipotential’ for the pair correlation current
was introduced in [BSZ1]; in the notation used here, the bipotential is a function Qx(z, w) such
that

AZAU)QN(Z’ w) = Ké\{(Z, w) ) (8)

where KJ is the ‘pair correlation function’ (see (79)—(81)) for the zeros of degree N polynomials
on CP™ or of holomorphic sections of LY — M . In this article, we show that Qx(z,w) is
actually a pluri-bipotential for the variance current Var(Z) of Z,v (see Theorem 3.1), so we
can use Qn(z,w) to give an explicit formula (Theorems 3.11) for the variance of the zeros of
k < m independent sections of H°(M, L"), for any codimension k.

The existence of the bipotential makes essential use of the complex analyticity of the poly-
nomials and sections, in particular the Poincaré-Lelong formula. It is not clear if there exists a
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useful generalization of (8) to the non-holomorphic setting. Moreover, the analysis of the sin-
gularities of the variance current requires a detailed study of intersections of complex analytic
varieties and currents of fixed degree. Part of the length of this paper is due to the lack of a
prior reference for the relevant facts on smoothing and intersection of currents. We hope that
the analysis in §3 will be useful in other applications.

The bipotential for the variance was also used implicitly by Sodin-Tsirelson [ST], where it is
defined as a power series in the Szegd kernel for O(N) — CP!. They used it to obtain the first
sharp formula for the variance of certain model one-dimensional random analytic functions, and
further used it to prove asymptotic normality of smooth linear statistics.

From the bipotential formulas, and the analysis of the singularities of the variance current,
the asymptotics of the variance are reduced to the off-diagonal asymptotics for the Szegd ker-
nel Iy (z,w) (two point function). Our main results are proved by applying the off-diagonal
asymptotics of IIy(z,w) in [SZ2] to obtain asymptotics of Qn(z,w) and then of the variance.
One consequence of these asymptotics, which is of independent interest, is that the normalized
pair correlation function K3’ rapidly approaches 1 off the diagonal as N increases:

KY (z,w)=1+0 (N=®) , for dist(z,w) > N~YV2e (9)

(See Corollary 3.17 for a precise statement and the definition of K &) These asymptotics make
essential use of the holomorphic setting, and moreover of the positive curvature of the line
bundles involved. The two-point function ITy(z,w) and consequently the correlation functions
may behave quite differently in non-holomorphic cases (the two point kernel can decay at only
a power law rate in real cases) or even for random polynomials of degree N on domains in
C™ with the flat metric, i.e. with an inner product independent of N. Subsequent to [SZ2],
sharper off-diagonal estimates for IIy(z,w) with exponentially small remainder estimates away
from the diagonal (i.e., when dist(z, w) > \/Lﬁ) were also given in [DLM, MM], and they would

improve the decay of correlations in (9); we state the result as above, since the estimates of
[SZ2] already suffice for our applications.

The paper is organized as follows: In §2, we review the formulas for the expected zero
currents and describe the asymptotics of the Szeg6 kernel for powers of a line bundle. In §3, we
define the variance current (in codimension one) and introduce the pluri-bipotential Qy(z, w)
for the variance current and study its off-diagonal asymptotics. Next, we provide our explicit
formula for the variance (Theorem 3.11). In §4, this formula and the asymptotics of the pluri-
bipotential are applied to prove Theorems 1.1 and 1.4 on number and volume variance. Finally,
in the Appendix (§5), we review and to some degree sharpen the derivation of the off-diagonal
asymptotics in §2.2.

We end the introduction with a word on the relation of this article to its predecessors posted
on arXiv.org. The first predecessor of this article is our preprint [SZ3], in which we proved the
codimension k = 1 case of Theorem 1.4. This prior article did not contain results on the point
case in higher dimensions since, as we wrote there, “new technical ideas seem to be necessary to
obtain limit formula for the intersections of the random zero currents Z,,.” The present article
furnishes the necessary new methods (cf. §3). The preprint [SZ3] also extended the Sodin-
Tsirelson asymptotic normality result for smooth statistics [ST] to general one-dimensional
ensembles and to codimension one zero sets in higher dimensions. It remains an interesting open
problem to generalize asymptotic normality to the point case in higher dimension. The original
arXiv.org posting of the present article (arxiv.org/abs/math/0608743v1) also contains results
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on smooth linear statistics and on random entire functions on C™ and on certain noncompact
complete Kéahler manifolds; for the sake of brevity, these results will be presented elsewhere.

Acknowledgment: We thank M. Sodin for discussions of his work with B. Tsirelson.

2. BACKGROUND

In this section we review the basic facts about the distribution of zeros and the asymptotic
properties of Szegé kernels.

2.1. Expected distribution of zeros. In this section, we review the formula for the expected
simultaneous zero current of £ < m independent Gaussian random sections of the tensor pow-
ers LV = L®V of a holomorphic line bundle L over an m-dimensional complex manifold M
(Corollary 2.3). In order to give a simple proof of our formula by induction on the codimension
k of the zero set, we state our result in a more general form (Proposition 2.2). In the point
case k = m, this formula was given by Edelman-Kostlan [EK, Theorem 8.1] (for the essentially
equivalent case of trivial line bundles) using integral-geometric methods.

Throughout this paper, we let (L, h) be a Hermitian holomorphic line bundle over a compact
complex manifold M. We let S be a subspace of H(M, L), endowed with an (arbitrary)
Hermitian inner product. The inner product induces the complex Gaussian probability measure

1 e -
dy(s) = —me’|c| de, s = chSj, (10)

(e

on S, where {S;} is an orthonormal basis for S and dc is 2n-dimensional Lebesgue measure. This
Gaussian is characterized by the property that the 2n real variables Rec;,Im¢; (j =1,...,n)
are independent Gaussian random variables with mean 0 and variance 1 i.e.,

29
ECj = O, ECjCk = 0, ECjEk = Ojk -
We let
Ms(z,2) = E, (| Z 1S;(2)2, zeM, (11)

denote the ‘Szegd kernel” for S on the dlagonal. We now consider a local holomorphic frame
er, over a trivializing chart U, and we write S; = f;er, over U. Any section s € S may then be
written as

s={c,FYer,, where F=(f,...,fxr), (¢F) Zc]fj. (12)

If s = fey, its Hermitian norm is given by |[|s(z)||, = a(z)”2|f(2)| where

a(z) = [lec(2);* - (13)
Recall that the curvature form of (L, h) is given locally by
0, = ddloga ,

and the Chern form ci(L,h) is given by

V_@h_ﬂ

ci(L,h) = ddloga . (14)

Using standard notation, we let EP9(X ) and Dp’q(X) denote the spaces of C* (p, q)-forms
and compactly supported C* (p, q)-forms, respectively, on a complex manifold X, and we let
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D'Pi(X) = D™ P 9(X)" denote the space of (p,q)-currents on X; (T,¢) = T(¢) denotes
the pairing of 7' € D'P9(X) and ¢ € D™ P" 9 X). If Y is a complex submanifold of X
of codimension p, we let [Y] € DP?(X) denote the current of integration over Y given by

Y], ¢) = [, ¢. (For a further description of currents on complex manifolds, see [GH, Ch. 3].)

We now suppose that S is base point free; i.e., the set {z € M : s(z) = 0, Vs € S} is
empty. By Bertini’s theorem (or by an application of Sard’s theorem), for almost all k-tuples
(51,...,8,) € S¥, the simultaneous zero set {z € M : 1(2) = .- = s,(2) = 0} is a complex
submamfold of M of codimension k, and we let Z, = [{s1(z) = -+ = si(z) = 0}] denote
the current of integration over the zero set:

Zorsnd) = [ o(2), e DR
{s1(2)="=sr(2)=0}
The current Z;,  ;, is well-defined for almost all sy, ..., si, and we regard Z,, _;, as a current-
valued random variable. For the point case k = m, Z, 5, is a measure-valued random
variable:
(Zorowmr) = Y, ¢l2), @eDM)
$1(z)=-=sm(z)=0

The current of integration Zs over the zeros of one section s € S, written locally as s = fey,
is then given by the Poincaré-Lelong formula (see [GH, p. 388]):

Z, = gaélogm = g@glog [s™]], + (L, h) (15)

where the second equality is a consequence of (13)-(14).
We begin with a general form of the probabilistic Poincaré-Lelong formula from [SZ1] (see
also [BSZ1, BSZ2]) for the expected value of a random zero divisor:

PROPOSITION 2.1. Let (L,h) be a Hermitian line bundle on a compact Kihler manifold M.
Let S be a base-point-free subspace of H°(M, L) endowed with a Hermitian inner product and
we let v be the induced Gaussian probability measure on S. Then the expected zero current of
a random section s € § s given by

1 _
E. (Zs) = Waalogﬂg(z,z)—kcl(lj,h).

The formula of the proposition was essentially given in [SZ1, Prop. 3.1]. For completeness,
we give a short proof: It suffices to verify the identity over a trivializing neighborhood U. As
above, we let {S;} be an orthonormal basis for S, we write S; = fje (over U), and we let

= (f1,..., fu). Asin [SZ1], we then write F(z) = |F(z)|u(z) so that |u| =1 and

log |(¢, F)| = log | F| +log [(c, u)| (16)
Thus by (15), we have

(E'y(Zs>a ‘10) =

/ log [{c, F)|,00¢) dv

g (log |F|,00¢) + g /5 (log [{c, )|, 90p) dv

for all test forms ¢ € D™~ 1m=1(U).
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A key point is that (c,u(z)) is a standard (mean 0, variance 1) complex Gaussian random
variable for all z € U (since u(z) is unit vector) and hence E(log|(c,u(z))|) is a universal
constant C' independent of z.

Thus

[ oslict.oa)ar = [ ar(o) [ tosiic.lode

_ /MUSloguc,uMdv(c)} 90

20/8&0:0.
M

Fubini’s Theorem can be applied above since

/M ltozle.u) 0] drx(e) - ( /@ [1og ¢]] %e-wdg) ( /M m@) e

Therefore
V—l,5 o V—lo5 2
E,(Z,) = 5 —00log|F|* = ¥—00 <logz 1512 + N log a> . (17)
The formula of the proposition then follows from (11), (14) and (17). O

Remark: Proposition 2.1 also holds if M is noncompact and without the assumption that S
is base point free or even finite dimensional.

Next, we give a general result on the expected value of the simultaneous zero current of k
independent random holomorphic sections:

PROPOSITION 2.2. Let (L,h) — M, S C H°(M, L), and v be given as in Proposition 2.1, and
let 1 < k < m. Then the expected value of the simultaneous zero current of k independent
random sections sy, ..., S, in S is given by
k
1 _
B (Zan) = (G 00logTls(z2) + (L))
T
The proposition is a formal consequence of Proposition 2.1 and the independence of the

sections s;, but needs a proof since the wedge products of currents is not always defined. We
give here a simple induction proof without using the theory of wedge products of singular
currents.

Proof. Let w be the Kahler form on M. We first note that
(Zus™™®) = [ eiZaf nemt. (18)
M

whenever the Z,, are smooth and intersect transversely. The identity (18) is a consequence
of the fact that the current Z;, ,, and the smooth form ¢ (L, h)k are in the same de Rham
cohomology class. Equation (18) can also be verified by induction: the case k = 1 follows
immediately from the Poincaré-Lelong formula (15) and the fact that w is closed; assuming the
result for k — 1 sections on Z;,, we have

<Z81 N ng ..... skawm_k> = /
Z,

cr(L )PP A W™ R = / cr(Lyh) A ey (LR P A w™F

o M
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which gives (18) for k sections.
Now let ¢ € D™~ km=F()[) be a test form. By (18) and the formula for the volume of complex
submanifolds (7), we then have

(o) = [ ] < sl VolZ,,. .0
S15eens Sk

sup [|¢|] k sup |||l k K
———— (L, s, W™ = — L,h)" Nw™ ™",
(m—k?)!( s @) (m —k)! Mcl( )P Aw

for almost all sq,...,s,. Thus the random variable (Zs1 ,,,,, . go) is L™, so its expected value is

well defined.

We must show that
E o (Zoy, o0, p) = /Ma’“ Ap, (19)

where

a= %85 logls(z, 2) +c1(L,h) .

We verify (19) by induction on k: For k = 1, Proposition 2.1 yieldds (19). Let & > 2 and
suppose that (19) has been verified for k¥ — 1 sections. Choose s; € S such that Z;, is a
submanifold, and let M' = Z,, s’ = sj|lyr, S = S|y We give &’ the Gaussian measure
~':= psvy, where p: § — &' is the restriction map, and we note that

s (2, 2) =Ey (IS')7) = E, (||s(2)|}) =s(z,2"), for 2 e M".

By the inductive assumption applied to M’, S’, and noting that Z,, s, = Z

2222222

which gives (19). O

2.1.1. Powers of a positive line bundle. We now specialize Proposition 2.2 to our case of interest.
We suppose that the line bundle (L, h) is positive, i.e. the (1,1)-form ¢, (L, h) is everywhere
positive definite, and we give M the Kéhler form w = 20, = mei(L,h). Recall that it is
a consequence of the Kodaira embedding theorem that for sufficiently large integers NV, the
spaces of global sections of the tensor powers LY = L&Y of the line bundle are base point free.
(In fact, the global sections give a projective embedding [GH, §1.4]. The Kodaira embedding
theorem is also a consequence of the Tian-Yau-Zelditch theorem [Ca, Ti, Ze2]; see (29).) We
recall that the Hermitian metric 2 on L induces Hermitian metrics A" on LY, and we have

N
(LY, hY)Y = Ney(L,h) = —w.
™

We give H°(M, LV) the Hermitian inner product induced by the metrics h,w, as defined by
(4); this inner product induces the Hermitian Gaussian measure vy given by (5). Considering
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the spaces Sy = H°(M, L"), we have the Szegd kernels (on the diagonal)

dn
My(z,2) = sy (2,2) = Y 1SY (2)llw (21)
j=1
where {SV, ..., ng} is an orthonormal basis for H°(M, L") with respect to the Hermitian

inner product (4). These Szeg6 kernels were analyzed in [Ze2, BSZ1, SZ1, SZ2| by viewing
them as orthogonal projectors on £*(X), where X — M is the circle bundle of unit vectors of
L=, We give this description of IIy in §2.2 below.

Applying Proposition 2.2 to the line bundles LY and the spaces H°(M, L") of holomorphic
sections, we obtain:

COROLLARY 2.3. Let (L,h) — (M,w) be as in Theorem 1.1, and let yn be the Hermitian
Gaussian measure on HO(M,LN). Then for 1 <k < m and N sufficiently large, we have

. k

E,yjl% (ZS{\T 77777 S{C\r> = (E,YNZSN)IC = (%%?log HN(Z, Z) + gw) .
2.2. Off-diagonal asymptotics for the Szeg6 kernel. Asin [Ze2, SZ1, BSZ1] and elsewhere,
we analyze the Szeg6 kernel for H°(M, L) by lifting it to the circle bundle XM of unit vectors
in the dual bundle L= — M with respect to h. In the standard way (loc. cit.), sections of L
lift to equivariant functions on X. Then s € H(M, L") lifts to a C'R holomorphic functions
on X satisfying §(e?z) = ¢N?3(x). We denote the space of such functions by H3/(X). The
Szegd projector is the orthogonal projector Iy : L2(X) — H% (X)), which is given by the Szegd
kernel

dy _
ly(z,y) = ng(l’)sjv(y) (z,y € X).

(Here, the functions §JN are the lifts to H% (X) of the orthonormal sections S}; they provide
an orthonormal basis for H3(X).)

Further, the covariant derivative Vs of a section s lifts to the horizontal derivative Vs of
its equivariant lift § to X; the horizontal derivative is of the form

. x~ (058 03
Vié = ; (8—% - Aj%) dz;. (22)

For further discussion and details on lifting sections, we refer to [SZ1].
Our pluri-bipotential for the variance described in §3 is based on the normalized Szegd kernels

My (2, w)|

Py (z,w) := - -
w( ) Hn(z,2)2y(w,w)?2

, (23)

where we write

(2, w)| = n(z,y)| 2 =7(z), w=m(y) € M.
In particular, on the diagonal we have Iy (z, z) = Iy (x,z) > 0. Note that IIy(z, z) = [Is(z, 2)
as defined in (21) with S = H(M, LV).

In this section, we use the off-diagonal asymptotics for IIy(z,y) from [SZ2] to provide the
off-diagonal estimates for the normalized Szegé kernel Py(z,w) that we need for our variance
formulas. Our estimates are of two types: (1) ‘near-diagonal’ asymptotics (Propositions 2.7
2.8) for Py(z,w) where the distance dist(z,w) between z and w satisfies an upper bound



12 BERNARD SHIFFMAN AND STEVE ZELDITCH

dist(z,w) < b (1°]ng)1/2 (b € RT); (2) ‘far-off-diagonal’ asymptotics (Proposition 2.6) where

dist(z,w) > b (%)UQ.
To describe the scaling asymptotics for the Szegd kernel at a point zp € M, we choose a
neighborhood U of zy, a local normal coordinate chart p : U, zp — C™, 0 centered at 2y, and a

preferred local frame at zg, which we defined in [SZ2] to be a local frame e, such that

lez(2)lln =1 = 3llp()II* + - . (24)
For u = (uy,...,un) € p(U), 0 € (—m,7), we let

62‘0

ez (o~ (w))]n

so that (uy, ..., um,0) € C™ x R give local coordinates on X. As in [SZ2], we write
% (u, 6;0,9) = Ty (p(u, 0), o0, ¢)) -

Note that I13} depends on the choice of coordinates and frame; we shall assume that we are given
normal coordinates and local frames for each point zyg € M and that these normal coordinates
and local frames are smooth functions of zy. The scaling asymptotics of IIY(u, 8; v, ¢) lead to
the model Heisenberg Szego kernel

plug, ... Uy, 0) = er(pt(u)) € X, (25)

) N™ . _
N (2,050, ) = V09 Y 7 5 (2)S(w) = —eNOPEN e (R (a6)

Tm
keNm™

of level N for the Bargmann-Fock space of functions on C™ (see [BSZ2]).
We shall apply the following (near and far) off-diagonal asymptotics from [SZ2]:

THEOREM 2.4. Let (L,h) — (M,w) be as in Theorem 1.1, and let zo € M. Then using the
above notation,

i) NI £)

= 1w, 0;0,) [1+ S0, N772p(u,0) + N2 Ry (u,0)]
where the p, are polynomials in (u,v) of degree < 5r (of the same parity as r), and

V! Ry (u, v)| < CikesN®  for |u| + |v| < by/log N,

fore,b e RY, j k> 0. Furthermore, the constant Cjep can be chosen independently of
20-

i) Forb>+\/j+2k+2m, j, k>0, we have

log N
N

‘V{LHN(Z,wH =O(N" uniformly for dist(z,w) > b

Here V/R = {ajiRK,, |K'| + |K"| = j}, and V) = (V)7 denotes the j-th iterated hori-

ouX’
zontal covariant derivative; see (22). Theorem 2.4 is equivalent to equations (95)—(96) in [SZ2],
where the result was shown to hold for almost-complex symplectic manifolds. (The remainder
in (i) was given for v = 0, but the proof holds without any change for v # 0. Also the state-
ment of the result was divided into the two cases where the scaled distance is less or more,
respectively, than N'/6 instead of v/Iog N in the above formulation, which is more useful for
our purposes.) A description of the polynomials p, in part (i) is given in [SZ2], but we only
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need the k£ = 0 case in this paper. For the benefit of the reader, we give a proof of Theorem
2.4 in §5.

Remark: The Szeg6 kernel actually satisfies the sharper ‘Agmon decay estimate’ away from
the diagonal:

Vily(z,0;w,¢) = O (e’Aj*/ﬁdiSt(z’w)) , j>0. (27)

In particular,
Iy (z,w)| = O (e—AW dist(w)) . (28)

A short proof of (28) is given in [Be, Th. 2.5]; similar estimates were established by M. Christ
[Ch], H. Delin [De|, and N. Lindholm[Li]. (See also [DLM, MM] for off-diagonal exponential
estimates in a more general setting.) We do not need Agmon estimates for this paper; instead
Theorem 2.4 suffices.

It follows from Theorem 2.4(i)) with £ = 1 that on the diagonal, the Szegd kernel is of the
form

My(z, 2) = WimNm +O(NY), (29)

which comprises the leading terms of the Tian-Yau-Zelditch asymptotic expansion of the Szegd
kernel [Ca, Ti, Ze2|. Applying (29), we obtain the asymptotic formula from [SZ1] for the
expected simultaneous zero currents:

PROPOSITION 2.5. [SZ1, Prop. 4.4] Let (L, h) — (M,w) be as in Theorem 1.1, and let 1 < k <
m. Then for independent random sections sy, ... sy in HO(M,L"), we have

.....

the formula of Corollary 2.3. U

We now state our far-off-diagonal decay estimate for Py(z,w), which follows immediately
from Theorem 2.4(ii) and (29).

PROPOSITION 2.6. Let (L, h) — (M,w) be as in Theorem 1.1, and let Py(z,w) be the normal-
ized Szegd kernel for HO(M, LY) given by (23). For b > /5 + 2k, j,k >0, we have
log N

VIPy(z,w) = O(N7F) uniformly for dist(z,w) > b N

The normalized Szeg6 kernel Py also satisfies Gaussian decay estimates valid very close to
the diagonal. To give the estimate, we write by abuse of notation,

_ 110 (u, 05 v, 0)]
I3 (w, 05w, 0) /21139 (v, 0; v, 0)1/2

As an immediate consequence of Theorem 2.4(i), we have:

Py(z0 4 u, 20 +v) := Pn(p~ ' (u), p~ ' (v))

(30)

PROPOSITION 2.7. Let Py(z,w) be as in Proposition 2.6, and let zo € M. For b,e >0, j >0,
there is a constant C; = C;(e,b), independent of the point zy, such that

P (ot oo 8) = o P+ B
IV Ry (u,v)] < C; N7Y2T for |u| + |v] < by/log N .
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As a corollary we have:

PROPOSITION 2.8. The remainder Ry in Proposition 2.7 satisfies
C
| Ry (u,v)| < 72 ju—vPNTVEE VRN (u)] < Colu— 0| N7V for |ul + |v] < by/log N.

Proof. Since Py (29 +u,20 +v) < 1 = Py (20 + u, 20 +u), we conclude that Ry(u,u) = 0,
dRN|(u,u) = 0, and thus by Proposition 2.7,

IVRy(u,v)| < sup |[V2Ry(u, (1 = t)u+ tv)| |u — v| < Cy |u — v| N7V
0<t<1

Similarly,

C
| Ry (u,v)| < % sup ]V2RN(u, (1 —t)u+tv)||u— v[Q < 72 |u — v\z N—/2te
0<t<1

3. A PLURI-BIPOTENTIAL FOR THE VARIANCE

Our proof of Theorems 1.1 is based on a pluri-bipotential given implicitly in [SZ1] for the
variance current for random zeros in codimension one. More generally, for random codimension

77777

Here we write
SRT =niSAmsT € DPYI(M x M) , for Se€D?(M), T € D(M),

where 7, m : M X M — M are the projections to the first and second factors, respectively.
The variance for the ‘smooth zero statistics’ is given by:

Var(Zyy, v ¢) = (Var(Zoy,p), ¢ ®9) - (32)

Conversely, (32) can be taken as an equivalent definition of the variance current in terms of
Var(Zs{v ..... sV gp).

Theorem 3.1 below gives a pluri-bipotential for the variance current in codimension one, i.e.
a function Qn € L'(M x M) such that

Var(Z,) = (i009). (100), Qn (2, w) . (33)
To describe our pluri-bipotential Qy(z,w), we define the function

~ 1 % log(1—s) 1 e
G(t) .= —— ——ds = — — 0<t<1. 34
®) 47r2/0 s ° Ar? £~ n? - - (34)

Alternately,
~ 1 [
- - 1 1 _ —2s > .

G(e™) 2 ), og(l —e**)ds, A>0 (35)

The function G is a modification of the function G defined in [BSZ1]; see (57).
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THEOREM 3.1. Let (L,h) — (M,w) be as in Theorems 1.1. Let Qn : M x M — [0,+00) be
the function given by

~ 1 [InE eg(1 — s
Qx(z,w) = G(Py(z.w) = = logll = 5) 4 (36)
72 Jo s
where Py(z,w) is the normalized Szegd kernel given by (23). Then
Var(Z) = (i00). (i00),, Qn(z, w) .

Theorem 3.1 says that

Var(Zys, 0) = (- 0.0.0,0,Qn, 08 ) / / On (2 w) (i090(2)) (100p(w)) . (37)

for test forms ¢ € D™~ Lm=1(M). We note that Qx is C* off the diagonal, but is only C! and
not C? at all points on the diagonal in M x M, as the computations in §3.1 show. Additionally,
its derivatives of order < 4 are in L™ ¢(M x M) (see Lemma 3.7).

To begin the proof of the theorem, we write

Uy =(S7,....8q,) € HO(M,LM)™ , (38)
where {S}} is an orthonormal basis of H°(M, L"). As in the proof of Proposition 2.1, we write
Un(z) = [Vn(z)|un(z) (39)

where [Wy] := (32 ISV [7x5)"/2, so that |uy| = 1. For ¢ = (c1,.. ., cay), we write

1 N( N
(c,un(z)) = <c, PI/N—(Z'”\I/N(Z)> |‘I’N I ZCJS )e L,
[(c,un(2))| = [I{c,un(2))]n~ -

LEMMA 3.2.

1 -
Var(Zxv) = —pazazawaw gy log [{(c, un(2))| log |{c, un(w))| dyn(c) .

Proof. We write sections sV € H°(M, LV) as
ZCJSN (¢, ¥y) , c=(c1,...,Cay) - (40)

Writing ¥y = Fe%N , where ey, is a local nonvanishing section of L, and recalling that
w= 20y = ~iddloges]l
we have by (15),
Zoo = Lodlog|ie Py = Lodlog{e,wn)| ~ Lodlog 7]l
= %3510g [(c, Un)| + gw : (41)

Consider the random current

. . N
Iy = ~08log |(c, Un)| = Zv — ~w. (42)
™ m
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It follows immediately from the definition (31) of variance currents that
Var(Zy) = E(Zy R Zy) — E(Zy) RE(Zy) = Var(Z,~) .

By (17), we have

B(Zy) = ~00log Vx| . (43)
whereas by (42), we have
O 1 L
E(ZNXZy) = =/, 0.0,0,0y log |{c, U n(2))| log |{c, U (w))| dyn(c)
CeN
1
= 0.0, 04,0, g log |(c, Un(2))| log |{c, ¥ (w))|dyn(c) . (44)
Recalling (39), we have
log [(Wn(2), )| log [(Un(w),c)] = log|Un(2)] log [¥n(w)| +log |Wy(2)] log|{c, un(w))|
+log [V (w)] log [{¢, un(2))]
+log [(¢, un (w))[ log (¢, un(2))] , (45)

which decomposes (44) into four terms. By (43), the first term contributes
1 - _ ~ ~
— 00log [Un(2)| A D0log | ¥y (w)| = E(Zy) K E(Zy) .

The c-integral in the second term is independent of w and hence the second term vanishes when
applying 0,0,. The third term likewise vanishes when applying 0.0,. Therefore, the fourth
term gives the variance current Var(Z~). O

To complete the proof of Theorem 3.1, we use the following probability lemma, which gives
the c-integral of Lemma 3.2:

LEMMA 3.3. Let (Y1,Y5) be joint complex Gaussian random variables with mean 0 and E(|Y1|?) =
E(|Y3?) = 1. Then
E(log|Yi| log|Ya|) = G(|EMY?2)|)

where

21 [P log(l—
G(t) 3:%—1/0 yds, 0<t<1 (v = Euler’s constant) .

Proof. By replacing Y] with €'Y}, we can assume without loss of generality that E(Y1Y5) > 0.
We can write

Yi = El ;
Yo = (cosf)Z; + (sinf) =,

where Z, = are independent joint complex Gaussian random variables with mean 0 and vari-
ance 1, and cos§ = E(Y1Y3). Then

E(log [Y1|log |Y3]) = G(cos ) , (46)
where
1 =. 12 =.12
G(cosf) = —2/ log |21 log |21 cos § + Zysin ] e (517HE) g=) d=, | (47)
™ C2



NUMBER VARIANCE OF RANDOM ZEROS ON COMPLEX MANIFOLDS 17

The computation of G(cos) was essentially given in [BSZl §4 1]. We repeat this com-
putation here for the readers’ convenience: Write Z; = re'®, =5 = r2e' (%), so that (47)
becomes

21
G(cosb) = / / / rire€ —(ri+r3 )logrl log |1 cos @ + rye’? sin 0| dp dry dry .

Evaluating the inner integral by Jensen’s formula, we obtain

2 ' 271 log(ry cosf) for rosinf < rycosd
/ log |r1 cos 0 4 rysin fe'* | dp =
0 21 log(rysinf) for rosinf > ry cosd

Hence

G(cosf) = 4/ / T1T2€_(T%+T§) log 1 log max(ry cos @, ry sin @) dry drs.
0

We make the change of variables r; = pcos g, ry = psin to get

G(cosb) —4/ / p*e™” log (pcos ) log max(p cos p cos @, psin psin @) cos psin p dp dp .

Since
log max(p cos ¢ cos 8, psin o sin ) = log(p cos p cos @) + log™ (tan p tan ) ,

we can write G = GG1 + (G5, where
Gi(cosf) = / / pPe log(p cos @) log(p cos p cos ) cos psinp dp dp (48)

Go(cosl) = 4/ / pe " log(p cos o) log(tan p tan 0) cos psin g dpdp . (49)
/2-0

From (48), Gi(cosf) = C1 + Cylog cos 6. Substituting

cosfh =e

we obtain
G1(6_>\) = Cl — Cg)\ . (50)

We now evaluate Gy. Since the integrand in (49) vanishes when ¢ = 7/2 — 6, we have

d d o0 ™ 9
—Gyle™) =4 =~ logtanf / / p*e " log(pcos ) cos psin g dpdp .
d\ dX /20

Since

d 1d
Iy logtan 6 = 57 log(e** — 1) =

we have

d

T Gale ™) =
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where
00 w/2
L = / / pBe’pQ(logp) cospsinpdpdp = Cssin®?f = Cs(1 —e ),
0 w/2—0
oo  pm/2
I, = / / p36_p2(10g cos ) cos psin p dy dp
0 w/2—0
1 w/2 sin 6
= —/ (log cos ) cospsinpdp = —/ tlogt dt
w/2—6 2 0
= %(SiHQ flogsin®f —sin®f) = %(1 —e ) [log(1—e) —1] .

Thus p . |
d a1 2 _ 2
d)\Gg(e ) 5 log(l—e ") +4C5 5 (51)

Combining (50)—(51), we have
1
Gle™) =Cy+Cs A+ 5/ log(1 —e ) ds . (52)
0
By (47),

00 2 2
6(0) = [Blog ) = |2 [ “togr) e rar] =7
0
Substituting A = oo in (52), we conclude that C5 = 0 and

-\ 72 1 > —2s
Gle)=——= log(1 —e *)ds, (53)
s 2,
or equivalently,
2 12
71 log(1 — s)
t) = — — - _ <t<1). 4
6 =47 e 0<i<y (54)
U
Proof of Theorem 3.1: Fix points z,w € M, and let x,y € X with 7(z) = 2z, 7(y) = w. We
apply Lemma 3.3 with Y = (¢, un(2)), Y2 = (¢, un(y)). Since [{c,un)| = |{c, un)| o 7, we have
log [Y1] = log [(c,un(2))], log|Ya| = log |{c, un(w))|.
To determine E(Y;Y5), we note that for a random 8~ = cjng € H3 (X)),
dy R _ dv _
E(5(2)35(0) = Y Blea) SN (@) S (y) = Y 8N @) S () =Tw(wy) . (55)
Ji:k=1 j=1
Since
] N
<C,’[LN<J])> _ <C7A N(x» o S (37)

we have by (55),
HN('CC’ y)
My (z, )y (y, y)*/?

E(V1Y,) =

and recalling (23), o
‘E(Y1Y2)| = Pn(z,w). (56)



NUMBER VARIANCE OF RANDOM ZEROS ON COMPLEX MANIFOLDS 19

Therefore, by Lemma 3.3 and (56),
[, 108 (21, g (). )| v (c) = Elog 1] o ¥2) = G(Py(z,w).

By (34) and (54),

~ 1 72
G =% |60 -1 (57)
and hence, recalling that Go Py = Qn,
1
= log |[(un(2), ¢)| log [(un(w), ¢)| dyn(c) = Qn(z,w) + C . (58)
N
Theorem 3.1 follows by combining Lemma 3.2 and (58). O

3.1. Asymptotics of the pluri-bipotential. We now use the Szeg¢ kernel off-diagonal asymp-
totics to describe the N-asymptotics for the variance current Var(Z,~) (Lemma 3.9). We also
need to know the behavior of the variance current near the diagonal. We showed in [BSZ2, (107)]
that  the codimension-one scaling limit pair correlation K37  grows like
|z — w|™? near the diagonal (for dimension m > 2). Our computation of the variance cur-
rent asymptotics also gives this growth rate for the variance current (Lemma 3.7) as well as for
its scaling limit (Lemma 3.9).
We begin by noting that the pluri-bipotential decays rapidly away from the diagonal:

LEMMA 3.4. Forb>+/j+q+1, 7 >0, we have

, _ 1 _ by/log N
IV'Qn(z,w)| =0 (m) , for dist(z,w) > N

Proof. We recall from (36) that Qn = G o Py, where G is analytic at 0 (with radius of conver-
gence 1) and G(t) = O(t?). The estimate then follows from Proposition 2.6 with k = |22]. O

Applying Lemma 3.4 to the pluri-bipotential formula for the variance of Theorem 3.1, we
conclude that the variance current decays rapidly away from the diagonal.
We next show the near-diagonal estimate:

LEMMA 3.5. For b € R™, we have

v

QN(Zo,zo+ m) = G(e 2"y + O(NTV22) - for [u] < by/log .

Proof. Since Py (2, ) = 1 and G'(t) — 0o as t — 1, we need a short argument: let

AN:—IOgPN- (59)
Recalling (35), we write,
F(\) :=G(e™) = —53 [ los(l- e %) ds (A>0), (60)
A
so that
Qnv="Foly. (61)

By Proposition 2.8,

U ~
An (20,20 + —= | = 2> + Ry (v) 62
N(O 0 \/N) 2“ N() ( )



20 BERNARD SHIFFMAN AND STEVE ZELDITCH

where
Ry = —log(1+ Ry) = O(Jv]PN~V2+) for |v| < by/log N . (63)
By (60),
0<—F'(\) = —Llog(l —e) < = 1+ log" ! (64)
272 — 272 A

Since $|v|* + Ry (v) = |v]? (2 4+ o(IV)), it follows from (62)—(64) that

QN(Zo,zo+ \/UN; = F <%|U‘2+EN(U))
= F(IP)+0 <{1 1 log™* ﬁ} z%N(v)>

= Ge 2Py + O(N"Y?*e) | for |v] < by/log N .

O
We shall use the following notation: for a current T on M x M, we write
0 0
8T:81T—|—32T, 31:Zd2ja—zj, aQ:Zdwja—’wj7
where z1, ..., z,, are local coordinates on the first factor, and wy, ..., w,, are local coordinates
on the second factor of M x M. We similarly write

In particular, we shall write 9;010,0:Q in place of 9,0.9,0,Qn (2, w) to avoid confusion when
we change variables.

Next we compute the leading term of the N-asymptotics of 010.Qn and 9101020:Qn. We
choose normal coordinates at a point zy € M, and we recall that in terms of these coordinates,
we have

Qn =FoAy, Ay(z,w)= g|w—z|2+}§N(\/ﬁz,\/ﬁw), (65)
where Ry is given by (63). We now write Ay (z, w) ~ By(z,w) when
An(z,w) — By(z,w) = O (N’%+E |BN(z,w)\> for |z|+ |w| <b loiN :
By (65), we have:
QN (z,w) ~ T F(An(z,w)) [(w—z)-dw], (66)
010:Qn(z,w) =~ —NTQ F"(An(z,w)) [(w = 2) - dz] [(w — 2) - dw] , (67)
h020:Qn (2, w) = L FO(Ay(z,w)) [(w— 2) - dz] [(@ — 2) - dw] [(w — ) - dw]
22 P (An(z,w)) {[dz - dw] [(w — 2) - dw] + [(w — 2) - dz] [dw - dw]},  (68)

and hence
01010:0,Qn (0,w) ~ YL FW(An(0,w)) (@ - dz)(w - dZ)(@ - dw)(w - diD)
+%3F(3)(AN(O, w)) [(dz - dz) (@ - dw)(w - dw) + (w - dz)(@ - dw)(dz - dw)
+(w - dz)(dz - dw)(w - dw) + (@ - dz)(w - dz)(dw - dw)]
+NT2 F"(An(0,w)) [(dZ - dw)(dz - dw) + (dz - dz)(dw - dw)] . (69)
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Differentiating (64), we have

1 1
F'O0) = — 5 (70)
and hence .
FON) =0@™) (> 1), (71)
for j > 0. Furthermore, by (64),
1
F'(A) = ﬁlog)\ﬂLU(A), n € €>([0, +00)) ,
and therefore N
FUD()) = (_1)J+1L2)' AT +01) (A>0), (72)

2m
for j > 1.

We now use the above computation to describe the singularity of the variance current near
the diagonal. We first recall an elementary fact:

LEMMA 3.6. Letu € CH((RP~\{0})xR?), and let 1 < j < p+q. Suppose that du/dx; € L*(RPT?)
and u(x) = o(|m(z)|7P™), where m : RPYYT — RP 4s the projection. Then the distribution
derivative Ou/dz; € D'(RPTY) is given by the pointwise derivative, i.e.

0 0
/ u—gp:—/ Lo V ¢ € D(RPHY) .
(RP~{0}) xRY Ox; (RP~{0}) x R4 Ox;

Proof. Let U. = {x € RPT? . |ry(x)| > e}. The identity follows by integrating u (%i by parts
over U, and noting that the boundary term

/ updry - drj_1dxip - dTppy
U
goes to zero as € — 0. ]
LEMMA 3.7. There exists a constant C,, € RT (depending only on the dimension m) and
No = No(M) € Z" such that for N > Ny, we have:

i) The coefficients of the current 9,0,Qy are locally bounded functions (given by pointwise

differentiation of Qx ), and we have the pointwise estimate

- = log N
1010:QN (2, w)| < Cpu N for 0<|w—z|<b O]gv :

ii) If m > 2, the coefficients of the current 9,0,0,0,Qn are locally L™ functions, and we
have the estimate

_ C,,N log N
|81818282QN(Z,U))’ < m fO’I’ 0< |w — Z| <b O]gv .
Proof. We take z = z5 = 0. By Propositions 2.7-2.8, we can choose Ny such that
N log N
An(0.w) > Zfwf* for fu| <b O]gv . N>N,. (73)

By applying the chain rule as in (66)—(69), we conclude that for each N > Ny,
VQN<Z,U)) = O(]w—z|log|w—z]), VZQN<Z,U)) = O(log|w—2]),
ViQn(z,w) = O(jw—z|77"?) for j>3. (74)
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Hence, the partial derivatives of Qy of order < 3 are in L}, and the same holds for the fourth
order derlvatlves if m > 2. By repeatedly applying Lemma 3.6 with 7 (x) = w — 2, we conclude
that the currents 0,0,Qy and 9;0,0,0-Qn have locally L' coefficients. The upper bound in
(i) follows from (67), (70) and (73), and hence the coefficients of 0;0,Qy are actually in L£2..
The upper bound in (ii) similarly follows from (69), (72) and (73), and hence the coefficients
of (9181(9282@]\[ are in L~ 1. ]

loc

These computations show that Qu is C! and has vanishing first derivatives on the diagonal
in M x M, but Qy is not C* along the diagonal. Lemma 3.7(i) says that 010-Q n is bounded:;
however, a similar computation shows that 90Qn (2, w) > clog |z — w|, for a positive constant
c. When m > 1, 010,0:0,Qn ~ |w — z|7%; but when m = 1, 0,0,0,0,Qy is a measure with a
singular component along the diagonal, and off the dlagonal there is cancellation in (69) and
8151325262]\[ ~ |U) — Z|2 (see [BSZl, Th. 42])

Making the change of variables

(%
w = —

VN

in (67) and again applying (65) and (72), we obtain the following asymptotic formulas:
LEMMA 3.8. For N sufficiently large,
010,Qn (0, %) = =X F"(3|o]?) (v - dz) (v - d) + O(N?) € TiH (M) @ DVYC™)
for 0 < |v| < by/log N.
Proof. By (62)-(63) and (72) with j = 2, we have
P (Av(0,25)) = F"GleP) + F ([ + O] [o) - O (jo*N-1/2+)
= PR + 0 (jo] ANV (75)
The formula follows from (67) and (75). O
LEMMA 3.9. For N sufficiently large,
—01010500Q n (20, 20 + 7%) =NVarl(v) + O (Jo]2NYV24e)  for 0 < |v| < by/IogN , (76)
where VarZ? € TV (M) @ D'VY(C™) is given by
Var?(v) = —FW(L?) (v-dz)(v-dz)(v- dv)(v- dv)
— TFO G| [(dz - dz) (v - dv)(v - dB) + (v - dZ) (0 - dv)(dz - dD)
+(v - dz)(dz - dv)(v - dv) + (0 - dz)(v - dz)(dv - dv)]

— 1 F"(3v]?) [(di - dv)(dz - dv) + (dz - dz)(dv )} (77)
Furthermore,
O(Jv|72) for |v] >0
20 _
Vare(v) = { O(o* ) for o] >1 (78)
Proof. Formula (77) follows by the same argument as in the proof of Lemma 3.8, applying (69)
in place of (67). The estimate (78) follows by applying (71)—(72) to (77). O

The current Var? has L] . coefficients if m > 2, but contains the singular term 7d,,(w) if
m =1 (see [SZ1, Theorem 4.1]).
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3.2. The pair correlation current. The pair correlation current gives the correlation for the
zero densities at two points of M. It is defined to be

Ky, =E(Zy o R Zxn  ~) € DM x M). (79)
Thus by Corollary 2.3,

Var(ZS{V7”.7SkN) = Ké\lff - E(ZSN ) X E(Z N Sk ) K [E(ZSN) X E(ZSN)]k . (80)

Sk

As a consequence of Theorem 3.1, we have the following formula for the case k = 1:

PROPOSITION 3.10. The pair correlation current in codimension one is given by
KY = —0,0,0,0,Qn + EZx XEZ,~ .

For m > 2, the coefficients of the current K3, are in L'

Proof. The formula for K& is an immediate consequence of Theorem 3.1 and (80). By Lemma
3.7(ii), the coefficients of the current 0,0,0,0,Qy are in LloC , and hence the same holds for
the coefficients of K. O

We note that the pair correlation function KX (z,w), which gives the probability density of
zeros occurring at both z and w (see [BSZ1, BSZ2]), can be obtained from the pair correlation
current:

EY (L wm® L om) = ngk/\(( L e B 'f) (81)

The advantage of the pair correlation current is that, because of the independence of the s , the
codimension-k correlation current is the k-th exterior power of the corresponding codlmenswn—
one current, i.e.

k
KD = [KN]™". (82)
This formula is analogous to the corresponding identity E(Zy ) = E(Z )" for the expected

value in Corollary 2.3; both formulas hold since the sj-v are independent random sections.
However, in the case of correlation currents, the right side of (82) is not well defined along the
diagonal in M x M, since K is singular on the diagonal. We shall show that for k¥ < m, the
current K5 has L' coefficients and (82) holds, with [K%}Ak given by pointwise multiplication.
However, for the point case k = m of Theorem 1.1, the pair correlation current K2 contains
a singular measure supported on the diagonal (see Theorem 3.15), and the right side of (82)
must be interpreted as a limit of smooth currents. The singularities of K2 necessitate a more
complicated proof, using a smoothing method. (One can also define in an analogous way the

n-point correlation currents K2, which satisfy the identity K2, = [K ] M

3.3. Explicit formula for the variance. We shall write
b, = mw”*k for 1<k<m-—1,
¢, =1 )
so that
VOlzm,Qk (ZS]le--wSkN N U) = <Z N7 ’Sk , XU (I)k> s for 1 < k <m.

By Corollary 2.3, the expected volume of the codimension-k zero current is given by

E(VOlzm_gk[Zle\/’m’sé\f N U]) :/ (EZSN)k N Py , (84)
U
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where
i = N
EZ~x = —-00loglly(z,2) + —w . (85)
T ™
In this section, we prove the following integral formula for the volume and number variance:

THEOREM 3.11. The variance in Theorem 1.4 is given by:

Var (Volgm_% [Zsllv
k
=> (-1y (k) / 010:Qn A (91910:0,Q8)" " A (EZyw REZw) ™ A (0, K @),
=1 J/ Jouxeu

for N sufficiently large, where Qy is given by (36), EZ~ is given by (85) and the integrands
are in L'(OU x 9U).

In particular, for the one-dimensional case k = m = 1, we have
Var(NVY) = —/ 0.0,Qn(z,w) .
oU xoU

Theorem 3.11 follows formally from Theorem 3.1 and equations (80) and (82). To verify the
formula rigorously, we must show that the currents 0,0,Qn A [818182@@ N]Jfl (1 <j<m),
which are smooth forms off the diagonal in M x M, are well defined and have L! coefficients;
i.e., they impart no mass to the diagonal. To do this, we use the asymptotics of Qn(z,w) as
|z — w| — 0 given in Lemma 3.7. In §4, we shall use the N asymptotics of Lemmas 3.8-3.9
together with Theorem 3.11 to prove Theorem 1.4.

DEFINITION 3.12. We say that a current u € D'P4(X) on a Kahler manifold X is an L current
on X if its local coefficients are L' functions and [ |u|dVolx < +oo. (The second condition

is redundant if X is compact.) If {u,} is a sequence of L' currents on X, we say that u, — u
in L' if [y |u, —uldVolx — 0.

We shall prove Theorem 3.11 by approximating xy by smooth cut-off functions, and then
applying the following explicit formula for the variance current:

THEOREM 3.13. Let 1 < k < m. Then for N sufficiently large,

k

VaI‘(ZS{V ..... S}ICV) = 8182 [Z(—l)j (j) 5152QN A (81518252QN)j_1 A (EZSN X EZSN)k—j

j=1
where the current inside the brackets is an L' current on M x M given by pointwise multipli-

,,,,,,

current on M x M if k <m — 1.
We need the following smoothing result for our proof of Theorem 3.13:

PROPOSITION 3.14. Let (L,h) — M be as in Theorem 1.1, with dim M = m > 2. Then there
s a positive integer Ny such that the following holds for all N > Ny:
e for1 <j<m-—1, K% is an L' current on M x M, and is given by the pointwise
formula K3 = (K3))7.
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o for all points Py € M x M, there exist a neighborhood 2 C M x M of Py and smooth
forms

S.KN e &) (0<e<)

such that
i) Oi(S.K3)) = D2(S-K3)) =0,
ii) forl1<j<m-—1, (S:K3) — KéVJ|Q in L', as ¢ — 0;

i) for2 <k <m, K) A (SEK%)k — K |q weakly, as e — 0.

We postpone the proof of Proposition 3.14 to the next section, and we now prove Theorem
3.13, assuming Proposition 3.14: The case m = 1 of Theorem 3.13 is Theorem 3.1. So we let
m > 2. Tt suffices to consider a test form p € D*"2k2m=2k(Q)) where 2 C M x M is as in
Proposition 3.14. By Propositions 3.10 and 3.14 (recalling that 9,0,Qy has L* coefficients by
Lemma 3.7), we have

(Ko@) = lim (Ko A[SKR]", )
— Lim {6152QN ASKYFIA 01000 + [EZow REZox] A [SKYF1 A gp}

e—0 Q

= / 0102Qn A (—01010:0:Qn + EZn REZ )" A\ 0,000
Q

n / (EZx REZw) A (—0,8,0:0,Qn + EZw BEZx ) 1A . (86)
0
Expanding the integrand and recalling (80), we then have

(Var (ZS{V 77777 SIICV) s (,0)

k
= Z (] B 1) /alaQQN/\( 01010:0,QN) " N (EZyy REZN ) A 01050
j=1
k—1 _1
+ ( )/818262]\;/\( 0101020:Qn) ' AN (BEZyy REZ N )" A 01050
j=1
k

k _ _ ‘ .
=y ( > / 0105Qn A (—01010:0,Q NV P A (EZn REZn )" A 010500
A J
7j=1
This is the formula of Theorem 3.13; to complete the proof of the theorem, it remains only to
prove Proposition 3.14.

3.3.1. Off-diagonal decay of the correlation current. We now use 3.13-3.14 to give a more ex-
plicit formula for the pair correlation current in higher codimension and describe its off-diagonal
asymptotics. (The results of this section are presented here for their general interest and are
not needed for the proof of the variance formulas.)

We note that the correlation currents K are smooth forms away from the diagonal in
M x M. We now show that K2 has no mass on the diagonal for k < m, while K% contains a
‘delta-function’ along the diagonal:
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THEOREM 3.15. Let (L, h) — M be as in Theorem 1.1. Then for N sufficiently large, we have:
i) for 1 <k <m-—1, the correlation current for K& is an L' current on M x M given by

Ky, = [~010,0,0,Qn + EZx REZ]"
where Qy is given by (36), and EZ~ is given by (85);
i) KY, = (—01010:0,Qn + EZx REZx )™, 1y + diag (BZw)™
where A = {(z,2) : z € M} is the diagonal in M x M, and diag : M — M x M is the
diagonal map diag(z) = (z, 2).

Proof. Part (i) is an immediate consequence of Proposition 3.10 and the first conclusion of
Proposition 3.14. To verify (ii), we regard the current K € D™ (M x M) (which is of order

m

0 by its definition) as a measure on M x M. Since Qy is C*° in M x M ~\ A, it follows from
Theorem 3.13 (or from (86)) that K = (—=0,010:0:Qn + EZ,n K EZ,n)™ on M x M~ A.
Hence it suffices to show that (ii) holds on A, i.e., for any Borel set A C M,

(Kévma Xdiag(A)) = ((EZSN)m7 XA) : (87)
To verify (87), we note that

(Zsf’ sN X ZS{V sN s Xdiag(A)) = # {Z cA: Sf(Z) == 8%(2’) = O} = (Zsf’ SN XA) .

777777777777777

Taking expectations and recalling Corollary 2.3, we then have

(Kévm ) Xdiag(A)) = E (ZS{V sN X ZS{V ..... sN Xdiag(A))

.....

= (EZS{V s s XA) = ((EZSN)ma XA) )

-----

and therefore (ii) holds on A and hence on all of M x M. O

THEOREM 3.16. Let (L,h) — M be as in Theorem 1.1 and let 1 < k < m. For b >
Vq~+ 2k + 3 > 3, the pair correlation currents satisfy the off-diagonal asymptotics

S bv/log N

Kj, = (EZxy K EZSN)]C +O (N7, for dist(z,w) > N

In particular,
KLY = (EZw REZn) + 0 (N™®) | for dist(z,w) > N~/
Proof. By Lemma 3.4, for b > \/q + 2k + 3, we have

- 1 . by/log N
0101020:Qn = O (W) , for dist(z,w) > Tfi . (88)
Since the statement only pertains to the off-diagonal, by Theorem 3.15 and (88),
L 1 k
K). = [-01010:0,Qn + EZ,v K EZSN]k = |:EZSN XEZn~+ O (W)] , (89)

for dist(z,w) > Llo\/%]v. By Proposition 2.5, EZvKEZ,~x = O(N?), and the desired asymptotics
follow immediately from (89). O

In particular, the point case of Theorem 3.16 yields the asymptotics
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COROLLARY 3.17. Let (L,h) — M be as in Theorem 1.1, and define the normalized pair
correlation function by

~ KY
KN — 2m )
o (EZy XEZn)™
Then for b > +/q+5, ¢ > 1, we have
7 - . by/log N
KN (z,w)=14+0 (N9, for dist(z,w) > ——— .

In particular,
KY (z,w)=1+0 (N=®) ,  for dist(z,w) > N~YV2e

Corollary 3.17 can also be obtained from Theorem 2.4 (or [SZ2, (95)—(96)]), using the argu-
ment in Section 4.1 of [BSZ2].

3.4. Smoothing K : Proof of Proposition 3.14. We shall use the following fact about
averaging currents of integration over a smooth family {Y;} of submanifolds:

LEMMA 3.18. Let X and ) be complex manifolds of dimension m and n respectively, and let
X' be a complex submanifold of X. Let Y be a complex submanifold of M x £ such that the
projections my : Y — M and 75 1 Y — Q0 are submersions, and let Y, = m (7T2_1{t}) C X, for
t € Q. Then for all o € D™"(2), we have

° / Y] a(t) € EPP(X), where p = codim Y = codim xY; ;
teQ

e for almost all t € Q, X' NY; is a complex submanifold of X of codimension p' :=
p + codim X', and

/t _X'n¥Ja() = [X] / []a() € D).

Proof. Let V' = 7 1(X') = YN (X' x ), and consider the commutative diagram

r

Vo= Y
Wi/ ™/ \ T2 ) (90)
X S X Q

where 7] = 7|y, and ¢, i are the inclusions. Since 7y is a submersion, Y; is a smooth submanifold
of X for all t € Q. For a test form ¢ € D™ P P(X), we have

</teQ[Yt]a(t)’ SO) = /Qa(t)/ytgo - /)}77;0‘/\7@90 = (Tuma, p)

/t _Wa(t) = mumja (91)

which is a smooth form, since the push-forward of a smooth current via a submersion is smooth.

Since 7 is a submersion, )’ is a submanifold, and hence by Sard’s theorem, the set of critical
values of the map 7, := 7|y has measure zero. Therefore 7, *(t) = (X' NY;) x {t} is a
submanifold for almost all ¢t € €.

and thus
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Now suppose that ¢ € D™ P (X). Let S denote the set of critical points of the map
Y — Q, and let E = 75(S N Supp 7j*p), which is a closed subset of measure zero in 2. Let
pn € C=(R) such that p, >0, p, / Xao-g, and Supp p, N E = ). As before, we have

[ota [ o= [ mipa)anio= [ wa)nrie.
Q X'NY; VIS /

We claim that
/ pu(B)a(t) / o - / alt) / 5 (92)
Q X'NY: Q X'NY:

[ moainmie = [ many, (93
/ y/

/a(t)/ <p:/ Ty AT Q. (94)
0 X'nY; '

To verify (92)-(94), we first consider the case o > 0 and ¢ = ™ * | where 3 is a (compactly
supported) semi-positive (1,1)-form on X, and apply monotone convergence to obtain (92)—
(93) for this case. Since the right side of (94) is given by the integral of a compactly supported
smooth form over )’, both sides of (94) are finite, and then (92)—(93) hold in the general case
by dominated convergence.

Thus,

([ xnvia. o) = [at) [ o= [ sansie=(@nma i)

and therefore

as n — 00, and hence

/t X N¥a() = m.((V] Ama). (95)

Furthermore, since 7 is a subniersion, 7; is well-defined on currents and
(V] Ama) = mu (7 [ X' Amsa) = (X' Amumsa. (96)
The identity of the lemma follows from (95)—(96) and (91). O

We now proceed to the proof of Proposition 3.14. By abuse of notation, we let Z,~ denote
the zero set of a section s as well as the current of integration over the zero set. We choose
Ny such that if N > Ny, the zero sets ZSiV’ ..., Zgn are almost always smooth and intersect

transversely. (This holds if the Kodaira map for H°(M, L") is an embedding.)
We begin by smoothing currents (locally) on M. Let a € M be arbitrary and consider a
coordinate chart 7, : V, = B, := {z € C™ : ||z|| < r}, with a € V, € M, 7(a) = 0. We let

U, = 7,1 (B,/2). To simplify our argument below, we choose the biholomorphism 7 as follows:

Embed M C CP?, and choose projective coordinates ({p : - - - : ;) in CP? such that
ea=(1:0:---:0),
e {reM:((x)=0for 0<j<m}=0,
e the projection m, : M — CP™, x + (({o(2) : -+ - : (u(2)) has nonsingular Jacobian at a.

We choose a neighborhood V, of a such that =, is injective on V] and m,(V,) C C™ = CP™ \
{¢o = 0}. We then choose r > 0 such that B, C 7,(V)), and we let V, = 7, }(B,) and 7, = 7|y,
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The advantage of this construction is that degree bounds in M push forward under 7, to
degree bounds in CIP™. In particular, if X is an algebraic hypersurface in M, then

Ta(X N ‘/a) C Wa(X>, deg(cpm Wa(X) == degcpq X . (97)

(The well-known formula (97) is easily verified by recalling that the degree of a subvariety X in
projective space is the number of points in the intersection of X with a generic linear subspace
of complementary dimension.)

Let 1.(2) = e?™)(z/¢) be an approximate identity on C™, with ¢» € C>°(C™) and Supp ) C
B, /2. We consider the local smoothing operator S¢ : D" (M) — E1(U,) given by convolution
in the 7 coordinates:

Stu=ukth =7 [Tau(uly,) 0] € EVNU,), for we DV (M). (98)

(Note that 7,.(uly,) € D'"'(B,), and hence its convolution with 1), is well-defined on B, , for
0<e<l)

Now suppose that Py = (a,b) € M x M, and let 7, : V, = B,, 7, : V, = B, be as above, and
let Q = U, x U,. We consider the approximate identity Ja(z, w) = Y. (2).(w) on C*™ and we
similarly define S. : D??(M) — £*2(Q2) by

(S:tl) = U * Ve = 7 [ (Ulv,vy) % 0] € EX4(Q), for T e D*A(M x M), (99)
where 7 =7, X 1, : V, Xx Vi, = B, X B,.
LEMMA 3.19. For N > Ny,
S.Kp =E(S.(Zy R Zy)) =E(S:Zn RS2 Zw) € E22(Q).
Proof. We have
S:K3) = [E(Zw B Zw)] % = B[(Zx B Zw) % 0] = B(S:(Zw B Z,w)).
Furthermore,
B((Z~ B Zw) ] = B[(Zov % 02) B (Zow % 4)] = B(SIZn R SVZw).
O
LEMMA 3.20. Let 2 < k <m, N > Ny. For almost all (s,...,sY) e H (M, LN)*, we have
[Zow R ZN| NS Zy WZy] N NS Zy W Z ] = Zoy V2w v,
weakly in D***(Q), as ¢ — 0.

Proof. 1t suffices to consider the case where the Z,v are smooth and intersect transversely. We
J
let Y; = (ZSN X ZSN) N (V, x V4), and we identify V, x V, with B, x B, via the biholomorphism
J J

7. Under this identification, Q = B, /s X B, 5 C C*". For t € C*™, let T, : C*™ — C*™ denote
the translation T;(w) = w + t, so that

5. = [ [TY)0 e € 820,

where v is the Euclidean volume form on C?™.
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Suppose that X’ is a complex submanifold of 2. We first show by induction that X’ N7;,Y>N
-+ NT,Y} is a complex submanifold of €2 for almost all ¢s, ..., %, and

[(X'|ANSYo Ao ASY,
:/ (X' NT,Ys NN Vel he(ts) - the(tr) v(t2) A -+ Aw(ty). (100)
Ok—1

To verify (100) for k =2, we let Y = {(2,t) € @ x Q: z —t € Ya}. Then Y is smooth and the
two projections m : Y — €, m 1 Y — Q are submersions. Furthermore, 7 (m; '{t}) = T;Ya.
Hence by Lemma 3.18 with X = Q and a = t.v, the intersection X' N T}, Y, is a complex
submanifold for almost all ¢, € 2, and (100) holds for k£ = 2. For the inductive step, let k > 2
and suppose that (100) has been verified for k — 1. Let ¢;,...,t;_; be parameters in € such
that X' NT,YoN---NT, ,Ye1 is a complex submanifold of 2. By Lemma 3.18 with X’
replaced by X' NT,YoN---NTy,  Yigand Y = {(2,t) € A x Q: z—t € Y} }, we conclude that
X'NT,YsN---NT;, Yy is a complex submanifold of €2 for almost all ¢, and

/[X’mﬁm---mg’;jmg’; Ve (te) v(ty) = X’m}gim---ng’;j}]/\SEYk.
Q

Integrating over t1,...,t;_1 and applying the inductive assumption, we obtain (100).
Setting X’ =Y in (100), we have

] ASYa A ALY

:/ ) [YiNT,Ys N e NT,Ya] elts) - - (b)) v(ta) A=+~ Av(ty). (101)

Now choose gy > 0 such that Y7, 7},Ys, ..., T3, Y} intersect transversely whenever |t;| < &g for 2 <
J < k. Let p € D*2k2m=2k()) be a test form. Since the submanifolds Y, NT,,YoN---NT}, Yy
vary smoothly as the parameters to, . .., t; vary in the gqo-ball, it follows from an argument using

the implicit function theorem that the map

(tQ"'wtk)'_) @:([EﬂﬂQEﬂ”'ﬂﬂkYk],gp)
YlﬂTtQYQQ---ﬁTthk
is continuous (and in fact is C*°) for |¢;| < 9. Therefore by (101),
(] ASYaA - ASYi @) = (iNYan---NYi], ) as e —0;

ie.,
[Yl]ASE}GA~~~ASEYk—>[Y10Y20~~ﬂYk] weakly, as € —0. (102)
O

LEMMA 3.21. There exists a positive constant C' < +4o00 such that for all N > Ny, ¢ €
D2m=2k2m=2k(Q)) and 0 < & < 1, we have

][ZS{V R Z] A SelZoy B Zg ] A A Sl Zoy B Zs), ¢)) < ON|g]|o
for almost all (sY,...sY) e HO(M, LN)*.

Proof. Fix sq,...,s so that LN, ZSiV intersect transversely, and let Y; = (Zsév X ZS;V) N
(Vo x V3), as in the proof of Lemma 3.20. By (101) it suffices to show that

(VinT,Yan---NT, Y], ) < ON*|oll (103)
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for almost all (ty,...,t;) € Q¥~1. To verify (103), it in turn suffices to show that
Volyren (YaNT, Yo NN T YY) < CN* L (104)
We write t; = (¢, t7), Z8 = Zwn NV, Z]I-’ = Z, NV, so that T;,Y; = TtQ_ZJ‘? X Tt;/Zj’?. Then

3777
Vol (Y1 NTR,Yo N - NT, YY)
= Vol (Z{ NTyZg N -+~ NTy Zg) Vol (Z N Ty Zy O -+ - N Ty Zy) . (105)

Since 7, : Z 5= Ta(Zgn) C CP™ is injective and the translations Tt/j extend to automorphisms
J
of CIP"™, we have

Volu (Z¢NTyZen---NTy Z8) < Cy Volgen (WQ(ZS{V) NTyma(Zoy) ﬂ---ﬂTt;Wa(ZSiv))
kc
= ! Hdegcpm 7Ta(Z N) .

7j=1

However, by (97),

degepm Wa(Zsé\f) = degcpq Zsé.V = Wi_l /Z wit = g / Ny (L, h) Awliss" = CaN,
N
J
and hence
Voly (Z{ N Ty Zs N -+ NTy Z7) < C3N* . (106)
The bound (104) follows from (105)—(106). O

LEMMA 3.22. Let f; € Lj (R¥) for 1 < j < n. Let fi = f; ¥, where 1. is a compactly
supported smooth approximate identity. Then

l_IfE Hf] as € — 0.

Proof. We use the generalized Holder inequality:

1
Zp— =1 = A fallh <N fillpy - 1 fnllp. - (107)

=17

n

We can assume without loss of generality that the f; have compact support and hence f; €
L™(R¥), for 1 < j < n. By (107) with p; = n, we then have

[fi--fo— S fulla
< WU =ffs falle AU =) f i+ o faa(fn = fo)lla
< U =l lfslln -l falln + o+ W filln - [ facalla 1Cf = fa)lln — O
O

Part (i) of Proposition 3.14 is an immediate consequence of Lemma 3.19. Next we show part
(iii): By Lemma 3.19 and the independence of the sj , we have

KJ A (SSKQVl)’“‘1 = E(ZyRZy) NE(S(Zy R Zy)) A NE(S(Zy B Zy))
= E(ZyRZNAS(Zy RZy) A+ ANS(Zy B Zy)) .
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Therefore, for a test form ¢ € D™ *mk(Q), we have
N N)k—1
<K21 A (SEK21) 7S0)
k
- / ([ZSN R ZN|AS(Zoy B Zy) A+ A Se(Zow B ZSNW) [T dw(s¥)|. (108)
HO(M’LN)IC 1 1 2 2 k k ]:1

By Lemma 3.21, the integrand in (108) is uniformly bounded, and hence by (79), Lemma 3.20
and Lebesgue dominated convergence, we have

k

<ZS{V ,,,,, N Zn sg,SO) [H d’YN(Sﬁ'V)] = (Ko ¢)

Jj=1

(K5 A (53)" ) = [

HO(M,LN)k
as € — 0, verifying part (iii).

To complete the proof of the proposition, we recall from Proposition 3.10 that the current
K2 has L"! coefficients (if m > 2) and hence by Lemma 3.22,

(S.KY) — (K)o in L'(Q), for 1<j<m—1. (109)

Since L' convergence implies weak convergence, it follows from (iii) and (109) that K3}|o =
(K2)|o and hence (ii) holds. This completes the proof of Proposition 3.14. O
3.5. Completion of the proof of Theorem 3.11. We recall that

N N U] = (Z N iVaXUq)k) = (Z N S{CV’XU¢]C) a.s. (110)

.....

E(Zs{V skN,XaUqu) = 0 by Corollary 2.3.) We now approximate xi by a sequence of C*

.....

functions x, : M — R, n=1,2,3,..., satisfying:

e 0<xn <1,

e sup |dx,| = O(n),

° Xn|ﬁ =1,

e xn(w) =0 for dist(U,w) > 1/n.

To construct x,, we choose p € C*(R) such that p(t) = 1 for t < %, p(t) = 0 for t > 2, and
0<p<1. Let xX%(w) = p(ndist(U,w)). If QU is smooth, then x2 is smooth, for n sufficiently
large, and we can take y, = x. Otherwise, the Lipschitz constant of 2 is O(n), and we can
smooth x? to obtain our desired C* function y,,.

Then x, — X7 pointwise, and hence for all (s{,...,sY), we have by Lebesgue dominated

convergence,

;iva] as n — 00.

Var(ZS{v 77777 sV an)k) — Var(Volgm,Qk[ZS{v ..... sN N U]) = Var(Volgm,Qk[ZS{V s N U]) (111)

.....
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as n — 00. To complete the proof of Theorem 3.11, it suffices by (111) and Theorem 3.13 with
© = XnPr to show that

/ 5152@]\[ VAN <01518262QN)]'71 A (EZSN X EZSN)kij AN (a[Xn(I)k] X a[Xn(I)k])
MxM
= / 515262]\] A <61610282QN)J'71 A (EZSN X EZSN)kij AN ((I’k X (I)k) A (an X an)
MxM

= 102Qn A (010:0.0,QN ) A (BZxy REZw)" ™ A (0 R By).  (112)
oUxoU

To verify (112), let
f=00:,Qn A (0:0:0,0,Qn)" " N (BZxy REZw ) ™ A (B ) By) .
We must show that f|ayxer is L' and
/ F A (dxn B dyn) — ;. (113)
MxM oU xoU

By Lemma 3.7, we have
| f(z,w)] = O (N7 dist(z, w)"¥*?) < O (N7 dist(z, w) ") . (114)

Since QU is a finite union of C? submanifolds of M of real dimension 2m — 1, it follows from
(114) that f is L' on 0U x 9U.

Let 6 > 0 and consider the cut-off function \s(z,w) = p(6~1dist(z,w)), where p is as above.
Then A\s € C>*°(M x M) for ¢ sufficiently small, A\s(z,w) = 0 if dist(z,w) > 4§, and As(z,w) =1
if dist(z, w) < 6/3. We decompose the integral in (113):

/ fA(dxnmxn>=/ A5fA<dxnxdxn>+/ (1= X) f A (dya Rdxn). (115)
Mx M Mx M MxM

Since (1 — As) f is smooth and x,, — xv, it follows immediately by applying Stokes’ theorem
twice that

[ - a@ndn » @uRde -2 0= [ 1-xr. ()
MxM oU xoU
To complete the proof, we must show that the \s f integrals are uniformly small. For z5 €
M, neZ", § >0, we write
V(zo,n,0) = {we M :dist(z,w) <, w € Supp (dx,)}
C Aw:dist(z,w) < 6, dist(U,w) < 1/n}.
Since QU 1is piecewise smooth, we can choose dy > 0, ng € Z" such that for all zy € M:

e the exponential map exp,, : 1%, (M) — M is injective on the dp-ball Bs,(z) = {v €
T, (M) : |Jv] < do};
e there exists real hyperplanes P, ..., F,, such that

q
V (20, m,60) C LJeXpZ0 ({v+tu; € Bsy(20) : v € P}, |t;] <2/n}), (117)

j=1

for all n > ng, where u; is a unit normal to P;.
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Here, ¢ is the maximal number of facets of the polyhedral cones locally diffeomorphic to open
sets of U, as described after the statement of Theorem 1.1. (If QU is smooth, then ¢ = 1.)
Since j < m and |dx,| = O(1/n), we then have by (114) and (117),

\ / A5<zo,w>f<zO,w>Adxn<w>' < \ / Fz000) A dn ()
M {z0}xV (z0,n,0)

S Cln/ ’$|72m+2d$
{zeR2m:|z|<4, |z1]|<2/n}

< 40'/{ g Iy = €7,
yERIM—1:|y| <5

< C’n/ dist (29, w)>™*2 dVoly,
V (z0,n,0)

where C, C’, C" are constants independent of zy (but depending on m, U, N). Here, f(z,w) is
regarded as a (2m — 1)-form (in the w variable) with values in 7;>™~!(M). Therefore,

‘/ As [ A (dxn, R dxy,)
MxM

_ ] / Bl [ Moz w) F(aw) Aol
{zeM:dist(U,z)<1/m} {z}xM

< 0" |dxn(2)| dVolgy (2)

{zeM:dist(U,z)<1/m}

< C"§ sup|dyn| Vol({z € M : dist(U, z) < 1/n}).

Since sup |dx,| = O(n) and the volume of the shell {z € M : dist(U,2) < 1/n} is O(1/n), it
follows that
‘/ As [ A (dx, Rdyx,)| <C"5  VYn>ng. (118)
MxM

Then (113) follows from (115), (116) and (118), which completes the proof of Theorem 3.11. [

4. VARIANCE OF ZEROS IN A DOMAIN: PROOF OF THEOREMS 1.1 AND 1.4

We now use Theorem 3.11 together with the asymptotics of the pluri-bipotential Q) to prove
Theorem 1.4.
By Theorem 3.11 and Proposition 2.5, we have

Var(Volo k[ Zyy oy NUT) =3 (k) V), (119)

where

1

G (%)M /6 . 010,Qn (2, w) A [ — 0,010505Qn (z,w) ]~
A [“’(2)H +0 (%ﬂ A {W(w)k‘j +0 (%)] A Dp(2) A O (w)

N I R e
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where @y, is given by (83), and

_ = i . 1
T;V(Z) = / 8182QN(Z, w) VAN [— 8181(9282@]\[(2, w)]] ! A |:Cd(w>m_] + O <—>:|
{z}xoU
e T (M) . (121)
By Lemma 3.4,

010,Qn (2, w) A [31010:0,Qn(z,w)]" " = O(N=™) | for dist(z,w) > by /'8N (122)

where we choose b = v/2m + 3. Thus we can approximate T} (z) by restricting the integration
in (121) to the set of w € OU with dist(z, w) < by /&N

To evaluate Té-v (z0) at a fixed point zy € OU, we choose normal holomorphic coordinates

{wy,...,wy} centered at z; and defined in a r}eighborhpogi V of zy5, and we make the change
of variables w; = —£& as in §2.2. Since w = 300loga = 500 [[w[* + O(Jw|*)], we note that

v\ i |v| 1 I P ]
w (Zo + \/—N> = 5 Z |:6jk + O (\/—N)] Ndvj VAN dvk = W@@]v[ + @] <N3/2 s (123)
for |v| < by/log N. We then have

TV (2) = ~010:Qn (20, 20 + )

oo |
{wgwm: zo-i-ﬁe@U}
N[ = 2101020,Qn (20, 20 + %)) A [(300J02)" T + 0 ($)] . (124)

Applying the asymptotics of Lemmas 3.8-3.9 to (124), we obtain the formula

TV (z) = NZ—m=1/2 / TF"(A]?) (v-dz) A (v - do)
{ll<bVIog N: 20+ €U |
. ) _ m_j
A (Var)’ =" A <%88|U|2) + O(Nl/%e)] . (125)

We first consider the case where JU is C? smooth (without corners). We can choose our
holomorphic normal coordinates {w;} so that the real hyperplane {Imw; = 0} is tangent to
OU at zy. We can then write (after shrinking the neighborhood V' if necessary),

UNnV ={weV:Imw +p(w) >0},

where ¢ : V — R is a C? function of (Rewy, ws,. .., w,,) such that ©(0) =0, dp(0) = 0.
We consider the nonholomorphic variables

w = T7(w) = (wy + ip(w), wa, ..., Wy) , (126)

so that OU = {Imw; = 0}. We next make the change of variables

5= (v) = \/NT(\/LN) :\/N@:U{HO(\/LN)}
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in the integral (125) to obtain
W) = N[ [ PR o) A @)
{veBY" "}

A (Var? (@)1 A (200[12)" 7 + O(N*I/”E)], (127)
where
{veRxC" o] < (b-1)VIog N} € By {v e Rx C"" o] < (b+1)y/log N |
By (70) and (78), we have F”(L[v]?)|v[*{VarZ(v)}/ 7! = O(e~"P) for [v| > 1, and hence

/ [T (- d2) A 5 dF) A (Var @) A (0007)"
[9]>(b-1)vIog N
—O (N —o (N
Thus we can replace the B3 ! integral in (127) with the affine integral over R x C™~!, so that
Y (20) = N¥7" 12 [T5°(2) + O(N29)] (128)
where

T (20) i = /M FIGP) (o d2) A (o do) A (Var2) ™ A (00]0f2)"

! 1 > 7 70 \J—1 i 931(,,[2)" I
= m /Rxcm_l 6|U|24—1 (U . dZ) VAN (U . d'U) VAN (Varog)j VAN (588|’U| ) . (129)
The integral in (129) is independent of the point z, and hence
(T5° N W™ ) (20) = Cpmyj dy A (%dZQ ANdZ) N+ A\ (%dzm N dZpy) = Cm; dVolay 4, (130)

where ¢,,,; is a universal constant.
Substituting (128) and (130) in (120), we have

1 1
"fN . 2k—m—1/2 AV/ —1/24¢
F)= (m — k)2 (7T2k—2j> N / {/BU emj AVolguz, +O (N7 | (131)

Combining (119) and (131), we obtain the formula of Theorem 1.4 with

Vimk: = (m — k)2 < \J 2k=25 "

for the case where OU is smooth.
We now compute the coefficient v,,; in the codimension-one case: By (129),

1 ondie o me
T2(z) = — UR SRR A (L00)w]?) 1} dz;
k

472 - ccom-1 el —1
_ (m-D! i [ / U ol s (v)} 0z, (133)
472 = RxCm—1 e|”‘ -1
By (119)-(120) with £ =1 and (128), we have
N3/2—m

Var(Volgm,Qk[ZSzlv NnUJ) = RS {/8U T(2) Aw(z)™ 1+ 0 (N1/2+e)] : (134)
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Since dVolay(20) = d$1/\ﬁw(zo)m_l, only the 7 = 1 term in (133) contributes to the integral
in (134), and we then have

Var (Volyy ok [Zy N UJ) = N3/ { / Vi1 dVolay + O (N”“E)} : (135)
7]

U
where

1 v3 1 Bl
ml = T —dv = ———— d
vl 472 /RQm_l el — 1 4m2(2m — 1) /Rz,m_1 oo — 14
1 27Tm71/2 00 sz
= / s dr
Am2(2m — 1) '(m —1/2) J, e~ —1

,5/2 o 00

Vi 1.2

— / e kr 7,2md7,
)Z“ !

AT(m+1/2
Tm—5/2 “T(m+1/2) Tm—5/2 1
- 4r(m+1/2)Z okm+/2 T g <<m+5)’

k=1
as stated in the theorem.

It remains to verify the general case where OU is piecewise smooth (without cusps). Let S
denote the set of singular points (‘corners’) of U, and let Sy be the small neighborhood of S

given by
b'v/log N }

Sy = {ze@U:dist(z,S) < Vi

where ¥’ > 0 is to be chosen below. We shall show that:

i) (128) holds uniformly for zy € OU \ Sy;
i) sup [TF(z)] = O (N¥7"7V25) for 1 < j < k.
zedU

Let us assume (i)—(ii) for now. Since Voly,,— 1Sy = O (—Vlo\/gﬁN>, the estimate (ii) implies that

/ TN AW™ 7 = O(N>~m"1He) |
Sn
and hence by (120),

VN<U) — # E 2k—2j/ TN A Wm_j + O i + O (NQk—m—1+s)
! (m—k)2 \7 oU~Sy N :

It then follows from (i) and (130) that

N2k—m—1/2

vNU) = : T AW L O(N~Y2+e
(o) (m — k)12 w2k=2] [/aU\SN ;AT O )

N 2k—m—1/2

Cmj
(m — k)2 7262

[Vol(OU N Sy) + O(N~Y2)] .

Then by (119)
Var(Volgm_gk[Zsiv s 0 U) = N [mG Volgy,1(0U N Sy) + O(N_%jw)}

77777

N2k—m—1/2 [mG v012m71(8U) _i_O(N—%-&-Zs)} :
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which is our desired formula.

It remains to prove (i)—(ii). To verify (i), for each point zy € OU \. .S, we choose holomor-
phic coordinates {w;} and non-holomorphic coordinates {w,} as above. We can choose these
coordinates on a geodesic ball V, about zy of a fixed radius R > 0 independent of the point zy,
but if zy is near a corner, OU will coincide with {Imw; = 0} only in a small neighborhood of
29. To be precise, we let D, denote the connected component of V,, N OU \ S containing zy.
Then we choose ¢ € C*(V,,) with ¢(0) =0, dp(0) = 0, such that

{weV, :Imw; +¢p(w) =0} ={Imw, =0} DD, . (136)
We let
dist(z, 5)

C= >1
cets dist(z,00 <~ D) =

Choose Ny > 0 such that b % < R; then

{wE(‘?U:dist(zo,w)<b %}CVZO, for N> Ny .

We recall that our assumption that OU is piecewise C? without cusps means that U is locally
C? diffeomorphic to a polyhedral cone, which implies that C' < +00. We now let ¥’ = Cb, where

b =+/2m + 3 as before.
Consider any point zg € OU ~\ Sy, N > Ny. Then
dist (2o, S) N V'vlog N by/log N
¢ — CVN VN
Thus by our far-off-diagonal decay estimate (122), the points in U \ D,, contribute negligibly
to the integral in (125), so that integral can be taken over the set

{m < by/log N : 2o + \/U—N € Dzo} ,

which is mapped by 7y into R x C™'. Then (127) holds, and (128) follows as before.
To verify (ii), we must show that the integral in the right side of (125),

dist(z9,0U \ D,,) >

T

; LE(3of) (0 d2) A (v do) A (Var2)™ A (300]0]2)"

(20) ::/

{|U|§b\/10g—N: zo-l-ﬁE@U}
is O(N¢?) uniformly for zy € OU. By Lemma 3.9, Var?(v) = O(|v|~2). Furthermore,
1

el — 1

(v-dZ)A(v-dT))' < Yol <m

= 6‘”'2 _1 =

(using Euclidean norms in the z and v variables ), and hence

T o)l < A | o Vol (v). (137)
{Iv]<bVIog N: 20+ coU )

for universal constants Aj,,,where Vol” denotes Euclidean volume. Rewriting (137) in terms of
the original variables w = zy + \/U_N’ we have

|TN(20)| < A, N‘j+m+1/2/ lw — 20|22 dVoll  (w) .
! ’ {wGBU: |w—2z0|<by/ lngN} am-t
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For each point P € OU, we choose a closed neighborhood Vp € M of P and a C? diffeomor-
phism pp : Vp — R?™ mapping VpNOU to the boundary of a polyhedral cone Kp C R?™. Then

log N

% is contained in

for N sufficiently large, for all zq € U, the set {w €U : |w—2z)|<b

one of the Vp. We then make the (nonholomorphic) coordinate change w = pp(w). Since the
diffeomorphisms pp have bounded distortion, we then have

TN ’ —j+m+1/2 ~ o~ _2j42 E ~
T (20)| < 4, N /{K ) [T B O L@). s

Let ¢ € Z" be the maximum number of facets in 0Kp. We easily see that

W — Zo| 7% 2 dVoly | (w) < 2|72 do

= -
/{@GBKP:|1BEO|§b Ca {wer2m =1 |z <b\/PEN )

log N\ ™—i-1/2
= const. X (O]gv ) . (139)

Combining (138)—(139), we conclude that Tﬁv(zo) = O(N¢), which verifies (ii) and completes
the proof of Theorem 1.4 for the general case where OU has corners. U

4.1. Positivity of the constant in Theorem 1.1. The constants v, could be obtained from
(129)-(130) and (132). Since the computation is rather difficult, we instead outline a proof that
Vpm > 0.

Since v, is universal, we shall verify that it is positive using the following example: Let
M = C™/Z*™ with principal polarization L — M, i.e. L has a metric h with w = %@h =
T 90|z|*. Let U be the image of the strip {z € C™ : 0 < Im 2 < %} under the covering map
7w : C™ — C™/Z*™, where p is a prime greater than m. The Szegd kernel for this example
is essentially given by the Heisenberg Szeg6 kernel near the diagonal: Using the notation of
Theorem 2.4, we have

0
NI ( 4 ! (’0) =11} (u,0;v,0) [1 + O(N™>)]  for |u|+ |v] < by/log N .

VNN UNN
(140)

Equation (140) can be verified in two ways. One method is to note that the coefficients of
the polynomials p, of Theorem 2.4 are curvature invariants (of order > 1), and thus must vanish
since (C™/Z™,w) is flat. Alternately, we can use the explicit construction of the Szegé kernel
on the unit circle bundle of L — C™/Z™ as the projection of IIF(u, ;v, ). To describe this
construction, we recall that the unit circle bundle of the Hermitian line bundle (L, h) may be
identified with the quotient of the reduced Heisenberg group H", by a co-compact sub-lattice

red

[. Here, H™, is the quotient of the simply connected Heisenberg group H™ by the integer

subgroup of its center. The lattice I' is the embedding of Z*™ into the reduced Heisenberg
group by the splitting homomorphism

s = HE s, k) = (5, K, e390).
The degree-N Szeg6 kernel of the quotient is the projection of the degree-N Szegd kernel of

the universal cover (as a consequence of the existence of a spectral gap), as discussed in [Zel,
Theorem 6.1]; i.e.,

My (z,y) = Y Ty (u,6;7 - (v,9)) (141)

el
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It is immediate from the explicit formula (26) for IT that, for all u,6,v, ¢,
SR by ()l < Y e M =0 ), ¢>o.
¥#0 JEZ™, J#0

Thus (141) yields (140).
In particular, (140) implies that

My(z,2) — WimNm 1+ O(N—)] . (142)

Py (za + 7t ﬁ) = ¢ P O(NT®)] for |u| + |v] < by/log N . (143)
By Corollary 2.3 and (142), we have

E(NY) = /U(%ﬁalogHN(z,z)—i-Ew)

s
1 _
_ N [ om0
v T

|
- %Nm +O(N™™). (144)

Since the random variable N is integer-valued, it follows from (144) that
1
Var(Ny) > 2T O(N™®) for N #0 (p). (145)

On the other hand, by repeating the arguments in §3.1, using instead the O(/N~°°) error from
(143), we have

- N .
h0,QN(0, ) = _TF (3|vP) (v - d2z)(v - dv) + O(N~>), (146)
—81518252QN(20, 20 + #) == NVang(v) + O (’U|_2 N—oo) s (147)

for 0 < |v| < by/log N. We then repeat the argument in §4, using (146)—(147) for the near-
diagonal estimate. As for the far estimate, for any K > 0, we choose by sufficiently large so
that by Lemma 3.4, we have

5152@]\[(2,111) A\ [01518252QN(Z,1U)]j_1 = O(NiK) s for dist(z,w) > bK % .

Since OU is flat, in place of (126), we simply set w = w, and we conclude from the argument
in §4 that

Var(NVF) = N™ 2 (1 Volgy 1 (OU) + O(N™)] . (148)
Positivity of vy, follows immediately from the inequalities (145) and (148). This completes
the proof of Theorem 1.1 O

5. APPENDIX: PROOF OF THEOREM 2.4

In this appendix, we sketch the proof of the off-diagonal Szeg6 asymptotics theorem. The
argument is essentially contained in [SZ2], but we add some details relevant to the estimates in
Theorem 2.4.

The Szeg6 kernels Iy (z,y) are the Fourier coefficients of the total Szegé projector I(x,y) :
L2(X) — H*(X); ie. TIy(z,y) = 5= [ e NII(e?x, y) df. The estimates for ITy(z, w) are then
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based on the Boutet de Monvel-Sjostrand construction of an oscillatory integral parametrix for
the Szeg6 kernel:

Mz, y) = S(z,y) + E(z,y) , 119)
with S(z,y) = [J° ™ =Vs(z,y, t)dt E(z,y) € C¥(X x X).

The amplitude has the form s ~ >"7  t™ s, (z,y) € S™(X x X x R"). The phase function 1
is of positive type, and as described in [BSZ2], is given by:

w(Za 07 w, 90) =i|l—- M 62‘(0_@) ) (150)

Va(z)y/a(w)
where a € C*(M x M) is an almost holomorphic extension of the function a(z, 2) := a(z) on
the anti-diagonal A = {(z,z) : z € M}, i.e., Ja vanishes to infinite order along A. We recall

from (13) that a(z) describes the Hermitian metric on L in our preferred holomorphic frame at
20, s0 by (24), we have a(u) = 1 + |u|* + O(|u|?), and hence

a(u,v) =1+ u-v+ O(|u]* + |[v]*) . (151)

For further background and notation on complex Fourier integral operators we refer to [BSZ2]
and to the original paper of Boutet de Monvel and Sjéstrand [BS].

As above, denote the N-th Fourier coefficient of these operators relative to the S' action by
Iy = Sy + En. Since E is smooth, we have Ey(z,y) = O(N~>°), where O(N~*°) denotes
a quantity which is uniformly O(N~%) on X x X for all positive k. Then, Ey(z,w) trivially
satisfies the remainder estimates in Theorem 2.4.

Hence it is only necessary to verify that the oscillatory integral

2w oo 2m ) ]
Sn(z,y) :/ e NS, y)do Z/ / e_iNeJriw(el%’y)s(ewx,y,t)d@dt (152)
0 o Jo

satisfies Theorem 2.4. This follows from an analysis of the stationary phase method and re-

mainder estimate for the rescaled parametrix
u zN 0+t¢ = ))
S ( ) N/ / v ( 0 Nt) dodt,
vr \/_ \/_ \/_ (153

where we changed variables t — Nt. For background on the stationary phase method when
the phase is complex we refer to [H6]. We are particularly interested in the dependence of
the stationary phase expansion and remainder estimate on the parameters (u, v) satisfying the
constraints in (i)-(ii) of Theorem 2.4.

To clarify the constraints, we recall from [SZ2, (95)] that the Szeg6 kernel satisfies the fol-
lowing far from diagonal estimates:

. N1/6
|ViIly(z,w)| = O(N"")  forall j,K when dist(z,w) > N (154)
Hence we may assume from now on that z = z5 + \/—“N, w = zy+ \/—% with
u| + |v] < SNY/6 (155)

for a sufficiently small constant 6 > 0.
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By (150)—(151), the rescaled phase in (153) has the form:
¢ <ﬁ’ VLN) 0
0 =it |1— a Sl —0 (156)
(7)o ()

Vi (50 o) -

and the N-expansion

U=it]l — e — - —wg(u Ve 4 tRY (—

Noa \/—) ¢’ (157)

where
Yo, 0) = w0 — 3(uf* + o) = —fu—vf? +iTm (u-7)

After multiplying by ¢N, we move the last two terms of (157) into the amplitude. Indeed, we
absorb all of exp{ (1, + iNRY)te} into the amplitude so that (153) is an oscillatory integral

00 27
N/ / eNYED A(t,0; 29, u, v)dOdt + O(N~) (158)

with phase
U(t,0) :=it(l—e' -0 (159)
and with amplitude

are

A(t,0; 29, u,v) := €' Ppa(uv) it NEG (g 0, Nt). (160)

=)
(o
The phase U is independent of the parameters (u,v), satisfies Re (i¥) = —¢(1 — cosf) < 0
and has a unique critical point at {t = 1,0 = 0} where it vanishes.
The factor e'e"*¥2(w) ig of exponential growth in some regions. However, since it is a rescaling
of a complex phase of positive type, the complex phase iNW + te®1),(u,v) is of positive type,

Re (iNW + te4y(u,v)) < 0 (161)
once the cubic remainder Nte® RY (< ik ﬁ) is smaller than iNW + te?4)y(u,v), which occurs

for all (¢,0,u,v) when (u,v) satisfy (155) with § sufficiently small.

To estimate the joint rate of decay in (N, u, v), we follow the stationary phase expansion and
remainder estimate in Theorem 7.7.5 of [HO|, with extra attention to the unbounded parameter
u.

The first step is to use a smooth partition of unity {pi(t,0), p2(t,0)} to decompose the
integral (153) into a region (1 —e,1 +¢); X (—¢,¢)y containing the critical point and one over
the complementary set containing no critical point. We claim that the p, integral is of order
N~ and can be neglected. This follows by repeated partial integration as in the standard
proof together with the fact that the exponential factors in (161) decay, so that the estimates
are integrable and uniform in w.

We then apply [H6] Theorem 7.7.5 to the p; integral. The first term of the stationary phase
expansion equals N mete’¥a(u) and the remainder satisfies

[Ry(Po,u,v, N)| < CNT™ 3" sup|Dgypi A(t, 0; Py, u, ). (162)
laj<2J+2 ¢
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From the formula in (160) and the fact that s is a symbol, A has a polyhomogeneous expansion
of the form

K
A(t,0: Po,u,v) = pa(£,0)e" 2N\ S TN (u, 058,60, Bo) + Ric(u,v,1,6)|
n=0
V9 Ry (1, 0)| < Cpapes WP N=557), (163)
The exponential remainder factor e<(“’+1*I) comes from the fact Re €%y = cosfRerp —

sinflm with Rey < 0 and |sinf| < e on the support of p;. Hence, the supremum of
the amplitude in a neighborhood of the stationary phase set (in the support of p;) is bounded
by esM™¥2l The remainder term is smaller than the main term asymptotically as N — oo as
long as (u, v) satisfies (155). Part(i) of Theorem 2.4 is an immediate consequence of (163) since
es(ulP+1vP) < Ne for |u| + |v] < /Tog N.
To prove part (i), we may assume from (154)—(155) that v/log N < |u|+ |v] < § N6, In this
ah

range the asymptotics (163) are valid. We first rewrite the horizontal z-derivatives £— as u;
J

derivatives, which for LY have the form v N %j - N Aj(ﬁ) and thus V;, contributes a factor

of vV N. We thus obtain an asymptotic expansion and remainder for V%H ~(z,w) by applying
V4 to the expansion (i) with k& = 0:

I (u, 0; v, ) [1 + N~Y2Rpo(u, v)] .

The operator Vfl contributes a factor of N7/2 to each term, and thus

, : ul®+v?
(Villy(z,w)] = O (Nm“/2 e~(1-ok )
= O(N™H uniformly for |ul* + |v|* > (j + 2k + 2m + €')log N,
where €' = (j + 2k + 2m + 1)e. O
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