SYMMETRIC RANDOM WALKS ON GROUPS(})

BY
HARRY KESTEN

1. Introduction. Let G be a countable group and let 4 = {al, ap, -+ - - }
(a;E€G) generate G. Consider the random walk on G in which every step con-
sists of right multiplication by a; or its inverse ai!, each with probability
pi (:20, 2 Zi pi=1). This does not mean that p; is the tofal probability of
multiplying by any element which equals a; in G. It may be, for instance,
that @, =a; with j>¢i (or ¢;=a71). In this case the total probability of multi-
plying by a, is at least p;+p; (resp. 2p;). We say that P= {pl, Doyt v - } isa
probability distribution on the set of generators A. This random walk defines
a Markov chain whose possible states are the elements of G. The transition
probability from g to g: (g1 EG, g:EG) is given by the probability that g is
reached in one step from g. Since G is countable we can number the possible
states 1, 2, - - - and represent the Markov chain by its matrix of transition-
probabilities, M(G, 4, P), say (cf. [1] for terminology).

Several connections are derived between the spectrum of the matrix
M(G, A, P) and the structure of the group G. Some results deal with condi-
tions on the spectrum to contain the value 1. Theorem 3 gives an interesting
characterization of finitely generated free groups in terms of the upper bound
of the spectrum of M(G, 4, P).

Since at every step the probability of right multiplication by a; equals
the probability of right multiplication by a7!, the transition probabilities
from g to g» and from g, to gi are equal and M(G, 4, P) is symmetric. Further-
more, the entries of M are nonnegative and in every row the sum of all
entries is 1. Denote the dimension of M by r(M) (or r when no confusion is
possible); 7 is a positive integer or 4 . M represents a linear operator on the
r dimensional Hilbert space H of vectors y = {yl, Yo, v - } (¥; complex num-
bers) with ||3]] = (X i1 | 9:/2!2< . As usual we define the norm of an r-
dimensional matrix X (with complex valued entries) by
(1.1) norm (X) = sup || Xyl

lll=1; ven
(v’ is the transposed vector of y). For hermitian matrices X = |}~c,,H

(1.2) norm (X) < sup 2 | a5 [6].
¢

The spectrum of X is the set of all complex numbers such that X —\I does
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SYMMETRIC RANDOM WALKS ON GROUPS 337

not have an inverse with finite norm, where I is the identity matrix of the
same dimension as X. The spectral radius of X is defined as
sup | )\I .
\E spectrum of X
The spectrum is always a compact set [2, p. 52]. Since M is symmetric its
spectrum is real and one can put
(1.3) MG, A4, P) = max A.

\E spectrum of M(G,4,P)

We shall first give some formulae and analytical properties of NG, 4, P)
and then connect it with the structure of G.

2. Analytic properties of A\(G, A, P). Because M is hermitian with norm
(M) =1 (by (1.2)), one can introduce the spectral measure or spectral matrix
of M in the usual way (cf. [2; 5 and 7]). There exists therefore a matrix
a(u) = Ho-,-j(u)” of functions of the real variable u such that ¢;;(u) is continuous
from the right and the total variation of o;;j(u) on (— », 4+ «) is at most
equal to 1 for all 7 and j. Furthermore the spectrum of M is the set of all real
values N where at least one of the functions o;;(u) is not constant, that is

(2.1) N\ &€ spectrum of M & there does not exist an € > 0
such that o;(u) is constant on [\ —e, A+¢€](2) for all ¢ and j.

The operator o(u1) —o(uz) (u2e =) is a projection on a subspace of H and
thus the matrix ”O’,’j(/.t]) _(T,'j([.tz)“ is hermitian and idempotent. From this one
easily concludes that the spectrum of M is already determined by the diag-
onal elements of |lo;(w)]], i.e.

LEMMA 2.1. NEspectrum of Methere does not exist an €>0 such that o;;(u)
is constant on [N—e, N+e]| for all .

Proof. The sufficiency of the condition follows immediately from (2.1).
For the necessity it suffices (again by (2.1)) to prove that a;;(u1) —o;(us) =0
implies (1) — 0o (u2) 0. But since Ha;j(pg) ”‘U{j(ﬂg)” is hermitian and idem-
potent if u» <u, one has

aii(u1) — oii(us) = 1, 7 entry of [o(u1) — o(u2)]?

= Z [G'ik(ﬂl) - O'ik(#z)][o'ki(ﬂl) - Uki(ﬂz)]

(2.2)
; [ra(u) — oulu)][Falur) — Galus)]

v

| oii(ur) — ii(ue) |2
and the lemma follows. o (u) =”cr,~,-(u)” is called the spectral matrix of M. It is
well known that

(%) Square brackets denote closed intervals, round ones denote open intervals,
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(n) R
(2.3) my = p doii(w)
where
(2.4) M = ”m.(:)H = the nth power of the matrix M.

The integral in (2.3) is a Lebesgue-Stieltjes integral and by Lemma 2.1 may
be written as

. Mo
(2.5) i = [ ot

N —0
where N and N are the lower and upper bound of the spectrum of M respec-
tively. Since in our Markov chain

m® = Prob. of returning to state i at the nth step, given that one

starts in state ¢
(2-6) =Prob. of returning to the group identity at the nth step, given
that one starts at the group identity,

m® is independent of i. Consequently, o;:(u) is independent of 7 [7, pp. 179,

97] and we shall write
(2 7) Uo(p.) = 0'“([1,) for all <.

ao(u) is a real and nondecreasing function of u (cf. (2.2)) and from Lemma 2.1
it follows that for every ¢>0

(2.8) oA+ € —ooA —€¢) >0 and oo(\" 4+ € — ao(A" —€) > 0.

It then follows that

(2.9) max (| )\'l , l )\l ) = limysup [mf{"]”" = [radius of convergence of m(x)|~1
where
(2.10) m(x) = m.‘?)xn with m,(.o) = 1.

n=0
From (2.5) and the fact that m{’ =0 for all n, it follows that
(2.11) A = max (| N], |A]).
LEMMA 2.2.
\(G, A4, P) = lim sup [mf?)]”"
[radius of convergence of m(x)]-' = sup yM(G, 4, P)y’

vt =1;veH

I

norm M(G, A, P).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1959] SYMMETRIC RANDOM WALKS ON GROUPS 339

Proof. The first two equalities follow from (2.9) and (2.11). The other
equalities are well known [2, pp. 41 and 55].
Combining this lemma with (1.2) we get immediately

(2.12) MG, 4, P) £ 1.

LEMMA 2.3. If A and B are two hermitian matrices of bounded norm and the
same dimension, then

¢ = spectral radius of EA + (1 — £)B

is a convex function of £ [4].

Proof. Using the triangle inequality for the norm one has

Mtita—nmg = norm (pk14 + 9(1 — £)B + (1 — n)kd + (1 — 7)(1 — &)B)
< || norm (8,4 + (1 — £)B)
+ |1 = 9| norm (£24 + (1 — £)B) = || gy + |1 — 0| g

If one takes 0 =<7 =<1 the lemma follows.

3. Connections between A\(G, 4, P) and the structure of G. Unless other-
wise stated we assume that G is countable and generated by 4 = {al, a, - - - } ;
if N is a normal subgroup of G then G/N can be generated by the cosets
aN, a;N, - - - . We usually say, a bit loosely, that G/N is also generated by
A. For P= {pl, 2R }, we put

3.1) P{ai|P} = p,=probability of right multiplying with a; according to
P, at any given step.

We only consider symmetric random walks, that is, the probabilities of right

multiplication with ¢; and a7! are always equal. e denotes the identity element
of G.

LemMA 3.1. Let N be a normal subgroup of G and consider G as well as G/N
as generated by A. Then NG, 4, P) = M(G/N, 4, P).

Proof.(?)

N(G) =lim sup [Probability of returning to e at the nth step given
»  that one starts at e]!/»
<lim sup [Probability of reaching some element of N at the nth
»  step, given that one starts at ¢]!/»=X\(G/N).

3.2)

The probabilities above are the probabilities corresponding to the random-

(®) We drop some of the arguments in M(G, 4, P) and (G, 4, P) if no confusion is to be
expected.
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walk on G, defined by 4 and P, and (3.2) is an immediate application of
Lemma 2.2.

If one considers the group G as defined by a set of relations between the
elements of 4 (cf. [3, vol. I, p. 129]) then Lemma 3.1 may be expressed as “The
introduction of new relations does not decrease A(G).”

LEMMA 3.2. Put A'={e, a\, as, - - - | and let for 0SE<1 P'(£) be the
probability distribution on A’ defined by

, £
P{e|P}=7:

3.3
-9 Pla;| P} = (1 — P{a:| P} = (1 — )pa.

Then
(34) )‘(G’ A,: P,) =§{+ (1 - E)A(G) A) P)-

Proof. Since we multiply according to P’ by e or e"!=e¢ each with proba-
bility £/2(*) at every step, and with a; or e;! with probability (1—§)p:
=(1—£)P{a;| P}, one has M(G, A’, P')=(I+(1—§) M(G, A, P) where I is
the identity matrix with the same dimension as M(G, 4, P).

LEMMA 3.3. Let H be generated by the infinite set B={by, by, - - - | and let
Q0= {ql, qay ¢ - } be a probability distribution on B. Then for every >0 there
exists a finite k such that

| \(#, B, Q) — NH, B, Q)| =
where Qi 1s defined by

(3.5a) P{b:| i} =q.~/2k2q,- for1 i<k

=1

(3.5b) P{b:| Q) =0 for i > k.

Proof. Put M= M(H, B, Q)— M(H, B, Qi). For every row, the sum of
the absolute values of the entries of M} in that row tends to zero if k— .
In fact for every row this sum is

k k )
229.'[1 2Zqi—1]+ 2. 2.

1=1 i=1 1=k+1

The lemma follows now from (1.2) and Lemma 2.2. Note that N(H, B, Q)
=N\(Hy, B, Qx) where B, = {b;, by, + ¢ ¢, bk}, H;, the subgroup of H generated
by By and Qi is defined by (3.5a).

Let G again be generated by 4 and let H be a subgroup of G generated

(*) We make the artificial distinction between e and e™! to keep "(3.3) in agreement with our
conventions (cf. §1).
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1959] SYMMETRIC RANDOM WALKS ON GROUPS 341

by B= {bl, by + - ¢ } (b:€G). Denote the smallest normal subgroup of G,
containing H by N and G/N by K. We consider K also as generated by 4.
One has the following

THEOREM 1. If P={p1, po, - - - } and Q={qi, o, - - - } are probability
distributions on A= i{a,, as, - - - } and B= {bl, by, - - - } respectively and P
assigns positive probability to every element of A, i.e.

(3.6) p:>0

and

(3.7 ANH, B,Q) <1,

then

(3.8) MK, 4, P) > (G, A, P).

Proof. We may restrict ourselves to the case where B is a finite set, say
B={by, by, - - -, b.}. For, if B is infinite we can replace Q by a probability
distribution Qi such that A(Hy, Bi, Qk) <1 (cf. Lemma 3.3). If N, is the small-
est normal subgroup of G containing Hj, then N, € N and thus G/N
=~G/N/N/Ny and so by Lemma 3.1 it would suffice to show

MG/Ny, A, P) > (G, 4, P).
Assume therefore that B has k (< «) elements. Choose now a fixed £ (0<£< 1),

put A’ = {e, ay, as, - ¢ - } and define P’ =P’(¢) as in Lemma 3.2. By Lemma
3.2, (3.8) is equivalent to

(3.9) MK, 4', P') > \(G, 4', P').

Every b; can be written as a product of the form ag - - - af (¢;=+1or —1).

Fix one such representation for every b;, say w; (1 <j<k). Thus w; stands for
only one product of elements of 4 and their inverses and does 7ot denote any
word equal to b; in G. Let w; be the product of /; elements of 4 or their in-
verses and put

(3.10) = max I,
(3.11) M(G) = [M(G, 4, P)],
(3.12) M(K) = [M(K, A’, P)].

Introduce the set C which generates G as well as K.

(B.13) C={cay - -ann|0Sm=la,EA4,e&=+1o0r —1}.
Define the probability distribution R on C by(%)

(*) In accordance with footnote 4 we have to take P{e!| R} =£/2.
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l—m

(3.14) P{eaiy -+ ay | R} = ( )E"‘ 11 »:.

J=1
Since / consecutive steps in the randomwalk on G defined by P’ on A’ amount
to right multiplication by an element of C or its inverse, with the probability
assigned to it by R, one has

(3.15) M@G) = MG, C, R); M(K) = M(K,C, R).
Therefore, if
(3.16) XMG) = \G, C, R); MK) = MK, C, R)

it follows from Lemma 2.2 that

AG) = \G, 4’, P)]* and X(K) = [\(K, 4’, P)].
Consequently it suffices to show
(3.17) A(K) > AG).

The set C'={e'~lw,;|1<j<k} is contained in C and so we can define a
probability distribution S on C by

Pletw;| S} = P{b;| 0} = g5, 15jsh
(3.18) m €] €1 —m €l-m ’
P{e @y - ,,_m| S} = 0 for all elements ¢ " a11 ceay_,,€C—C.

By (3.6) P{c|R} >0 for every ¢&€C so that an a>0 exists such that
(3.19) (1 4+ a)P{c| R} — aP{c|S} = 0 for every ¢ € C.

Fix >0 such that (3.19) is satisfied and define for 0 =n =<1 the probability
distributions T'(5) on C by

Plc| Tt} = 1 — [ + o)P{c| R} — aP{c|S}]
(3.20) +9P{c| S} = (1 = n)(1 + &) P{c| R}
+ (n— a(l — n))P{c| S} for every ¢ € C.

T(1) equals S, so that the random walk defined by 7°(1) and C on G is the
same as the one defined by .S and C, which in turn is the random walk defined
by Q and B on H. Thus

(3.21) MG, C,S) = \H, B, Q) <1

Since H C N, multiplication by an element of H amounts in K=G/N to
multiplication by the identity. Therefore (using Lemma 2.2)

(3.22) MK,C, T(1) = NK,(C,S) =1
and (using Lemma 3.2)
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But by Lemmas 2.3, 3.1, and (3.21) till (3.23) for >0
MG, C, T(m) = (1 — a)A(G, C, T(0)) + 7\ (G, C, T(1))
(3.24) = (1 — 9A(G, C, T(0)) + 9\ (G, C, S)
< (A —2\K, C, T(0) + 7 = MK, C, T(n)).
In particular, for n=a/(14a), T(n) equals R so that
(3.25) XG) = A(G, C, R) < MK, C, R) = XA(K).

(m (3 Eer(3)

T [1 —X(G,C, 9]

a

14+«

In fact

>‘(K’ C; R) - )‘(Ga C’ R)

v

(3.26)

The theorem now follows.

Theorem 1 has a number of corollaries. Let us call probability distribu-
tions which assign a positive probability to every element of A4, strictly posi-
tive probability distributions.

COROLLARY 1. If the spectrum corresponding to the random walk on G, de-
fined by a strictly positive probability distribution P on A contains the value 1,
then the spectrum corresponding to a random walk on any subgroup H CG,
defined by any probability distribution Q on any set B of generators of H con-
tains 1.

Proof. Using the notation of Theorem 1 the corollary says
NG, 4, P) =1 implies A(H, B,Q) =1

if P is a strictly positive probability distribution on 4. But by Theorem 1
and (2.12) M(H, B, Q) <1 would imply
MG, 4, P) < MK, 4,P) =1

which contradicts the assumptions.
In particular with H=G, we get

(3.27) MG, 4, P) =1 implies \(G, B, Q) = 1

for a strictly positive probability distribution P and any B and Q. In view
of this we shall often write N(G) =1 or A\(G) <1 without further specification of
the set of generators and the probability distribution. We should keep in
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mind though, that (3.27) is only valid if P is strictly positive. N(G) =1
(M(G) <1) means therefore: There exists (does not exist) a strictly positive
probability distribution P on A such that MG, 4, P)=1. By the above,
whether or not N(G) =1, s solely determined by the structure of G and it would
be interesting to characterize all groups G for which A(G)=1. Only some

partial results in this direction are obtained here (Corollaries 3 and 4, and
Theorem 5).

COROLLARY 2. Let N be a normal subgroup of G and consider K=G/N as
generated by A. If N\(N) =1, then \(K, A, P)=\(G, 4, P).

Proof. By Lemma 3.1
(3.28) MG, 4, P) £ \(K, 4, P).

On the other hand, it follows from (2.5), (2.8), and (2.11) that for every
€>0 and sufficiently large n

i,ientry of [M(K, 4, P)]?*= Probability of returning to the identity
at the 2nth step, given that one starts at the identity, in the random

(3.29) walk on K defined by 4 and P =Probability of reaching some ele-
ment of N at the 2nth step, given that one starts at ¢, in the random
walk on G defined by 4 and P= [(1—€\(K, 4, P)]*.

Given an €>0 choose 7 such that (3.29) is satisfied and put for b&N.

2p.(b) = Conditional probability of reaching b or b~! at the 2nth step,
given that one starts at ¢ and that one reached some element of N at
the 2nth step, in the random ralk on G, defined by 4 and P

(3.30) Prob. of going from e to b or 5! in 2# steps in the
random walk on G, defined by 4 and P

~ Prob. of going from e to some element of Vin 2#x steps
in the random walk on G, defined by 4 and P

If bEN then also b—'EN. Select from every pair (b, b~') one element (if
b=>"1 we take that one element). Let B be the set of selected elements. Then

(3.31) P{b| Pa} = palb) forb € B

defines a probability distribution P, on B. Since A(V) =1, one has by Corol-
lary 1, AM(IV, B, P,) =1 and for sufficiently large m

Probability of returning to e at the 2mth step, given that one starts

(3.32) in e in the random walk on N, defined by B and P, = (1—¢)%™.

It is clear that
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Probability of returning to e at the (2n-2m)th step, given that one
starts in e in the random walk on G defined by 4 and P = [Probability
of reaching some element of IV at the 2xnth step, given that one starts
at e in the random walk on G defined by 4 and P]». Probability of
returning to e at the 2mth step given that one starts at e in the ran-
dom walk on N defined by B and P,.

Consequently by (3.29) and (3.32)

(2n+2m)

mii (G; A; P) = [(1 - e))‘(K) A: P)

]2n~2m

(1 _ E)Zm
and
(3.33) MG, 4, P) =2 (1 — &2\(K, A, P),

Since (3.33) is valid for every €>0, the corollary follows.

Let L ©G be a subgroup of G, generated by C and Q a probability dis-
tribution on C. As in Corollary 2 let N be a normal subgroup of G with
A(N)=1. Considering L/LNN=LN/N also as generated by C, Corollary 2
implies N\(L/LNN, C, Q)=X(LN/N, C, Q) =\(L, C, Q) since by Corollary 1,
also N(LNN)=1. If K=G/N, then we have from Theorem 1, Corollary 2
and the above

THEOREM 2. For a strictly positive probability distribution P on A
MK, 4, P) > A\(G, 4, P)

if and only if N(N) <1(5). If L is a subgroup of G, generated by C and Q a
probability distribution on C, then

ML/LNN,C, Q) > NI, C, Q) implies \(K, 4, P) > \(G, 4, P).

Theorem 2 provides us with a necessary and sufficient condition for the
upper bound of the spectrum to increase upon the introduction of new rela-
tions in the group (cf. remark after Lemma 3.1). This apparently depends
on the structure of N.

Corollary 2 can be slightly generalized, e.g. “If G has a finite normal
series

G=GiDGID" DG = (e

with A(Gi/Gi11) =1 (0=i=k—1), then N(G) =1.” This follows by induction,
as M(Gi—1) =1 implies AN(G;) =1 by Corollary 2. Similarly,

“If Ny, Ny, - - -, Ny are a finite number of normal subgroups of G with
MG/N)=1 (1=¢=k) then

(®) N is here considered as a subgroup of G. Whether A(N) <1 or not is therefore deter-
mined by the relations valid in G.
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k
MG/N) =1, where N = N N.”

=1

This follows also by induction, once it is shown for £=2. But for k=2 G/N,
=~ G/Nl N Nz/Nl/Nl N N2 and Nl/Nl N N2 = N1N2/N2 g G/N2 SO that
AN/ NiNN,) =1.

Combinatorially the last statement can be formulated as

lim [Probability of reaching some element of N, at the 2unth step, given that
n=% one starts in e]!/?" =1

for 1 <j<k implies

lim [Probability of reaching some element of NV at the 2nth step, given that
">% one starts in e]!/2"=1.

By induction one also proves:

“If Ny, - - -, Ni are normal subgroups of G and N is the smallest normal
subgroup of G containing Ny, - - -, Ny then A\(NVy) = - -+ =X(N,) =1 implies
AN)=1.”

We only have to prove it for k=2, But then N=N,N, and
AN N2) =M (Ny Na/Ny)
=A(N/NiNN,) =1.
4. Computation of \(G) for some examples.

LeEMMA 4.1. Let G be a direct product Gi® - - - @Gy (k finite). Suppose G

1s generated by A ;= {aa, Qigy * * * } Define P on A=Uf.; 4, by
k

4.1) Pla;;| P} =Pii<222Pii=1)
=1 j

and P;on A; by

(4.2) Plai;| Pi} = pis/ps

where P,‘= 2 Ei pij- Then
k

(4.3) MG, 4, P) = D 2pN (G, Ai, Py).
i=1

Proof. Denote the diagonal element of the spectral matrices of
M(G;, A;, P,) and M(G, A, P) by ai(u) and o(u) respectively. Since IIk. g
=¢ (g;€G) if and only if g; equals the identity for every ¢ and since g:&G:
and g,EG, commute for 177, one has, using (2.5) for every G;
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Probability of returning to e at the nth step given that one starts at e,
in the random walk on G, defined by 4 and P

(4.4)

! 1 £27 z1
_'n—' 2p) - - (2pw) fﬂl doy(u1)
.« o . xk'
o .f#:kddk([tk)

220;zy+ - 4zp=n ¥1:
f. . f(zhm—i_ c + 2peue)doy(ua) - - - dow(u).

Clearly the lim sup of the (1/#)th power of the above probability is
20:N(Gy, Ay, P) 4 - - - +2pN(Gi, Ak, Pi) and the lemma follows.

LEMMA 4.2. [f A = {a} and P assigns probability 1/2 to a, then N(G, A, P)
=1.

Proof. Probability of returning to e at the 2nth step given that one
starts at e, in the random walk on G defined by 4 and P = Probability of
multiplying »# times by @ and # times by a™

1

()12 '

al = C2n,"4_" ~

Since lim, .. (1/(wn)!/2)1/22 =1, the lemma follows.

THEOREM 3. Let G be generated by A= {ai, - - -, an} with 1<h< o, and
P be defined on A by
(4.5) Pla;| P} = 1/2h (1 <4< h).
Then G 1s a free group with free generators ay, as, - - -, an if and only if
2k — 1\!/2
(4.6) AG, 4, P) = ( pr ) .

In this case the spectrum of M(G, A, P) is the interval [— (2h—1/h?)1/2,
+Qr—1/1%)1?] and

. 2h — 1\1/2
4.7 QO MG, 4,0) =G, 4, P) = ( r )

where Q runs through all probability distributions on A.

Proof. Let us first suppose that G is free and 4 is a set of free generators
for G (cf. [3, vol. I, p. 124 ff.] for terminology). Put

m™ = Probability of returning to e at the nth step given that one starts at e
in the random walk on G defined by P and 4.
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r() =Probability of returning for the first time to e at the nth step given
that one starts at e in the random walk on G defined by P and 4.

m(x) = D, m™z  (taking m® = 1), r(x) = 3 rimwgn,

n=0 n=1

Then m(x)=1/(1—7(x)) [1, p. 243]. By a word (cf. [3, vol. I, p. 124 ff.] for
the terminology) of » letters we mean a product

ai -+ ai(ei=+1o0r —1;a;, € A)

of elements of 4 or their inverses (the order of the factors is of course im-
portant). By a left segment of % letters of af - - - ai* (k<n), we mean the
partial product af - - - af¥. It may happen that in a word w=af - - - ap?
2 consecutive factors afiaii*} occur with a;;=a;;,.6;= —€j. Then we can
“reduce” w by cancelling these factors. A word which allows no further re-
ductions is called reduced. Every word w is equal to exactly one reduced
word @' -l(w), the length of w is the number of letters in w’. The empty word
has length 0 and represents the identity e. A word w equals the identity if
and only if, by successive reductions, it can be reduced to the empty word.

r™ =(1/2h)* X number of words of # letters equal to e in the free group G,
which have no left segment of less than = letters equal to e.

Obviously 7™ =0 for odd n. Every word w of 2n letters, equal to e can be
mapped on a path in the plane from (0, 0) to (#, ) along the lattice points,
and not passing through any point (k, k) with 1<k<n—1. The mapping is
constructed in the following way: For every letter we record a horizontal or
vertical step of length 1. Let w; denote the left segment of & letters of w. If
I(wi) =I(wr_1) +1 we record a horizontal step for the kth letter of w. If I(wy)
=](wi—1) —1 we record a vertical step. The words of 2z letters equal to e
with no left segment of less than 27 letters equal to e correspond to paths
which are on the diagonal (the line through (0, 0) and (%, #) only in (0, 0)
and (n, n)). There are #~1Cs,_2,,1 such paths [1, p. 246]. How many words
are mapped on a fixed path? The first step is horizontal no matter which of
the 2k possibilities for af (i=1, - - -, h; e=+1 or —1) is realized. If the
kth step is horizontal and does not start on the diagonal it corresponds to
(2k—1) possibilities for the kth letter, namely every aff except the inverse
of the last letter of the reduced form of the segment of (k—1) letters. A v _rti-
cal step corresponds to only one possibility, namely the inverse of the last
factor in the reduced form of the segment of (k—1) letters. Since every path
from (0, 0) to (n, n) has » horizontal and # vertical steps

(2n) = (1>2” ! C 2h(2h 1)»—11
n —_— —_— —_ n—2,n— 1 —_ n— n
’ 2h n e
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and
h— (b — (2h — 1)a?)1/2
(4.8) r(x) = 1 )
) 2 — 1
m(x) =
—_— 2 —_ 2\1/2
4.9) h—14 (k 2h — 1)x?)

(2 — (2h — 1)a?)V2 — (b — 1)

1 — x?

(4.6) follows now from (4.9) and Lemma 2.2. Application of the inversion
formula in [7, p. 96] gives for ao(u), the diagonal element of the spectral
matrix of M(G, A4, P),

2h — 1\/2
0 foru<—( ) ,
hZ

1 2k — 1 — i)
oolu) = -—f \ ; dt
T J_(@h-1))/aHH 1—1
2 — 1\ 12
for — ( )
h?
2h — 1\12
1 foru>+< 7 ) .

Therefore the spectrum is the whole interval
2 — 1\1/2 2h — 1\1/?
-G 5]
Now let the probability distribution Q(£) on A be defined by

Pla:| Q®)} = &g,
Pla:| Q(®)} = (1 — By,

h
Pla;| 0®)} = ¢, 3<i<h 2+2 qi=1

=3

IIA

2% — 1\
#§+( W ) )

(4.10)

According to Lemma 2.3 \(G, Q, Q(§)) is a convex function of £ and as long
as a1 and a, play the same réle, M(G, 4, Q(£)) is symmetric around £§=1/2. A
convex function of £ symmetric around £=1/2, attains its minimum at
£=1/2. Therefore, if 4 is a set of free generators for the free group G, the
probability distribution P which assigns equal probabilities to every gener-
ator minimizes N(G, 4, Q) i.e.

2k — 1\12
m(l;nk(G,A,Q)=>\(G,A,P)=< ; ) .
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We still have to prove that N(G, 4, P)=((2k—1)/k?) /2 implies that 4
is a set of free generators for G. Let H be the free group generated by the set
of & free generators C={c|, - - -, cx} and define P’ on C by

(4.11) P{c:| P’} = P{a;| P} = 1/2h.

G=~H/N where N is a normal subgroup of H [3, vol. I, p. 128]. The iso-
morphism maps a; onto the coset ¢;N. If 4 is not a set of free generators for
G, then N contains at least one reduced word w=¢g - - - 24 (e;=4+1o0r —1,
p a positive integer) which is not equal in H to the identity. Moreover we
may assume

(4.12) Ciy 7 oy L€ 6y i, OF iy = i, but & % — ¢,

for, w& N implies g - - -cigci{EN and if c§:=cip‘l’ we can replace w by
cg - - - ¢l Let M be the smallest normal subgroup of H, containing w.
Then

(4.13) MG, A, P) = \(H/N, C, P') = \(H/M, C, P').

We can always choose ¢, ¢,&C and ¢, 5 (each + 1), however, so that ¢;=¢, 9,
c;#c:g, gy, c;’;écf;’ c;#cy (all these inequalities are meant in the same
sense as (4.12)). That is w' =cjwc; * and @'’ =clwc,; " are also reduced words in
M and ¢; c? cannot be reduced. Thus w’ and w'’ are 2 free generators for a
free subgroup LC M of H and by what we proved already A(L) <1. Since
LC M, however, A\(L/LNM) =1 and by Theorem 2

2h — 1\

(4.14) NH/M,C,P) > X\NH,C,P) = ( " > .
From (4.13) and (4.14) it then follows that N(G, 4, P)=((2h—1)/k?)!/2 im-
plies that A is a set of free generators for G. This completes the proof of
Theorem 3.

REMARK. In the case described in the second part of Theorem 3 one can
give a lower bound for the increase of the spectral radius. In fact, one obtains
readily from (3.26) that

26— 1\ 4(1 = (3/9)
(4.19) NG, 4, P) = (T) 2 r D

(p has the same meaning as above).

For, N\(G, 4, P)—((2k—1)/h*)22N(H/M, C, P') —((2h—1)/k*)% For B in
Theorem 1 we now take {'w’, 'w"}; further k=2, wy=w', wo=w"", I=p+2.
We take P{w'|Q}=P{w"’|Q}=1/4, so that N(L, B, Q)=(3/4)"/% Since
w' and @'’ can be written with the same number of letters (p+2), we can take

4

£=0 and a = —- -
(2h)rtr — 4
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Substitution in (3.26) gives
4(1 — (3/9'%)

@/ M, C, Y]+t — [((2h — 1)/ B2+ 2 (2h)r+2

whence (4.15).

Theorem 3 states that the introduction of any relation in a free group H
on h (1<h< «) generators increases the upper bound of the spectrum cor-
responding to the random walk defined by C and P’. Practically the same
proof shows that this is true for any strictly positive probability distribution
Qon C, i.e.

MH/N, C, Q) > MH, C, Q)
if N is any normal subgroup of H, which does not consist of the identity only.

COROLLARY 3. If N(G) =1, then G has no free subgroups on more than one
generator.

Proof. If there is a free subgroup on more than one generator, there
exists a free subgroup K on 2 free generators. By Theorem 3, A\(K) <1, which
is impossible by Corollary 1.

THEOREM 4. If G is a finite group or if G is a countable abelian group then
MNG)=1.

Proof. If G is finite, M(G, 4, P) is a finite dimensional matrix and the sum
of the entries in a row is 1 for every row. Thus the spectrum of M(G, A4, P)
contains the value 1. (2.12) then shows A(G, 4, P)=1. If G is a free abelian
group on a finite number of generators, then G is a direct product of a finite
number of cyclic groups and N(G) =1 as a consequence of Lemmas 4.1 and
4.2. If G is a free abelian group on a countable number of generators we also
have to use Lemma 3.3. Since every abelian group is a factor group of a free
abelian group [3, vol. I, p. 143], the general case follows by Lemma 3.1.

COROLLARY 4. If G has a finite normal series G=GoDGD - - - DGr=(e)
such that G;/G;y1 s a finite group or a countable abelian group (0<i<k—1)
then \(G) =1.

Proof. Apply the remark after Theorem 2 and Theorem 4.

In particular: “If G is solvable (cf. [3, vol. I1] for definition) then \(G) =1.”

It is possible to give a sufficient condition for A(G) =1 in terms of the
expected length of the word reached after » steps. Let G again be generated
by A={ai, as, - - - } and P={py, p, - - - } a probability distribution on 4.
If w=ai - - -af (,=%1,a;EA4) is a word of n letters, we define its length,
l(w) say, as the smallest integer k& for which there exists a word

"1 Tk
w,'_—al,‘”’aik (vi = % l,dj'-GA)
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of k letters such that w=w'. If w equals the identity, then I(w) =0. Suppose
now that the random walk starts at the identity; after » steps some word w,
of n letters is reached. /(w,) is a random variable whose expectation we denote

by

(4.16) E.,(G, A, P)=expected value of /(w,) in the random walk on G, de-
fined by P on 4.

THEOREM 5. If G s generated by A= {al, cee, a,}, r finite, and
P= { b1, v, p,.} is a strictly positive probability distribution on A and
.. ExG, 4, P)
4.17) liminf ——— =0
n
then
MG, 4, P) =1

(and consequently G has no free subgroups on more than 1 generator).

Proof. Write

E.(G, 4, P)
(4.18) € = ——————
n
and
(4.19) p = min p.
1<isr
Since 0 <I(w,)/n one has
w,) 1
(4.20) Prob. { =< 2e,,} = —-
n 2

Given that we reached a word of length / at the nth step, there is a probabil-
ity of at least p! to return to the identity at the (n+I)th step. Therefore, if
m® is the diagonal element of [M(G, 4, P)]x, it follows from (2.5) and
(4.20) that

[n(142en)]+1 )\ A P n
o S DG, 4, P)]
2 k—n 1 -G, 4, P)

Since lim inf €, =0, lim sup [p2/2]'/»=1. This proves that N\(G, 4, P) =1.

It is clear that Theorem 5 is not valid if A is an infinite set, for we can
take a group G with A(G) <1 and let 4 be the set of all elements in G (so that
I(w,)=0 or 1). Also it is possible to construct a group G with A(G) =1 but
lim (E.(G, 4, P))/n>0, so that (4.17) is not a necessary condition for
NG, 4, P)=1.
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5. Unsolved problems. As mentioned in §3, it would be interesting to
find all groups with A(G) =1. Especially, since for every finite group, the
spectrum contains 1. A weak form of the Burnside conjecture would be:
“If G is finitely generated and every element has bounded (or more general,
finite) order, then A(G) =1.” This would readily follow if one could prove the
converse of Corollary 3, i.e., “If G has no free subgroups on more than 1
generator, then A\(G) =1.” However, the author was unable to prove or dis-
prove this. If this converse of Corollary 3 is not true, however, it might be
possible to construct a group G in which every element has finite order but
A(G) <1. Such a group would disprove the generalized Burnside conjecture.
In fact one may try the following. Let G be a free group generated by the

free generators a;, - + -, a5 and 4 and P as in Theorem 3. Then A\ (G, 4, P)
=((2h—1)/k%)'?=1—-2a, say. Order all possible words in G into a sequence,
say wi, W, - - - . One can then introduce a relation @ =e¢ and try to choose

n, such that \(G) increases by less than «/2. If such an #; is found one tries
to add the relation w3*=e with 7, such that by this extra relation, the spec-
tral radius increases by less than «/2? etc. If for every 7 a proper n; can be

found, then in the group with wj*=e (=1, 2, - - - ) the spectral radius will
still be less than 1.
One can show that z can be chosen such that the relations af= - - - =a}

=e¢ increase N(G, 4, P) arbitrary little, but the author has been unable to
do anything more along the above lines.

Even the statement: “If N(f) =1 for every proper subgroup H of G, then
MG) =1,” which is still weaker than the converse of Corollary 3 is not yet
proved or disproved.
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Note added in proof. Since this paper was submitted, the author proved
that M(G) =1 is equivalent to the existence of an invariant mean on G (cf.
Full Banach mean values on countable groups, Math. Scand. vol. 7 (1959)).

It seems that the Burnside conjecture has been disproved recently in
Russia.
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