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Complex analytic polynomials

Consider a holomorphic polynomial of degree N
N ' N
pn(z) = Z ¢z = an H(z — ¢j)-
j=0 Jj=1

We are interested in the zeros

ZPN = {Cla"wCN}

of pn. We are interested in properties of zeros as the degree
N — .



Coefficients and zeros

The Newton-Vieta formula,

N
MYz = ¢) = (—D)fen—i(C, - - Cn) 2"

k=0

gives a formula for the coefficients ¢; in terms of the zeros. Here,
the elementary symmetric functions are defined by

€ = E : Zpy """ Zp;-

1<p1 < <pi<N

Conversely, the formula for the zeros in terms of the coefficients is
by comparison extremely complicated.



Why study ‘random’ polynomials?

Rather than study individual polynomials, we study ensembles of
polynomials and ask how the zeros are distributed for typical (in a
measure sense) polynomials. Motivation:

» |t is very difficult to find the zeros from the coefficients. Zeros
are very ‘unstable’ as the coefficients are changed. See notes
at the end of the slide.

» It is not so difficult to find out where most zeros are for
‘most’ polynomials in a probability space;



Random holomorphic polynomials of one complex variable

The space of polynomials of degree N is a complex vector space
Pn of dimension N 4+ 1. We put a probability measure on this
vector space by viewing the coefficients

N
pn(z) = Z ¢z
=0

as random variables. l.e. we put a probability measure on Py.



Complex Kac-Hammersley polynomials

One of the first random polynomials

N
pn(z) =) 7
Jj=0

was defined by stipulating that the coefficients ¢; are independent
complex Gaussian random variables of mean zero and variance one.
Complex Gaussian:

E(g) = 0=E(gek), E(¢ck) = djx-

Here, E denotes the expectation.



Probability measure

We identify
P =~ CNH, pn — (co, ..., CN),

The complex Gaussian measure above is the yxac on Pp:
dykac(pn) = eI/ 2dc.

For any random variable (= function) on Py,

E(X):= [ X(pn)e l"/2dc.
Pn



Expected distribution of zeros

The empirical measure of zeros of a polynomial of degree N is the
probability measure on C defined by

1
ZPN:MC:N Z Oz,
z:pn(2)=0
where ¢, is the Dirac delta-function at z.

Definition: The expected distribution of zeros of random
polynomials of degree N with measure P is the probability measure
EpZs on C defined by

EnZp o) = [ {5 S wl)dP(on),
Pv Y 2 pn(z)=0

for ¢ € C.(C).



How are zeros of complex Kac polynomials distributed?

Complex zeros concentrate in small annuli around the unit circle
S In the limit as the degree N — oo, the zeros asymptotically
concentrate exactly on St:

THEOREM (Kac-Hammersley-Shepp-Vanderbei)

The expected distribution of zeros of polynomials of degree N in
the Kac ensemble has the asymptotics:

where  (dg1,¢) := % fsl ©(e') db.



Complex zeros of the Hammersley-Kac polynomial
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Why do the zeros concentrate on the unit circle?

This is obviously not true of general polynomials. It was a
consequence of our choice of probability measure, which weighted
polynomials most strongly which had all zeros near S'. How did
this happen?

It was the (implicit) choice of inner product that produced this
concentration of zeros on S*.



Gaussian measure and inner product

An inner product on Py induces an orthonormal basis {S;} and
associated associated Gaussian measure dv:

d
5= 45,
j=1

where {¢;} are independent complex normal random variables.
Thus the measure on coefficient space is

e~1P/24c.



Implicit inner product for the Kac-Hammersley ensemble

The inner product underlying the Kac Gaussian measure on Py is
defined by the basis {z/} being orthonormal. The inner product
which makes {2/} orthonormal is ds1 (Fourier series).

Orthonormalizing on S! made zeros concentrate on S! uniformly
wrt Lebesgue measure df.

What is d6? It is the equilibrium measure of the unit disc (or
circle). To see that this is the right viewpoint, we consider general
domains and weights.



Equilibrium measure

In classical potential theory, the equilibrium measure of a compact
set K is the unique probability measure duyk supported on K
which minimizes the logarithmic energy

E(n) = ~E(0) == [ [ toglz = wlduz) du(w)

In weighted potential theory with weight e~% one modifies the
logarithmic energy as follows

Eol) == [ tog (e 0630z — wi) du(z) dn(w).

Theorem: There exists a unique minimizing probability measure p.
See notes at the end of the slides.



Gaussian random polynomials adapted to domains and
weights

We now orthonormalize polynomials on the interior Q2 or boundary
0N of any simply connected, bounded domain  C C. Introduce a
weight e~ V% and a probability measure dv on Q and define

<f7g>Q,go ZZ/Qf(Z)g(Z)eNSD(Z)dV .

Let 'yé’(p = the Gaussian measure induced by (f,g)q,, on 77,(\,1).
How do zeros of random polynomials adapted to Q concentrate?



Equilibrium distribution of zeros

The basic phenomenon is that the expected distribution of zeros of
random polynomials (or any random holomorphic sections) tends
to the equilibrium measure defined by (R, ¢, v) with K = supp v.
This fact was proved in increasing generality:

» For positive line bundles over Kahler manifolds
(Nonnenmacher dim M = 1, Shiffman-Zelditch dim M = m
(1998-9))

» For real analytic plane domains and flat line bundles
(Shiffman-Zelditch, 2003);

» For general plane domains with Bernstein-Markov measures
(Bloom, 2005).

» For general big line bundles, smooth metrics and B-M
measures (Berman 2007...).



Equilibrium distribution of zeros: unweighted case

Denote the expectation relative to the ensemble (Py, 1Y) by EN.

THEOREM
(Shiffman-Z, 2003)

EG(Zoy) = na + O(1/N) |

where g is the equilibrium measure of Q.

The equilibrium measure of a compact set K is the unique
probability measure duk supported on K which minimizes the
energy

Ew) =~ [ [ togz ~ wldu(z) du(w).

Thus, zeros behave like electric charges repelling with the Coulomb
force log |z — w]|.



First weighted case: SU(2) polynomials

Can we construct an inner product [ |pn(z)[2e~N¢dv which
spreads out the zeros of random polynomials uniformly on the
Riemann sphere CP!? Yes:

We define an inner product on 73,(\,1) which depends on N:

; 1
<ZJazk>N TN

(7)

Thus, a random SU(2) polynomial has the form

F= Shajen Ao y/ () 2

E(A\a) =0, E(Aahs) = bas-

5jk'

PROPOSITION
In the SU(2) ensemble, E(Zf) = wrs, the Fubini-Study area form
on CP!.



Degree 50 SU(2) polynomial: graph of |p(z)|?e~ "V




Degree 50 SU(2) polynomial : graph of |p(z)|? on [0, 27]
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SU(2) and holomorphic line bundles

The SU(2) inner products may be written in the form

dzNdz
f —Nlog(1+z?) 9«71 92
/<c (2)e(2)e 1+ 222

The factor e~N'°e(1+1z") defines a Hermitian metric on the line
bundle O(N), and its curvature form is w = (1djf;722)2.

This has a simple geometric interpretation, without which it is hard
to understand. Namely, we view polynomials of degree N as
holomorphic sections of a line bundle O(N) — CP!. Then,

—Nlog(1+]|z|2) ; o : dzAdZz -
e (1+121%) is a Hermitian metric on O(N) and iz s the

usual area form on CP!.



Uniform zeros wrt CP!, wrs
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Why do the zeros spread out?

PROPOSITION
In the SU(2) ensemble, E(Z¢) = wrs, the Fubini-Study area form
on CP!.

The inner product
— dz N dz
f —Nlog(1+[z]?) 92 /1 92
[ et Ay

is SU(2) invariant. Hence, the expected distribution of zeros is
SU(2) invariant.



Gaussian random holomorphic sections of line bundles

We may consider more general Hermitian metrics h = e™¥ on
O(1) — CP! and probability measures on CP!. Everything we do
generalizes to any Riemann surface M of any genus.

The Hermitian metric h on O(1) induces Hermitian metrics

AN = e=N¢ on the powers O(N), a probability measure dv, and an
inner product

<51,52>/\/:/MSl(Z)SQ(Z)e_N(pdV(Z).

We let {S;} denote an orthonormal basis of the space HO(M, LV)
of holomorphic sections of LN,



Inner products and Gaussian measures

The inner product induces the complex Gaussian probability
measure

n
dvy(s) = Wimefmzdc, s= Z GSi, (1)
j=1
on &, where {§;} is an orthonormal basis for S and dc is
2n-dimensional Lebesgue measure. This Gaussian is characterized
by the property that the 2\ real variables f¢c;, S¢; (j =1,...,n)
are independent Gaussian random variables with mean 0 and
variance %; ie.,

Eci=0, Ecc =0, Ecc=70dj.

When v = wy, we call the induced Gaussian measure the Hermitian
Gaussian measure.



Expected distribution of zeros

For s € H(C, L) over a Riemann surface, we let Z; denote
empirical measure of zeros,

> b,
z:5(z)=0

This is a random probability measure on C. Its expectation is a
measure called the expected distribution of zeros: Paired with a
continuous test function f,

(EZ,, f) := /H i Z f(z) | dvav,(sn).

z s(z)=



Limit distribution of zeros: positive line bundles

THEOREM
Let (L, h) — C be a positive line bundle, and consider the
Hermitian Gaussian measure induced by (hN,w;). Then,

EZ, - w
weakly in the sense of measures; in other words,
li EZ = A
Nl—r>noo ( SN Y 30) /Cw 2
for all continuous functions . In particular,
.1
lim —E#{ze€ U:sy(z) =0} =mvol, U,
N—oo N

for U open in C.



Equilibrium distribution of zeros

In the opposite extreme when ¢ = 0, we have:
Suppose that ¢ = 0 and that v is a ‘Bernstein-Markov measure’.

THEOREM
(Shiffman-Z, 2003; Bloom, 2005)

En(ZY) = ik + O (1/N)

where i is the weighted equilibrium measure of K = suppu.

l.e. uk minimizes the logarithmic energy £(u) =

— Ik Jxlog (|12 — wl) dp(z) dpu(w).



General equilibrium measures

Compare:

» Kahler case: the limit distribution of zeros was the Kahler
form w, = i00p
> unweighted case: the limit is k.

Unifying theme (Shiffman-Z; Bloom; R. Berman): both are
equilibrium measures. In all dimensions, for smooth weights and
B-M measures, the limit distribution of zeros should be the
equilibrium measure fik o

In general: uk , = i@@V;M (a certain pluri-complex Green's
function).



Equilibrium measure

Given a weight ¢, the weighted equilibrium measure of a compact
set K is the unique probability measure dyi, x which minimizes the
weighted logarithmic energy on the space M(K) of probability
measures on K:

&) = = [ [ tog (12— wle 2 A2) dp(z) d(w).

Examples:
» p=0,K=5':du,x = ds1;

> o= log(1+ |22), K = CPL dppk = {2095,



Behavior of almost all sequences: positive line bundles

We form the probability space []x_; H(C, LV) with the product
measure p. Its elements are sequences (sy) of sections (chosen
independently).

THEOREM

Let (L, h) — C be a positive line bundle, and consider the
Hermitian Gaussian measure induced by (hV,wy,). Then, for
p-almost all s = {sy} € S, % Zs, — w weakly in the sense of
measures; in other words,

. 1
g (52u) = o0

for all continuous functions . In particular,

1
lim N#{Z € U:sy(z) =0} =mvoly U,

N—oo

for U open in C.



Comparison to plane domain result

Recap: In the case of plane domains with ‘flat’ Hermitian metric
dd“p = 0 and a rather general measure dv we got:

EN(Z)) = vo + O (1/N) .

where vq is the equilibrium measure of Q.
In the case of line bundles where dd“p >> 0 we got

lim (EZSN,ap):/w/\@.
N—oo Cc

There is a generalization of potential theory to Kahler manifolds,
and w is the equilibrium measure for (C, L, e %).



Sketch of Proof: Step 1: Individual distribution of zeros

For s € H(C, L) over a Riemann surface, we let Z; denote
empirical measure of zeros,

> 6.

z:5(z)=0

When s = feigN, we have by the Poincare-Lelong formula,

Zs = N—aalog]f\ —88IogHsHhN + wp . (2)



Two point function = Szego kernel

The two point function (on the diagonal) is defined by
Ny, (2,2) = Ey (||s(2)]12) Z 1Si(z zeC.

It is the (contracted) value on the diagonal of the orthogonal
projection on H°(C, LN) with respect to the inner product
G(hV, ).



Asymptotics of Szego kernels on positive line bundles

We ar‘e.intgrested in Myn(z,2) :.Zf ||SJNz)||f7N In the case of the
Hermitian inner product of a positive line bundle, we have the
following asymptotics

THEOREM

(TYZC) Let M be a compact complex manifold of dimension m
(over C) and let (L, h) — M be a positive Hermitian holomorphic
line bundle. Let {SV,..., 5(’1\,’\1} be any orthonormal basis of
HO(M, LN) (with respect to the inner product defined above).
Then there exists a complete asymptotic expansion

Z 1S (2)[17, = a0N™ + a1 (z)N™ + ax(z)N™ 2 +



Expected distribution

We then take expected values:

LEMMA
For N sufficiently large,

Sy VTas S5
E(ZN) = 5500108 > I
j=1
e

=5 N@alogﬂhw(z Z)+w=w+ON),

completing the proof.



Sketch of proof

Let ¢ € C(C). We must show

\7/7? /ch /Caé log[(a, F)| A pdyn(a) = (wn, ) - (3)

To compute the integral, we write f = |f|u where |u| = 1.
Evidently, log|(a, f)| = log|f| + log|(a, u)|. The first term gives

V_l/aé|og|f|mp:/wcmp. (4)
7TN e c



Other terms

We now look at the second term. We have

V1 [ 99108 (0,011 pin(a)
C

HO(C,LN)

_\/j %) O, a,u a =
= /Caﬁl/Ho(C’LN)Igh M dpn( )]NP—O,

since the average [ log|(a,w)|dun(a) is a constant independent of
u for |u| =1, and thus the operator 90 kills it.
Bergman kernel asymptotics then give:

E(ZM) =+ O(3)



Sketch of proof of equilibrium distribution of zeros

The main point of the proof is to gain control over asymptotics of
the partial Szegé and Bergman kernels. Let {Py} be an ONB of
Pn (polynomials of degree N) with respect to the inner product.
The Szego kernel is:

S(z,w) =Y P(2)Pi(w), (z,w) e QxQ (5)
k=0

By the regularity theorem, one has that S(z,z) < oo for z € Q,
and thus Py(z) — 0 for z € intQ2. Hence,

Sn(z,z) — S(z,z), uniformly on compact subsets of €,

where Sy(z, w) := ZLV:o Pi(z)Pk(w) is the partial Szego kernel.



Kac ensemble: Inside S!

We do the simplest case: show that the expected distribution of
zeros in the Kac ensemble tends to id&.
We have:

1 = 1 -
N&@Iog Sn(z,z) ~ N&GIog(l — |2|2M).
Clearly, in any annulus |z| < r < 1, (1 — |z]?N) — 1 rapidly with

its derivatives, and the limit equals zero. So the limit distribution
of zeros vanishes there.



Kac ensemble: outside S'.

In any annulus |z| > r > 1 we may write
(1 — |z|?N) = |z|2N(|z| 2N — 1) and separate the factors after

taking log. The second again tends to zero rapidly, while the first
factor, log |z|?N, is killed by 99 (note that z # 0 in this part). It
follows that the limit measure must be supported on S. Since it is
SO(2)-invariant (radial), and since it is a probability measure, it
must be %d&.



Kac ensemble: Asymptotics

In fact, we have the following explicit formula and asymptotics for
the circular case: Let v = % denote Haar measure on S*. Then

1 N+ 1)2|z]2N 7 /=1
E(21) = {(\42 B ((|z\2N+)2 : ‘1)2} 2

dzNdz,

Furthermore, EN(Z) = Nv + O(1); i.e., for all test forms
¢ € D(C), we have

N 27 .
| Y e =y [ w0+ on).
{z:f(z)=0} 0

In particular, E,’,V(Z!V) — v in D'(C).



Complex Green's function with pole at infinity

There is a proof of the equilibrium distribution of zeros which is
based on the extremal function V¢ ,

Vik(z) =sup{u(z): ve L, u<0onK}.
Here, L is the Lelong class,

L={u:ueSH(C), u(z)<log"|z|+ C,}.



Complex Green's function and equilibrium measure

THEOREM

vk = 5=dd° V.

A proof can be found in Saff-Totik.
Hence it suffices to show that

1
N log My(z,z) = Vi5(2).

This is done by relating the log of the partial Szego kernel to the
Siciak extremal function.



Siciak-Zaharyuta theorem

The Siciak functions are

1
Pk(2) = sup{f; log|p(2)|
p is a polynomial of degree N, ||p||x < 1}.

He proved that 4 log ®& — V.
The complex Green's function can be expressed entirely in terms of
logarithms of polynomials:

THEOREM

Vic(2) = sup{ log |p(2) :

degree p
p is a polynomial of degree > 1,||p||x < 1}.

Here, [|pl[x = sup,ek |p(2)I-



Siciak extremal function and partial Szego kernel

One has

PROPOSITION
5 )
&< d’;’é,?zz)) < CeNN for all € > 0.

Taking % log shows that

1 1
N log Sn(z, z) ~ N log ®N(2) — Vi

by Siciak’s theorem.



More on weighted equilibrium measure

We review the definition of equilibirium measure with respect to
the data (¢, v). The data defines an inner product Hilbx (¢, V)
with weight e "N dv.There are two characterizations of vp, k:
(i) vhk is the minimizer of the Green's energy functional among
measures supported on K.
(ii) The potential of v, k is the maximal wp-subharmonic function
of K.



Green's energy

& = [ Gz wdp()d(w).

where Gy, is the (weighted) Green's function,

Gp(z,w) =2log|z — w| — p(z) — p(w).



Minimizing energy on a compact set

We fix a compact non-polar subset K € CP! and consider the
restriction of the energy functional &, : M(K) — R to probability
measures supported on K.

PROPOSITION

If K C CP* is non-polar, then £, is bounded above on M(K). It
has a unique maximizer v , € M(K).

(When we use Gp,, where the log is —co on the diagonal, we look
for a maximizer. When we use — Gy, where the log is +00 on the
diagonal, we look for a minimizer. The choice of sign differs from
author to author and from slide to slide).



Instability of zeros

» zN has N zeros at z = 0. But for any € > 0, zV — ¢ = 0 has
1 2mik 1
the N roots {eve™n }N  and en — 1 as N — oo.

» Wilkinson's polynomial Hszl(Z — j) has unstable roots even
though they are well separated. E.g. if N = 20, the coefficien
of z!9 is —210. If it is decreased to —210.0000001192, the
zero at z = 20 grows to ~ 20.8.



What makes the roots unstable?

If you perturb the coefficients continuously in a 1 parameter family
of polynomials py(t) = py + tcy of degree N, the roots a;(t)
move as

daj _ c(o))

dt — pyla)’
When pj () is small, the roots move quickly. For the degree 20
Wilkinson polynomial, with co(x) = x1°,

19
daj o; o

dt [Tk = ax) a _Hk¢j(aj — o)

The right side is large when there are many roots «y such that
| — an| <<yl



Ostrowski bound

Let

p(z) =2V +a1zV"t - tan, q(z) =2V + biZV T -+ by
Then the roots of py resp. gy can be enumerated as ag, ..., ay
resp. f51,...,08n in such a way that

1/N
mjax|ozj Bil < (2N -1) <Z|3k - bk|’YN k) .

Here, v = 2 maxy<x<n{|ak|'/¥, |bx|*/¥}.Bhatia showed that the

factor (2N — 1) can be replaced by 4 x 21/N.
Let

1
2

N
. 2
o — anllz = | D laj — byl

Then
llpn — anll2 < € = |aj — B < C Nel/N,



Bombieri norm

The Bombieri norm of py(z) = ZJ'N:o a;jzN=J is defined by

= a2
[pn]B = Z ,J\,
j=0 (1)
Suppose that [py — gn] < e

Then for any root « of py there exists a root 3 of gy so that

N( + |al?)V/?
———~ €

— 8l <
o= Al )



Some references

1. R. Berman, Bergman kernels and equilibrium measures for line
bundles over projective manifolds. Amer. J. Math. 131 (2009), no.
5, 1485-1524 (arXiv:0704.1640)

2. R. Berman, Bergman kernels for weighted polynomials and
weighted equilibrium measures of C”, Indiana Univ. Math. J. 58
(2009), no. 4, 1921-1946 (arXiv:math/0702357).

3. T. Bloom, Random polynomials and Green functions. Int.
Math. Res. Not. 2005, no. 28, 1689-1708.

4. B. Shiffman and S. Zelditch, Distribution of zeros of random
and quantum chaotic sections of positive line bundles. Comm.
Math. Phys. 200 (1999), no. 3, 661-683.

5. B. Shiffman and S. Zelditch, Equilibrium distribution of zeros of
random polynomials. Int. Math. Res. Not. 2003, no. 1, 25—49.

6. O. Zeitouni and S. Zelditch, Large deviations of empirical
measures of zeros of random polynomials. Int. Math. Res. Not.
IMRN 2010, no. 20, 3935-3992.



