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FOR THE STOCHASTIC ISING MODEL

EYAL LUBETZKY AND ALLAN SLY

1. INTRODUCTION

Glauber dynamics is one of the most common methods of sampling from the
high-temperature Ising model (notable flavors are Metropolis-Hastings or heat-bath
dynamics) and at the same time provides a natural model for its evolution from
any given initial configuration.

We introduce a new framework for analyzing the Glauber dynamics via “infor-
mation percolation” clusters in the space-time slab, a unified approach to studying
spin-spin correlations in Z¢ over time (depicted in Figs. [ and Bl and described
in Section [[L2)). Using this framework, we make progress on the following.

(i) High-temperature vs. infinite-temperature: It is believed that when the in-
verse-temperature S is below the critical 3., the dynamics behaves qualitatively
as if 8 = 0 (the spins evolve independently). In the latter case, the continuous-
time dynamics exhibits the cutoff phenomeno with an O(1)-window as shown by
Aldous [2] and refined in [6L[IT]; thus, the paradigm described earlier suggests cutoff
at any 8 < B.. Indeed, it was conjectured by Peres in 2004 (see [I6, Conjecture
1] and [I7, Question 8, page 316]) that cutoff occurs whenever there is O(logn)-
mixingq Moreover, one expects the cutoff window to be O(1).

Best-known results on Z?: Cutoff for the Ising model in the full high-temperature
regime 8 < 3. was only confirmed in dimensions d < 2 [20], and only with a bound
of O(loglogn) on the cutoff window.

(ii) Warm start (random, disordered) vs. cold start (ordered): Within the exten-
sive physics literature offering numerical experiments for spin systems, it is common
to find Monte Carlo simulations at high temperature started at a random (warm)
initial state where spins are independently sampled (“disordered”); cf. [I5L31]. A
natural question is whether this accelerates the mixing for the Ising model, and if
so by how much.

Best-known results on Z¢: None to our knowledge—sharp upper bounds on total-
variation mixing for the Ising model were only applicable to worst-case starting
states (usually via coupling techniques).

The cutoff phenomenon plays a role also in the second question: Indeed, when-
ever there is a cutoff, one can compare the effect of different initial states xy on
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ISharp transition in the L!-distance of a finite Markov chain from equilibrium, dropping quickly
from near 1 to near 0.

2This pertains to 8 < ¢, since at § = 8. the mixing time for the Ising model on (Z/nZ)% is at
least polynomial in n by results of Aizenman and Holley [I,13] (see [I3}, Theorem 3.3]), whereas
for 8 > f it is exponential in n?=1 (cf. [23]).
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FiGURE 1. Information percolation clusters for the two-
dimensional (2D) stochastic Ising model: showing the largest 25
clusters on a {1,...,200}2 x [0, 20] space-time slab. (Color avail-
able online.)

the asymptotics of the corresponding mixing time tgﬁﬁ)(e) independently of &, the
distance within which we wish to approach equilibrium. (For more on the cutoff
phenomenon, discovered in the early 1980s by Aldous and Diaconis, see [3L[5].)

1.1. Results. Our first main result confirms the earlier conjecture by Peres that
Glauber dynamics for the Ising model on A = (Z/nZ)%, in any dimension d, exhibits
cutoff in the full high temperature regime 5 < .. Moreover, we establish cutoff
within an O(1)-window (as conjectured) around the point

(1.1) tm =inf {t >0 : my(v) <1/V/[A]},
where m;(v) is the magnetization at the vertex v € A at time ¢ > 0, i.e.,
(1.2) my(v) = EX;"(v)

with (X;") being the dynamics started from the all-plus starting state (by transla-
tional invariance we may write m; for brevity). Intuitively, at time ¢, the expected
value of ", X,"(v) becomes O(y/|A[), within the normal deviations of the Ising
distribution, and we expect mixing to occur. For instance, in the special case 5 = 0
we have my = e~ and so tm = % log|A|, the known cutoff location from [3}6}11].

Theorem 1. Let d > 1 and let . be the critical inverse temperature for the Ising
model on Z2. Consider continuous-time Glauber dynamics for the Ising model on
the torus (Z/nZ)%. Then for any inverse-temperature 3 < 3, the dynamics exhibits
cutoff at ty as given in (L) with an O(1)-window. Moreover, there exists C =
Cp,a > 0 so that for any fired 0 < ¢ <1 and large n,

tMIX(l - E) > tm — Clog(l/a) ,
taix(€) < tm + C'log(1/e) .

This improves on [20] in two ways: (a) A prerequisite for the previous method
of proving cutoff for the Ising model on lattices (and all of its extensions) was that
the stationary measure would satisfy the decay-of-correlation condition known as
strong spatial mizing, valid in the full high temperature regime for d < 2. However,
for d > 3 it is known to hold only for 8 small enougkﬁ; Theorem [l removes this
limitation and covers all 8 < 3. (see also Theorem[3]). (b) A main ingredient in the
previous proofs was a reduction of L'-mixing to very-fine L?-mixing of sub-cubes

3 At low temperatures on Z% (see the discussion preceding Theorem[3) there might not be strong
spatial mixing despite an exponential decay-of-correlations (weak spatial mixing); however, one
expects to have strong spatial mixing for all 8 < 8.
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FIGURE 2. Top view of information percolation clusters for the 2D
stochastic Ising model: sites of a 200 x 200 square color-coded by
their cluster size (increasing from red to white). (Color available
online.)

of poly-logarithmic size, which was achieved via log-Sobolev inequalities in time
O(loglogn). This led to a sub-optimal O(loglogn) bound on the cutoff window,
which we now improve to the conjectured O(1)-window.

The lower bound on the #,;x(1 — ¢) in Theorem [ is realized from the all-plus
starting configuration; hence, for any d > 1 this is (as expected) the worst-case
starting state up to an additive O(1)-term,

(1.3) tﬁf&)(e) =tm +O(log(1/e)) forany 8 < f,and 0 <e<1.

This brings us to the aforementioned question of understanding the mixing from
specific initial states. Here the new methods can be used to give sharp bounds,
and in particular to compare the warm start using the uniform (disordered) dis-
tribution to various deterministic initial states. We next demonstrate this on the
one-dimensional (1D) Ising model (we treat higher dimensions, and more generally
any bounded-degree geometry, in the companion paper [22]), where, informally, we
show that

e The uniform starting distribution is asymptotically twice faster than the
worst-case all-plus;
e Almost all deterministic initial states are asymptotically as bad as the
worst-case all-plus.
Formally, if uix‘)) is the distribution of the dynamics at time ¢ started from xg, then
(wo)

tl(w@() (€) is the minimal ¢ for which p; °’ is within distance ¢ from equilibrium, and
tf&&(a) is the analogue for the average 27| PO ug‘“) (i.e., the annealed version,

as opposed to the quenched tl(w@() for a uniform ).

Theorem 2. Fiz any >0 and 0 < € < 1, and consider continuous-time Glauber
dynamics for the Ising model on (Z/nZ). Letting tn = %bgn with § = 1 —
tanh(23), the following hold:

1. (Annealed) Starting from a uniform initial distribution: tl(\ﬁz((s) ~ Ftm.
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732 EYAL LUBETZKY AND ALLAN SLY
2. (Quenched) Starting from a deterministic initial state: £{20) (€) ~ £ (€) ~ tm
for almost every xq.

Unlike the proof of Theorem [Il which coupled the distributions started at worst-
case states, in order to analyze the uniform initial state one is forced to compare
the distribution at time ¢ directly to the stationary measure. This delicate step is
achieved via the coupling from the past method [2§].

Remark. The bound on tﬁﬁﬁ) (¢) applies not only to a typical starting state Xy but
to any deterministic X, which satisfies that 1/ (EX¢, (v))? is sub-polynomial in
n—e.g., O((logn)'%)—a condition that can be expressed via Xo(Y;,,) where Y; is
a continuous-time random walk on Z,; see Proposition

As noted earlier, the new framework relaxes the strong spatial mixing hypothesis
from previous works into weak spatial mizing (i.e., exponential decay-of-correlation,
valid for all § < S, in any dimension). This has consequences also for low tem-
peratures: There it is strongly believed that in dimension d > 3 (see [23, Section
5] and [4]) under certain non-zero external magnetic fields (some fixed h # 0 for
all sites) there would be weak but not strong spatial mixing. Using the periodic
boundary conditions to preclude boundary effects, our arguments remain valid also
in this situation, and again we obtain cutoff.

Theorem 3 (low temperature with external field). The conclusion of Theorem [l
holds in (Z/nZ)¢ for any large enough fized inverse-temperature 3 in the presence
of a non-zero external magnetic field.

We now discuss extensions of the framework toward showing universality of cut-
off, whereby the cutoff phenomenon—believed to be widespread, despite having
been rigorously shown only in relatively few cases—is not specific to the underly-
ing geometry of the spin system, but instead occurs always at high temperatures
(following the intuition behind the aforementioned conjecture of Peres from 2004).
Specializing this general principle to the Ising model, one expects the following to
hold:

On any locally finite geometry the Ising model should exhibit cutoff
at high temperature (i.e., cutoff always occurs for B < cq where cq
depends only on the mazimum degree d).

The prior technology for establishing cutoff for the Ising model fell well short of
proving such a result. Indeed, the approach in [20], as well as its generalization
in [21], contained two major provisos:

(i) heavy reliance on log-Sobolev constants to provide sharp L?-bounds on local
mixing (see [THI[29]); the required log-Sobolev bounds can in general be highly
nontrivial to verify (see [14.23H26,[32.33]).

(ii) an assumption on the geometry that the growth rate of balls (neighborhoods)
is sub-exponential; while satisfied on lattices (linear growth rate), this rules out
trees, random graphs, expanders, etc.

Demonstrating these limitations is the fact that the required log-Sobolev inequal-

ities for the Ising model were established essentially only on lattices and regular

trees, whereas on the latter (say, a binary tree) it was unknown whether the Ising
model exhibits cutoff at any small 8 > 0, due to the second proviso.
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INFORMATION PERCOLATION FOR THE ISING MODEL 733

In contrast with this, the earlier mentioned paradigm instead says that, at high
enough temperatures, cutoff should occur without necessitating log-Sobolev in-
equalities, geometric expansion properties, etc. Using the new framework of in-
formation percolation we can now obtain such a result. Define the non-transitive
analogue of the cutoff-location ¢y, from (L)) to be

(1.4) tm=inf {t >0 : 3 my(v)? <1},

with m;(v) = EX, (v) as in (LZ). The proof of the following theorem—which,
apart from the necessary adaptation of the framework to deal with a non-transitive
geometry, required several novel ingredients to obtain the correct dependence of 8
on the maximal degree—appears in a companion paper [22].

Theorem 4. There exists an absolute constant k > 0 so that the following holds.
Let G be a graph on n vertices with maximum degree at most d. For any fized
0 < e <1 and large enough n, the continuous-time Glauber dynamics for the Ising
model on G with inverse-temperature 0 < 8 < k/d has

tMIX(]- - 5) >tm — Clog(l/z—:) ,
twix (&) < tm + Clog(1/e) .

In particular, on any sequence of such graphs the dynamics has cutoff with an
O(1)-window around tp,.

The companion paper further extends Theorem 2] to any bounded-degree graph
at high temperature: the mixing time is at least (1 — eg)ty from almost every
deterministic initial state xg, yet from a uniform initial distribution it is at most
(3 + €8)tm, where €5 can be made arbitrarily small for 8 small enough.

In summary, on any locally finite geometry (following Theorems [Il and 2] for
Z%) one roughly has that (1) the time needed to couple the dynamics from the
extreme initial states, X;" and X, , via the monotone coupling (a standard upper
bound on the mixing time) overestimates ty;x by a factor of 2; (2) the worst-case
mixing time t,;x, which is asymptotically the same as when starting from almost
every deterministic state, is another factor of 2 worse compared to starting from
the uniform distribution.

1.2. Methods: Red, green, and blue information percolation clusters.
The traditional approach for obtaining sharp mixing results for the Ising model
has been two-fold: one would first derive certain properties of the stationary Ising
measure (ranging from as fundamental as strong spatial mixing to as proprietary
as interface fluctuations under specific boundary conditions); these static proper-
ties would then drive a dynamical multi-scaled analysis (e.g., recursion via block-
dynamics/censoring); see [23].

We propose to analyze the spatial and temporal aspects of the Glauber dynamics
simultaneously by tracking the update process for the Ising model on (Z/nZ)? in
the (d+ 1)-dimensional space-time slab. Following is an outline of the approach for
heat-bath dynamicdd; formal definitions of the framework (which is valid for a class
of Glauber dynamics that also includes, e.g., Metropolis) will be given in Section[2

As a first step, we wish to formulate the dynamics (X;) so that the update pro-
cess, viewed backward in time, would behave as subcritical percolation in (Z/nZ)< x

4A single-site heat-bath update replaces a spin by a sample from the Ising measure conditioned
on all other spins.

Licensed to Northwestern Univ. Prepared on Tue Feb 12 18:44:35 EST 2019 for download from IP 165.124.165.50.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



734 EYAL LUBETZKY AND ALLAN SLY

R, ; crucially, establishing this subcritical behavior will build on the classical fact
that the site magnetization m; (defined in (L2))), decays exponentially fast to 0 (the
proof of which uses the monotonicity of the Ising model; see Lemma [ZT]). Recall
that each site of (Z/nZ)¢ is updated via a Poisson point process, whereby every
update utilizes an independent unit variable to dictate the new spin, and the prob-
ability of both plus and minus is bounded away from 0 for any fixed 8 > 0 even
when all neighbors have the opposing spin. Hence, we can say that with probability
6 > 0 bounded away from 0 (explicitly given in (Z4])), the site is updated to a +1
fair coin flip independently of the spins at its neighbors, to be referred to as an
oblivious update.

Clusters definition. For simplicity, we first give a basic definition that will be useful
only for small 8. Going backward in time from a given site v at time ¢, we reveal
the update history affecting X;(v): in case of an oblivious update we “kill” the
branch, and otherwise we split it into its neighbors, continuing until all sites die
out or reach time 0 (see Figure [[). The final cluster then allows one to recover
X¢(v) given the unit variables for the updates and the intersections of the cluster
with the initial state x.

Note that the dependencies in the Ising measure show up in this procedure when
update histories of different sites at time ¢ merge into a single cluster, turning the
spins at time ¢ into a complicated function of the update variables and the initial
state. Of course, since the probability of an oblivious update 6 goes to 1 as 8 — 0,
for a small enough [ the aforementioned branching process is indeed subcritical,
and so these clusters should have an exponential tail (see Figure 2)). For S close
to the critical point in lattices, this is no longer the case, and one needs to refine
the definition of an information percolation cluster—roughly, it is the subset of
the update history that the designated spin truly depends on (e.g., in the original
procedure described earlier, an update can cause the function determining X;(v)
to become independent of another site in the cluster, whence the latter is removed
without being directly updated).

The motivation behind studying these clusters is the following. Picture a typical
cluster as a single strand, linking between “sausages” of branches that split and
quickly dye out. If this strand dies before reaching time 0, then the spin atop
would be uniform, and otherwise, starting, e.g., from all-plus, that spin would be
plus. Therefore, our definition of the cutoff time ¢, has that about \/W of the
sites reach time 0; in this way, most sites are independent of the initial state, and
so X; would be well mixed. Further seen now is the role of the initial state xg,
opening the door to non-worst-case analysis: one can analyze the distribution of
the spins atop a cluster in terms of its intersection with xg at time 0.

Red, green, and blue clusters. To quantify the preceding, we classify the clusters
into three types: informally,

e a cluster is BLUE if it dies out very quickly both in space and in time;

e a cluster is RED if the initial state affects the spins atop;

e a cluster is GREEN in all other situations.
(See Section [ for formal definitions and Figure B for an illustration of these for
the Ising model on Z/nZ.) Once we condition on the green clusters (to be thought
of as having a negligible effect on mixing), what remains is a competition between
red clusters—embodying the dependence on the initial state zg—and blue ones,
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INFORMATION PERCOLATION FOR THE ISING MODEL 735

F1GURE 3. Information percolation clusters in Glauber dynamics
for the 1D Ising model: red (reaching time zero), blue (dying out
quickly), and green clusters on n = 256 sites. (Color available
online.)

the projection on which is just a product measure (independent of xp). Then,
one wants to establish that red clusters are uncommon and “lost within a sea of
blue clusters.” This is achieved via a simple yet insightful lemma of Miller and
Peres [27], bounding the total-variation distance in terms of a certain exponential
moment; in our case, an exponential of the intersection of the set of vertices in RED
clusters between two identically and independently distributed (i.i.d.) instances of
the dynamics. Our main task—naturally becoming increasingly more delicate as 8
approaches S.—will be to bound this exponential moment, by showing that each
red set behaves essentially as a uniformly chosen subset of size O(e=°*\/|A[) at time
tm + s; thus, the exponential moment will approach 1 as s — oo, implying mixing.

Flavors of the framework. Adaptations of the general framework can be used in

different settings:

e To tackle arbitrary graphs at high enough temperatures (Theorem M), a blue
cluster is one that dies out before reaching the bottom (time 0) and has a singleton
spin at the top (the target time t), and a red cluster is one where the spins at
the top have a nontrivial dependence on the initial state xg.

e For lattices at any 8 < (., the branching processes encountered are not suffi-
ciently subcritical, and one needs to boost them via a phase in which (roughly)
some of the oblivious updates are deferred, only to be sprinkled at the end of
the analysis. This entails a more complicated definition of blue clusters, referring
to whether history dies out quickly enough from the end of that special phase,
whereas red clusters remain defined as ones where the top spins are affected by
the initial state x.

e For random initial states (Theorem [2)) we define a red cluster as one in which the
intersection with xzq is of size at least 2 and coalesces to a single point before time
0 under coupling from the past. The fact that pairs of sites surviving to time 0
are now the dominant term (as opposed to singletons) explains the factor of 2
between the annealed /worst-case settings (cf. the two parts of Theorem [2)).
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736 EYAL LUBETZKY AND ALLAN SLY

1.3. Organization. The rest of this paper is organized as follows. In Section
we give the formal definitions of the previously described framework, while Section
B contains the modification of the general framework tailored to lattices up to
the critical point, including three lemmas analyzing the information percolation
clusters. In Section ] we prove the cutoff results in Theorems [Tl and Blmodulo these
technical lemmas, which are subsequently proved in Section The final section,
Section [6] is devoted to the analysis of non-worst-case initial states (random vs.
deterministic, annealed vs. quenched) and the proof of Theorem 2

2. FRAMEWORK OF INFORMATION PERCOLATION

2.1. Preliminaries. In what follows we set up standard notation for analyzing
the mixing of Glauber dynamics for the Ising model; see [20] and its references for
additional information and background.

Mizing time and the cutoff phenomenon. The total-variation distance between two
probability measures 11, 5 on a finite space 2—one of the most important gauges
in Markov chain Monte Carlo (MCMC) theory for measuring the convergence of a
Markov chain to stationarity—is defined as

1 = vallee = max |v1(A) —v2(A)] = 3 =1 |nlo) — (o)l
geN

i.e., half the L!-distance between the two measures. Let (X;) be an ergodic finite
Markov chain with stationary measure mw. Its total-variation mixing-time, denoted
tuix(€) for 0 < e < 1, is defined to be

tunc() 2 inf {t : max [Py, (X; € ) =y < e} ,
o€

where here and in what follows P,, denotes the probability given Xo = zo. A

family of ergodic finite Markov chains (X;), indexed by an implicit parameter n, is

said to exhibit cutoff (this concept going back to the works [2[10]) iff the following

sharp transition in its convergence to stationarity occurs:

(2.1) i tx(E)

=1 foranyO<e<l1.
n—00 tMIX(l _5) Y

That is, tyux (@) = (14 0(1))tux(B) for any fixed 0 < o < 8 < 1. The cutoff window
addresses the rate of convergence in ([Z1I)): A sequence w,, = o(tMIX(e’l)) is a cutoff
window if tyx(e) = tyx(1 — &) + O(wy,) holds for any 0 < ¢ < 1 with an implicit
constant that may depend on e. Equivalently, if ¢, and w, are sequences with
wy, = oty), we say that a sequence of chains exhibits cutoff at ¢,, with window wy,
if

lim liminf max ||Py, (X, —qw, € -) — Tllov =1,

Y—=00 N—00 xgES

lim limsup max ||Pyy (Xt 4w, € ) — 7||lov =0.
V=X poo ToEQR

Verifying cutoff is often quite challenging; e.g., even for the simple random walk

on a bounded-degree graph, no examples were known prior to [19], while this had

been conjectured for almost all such graphs.
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INFORMATION PERCOLATION FOR THE ISING MODEL 737

Glauber dynamics for the Ising model. Let G be a finite graph G with vertex-set V'
and edge-set E. The Ising model on G is a distribution over the set Q = {41}V of
possible configurations, each corresponding to an assignment of plus/minus spins
to the sites in V. The probability of o € Q is given by

(22) 71'(0') = Z71€5 >wver o(Wo(v)+h 2 oy o) ,

where the normalizer Z = Z(8, h) is the partition function. The parameter (3 is
the inverse temperature, which we always take to be non-negative (ferromagnetic),
and h is the external field, taken to be 0 unless stated otherwise. These definitions
extend to infinite locally finite graphs (see, e.g., [I8[23]).

The Glauber dynamics for the Ising model (the Stochastic Ising model) is a
family of continuous-time Markov chains on the state space €2, reversible with
respect to (w.r.t.) the Ising measure 7, given by the generator

(2.3) (Z)e) = elu,0) (f(a") = f(0)),

ueA
where o* is the configuration o with the spin at u flipped and ¢(u, o) is the rate of
flipping (cf. [I8]). We focus on the two most notable examples of Glauber dynamics,
each having an intuitive and useful graphical interpretation where each site receives
updates via an associated i.i.d. rate-one Poisson clock:

(i) Metropolis: Flip o(u) if the new state o has a lower energy (i.e., m(c™) >
m(0)); otherwise perform the flip with probability 7(c*)/m (o). This corre-
sponds to ¢(u,0) = exp (280 (u) Y, ., 0(y)) A 1.

(ii) Heat-bath: Erase o(u) and replace it with a sample from the conditional
distribution given the spins at its neighboring sites. This corresponds to
(,0) = 1/ [1 + exp (~280(u) 3, ., o(0))]-

It is easy to verify that these chains are indeed ergodic and reversible w.r.t. the Ising
distribution 7. Until recently, sharp mixing results for this dynamics were obtained
in relatively few cases, with cutoff only known for the complete graph [I2}[16] prior
to the works [20,21].

2.2. Update history and support. The update sequence along an interval (¢g, t1]
is a set of tuples (J,U,T), where to < T < t; is the update time, J € A is the site to
be updated and U is a uniform unit variable. Given this update sequence, Xy, is a
deterministic function of X, right-continuous w.r.t. ¢;. (For instance, in heat-bath
Glauber dynamics, if s is the sum of spins at the neighbors of J at time T, then
the update (J,U,T) results in a minus spin if U < %(1 — tanh(fs)), and in a plus
spin otherwise.)
We call a given update (J,U,T) an oblivious update iff U < 6 for

(2.4) 0 =034 :=1—tanh(Ap) where A = 2d is the vertex degree,

since in that situation one can update the spin at J to plus/minus with equal
probability (that is, with probability 6/2 each via the same U) independently of
the spins at the neighbors of the vertex J, and a properly chosen rule for the case
U > 6 legally extends this protocol to the Glauber dynamics. (For instance, in
heat-bath Glauber dynamics, the update is oblivious if U < 1—60/20r U > 1—0/2,
corresponding to minus and plus updates, respectively; see Figure [ for an example
in the case d = 1.)

The following functions will be used to unfold the update history of a set A at
time t5 to time t; < to:
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FIGURE 4. Heat-bath dynamics for the 1D Ising model, marking
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(Color available online.)

e The update function Fupp(A,t1,t2): The random set that, given the update
sequence along the interval (¢1, 2], contains every site u € A that A “reaches”
through the updates in reverse chronological order; that is, every u € A such that
there exists a subsequence of the updates (J;, U;, T;) with increasing T;’s in the
interval (t1, 2], such that Jy, Jo, ... is a path in A that connects u to some vertex
in A.

e The update support function Fgup(A,t1,ta2): The random set whose value, given
the update sequence along the interval (¢1, to], is the update support of Xy, (A) as a
function of X, ; that is, it is the minimal subset S C A which determines the spins
of A given the update sequence (this concept from [20] extends more generally
to random mapping representations of Markov chains; see Definition [£1]).

The following lemma establishes the exponential decay of both these update
functions for any 8 < (.. Of these, Fgp is tied to the magnetization m; whose
exponential decay, as mentioned in Section [[L2] in a sense characterizes the one
phase region § < (. and serves as a keystone to our analysis of the subcritical
nature of the information percolation clusters. Here and in what follows, for a
subset A C Z% and r > 0, let B(A,r) denote the set of all sites in Z¢ with L>
distance at most r from A.

Lemma 2.1. The update functions for the Ising model on A = (Z/nZ)? satisfy the
following for any B < B.. There exist some constant cgq > 0 such that for any
AN C A, any vertez v € A’ and any h > 0,

(2.5) P(Fsup(v,t — h,t) # 0) = my, < 2~ ah
with my, = my,(v) as defined in (L)), whereas for ¢ > 20dh,
(2.6) P(Fupn(v,t — h,t) ¢ B(v,£)) < e t.

Proof. The left-hand equality in (ZX)) is by definition, whereas the right-hand in-
equality was derived from the weak spatial mixing property of the Ising model using
the monotonicity of the model in the seminal works of Martinelli and Olivieri [241[25]
(see Theorem 3.1 in [24] as well as Theorem 4.1 in [23]); we note that this is the
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FicUure 5. Update support for heat-bath dynamics for the 1D
Ising model at 8 = 0.4 (6 ~ 0.34); the zoomed-in part shows the
update history with the root spin as a deterministic function of the
leaves. (Color available online.)

main point where our arguments rely on the monotonicity of the Ising model. As
it was shown in [I3] Theorem 2.3] that lim; ’Tl log m; = gap where gap is the
smallest positive eigenvalue of the generator of the dynamics, this is equivalent to
having gap be bounded away from 0.

We therefore turn our attention to (2.0)), which is a consequence of the finite
speed of information flow vs. the amenability of lattices. Let VW denote the set of
sequences of vertices

W= {ﬁ) = (w1, wa, ..., wp) : wy =, ||lwi—1 —w;|j1 = 1}.

For Zypp(v,t — h,t) ¢ B(v,£) to hold there must be some w € W and a sequence
t >t >--- >ty >1t— h so that vertex w; was updated at time ¢;. If this event
holds, call it M. It is easy to see that

P(Mg) = P(Po(h) > () < e~ (ealt/h)=1)

where the last transition is by Bennet’s inequality. By a union bound over W we
have that for £ > 20dh,

P (Foen(v,t — hyt) ¢ B(v,£0)) < (2d)" exp(—£L(log(¢/h) — 1)) < e,
thus establishing (2:6) and completing the proof. |

2.3. Red, green, and blue clusters. In what follows, we describe the basic
setting of the framework, which will be enhanced in Section [3] to support all 8 <
Bc. Consider some designated target time ¢, for analyzing the distribution of the
dynamics on A = (Z/nZ)?. The update support of X;, (v) at time ¢ is

%}(t) == t%\SUP(Ua tv t*) 5

i.e., the minimum subset of sites whose spins at time ¢ determine X;, (v) given the
updates along (¢, t+]. Developing {.7%,(t) : t < t.} backward in time, started at time
L., gives rise to a subgraph ¢, of the space-time slab A x [0, t], where we connect
(u,t) with (u,t’) (a temporal edge) if u € 5, () and there are no updates along
(t',¢], and where we connect (u,t) with (v/,t) (a spatial edge) when u € J,(¢),
u' ¢ J,(t), and v’ € S, (t — ) for any small enough 0 > 0 due to an update at
(u,t) (see Figure B).
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tx——----

FIGURE 6. Red, blue, and green information percolation clusters
as per Definition [Z3] (Color available online.)

Remark 2.2. An oblivious update at (u,t) clearly removes u from 4%, (t — §);
however, the support may also shrink due to non-oblivious updates: the zoomed-
in update history in Figure [ shows x1,x3 being removed from 4%, (t) due to the
update z3 — x2 V 14, as the entire function then collapses to x4.

The information percolation clusters are the connected components in the space-
time slab A x [0,¢,] of the aforementioned subgraphs {4, : v € A}.

Definition 2.3. An information percolation cluster is marked RED if it has a
nonempty intersection with the bottom slab A x {0}; it is BLUE if it does not
intersect the bottom slab and has a singleton in the top slab, v x {t,} for some
v € A; all other clusters are classified as GREEN. (See Figure [l)

Observe that if a cluster is blue, then the distribution of its singleton at the top
does not depend on the initial state zq; hence, by symmetry, it is (%, %) plus/minus.

Let Aggp denote the union of the red clusters, and let SRy, be its collective
history—the union of J%,(t) for all v € Aggp and 0 < ¢t < t, (with analogous
definitions for blue/green). A beautiful short lemma of Miller and Peres [27] shows
that, if a measure p on (2 is constructed by sampling a random variable R C A and
using an arbitrary law for its spins and a product of Bernoulli(%) for A\ R, then the
L2-distance of u from the uniform measure is bounded by E2IRNET 1 for two i.i.d.
copies R, R'. (See Lemmal[43]for a generalization of this, as we will have a product
of complicated measures.) Applied to our setting, if we condition on ey and
look at the spins of A \ Agrgex, then Arg, can assume the role of the variable R,
as the remaining blue clusters are a product of Bernoulli(3) variables.

In this conditional space, since the law of the spins of Aggeex, albeit potentially
complicated, is independent of the initial state, we can safely project the configu-
rations on A \ Aggreex Without increasing the total-variation distance between the
distributions started at the two extreme states. Hence, a sharp upper bound on
worst-case mixing will follow by showing for this exponential moment

(2.7) E [2|ARED”A&ED\

%GREEN} — 1 in probability as n — oo,

by coupling the distribution of the dynamics at time ¢, from any initial state to
the uniform measure. Finally, with the green clusters out of the picture by the
conditioning (which has its own toll, forcing various updates along history so that
no other cluster would intersect with those nor become green), we can bound the
probability that a subset of sites would become a red cluster by its ratio with the
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probability of all sites being blue clusters. Being red entails connecting the subset
in the space-time slab, hence the exponential decay needed for ([27]).

Example 2.4 (Red, green, and blue clusters in the 1D Ising model). Consider
the relatively simple special case of A = Z/nZ to illustrate the approach outlined
earlier. Here, since the vertex degree is 2, either an update writes a new spin
independently of the neighbors (with probability #) or, by symmetry, it takes the
spin of a uniformly chosen neighbor. Thus, the update history from any vertex v
is simply a continuous-time simple random walk that moves at rate 1 — 6 and dies
at rate 6; the collection of these for all v € A forms coalescing (but never splitting)
histories (recall Figure []).

The probability that ZFgup(v,0,t) # @ (the history of X;(v) is nontrivially sup-
ported on the bottom of the space-time slab) is therefore e~ which becomes
1/4/n once we take t = t,, = ﬁ logn. If we ignore the conditioning on the green
clusters (which poses a technical difficulty for the analysis—as the red and blue
histories must avoid them—but does not change the overall behavior by much),
then P(v € Argp N Aky,) = P(H,(0) # 0)? = e~ 2% by the independence of the
copies Arpp, ARy,. Furthermore, if the events {v € Aggp N ARy, boea were mutu-
ally independent (of course they are not, yet the intuition is still correct), then

/

E[2MAre M8k [) = B[ TT, (1 + L{vennsnar, )] would translate into

RED
— g —
HE |:1 + ]l{'UGAmeA;(ED}} = (1 +e 29&) < exp (ne 2915*) ,
v
which for ¢, = t, + s is at most exp(e~2%%). As we increase the constant s > 0,

this last quantity approaches 1, from which the desired upper bound on the mixing
time will follow via (27).

The example demonstrated earlier (modulo conditioning on ¢ geeny and depen-
dencies between sites) how this framework can yield sharp upper bounds on mixing
when the update history corresponds to a subcritical branching process. However,
in dimension d > 2, this stops being the case midway through the high temperature
regime in lattices, and in Section Blwe describe the additional ideas that are needed
to extend the framework to all 8 < ..

3. ENHANCEMENTS FOR THE LATTICE UP TO CRITICALITY

To extend the framework to all § < (. we will modify the definition of the
support at time ¢ for t > t,,, as well as introduce new notions in the space-time slab
both for t > ¢, and for ¢ < t,, within the cutoff window. These are described in
Sections Bl and B2 resp., along with three key lemmas (Lemmas B.IH3.3]) whose
proofs are postponed to Section [Bl

3.1. Post mixing analysis: Percolation components. Let A\ > 0 be some
large enough integer, and let s, > 0 denote some larger constant to be set last. As
illustrated in Figure[1 set

x = tm + Sy,
for k=0,1,..., A let
Tk = tm + ]fS*/)\,
and partition each interval (751, 7] for k = 1,..., X\ into the subintervals

Ik:(Tk,hT}c—l], I]/c:(Tk—l,Tk}.
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FIGURE 7. Regular phases (Zj) and deferred phases (Z,) of the
update history in the range ¢ > t,: no vertices are removed from
the support along the deferred phases (marked by shaded regions).
(Color available online.)

We refer to Zj, as a regular phase and to Z;, as a deferred phase.

Definition (the support J%,(t) for t > ty). Starting from time ¢, = ¢y + 54 and
going backwards to time t,, we develop the history of a vertex v € V rooted at time
t, as follows:

e Regular phases (Z for k =1,...,A): For any 7p—1 <t <7 — 1,
%}(f) = ySUP(%(Tk - 1)7ﬁ77—k - 1) .

Note that an oblivious update at time ¢ to some w € %, (t) will cause it to
be removed from the corresponding support (so w ¢ J%,(t — 8) for any small
enough ¢ > 0), while a non-oblivious update replaces it by a subset of its
neighbors. We stress that w may become irrelevant (thus ejected from the
support) due to an update to some other, potentially distant, vertex z (see
Remark 2.2)).

e Deferred phases (Z;, for k =1,...,A): For any 7, — 1 < t < 7y,

H(t) = Fovo (0 (), b, The) -

Here vertices do not leave the support: an update to w € J,(t) adds its 2d
neighbors to J4,(t — 9).
Recalling the form (J;, U;, T;) of updates (see Section [Z2]), let the undeferred ran-
domness U be the updates along (tm,t.] excluding the uniform unit variables U;
when T; € U,Z}, and let the deferred randomness U’ denote this set of excluded
uniform unit variables (corresponding to updates in the deferred phases).

Remark. Observe that this definition of {J#,(t) : t > tn} is a function of the
undeferred randomness U alone (as the deferred phases Z;, involved %, as opposed
to Fsyp); thus, X; may be obtained from X; by first exposing U, and then
incorporating the deferred randomness I’ along the deferred phases Z;..

Remark. The goal behind introducing the deferred phases Zj is to boost the
subcritical behavior of the support J#,(t) toward an analog of the exponential
moment in (2.7). In what follows we will describe how the set of sites with 2, (ty) #
() are partitioned into components (according to proximity and intersection of their
histories); roughly put, by exposing U but not U’ one can identify, for each set of
vertices B in such a component, a time ¢ in which #%(¢) is suitably “thin” (we
will refer to it as a “cut-set”) so that—recalling that a branch of the history is
killed at rate 8 > 0 via oblivious updates—one obtains a good lower bound on
the probability of arriving at any configuration for the spin-set J#5(¢) (which then
determines X, (B)) once the undeferred randomness U’ is incorporated.
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F1curE 8. Components A = {A;} and B = {B;} corresponding
to {Y;}. Each T; joins vertices of Y via history intersection; T4
and Y7 also join vertices via final proximity and initial proximity,
resp. (Color available online.)

Blocks of sites and components of blocks. Partition Z¢ into boxes of side-length s2,
referred to as blocks. We define block components, composed of subsets of blocks,
as follows (see Figure []).

Definition (Block components). Given the undeferred update sequence U, we say
that u ~ v if one of the following conditions holds:

(1) History intersection: J%,(t) N 7, (t) # O for some t € (tm, t4]-

(2) Initial proximity: u,v belong to the same block or to adjacent ones.

(3) Final proximity: There exist v’ € S, (tn) and v/ € H,(t,) belonging to

the same block or to adjacent ones.

Let T = {v: H,(tm) # 0} be the vertices whose history reaches t,,. We partition
T into components {Y;} via the transitive closure of ~. Let 54, (t) = Uyex, 7 (1),
let A; be the minimal set of blocks covering ., (tm), and let B; be the minimal set
of blocks covering ./, (t,.) = T;. The collection of all components {4;} is denoted
A = A(U), and the collection of all components {B;} is denoted B = B(U).

We now state a bound on the probability for witnessing a given set of blocks. In
what follows, let 20(S) denote the size, in blocks, of the minimal lattice animal]
containing the block-set S. Further let {R «~ S} denote the event for some i the
block-sets (R, S) satisfy R = A; € A and S = B; € B; i.e.,, R, S correspond to the
same component, some T;, as the minimal block covers of 4, (t) at t = tu, ty.

Lemma 3.1. Let § < B.. There exist constants ¢(3,d), \o(B, d) such that, if X\ > Ao
and s, > A2, then for every collection of pairs of block-sets {(R;, S;)},

]P’(O{Ri - sl-}) < exp [ - cs—/\* zi:ﬂﬁ(Ri U si)} .

Cut-sets of components. The cut-set of a component A; is defined as follows. For

k=1,...; A let
Xik =, (Tk)
Eik= H (30T.1) ,
VEXi,k

where § = 1 — tanh(2dg) is the oblivious update probability, and T, ; is the time
elapsed since the last update to the vertex v within the deferred phase Zj, until 7,
the end of that interval. That is, T, = (7 —t) A 1 for the maximum time ¢ < 7
at which there was an update to v. With this notation, the cut-set of A; is the pair

5A lattice animal is a connected subset of sites in the lattice.
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(ki, xi) where k; is the value of 1 < k < A\ minimizing Z; 5, and x; = xi,- The
following lemma will be used to estimate these cut-sets.

Lemma 3.2. Let § < .. Let S be a set of blocks, let xi(S) = H#s(1x), and let
Zx(S) = Hvexk(S) (i@Tv,k) where Ty, 1, is the time that elapsed since the last update
to the vertex v within the deferred phase I, until 7. If X is large enough in terms
of B,d, and sy« is large enough in terms of X\, then

E mgn{(ak(S))—4:1§kgA} < 2 H3el8l

3.2. Pre-mixing analysis: Percolation clusters. Going backwards from time
ty to time 0, the history is defined in the same way as it was in the regular phases
(see Section [B1]); that is, for any 0 < t < ty,

%)(t) = g\suy(%(tm%t; tm) .

Further recall that the set of sites T = {v : J4,(tm) # 0} were partitioned into
components T; (see Section B.1]), and for each ¢ we let A; be the minimal block-set
covering S, (tm)-

Definition (Information percolation clusters). We write A; ~ A; if the supports of
these components satisfy either one of the following conditions (recall that B(V,r) =
{x € Z% : minyey |7 — v||oe < 7}):

(1) Intersection: Fgup(Ai,t,tm) N Fup(Aj,t,tm) # 0 for some 0 <t < tp,.

(2) Early proximity: Zsup(Ai, t,tm)NB(A;,52/3) # 0 for some ty—s, <t < t,

or the analogous statement when the roles of A4;, A; are reversed.

We partition A = {A;} into clusters ¢, c@ ... according to the transitive closure
of the earlier relation, and then classify these clusters into three color groups:

e BLUE: a cluster C*) consisting of a single A; (for some i = i(k)) which dies
out within the interval (t, — s4,tm| without exiting the ball of radius s2/3
around A;,

C(k) = {AZ} ) U fg.SUP(/U7tm - S*7tm) = (Z) 9
vEA;
U ysup(ﬂytatm) C B(Ahsi/g)'
t>tm —Sy, VEA;
e RED: a cluster C(®) containing a vertex whose history reaches time 0,
U gsup(uoatm) #0.
veA; eCk)
e GREEN: all other clusters (neither red nor blue).

Let Agpp be the set of components whose cluster is red, and let Ry, be the
collective history of all v € Aggp going backwards from time t, i.e.,

Hion = {H5(t) + v € Apup , t <tm},

setting the corresponding notation for blue and green clusters analogously.
For a generic collection of blocks C, the collective history of all v ¢ C is defined
as

Ay ={At) v U{A; €CY, t<tw},

Licensed to Northwestern Univ. Prepared on Tue Feb 12 18:44:35 EST 2019 for download from IP 165.124.165.50.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



INFORMATION PERCOLATION FOR THE ISING MODEL 745

and we say J#; is C-compatible if there is a positive probability that C is a cluster
conditioned on J% .

Central to the proof will be to understand the conditional probability of a set of
blocks C to be a single red cluster as opposed to a collection of blue ones (having
ruled out green clusters by conditioning on .#¢peex) given the undeferred random-
ness U and the history up to time t;, of all the other vertices,

(3.1) ¥e =supP (C € RED | #, = X, {C € RED} U {C C BLUE}, U).
X

The next lemma bounds W¢ in terms of the lattice animals for C and the individual
A;’s; note that the dependence of this estimate for We on U is through the geometry
of the components A;. Here and in what follows we let |z|T = x A 0 denote the
positive part of x.

Lemma 3.3. Let 8 < B.. There exists ¢(f8,d),so(8,d) > 0 such that, for any
Sx > S0, any large enough n and every C C A, the quantity V¢ from BI) satisfies

4d
(3.2) Ve < Be AN Al

VIAI

4. CUTOFF WITH A CONSTANT WINDOW

4.1. Upper bound modulo Lemmas B.TH3.3l Let U/ be the undeferred ran-
domness along (tm,%,] (the update sequence excluding the uniform unit variables
of updates in the deferred phases Up_,Z;). Let d(t,U) be the coupling time condi-
tioned on this update sequence, that is,

d(t,U) = sup [Py, (X; € - | U) =Py, (X; € - [ U]

Zo,Y0

W(C)~Y 4;ec WA

+

TV °

Toward an upper bound on d(t,U) (which will involve several additional definitions;
see (@A), our starting point would be to consider the notion of the support of a
random map, first introduced in [20]. Its following formulation in a more general
framework appears in [21]. Let K be a transition kernel of a finite Markov chain.
A random mapping representation for K is a pair (g, W) where g is a deterministic
map and W is a random variable such that P(g(z, W) = y) = K(z,y) for all 2,y
in the state space of K. It is well-known that such a representation always exists.

Definition 4.1 (Support of a random mapping representation). Let K be a Markov
chain on a state space YA for some finite sets ¥ and A. Let (g, W) be a random
mapping representation for K. The support corresponding to g for a given value of
W is the minimum subset Ay C A such that g(-, W) is determined by z(Aw ) for
any z, i.e.,

g(z, W) = fiv(x(Aw)) for some fy : 4w — ¥4 and all z.
That is, v € Ay if and only if there exist z, 2’ € £* differing only at v such that
g(z, W) # g(a’, W).

Lemma 4.2 ([21I, Lemma 3.3]). Let K be a finite Markov chain and let (g, W) be
a random mapping representation for it. Denote by Aw the support of W w.r.t. g
as per Definition Il Then for any distributions ¢, on the state space of K,

Ik — K|, < / ol — Ylaw ey dBOV).
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To relate this to our context of seeking an upper bound for d(t,i), recall that
(as remarked following the definition of the regular and deferred phases in Section
B) 4,(t) for t > tn is a function of the undeferred randomness U alone. Hence,
both the A;’s and their corresponding cut-sets (k;, x;) are completely determined
from Y. Letting Z, denote the joint distribution of X, (x;) for all the components
A, we can view (X;, € - | U) as a random function of (U; X7, (xi) | U) whose
randomness arises from the deferred updates U’ (using which X, (v) for v € T; can
be deduced from X, (x;),U, while X; (v) for v ¢ T is completely determined by
U). It then follows from Lemma [£.2] that

u] |

Conditioning on JGgeex in the main term in (&1]), then taking expectation,
sup ||P10(ZX € \Z/{) _]P)yo(Zx € |L{)
xo,Yo

(42) S sup Ssup HPwO (Z;( c - | %REENa Z/{) — ]P)y() (Z;( c - | %REEN7 L{) ||

HGreexy £0,5Y0

(41)  d(t,U) <E |sup [Py (Zy € - [U) =Py (2 € - U]

Zo,Y0

TV

ey

TV’

where Z] is the joint distribution of Xry, (xi) for A; ¢ Agpgen, i.€., the projec-
tion onto cut-sets of blue or red components. (The previous inequality replaced
the expectation over Ggreey by a supremum, then used the fact that the values
of {XT,% (xi) : A; € A} are independent of the initial condition, and so tak-
ing a projection onto the complement spin-set does not change the total-variation
distance.)

Now let v; be the distribution of the spins at the cut-set of A; when further
conditioning that A; is blue, i.e.,

Vv; = (X‘Fki (Xi) € - ’ ijREENy U, A; € ABLUE) 5

and further set
uf:ngnui(x), v= H ;.
i:Aig-AGm:HN
The right-hand side of [@2) is then clearly at most
2 sup sup ||IP$D (Z;( € - | Hnun, U) — VH

TV
HGreen TO

(4.3) <2 sup sup [HPM (Z;( € - | Hareen, U)

HGreen TO

~ |y A 1] .

At this point we wish to appeal to the following lemma—which generalizes [27]
Proposition 3.2], via the exact same proof, from unbiased coin flips to a general
distribution—bounding the L2-distance in terms of an exponential moment of the
intersection between two i.i.d. configurations.

Lemma 4.3. Let {A; : i € I} be a partition of A, and let v; (i € Z) be a measure
on {+1}*. For each S C I, let ps be a measure on {£1}Yicsdi. Let y be a
measure on configurations in Q = {£1}* obtained by sampling a subset S C T via
some measure fi, then sampling U;es\; via pg and setting each A; for i ¢ S via an
independent sample of v;. Letting v =[], vi,

el =[S ((TT | min wie) )] 1.

5,87 Niesns’
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Proof. For any S C Z, let xg denote the projection of x onto U;cgA;. With this
notation, by definition of the L?(r) metric (see, e.g., [30]) one has that ||,u—1/\|%2(l,)+

1= [|u/v— 1|2d1/ +1is equal to

Z ‘u Z Vz xl Z/’L LPS(JT;S’)QOS’ xrgr HVZ xz H v; -Tz

zeQ S,S! ¢S ¢S’

by the definition of x. This can in turn be rewritten as

T ( vs(zsns)ps: ( iL'SﬂS’ )( SO V‘(xi))

vi\x;
S,8" Nwgngs [Licsns: vil®:) T(sus)e 1€(SUS)*

: ( > es(@s\sr | zsns) >( > ps(zsns | l’sms)) (S)a(Ss")

:L’S\S/ IS’\S

_ Z( Z Ps $Sms')<Ps'($SmS/)> (S) (S’)

5,8 Nazgng [Licsns vizi)

which is at most

Z( D <~"ﬂ>)( 2. <PS($SmS/)<Ps'(iUSmS/))ﬂ(S)ﬁ(S/)

5.5 Niesns: ¥ Tgng
~1
< min 1/(90)) a(S)a(S’) . ]
L%(iegs/zie{il}Ai o

Applying the previous lemma to the quantity featured in ([£3)) yields

1
1Bay (2 € | Ao U) = |20, < E[ I | Ao u] -1

A€ AR N Appyr b

where Argp and Argp are two i.i.d. samples conditioned on Fgppey and U. Com-
bining the last inequality with (&), [@2]), and [@3]), we conclude the following:

1 3
(E[ I = u}—1> /\1].
v
AiE.AREDﬁARED/ ?

Note that the expectation is only w.r.t. the update sequence along the interval
(0,tm]. Indeed, the variables Agrg, and Aggp do not depend on the deferred ran-
domness U’, which in turn is embodied in the measures v; (and consequently, the
values ).

The expectation in the right-hand side of [@4) is treated by the following lemma.

(4.4)  d(t.,U) <2 sup sup

HGreex TO

Lemma 4.4. Let 8 > ., let Argp and Aggpy denote the collection of components
within red clusters in two independent instances of the dynamics, and define Ve as

in BI). Then

u}gexp{ > weve [[ = ] j]

E[
v
A €ARpN Ay, CNC'#D AjecC J Ajec’

One should emphasize the dependence of the bound given by this lemma on
Hrerny and U: The dependence on H#¢rpey Was eliminated thanks to the supremum
in the definition of . On the other hand, both ¥ and vy still depend on U.
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748 EYAL LUBETZKY AND ALLAN SLY

Proof of Lemma 4.4 We first claim that, if {Yz} is a family of independent
indicators given by

P(Ye =1) =T,
then, conditioned on ey, one can couple the distribution of Agg, to {Ye : C C
A\ Acreen} in such a way that

(4.5) {C:CeRED} C{C:Y:=1}.
To see this, order all C C A\ Agreex arbitrarily as {C;};>1 and let F; correspond to

the filtration that successively reveals 1¢¢,erpp}. Then P(C; € RED | Fi1) < Vg,
since

P(Cl € RED ‘ ]:1_1) < sup%IP’(Cl € RED | Fi_1, {Cl S RED} U {Cl C BLUE}7
Hey =2)
and in the new conditional space the variables {C; € RED};; are measurable since
(i) the event {C; € RED} for any C; disjoint from C; is determined by the condi-
tioning on J7; ;
(ii) any C; nontrivially intersecting C; is not red under the conditioning on {C; €
RED} U {C; C BLUE}.
This establishes (£3]).
Consequently, our next claim is that for a family {Y¢ ¢/} of independent indica-
tors given by

P(chc/ = 1) = WUeWe  for any C, C'cA \ AGreen

one can couple the conditional distributions of Aggp and Agrgy given Ggpgpy in
such a way that

1 1 1
— < , _ - _
(4.6) H S H (1+YC,C ( H > H o 1)) .
Ai€ArmNApgy b C,C"CA\ AGresy AjeCc ) Ajecr I
CNC'#0
To see this, take {Yc} achieving (@) and {Y/} achieving its analog for RED'.
Letting {(C;,C[)}i>1 be an arbitrary ordering of all pairs of potential clusters that
intersect (C,C’ C A\ Agresxy with CNC’ # 0), associate each pair with a variable
R; initially set to 0, then process them sequentially:
e If (C;,C)) is such that for some j < [ we have R; = 1 and either C; NC; # ()
or C; N Cj # 0, then we skip this pair (keeping R; = 0).
e Otherwise, we set R; to be the indicator of {C; € RED, C; € RED'}.
Observe that, if F; denote the natural filtration corresponding to this process, then
for all [ we have

P(Rl =1 ‘ ]:171) < P(Ycl = 1,Ycl/ = 1) =UeVer,

since testing if R; = 1 means that we received only negative information on {Y¢, =
1} and {Y¢; = 1}; this implies the existence of a coupling in which {l : R; = 1} C
{l: Ye, o = 1}. Hence, if A; € Aggp N Aggp, then A; € C; N C] for some [ where
Ye, = Ye; = 1, so either Y, ¢; = 1 or else ch,c; = 1 for a previous pair (Cj,Cé-)
in which C; = C; or C; = (] (a nontrivial intersection in either coordinate will not
yield a red cluster). Either way, the term 1/} is accounted for in the right-hand

side of (£4), and (@8] follows.
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INFORMATION PERCOLATION FOR THE ISING MODEL 749

Taking expectations in (£.6) within the conditional space given #¢Green, U, and
using the definition (and independence) of the Y¢ ¢/’s, we find that

E[ I %GREEN,U} < 11 (1+‘I’c‘I’c’ 1. 11 })

A €EArpp N Ay e’ £0 Ajec "I Azect I

Sexp[ > Vel Hyi 11 H [

cner#0 Azec I Azecr I

Corollary 4.5. Let > .. With the earlier defined Y¢ and Z;’s we have

1/2
(4.7) d(t*)gzl(la{ > el ] :i 11 :iD .

cner#9 Ajec 7T Ajecr T

Proof of Corollary 4.5l Plugging the bound from Lemma H4] into ([@4]), and
then integrating over the undeferred randomness U, produces an upper bound on
the total-variation distance at time ¢,

<exp{ > weve [] :i 11 %]-1)1/2A1],

CcNe/#0 Ajec 77 Ajecr T

d(t,) < 2E

where E denotes expectation w.r.t. ¢, and we used the observation that v; > =;
by construction. Indeed, v} denotes the minimal measure of a configuration of the
spins in the cut-set x; of a blue component A; given U, #Grppn at time 7y, (where
k; is the index of the phase optimizing the choice of the cut-set). Clearly, any
particular configuration 7 € {£1}X9 can occur at time 7, if every x € x; were to
receive an oblivious deferred update—with the appropriate new spin of n,—before
its first splitting point in the deferred phase I,’cj. Since oblivious updates occur at
rate 6, this event has probability at least (1 — exp(—07})) > 16T, where T} is
the length of the interval between 75, and the first update to x in I,Qj, and the
inequality used 1 —e™® > 2 — 2%/2 > 2/2 for z € [0,1] (with = 0T, < 1). The
independence of the deferred updates therefore shows that v} > =;.

Since ve® — 1 < 2y/z for z € [0, 1], the inequality (v/e* — 1A 1) < 24/z holds for
all > 0; thus, Jensen’s inequality allows us to derive ([@7)) from the last display,
as required. |

It now remains to show that the expectation over & on the right-hand side
of @) is at most €(sy) for some £(s,) > 0 that is exponentially small in s,, which
will be achieved by the following lemma.

Lemma 4.6. Let 3 > B.. With the earlier defined V¢ and Z;’s we have

B ¥ wewe [T £ I 2| <ot

cne£0 A;ec ~t Aecr T

Proof of Lemma 4.6l We begin by breaking up the sum over potential clusters
C,C’ in the left-hand side of the sought inequality as follows: first, we will root a
single component A € C NC’; second, we will enumerate over the partition of these
clusters into components: C = {A;,} and C' = {4;, }; finally, we will sum over the
the block-sets {B;} that are the counterparts (via U) at time ¢, to the block-sets
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750 EYAL LUBETZKY AND ALLAN SLY

{A;} at time t,,. Noting that the event {A; «~ B;}—testing the consistency of
{4;} and {B;}—is U-measurable, we have

> weve [[ = 1 =

CNC'#0 Ajec 79 Ajecr 7Y

1 1

SZ Z ZEKH]l{Aij*w*Bj}?)‘I’C(Hl{Aika;}E‘ >‘1/c'} .

A C:{Aij}aA {B;} Fi i A ix
c'={A; }2A{BL}

48) E

Recall from (B.1]) that Lemma [3.3] provides us with an upper bound on W¢ in terms
of the components {4;,} of C and uniformly over . Letting Wy, } denote this
“ J

bound (i.e., the right-hand side of ([B2)) for brevity, we can therefore deduce that
the expectation in the last display is at most

1 1
(H Lia, ij}?) (H L{A, B} = )
j i k =

ik

E

Via ¥,

Holder’s inequality now implies that the last expectation is at most
%
1 1
lp<ﬂ{AiJ o Bj})]E[H :T}P(H{Aik e Bk})E[H :—4” )
j i k kT

and when incorporating the last two steps in (@8] it becomes possible to factorize
the terms involving C,C’ and altogether obtain that

(4.9) E[ > wewe [[ = 11 %]

cNe’#0 A;ec T Aecr T
1 2
1 1 1
| X Sr(Neay ) B[ ar] o
A Le={A;;}{B;} J i
AeC
The term P(ﬂj{Aij e~ B;}) is bounded via Lemma Bl The term E[HJ Ei_j‘l]

is bounded via Lemma using the observation that one can always restrict the
choice of phases for the cut-sets (only worsening our bound) to be the same for
all the components, whence [ sy identifies with a single variable = whose source

block-set at time ¢, is U;B;. Finally, \Il{ 4,y corresponds to the right-hand side
J

of B2) from Lemma B3 in which we may decrease the exponent by a factor A
(only relaxing the bound as A > 1). Altogether, for some ¢ = ¢(8,d) > 0 (taken as
% A ca where ¢y, ¢y are the constants from Lemmas [3.1] and [3.3] respectively) the
last expression is at most

(2 S

A
AecC

2
(4.10) o=/ (|2O- S WA [T WA, UB) ) +4 T 1Ay 141 2 |Bj> .
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INFORMATION PERCOLATION FOR THE ISING MODEL 751

It is easy to see that since |20 (C) — >, W(A4;,)[* > 1(C) - > W(A;; U By)),
we have that

- 0(4;, U By) + [0 (€) - S 20(4) "

Since each of the summands |A;;| and |B;| in the previous exponent is readily
canceled by 20(A;, U B;), we deduce that if cs, /X is large enough, then [@I0) is at

Z% ZQBA U B;)

most
(4.11) w;<cg }{;}exp[ (CUUB)])
AGC

Now, the number of different lattice animals containing « blocks and rooted at a
given block X is easily seen to be at most (2d)2(""1), since these correspond to trees
on k vertices containing a given point in Z¢, and one can enumerate over such trees
by traveling along their edges via a depth-first search: beginning with 2d options
for the first edge from the root, each additional edge has at most 2d options (at
most 2d — 1 new vertices plus one edge for backtracking, where backtracking at the
root is regarded as terminating the tree). The bound on the number of rooted trees
(and hence the number of rooted lattice animals) now follows from the fact that
each edge is traversed precisely twice in this manner.

Next, enumerate over collections of blocks {4;;, B;} with 20(C) = S and },
(Aij @] B]) =R:

e There are at most (2d)%(°~1) ways to choose C containing A by the previous
lattice animal bounds.

e There are at most 2° choices of blocks D; € C so that each D; € A;; will
be in a distinct A;;.

e There are at most 2% choices of 7; representing 20(A;, U B;) since > =
R.

e For each j there are at most (2d) choices of minimal lattice animals
of size r; rooted at D; which will contain A;; U B;. Together, this is at
most (2d)%: 21 < 9R,

e For each lattice animal there are 2" ways to assign the vertices to be either
in or not in A;; and 2" choices to be either in or not in B;. In total this
gives another 4% choices.

Altogether, we have that the number of choices of the {4;,, B;} collection is at
most 258%(2d)2(S+R). Thus,

) Zexp[ > (2 )+ 3, U ) )]
izt

< Z 67537*(5+R)258R(2d)2(8+72) < e £
S,R>1

2(7‘j-1)

provided s, is large enough compared to d. Plugging this in [@IT) finally gives

[ Z Yeler H A H =, Ze 563*/A<e 5“*/>‘

22,\+6 8d
] < T
CNC'#0 Aec Tt Ajecr T
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752 EYAL LUBETZKY AND ALLAN SLY

where the last inequality holds whenever, e.g., s, > A% and \ is large enough in
terms of S, d. |

Combining Corollary and Lemma shows that d(t.) < 4exp[—5cs,. /A,
and so in particular, once we fix A larger than some A\o(f,d), the total-variation
distance at time ¢, will decrease in s, as O(exp[—c's,]) for some ¢/(8,d) > 0,
concluding the proof. |

4.2. Lower bound on the mixing time. We begin with two simple lemmas,
establishing exponential decay for the magnetization in time and for the correlation
between spins in X; in space.

Lemma 4.7. There exist c1(8,d) and co(B,d) such that for all 0 < h < t,

02h

my < cire mMy_p.

Proof. By Lemma [ZT]

E|Fum(v,t — b, t)|* < |B(0,20d0)[2 + 3 K*P(Faup(v,twm — by tw) ¢ B(v,k))
k=20dh
n

< |B(v,20dh)* + ) KM F = 0(h*).
k=20dh
Then by Cauchy-Schwarz,
E|Fsue (v, t — b, )| < E [|Foen(v,t — by )| Lz, (0,0—ht)20} )
1/2
< <]E |:|<%JPD(U; t—h, t)|2} P(Fsup(v,t — h,t) # @)) < O(hdeich/z) :

If Zgup(v,0,t) # 0, then Fgyp(u,t — h,t) # 0 for some u € Fypp(v,t — h,t). Using
the translational invariance of the torus (which implies that all vertices have the
same magnetization),

m; = P(Foue(v,0,t) # 0) < E [|Foeo (vt — b, t) || P(Feue(v,t — h,t) # 0)
< O(he )y,
as claimed. |
Lemma 4.8. There exist ¢1(B,d),ca(B,d) > 0 so that starting from any initial
condition X,
Cov(X;(u), X (v)) < crexp(—calu—v|) foranyt >0 and u,v € A.
Proof. Let £ denote the event that the supports of w and v intersect, that is,
£ { U (Pl .0 O B0, 1)) = @}.
o<t/ <t

Let X; and X} be two independent copies of the dynamics. By exploring the
histories of the support we may couple X; with X and X/ so that on the event &£
the history of v in X} is equal to the history of v in X] and the history of v in X
is equal to the history of u in X]'. Hence,

E [X:(0) X (u)] = E [ X (0) X[ (u) + (Xi(0) Xy (u) — X{(v) X{'(u)) 1¢]
< E[X{(0)] E[X} (u)] + 2P(E),
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INFORMATION PERCOLATION FOR THE ISING MODEL 753

and so Cov(X(v), X¢(u)) < 2P(E). Define the event
Ko ={Fse (vt — 5=5.1) =0, Foen (vt — 1=3.1) € B(v, %)} .
By Lemma 211
P(Ky,) > 1 —exp(—c 55=7) -

If Ky ju—v and Ky |4y both hold, then the histories of u and v do not intersect,
and so

P(E) < PUKE oy UK ) < 2exp (¢ it )

This completes the proof, as it implies that

Cov(X;(v), X¢(u)) < 2P(E) < 4exp (—c’%) ) |

We are now ready to prove the lower bound for the mixing time. To lower
bound the total variation distance at time t,, — h we take the magnetization as a
distinguishing statistics. By Lemma .7,

E|:ZXtJ;h(’U):| = [Almy, —n > c1e?"|AJmy,, = cre®"V/|A],

vEA

while Lemma .8 implies that

Var (3200 = 3 CovX (0 X7 () = AT enem v <
vEA u,vEA u€eA

for some ¢’ = ¢/(8,d) > 0. By Chebyshev’s inequality,

1 Var X (v
(ZXt 7h _|A|mtmh> >1-— - (ZUGA im h( )) >1— C/e—2CQh'
2 2K [ZUGA Xtm—h(v)]

Now if ¢ is a configuration drawn from the stationary distribution, then E[>

vEA

vEA
o(v)] = 0, and since X, converges in distribution to the stationary distribution,

Var (%J(U)) = lim Var (%X* ) <Al

Hence, by Chebyshev’s inequality, the probability that the magnetization is at least
2|Afmy, _p, satisfies

1
IP’(Z o(v) > §|Amtm_h) < el

vEA
Thus, considering this as the distinguishing characteristic yields

doy (X, 7) > P(ZX A %|A|mtmh)

vEA
—P(Zow) > %A|mtm_h) 1 - 2c/e~%ah,
vEA

concluding the proof of the lower bound. |
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754 EYAL LUBETZKY AND ALLAN SLY

5. ANALYSIS OF PERCOLATION COMPONENTS AND CLUSTERS

5.1. Percolation component structure: Proof of Lemmal[3.dl Toeachv € A,
associate the column Q, = B(v, 53/2) X (tm,ts] in the space-time slab Z% x (tn, t.].
Recall that the history of vertices gives rise to edges in the previous space-time slab
as per the description in Section Bl Namely, if at time ¢ there is a non-oblivious
update at site  we mark up to 2d intervals [(z,t), (y,t)] for  ~ y, and if a site =
is born at time ¢’ and dies at time ¢”, we mark the interval [(x,t), (z,t")]. Given
these marked intervals, we say that a column @, is exceptional if it contains one of
the following:

e Spatial crossing: a path connecting (,t) to (y,t') for |z —y| > %siﬂ and some

t,t' € (tm,ts]-
e Temporal crossing: a path connecting (v,t,) to B(v, 83/2) X {tm}-

Equation ([Z0) from Lemma 2] tells us that, even if all phases were deferred (i.e.,

the update support were ignored and vertices would never die), then the probability

/

of witnessing a spatial crossing of length s3/2 starting from a given site x during

a time interval of s, is at most exp(—sim) provided that s, > (20d)2. In lieu
of such a spatial crossing, the number of points reachable from (v,t,) at time

Tk — 1 = t, — 1 (marking the transition between the deferred phase Z; and the

regular phase 7Zj) is O(sid/ %). By Equation (Z3) from that same lemma, there
exists some ¢; = ¢1(8,d) > 0 so that the probability that the history of a given u
would survive the interval Z is at most 2exp(—c; ). A union bound now shows

that, overall, the probability that @, is exceptional is O(sid/ 2 exp(—c1 %)), which

is at most exp(—% 5+) if, say, s, > A2 and ) is large enough in terms of 3, d.

Consider now the collection of block-set pairs {(R;, S;)}. If R; «~ S; on account
of some component Y;, at times t, and ¢, (ie., T;, is minimally covered by S;
while j‘frh (tm) is minimally covered by R;), then every block S € S; contains some
v € T, such that (v,t,) is connected by a path (arising from the aforementioned
marked intervals) to (R;,twn) and every R; contains some w € S, (twm) such that
(w, ty) is connected to (S;, t.). Moreover, the set of blocks traversed by these paths
necessarily forms a lattice animal (by our definition of the component Y;, via the
equivalence relation on blocks according to intersecting histories or adjacency at
times ty, or t,). We claim that for any block X in this lattice animal, either X
contains some vertex v such that @, is exceptional, or one of its 2d neighboring
blocks does (and belongs to the lattice animal). Indeed, take z € X such that there
is a path P from some v € S; to some w € R; going through x (such a path exists
by the construction of the lattice animal). If P is contained in B(z, %si/z) X (tm, ts],
and hence also in B(v, Si/ 2), then it gives rise to a temporal crossing in @, and v
belongs either to a neighboring block of X or to X itself. Otherwise, P visits both
x and some y € 0B(x, %siﬂ) and in doing so gives rise to a spatial crossing in Q,
as claimed.

It follows that if (R;, S;) are the blocks corresponding to the components Y, for
all 4, then there are pairwise disjoint lattice animals, with m; > 25(R; U S;) blocks
each (recall that 20(.5) is the smallest number of blocks in a lattice animal containing
S), such that either each block contains some v for which @, is exceptional or it has
a neighboring block with such a vertex v. Therefore, by going through the blocks

in the lattice animals according to an arbitrary ordering, one can find a subset
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INFORMATION PERCOLATION FOR THE ISING MODEL 755

S of at least > m,;/(2d + 1) blocks, such that each block in S contains a vertex
with an exceptional column. Similarly, we can arrive at a subset S’ C S of size at
least Y m;/(2d + 1)? such that every pair of blocks in it has distance (in blocks)
at least 2. Since the event that @, is exceptional depends only on the updates
within B(v, s3/ 2), the distances between the blocks in S’ ensure that the events of
containing such a vertex v are mutually independent. Hence, the probability that
a given collection of lattice animals complies with the event {R; «~ S;} for all ¢ is
at most exp[—% 5 (2d +1)72 3" my), or exp(—ca % > m;) for c3 = c2(B,d).
Finally, recall from the discussion ([@II]) that the number of different lattice
animals containing m blocks and rooted at a given block is at most (2d)2(™~1.
Combined with the preceding discussion, using m; > 203(R; U S;) we find that

PR~ SH <[ > @drme=sm

C2 Sy

< exp {_ ETZi:m(Ri us,»)]

if for instance s, > 4\ log(2d)/ca, readily guaranteed when s, > A? for any \ that
is sufficiently large in terms of 3, d. |

5.2. Cut-sets estimates: Proof of Lemma Partition the space-time slab
A X (tm, ts] into cubes of the form @ X (¢,t + r] where r is some large integer to be
later specified (its value will depend only on 3 and d) and @ C Z< is a box of side-
length 2. We will refer to Qt x (¢,t+7] for QT := B(Q, r%/?) as the corresponding
extended cube. Let us first focus on some regular phase 7. Similar to the argument
from the proof of Lemma Bl (yet modified slightly), we will say that a given cube
Q x (t,t +r] is exceptional if one of the following conditions is met:

e Spatial crossing: the cube has a path connecting (z,t') to (y,t”) for some
x,y € Q such that |z —y| > r3/2.

e Temporal crossing: the extended cube has a path connecting (z,t+r) to (y,t)
for some z,y € Q7.

As before, the probability that a given cube contains a spatial crossing is
O(r?® exp(—r3/2)) provided that r > (20d)?, by the bound from Equation (2.0).
Similarly, the probability of the aforementioned temporal crossing within the reg-
ular phase is O(r*¢exp(—cir)) for some ¢; = c¢1(B8,d) > 0 by Equation (ZH).
Combining the two, the probability that a cube is exceptional is at most exp(—cor)
for some ¢ = co(B,d) > 0 if r is large enough in terms of 3, d.

Next, break the time interval 7 = (7x—1,7x — 1] into length-r subintervals
Tk, Lim (so that m = (/\i—*l)r) in reverse chronological order, i.e.,

Ipa= (e —lr=1m—(-1r—-1]  (I=1,....m).

Further let 7, o = 7, — 1, and let Y} ; for [ = 0,...,m count the number of cubes
Q@ X Ii; (boxes when [ = 0) that, at time ¢ = 7, — (I — 1)r — 1 (the end of the
subinterval 7y, ;), intersect the history of S.

Our next goal is now to bound the exponential moments of Y} ,,,, the number
of cubes intersecting the history of S at time 74_1, which will be achieved by the
following claim.
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Claim 5.1. For any k =1,..., ), the previously defined variables (Yy,;) satisfy
(5.1) E[e"Ysm] <1+ (%)mexp [(3)™aYyro]  forany0<a< 3.

Proof. Throughout the proof of the claim we drop the subscript £ from the Y ;’s
and simply write (Y}).

If ve@x7— (I —1)r—1 belongs to the history-line, we can trace its origin
in the cube @) x Zj;_1 and necessarily either that cube is exceptional or one of its
2d neighbors is (as otherwise there will not be a path from v making it to time ¢, ).
Hence, Y11 < (2d+1)X;1, where X;11 counts the number of exceptional cubes in
the kth subinterval. Moreover, starting from Y; cubes covering the history, the set of
exceptional cubes counted by X;;1 is composed of Y; lattice animals—each rooted
at one of those Y; cubes. So, if Y; = a for some integer a and we consider lattice
animals of sizes wy, ..., w, (cubes) for each of these, the number of configurations
for these lattice animals would be at most (2d)?2=%¢ as was noted in the proof
of Lemma Bl Out of these, we can always extract a subset of (3> w;)/(2d + 1)
cubes which are pairwise non-adjacent, whereby the events of being exceptional are
mutually independent.

Combining these ingredients, and setting § = %CQ(QCZ + 1)72, if Fy, is the o-
algebra generated by the updates in the subintervals Zj ;» for I’ <, then

E I:e(sTY'l+1 |]:k l] S E |:e(2d+1)5’r‘XH,1 ‘ J—_'k l:|

< Z exp [[(Qd +1)6r + 2log(2d) — ca(2d + 1) 'r] Zwl}

wl,.“,wyl
Y Y
(52) — |:Ze[(2d+1)6r210g(2d)]w:| < |:262d§rw:| < exp [6757"%] ,

where the last two inequalities hold provided that dr is sufficiently large, i.e., when
r is a large enough function of 8 and d. In particular, by Markov’s inequality this
implies that for any y > 0,

P(Yig1 >y | Fiy) <exp [e7Y; — dry] <exp [V —y] ,

provided that or is large. This enables us to complement the bound in (5.2]) when
taking a small factor instead of §r; namely, for any 0 < a < 1 we have

0o 0 lY
E [anH—l | ]:k,l] _ / P (anz+1 >t -Fk,l) < / <1 A ele[/t l] >dt
0 0

) e%Yl

a o a  a
=il 4 1Yl tmadt = &YV 4 etV = .
etV 1-a 1—-a

When Y; > 6, we can upper bound the last exponent by exp(—%a + %aYl) and get
that for any 0 < a < %,

_34
E [ = 1| Fiy, Yi 2 6] < —

—a

where the last inequality used 1 —a > exp(—1%) > exp(—3a) for 0 < a < 3,

followed by the fact that e*/® —1 < a(e®® —1) forany 0 < o < 1 and 2 > 0
thanks to Jensen’s inequality. On the other hand, if Y; < 6, then again by Jensen’s
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inequality (now taking o = a/ér) and Equation (5.2)),

o 3
B[ = 1| Fiyn Yi<6] < o (e —1) < 7 (8- 1)

r
with the last inequality justified since exp(e™2"Y;) < exp(6e=°") < 2 for large dr,
so its left-hand side is at most a/dér < a/3 (again for large or), while using ¥; > 1
in its right-hand side (when Y; = 0, both sides are 0) shows it is always at least

a/2.
We have thus established the previous relation for all values of Yj; iterating it
through the m subintervals of 7, yields (51I), as required. |

Moving our attention to the deferred phase Zj,, here we would like to stochasti-
cally dominate the number of vertices in the history at any given time by a rescaled
pure birth process Z, ; along a unit interval, where each particle adds 2d new ones
at rate 1 (recall that by definition particles do not die in deferred phases, and their
splitting rate is 1+tanh(—2dg) < 1) and furthermore, every vertex receives an extra
update at time 7. Indeed, these can only increase the size of the history at 7, — 1,
which in turn can only increase the quantity exp(}_,4=;) (by introducing addi-
tional cut-vertices in deferred phases further down the history) that we ultimately
wish to bound.

Overestimating the splitting rate suffices for our purposes and simplifies the
exposition. On the other hand, introducing the extra update at time 74 plays a
much more significant role: Let My denote the number of vertices in the history at
the beginning of each phase Z;. By the earlier discussion, the variables M}, in our
process dominate those in the original dynamics, and so () = (Z}) jointly, where

(5.3) == ] G0Tx) for T,y ~ (Exp(1)Al)
ve My

is the analog of Ej, in the modified process (the variable T), j, corresponding to what
would be the update time to v € My, nearest to 74 in Zj, in lieu of the extra update
at time 7). Crucially, thanks to the extra updates, E;: depends only on M}, and
has no effect on the history going further back (and in particular on the M;’s for
j < k). Therefore, we will (ultimately) condition on the values of all the M}’s,
and thereafter the variables (EZ‘) will be readily estimated, being conditionally
independent.

Indexing the time 0 < ¢ < 1 of the process Zj; in reverse chronological order
along 7, (identifying ¢t = 0 and ¢ = 1 with 73, 7, —1, resp.), the exponential moments
of Zj1 can be estimated as follows.

Claim 5.2. For any k =1,..., ), the previously defined variables (Zy,+) satisfy
(54) E [e‘“Z’*‘vl | Z;%O} < exp [QeQdalZ;%O} for any 0 < a; < ﬁ log (H%M) .
Proof. Throughout the proof of the claim, put Z; as short for Z; , for brevity.

One easily sees that for any o > 0,

d
E]E [e“(t)zt} =E [[o/(t)Zt + (eQdo‘(t) — 1)Zt]e°‘(t)z‘}
since LE[e*%t | Zy] = limp,_0 €24t (€24 — 1)P(Ziyn, # Z¢ | Z4) for fixed a. Taking
a(t) to be the solution to o/(t) + exp[2da(t)] — 1 = 0, namely,

1 1
a(t) = ﬁ IOg (m) for C > 0,
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we find that exp|a(t)Z;] is a martingale and in particular
(5.5) E [ea(l)Zl | Zo} — o(0)Z0

Therefore, if we set
1
C _ €2d (1 _ e*Zdal) for 0<a < 2d IOg (m) s

then 0 < ¢ < e~ and so a(t) is real and decreasing along [0,1] to a(1) = a;. For
this choice of parameters we obtain that

1 1 e2d(1 — e~2dar) od
_ < - I
a(0)2d1g<1—C)_2d [— o < 2e “ay,

using that 1/(1 —e 9) <2 forany d >1and 1 —z < e~® for z > 0. Overall, for
any small enough a; in terms of d (as in the previous condition, matching the one
in (54)) we have by (5.5)) that E[e®% | Z] < exp[2e2?a; Zy). |

Going through the regular phase will enable us to apply Claim with a value
of a; which is exponentially small in s, let alone small enough in terms of d, easily
satisfying the upper bound of roughly e~3¢/2d from the condition in (5.4).

Putting together the analysis of the deferred and regular phases 7}, Zj, in the last
two claims, we can establish a recursion for My, the number of vertices in % (7x).
Using Y0 < Zj,1 while M;, < TQdYk,m (by crudely taking the entire volume of each
of the cubes that survived to that point), and recalling (B.1]), gives

E [eaMk | -7:k+1] <1+ (%)m (eXp [2(6 )2d ( ) aMk'H] - 1)

as long as a < %r’zd (to have a’ = r?da qualify for an application of (5.I))). Setting

j= 3

(5.6)

and seeing as for large enough s, (and therefore large enough m) compared to r
and d, the pre-factor of My is at most (3)™, we finally arrive at

B[ | Fi] < Lt ()" (exp [(2)" aMin] ~1)

(5‘7) M)\ ; 2d|S|

We will now utilize (&7) for a bound on the probability that the median of
the Mj’s exceeds a given integer b > 0. More precisely, consider the event that the
median of { My, My, ..., M_s}, which we denote as medy<_1 My, exceeds b (it will
suffice for our purpose to consider this event—which excludes M)_; before taking
the median—and it is convenient to do so since M) was pre-given as input, and
hence 7y is exceptional compared to any other 7, where we have better control
over My). To this end, notice that if max{My : & < A} < Ab, then the event
{medj<x—1 M) > b} necessitates at least (A — 1)/2 values of 1 < k < A —1 for
which My_1 > b even though M), < Ab. Therefore,

(5.8)
< med Mk > b> <P <maka > )\b> —|—2)‘[sup]P’(Mk 1>0] My < \b)

k<X
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The first term in the right-hand side of (5.8]) can be estimated via (&),

P <%1<a§<Mk > Ab) < ];P (eMr > e8P) < Nexp [—Aab + (3)™aM,]
<

< Xexp { — \ab + (%)M(%)Zdw'
Similarly, for the second term, we get from (&.7) that for any k < A,

P (M1 > b| My < \b) < exp [—ab + (3)™aAb] < exp [—1ab]

1
2

( 1

provided that s, (and hence m) is large enough in terms of A (so (£)™\

3)-
Plugging these two inequalities in (B8], while using that (A — 1)/2 > A\/3 for A
large and ( )ms2d <1 for s, large enough in terms of 7 and ), yields

) < oM — Lxa )
(5.9) P (kglfdle > b> <2t exp [ gAab + |S|}

The final step is to derive the desired upper bound on ming{(Z;)~*} from the
estimate (B.9) on the median of the Mj’s. Write

B[ (1)) | 4, v

(5.10) /dt]P’(mln{( k)—%}>ts

and consider some t > 1 and b > 0 and condition on the event medg<x_1 My = b.
Revisiting (53], there are at least 251 values of k € {0,. — 1} such that

{My}, med M; = b)

—
—

(10T, %)  foriid. T, x ~ (Exp(1) A1),

v
-

j=
whence, by the independence of the T, x’s, if T'~ Exp(1) A 1, then

) e )

The previous expectation (involving a single T') is easily seen to be equal to

4 dx
/de<T<w) :O</0 2) <Csa,

for some Cj3 4 > 1 depending only on #. Hence, by Markov’s inequality, under the
previous conditioning we have

P((E)F > /%) <l s,

and already the first 10 (say) out of these 25! values of k show that

P . {E+ —§}>t1/8 < (Ca ) 10by=5/4
(kglgl R = < (Cp.a)

(Here we could replace 10 by any integer larger than 8, and it is convenient to use
an absolute constant rather than a function of A so as to keep the effect of the
constant Cg 4 under control.) Using (.I0) we find that

(Cﬂ d)lOb

—4 _ 5 _ 106
E Lg;ml{ b [ {My}, med My = b] < / dt== 2 — = 4(Cp.a)',

—
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and an integration with respect to P(medg<x—1 My = b) via (59) establishes that
as long as, say, Aa > 100log Cg 4, we have

; =+\—4 < 9A+3,|5]
2, (120)7) ] <2000

In summary, the required result holds for a choice of r = A3¢ provided that X is
large enough in terms of d, 8 (so r is large enough in terms of these as well, while (as
we recall that a = ir‘m’l) in addition Aa = %rd is large) and that s, is then large
enough in terms of A (so m > s,/(r)) is large). For these choices, we may take,
e.g., s, > M0 whence m > s\~ (341 > /s and all the previous requirements are
met for A\ large enough in terms of d, 3. |

5.3. Blue percolation clusters given the history of their exterior. In this
section we prove the following lower bound on the probability of a cluster to be
BLUE given the update sequence U along the (ty,t.] and the complete history up
to time t, of every vertex in its exterior.

Lemma 5.3. There exists so(B8,d) > 0 so that for any s, > so, any sufficiently
large n, and any C C A,

inf ]P’( () {4i € BLug} ‘ A, Ll) > ¢~ Zazec il
Ze \aec

where the infimum is over all C-compatible histories.

Proof. Since s is C-compatible, the histories of all A € A\ C do not enter
B(C,s2/3) before time s,. Therefore, it is enough to verify for all A; € C that
Uty —s, <t<ty Fsor (A, ttm) C B(A;, s2/3) and that Fgup(Ajy tm — Sk, tm) = 0. Since
these events depend on disjoint updates and do not depend on U,

(5.11)

inf]P’( () {Ai € BLug} | %C—,u)

C A;eC

= H ]P)<ySUP(A’L'atm - 3*,tm) =0 ) U ySUP(Ai’tatm) - B(Ai,si/?))) )
A;eC tm— 5, <t<tm
and so we will treat the A;’s separately. For any A; we cover B(A;,s2/3) with a

set of tiles as follows. Let 0 = rg < 71 < --- < rp = n be such that rp —r,_1 €
{534 2541} For each u € [s39]? and k € [¢]? denote

Viw ={w +re-1+ 1, ,ur +rp X ooo X {ug+ri,—1+1,. .o uq + 7k, t

where we embed {u; +7y, 1 +1,...,u; + 7y, } into {1,...,n} modulo n. Let 0V,
denote the interior boundary of V;, ,,, that is, the subset of vertices of V}, ,, adjacent
to a vertex in its complement. Then by construction

1 2 2d| B(A;, 57/3)|
s3] > D 10Viw N B(A52/3)] < e

* u€[s1d]d ke[e]d

since in each vertex v and each coordinate i there are at most two choices of u; for
which v will be on the boundary of a block in coordinate i. Hence, it is possible for

us to choose some u € [s29] such that > ke |10V NB(A;, s2/3)| < %ﬁ/s)\.
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Let V denote the set of tiles Vj,, such that Vj, N B(A;, 52/3) # (. Each block of
A; is in at most 24 tiles, so |V| < 29| 4,].

For each Vi, € V, let Vi denote an isomorphic copy of the graph induced by V
disconnected from everything else together with a graph bijection ¢y : Vi = Vi
Let A; = kaeka, and let X, denote the Glauber dynamics on A; started from
the all-plus configuration at time ¢, — s, and run until time ¢,,. Since the Vj, are
disconnected, the projections of the chain onto each Vi, are independent. We define
the update and support functions JUPD and ﬂsup analogously. Let & denote the
event that for all v € Vj, the following hold:

(1) The support function dies out by time s,, Fsup(V, tmy — 54, tm) = 0.
(2) The update function does not travel too far,

<¢UPD ('Uatm - 3*7tm) C ‘P];l (Vk N B('Uv 33/4)) .

(3) All vertices have at most 10s, updates in the interval [tm — S, tm]-

By Lemma 2] and the fact that the number of updates of a vertex in time s, is
Po(sy),

P(€x) 21— [Vi|Ce™* > exp(2771),

for large enough s,.

Recall that we encode the dynamics X; by a series of updates (J;, U;,T;) for
vertices J; € A, unit variables U;, and times T;. If S; is the sum of spins of
the neighbors of J; at time T;, then the update sets the new spin of J; to —1 if
U; < % and to +1 otherwise. We couple the updates of X, to those of X,

as follows. For v € Vj, such that o (v) € B(A;, s2/3), we couple the update times;
i.e., v has an update at time ¢ € [ty — s, tm] in X if and only if ¢ (v) has one in
X. Furthermore, if in addition ¢ (v) & OV}, then we also couple the unit variable
of the update. Otherwise (the case ¢y (v) € OV}), the unit variables of the updates
are taken as independent. s

—2

Further recall that an update is oblivious if either U; € [0, —z51ozas| (the new
spin is —1 irrespective of the neighbors of J;) or U; € [%, 1] (similarly,

the new spin is +1). Let Ry denote the event that all updates of px(v) € OVi N
B(A;, s2/3) are oblivious updates and that the updated values X;(v) and X;(x(v))

agree. This has probability % for each update. Since on & there are at
most 10s, |0V N B(A;, s2/3)| updates on dVj N B(A;,s2/3), we have that

]P(Rk | gk) > exp [—018* |6Vk M B(Ai, 83/3) H R
2dp 2dB . .
where C7 = 101log % Since these are independent for each k,

P(Nkev(Rie NEk)) > exp [-2797 V| — C1s, [0Vi N B(A;,52/3)]]

1 2d |B Ai,Sz 3
> exp (—5|Ai|—cls* B2 ”‘) > exp(—|Ai),

provided that s, is sufficiently large, as |B(A;,52/3)| < (%)dsfd|Ai| and 2¢|V| <

|A;|. By Equation (5I1I), to complete the lemma it therefore suffices to show that
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the event Nkey(Re N 5k) implies
(5.12) Faup (Ai> tm — Sxyt ) 0,
(5.13) U Fsup (Az,t tm) cB (Aia 33/3) :

tm— 5, <t<tm

The updates on 9V}, N B(A;, s2/3) are oblivious updates and hence do not examine
the values of their neighbors on the event Rj. Combining this with property (2) of
the definition of £, and the construction of the coupling implies that for v € Vi such
that @i (v) € A;, the support of p(v) is contained in Vj. Hence, by the coupling
it follows that

Fsup (‘Pk(v)yttm) C Yk (jUPD ('Ua tatm)) cCVin B(@k(”)> 53/3) )

which implies (B.13). It remains to prove (E12).
Knowing the updates of course allows one to determine the configuration at a

later time from the configuration of an earlier time. We then define ﬁ"(w) as
follows. It is the spin at time ¢ € [tm — Sx,tm] Of the vertex w € ﬁum(v,t,tm)
generated from the Glauber dynamics with initial configuration n on ﬁ:UPD(v, tm —
Sx,tm) at time ty, — s, using the updates of X,. Note that, by the definition of
ﬂ:UPD, these are the only initial values that need to be specified. Define ;" in the
same way except with the updates of X; instead of X,, where we take the domain
of n to be gok(ﬁisup(v,tm — Suytm)). As usual, + and — denote all the +1 and —1
initial conditions, respectively.

Since the initial condition for X, is all-plus, by the construction of the coupling
for every time ¢ € [t, tm] and vertex w € Fupp (v, t, tym) we have that

Xi(w) =Y, (w) = Vi (or(w)) .

We claim that for all ¢ and w € Fupp(v,t,tm), ¥y (w) < Yy (pr(w)). This can
be seen by induction applying the updates in turn. Let {(¢;,w;)} denote the set
of updates in the update history of v in the interval [ty — Sy, tm] ordered so that
tm — 8 < 11 <ty < -+ <ty < ty. For all updates with w; € Vi \ OV this
follows by the fact that the updates use the same unit variables, the monotonicity
of the update rule, and the inductive assumption on the values of the neighbors.
For updates w; € AV}, note that

Y (wi) < YiF(w) = Y (pr(wi) = Yy (on(wi))

where the first inequality is by monotonicity while the final equality is by the fact
that the boundary updates are oblivious ones. Hence, by induction, f@; (v) <
Y, (¢r(v)). We know that f’ti (v) = Y, (v) by the definition of the support and
&k, and so combining the previous results yields

Yif (pr(w) = Vi (0) = Y, (0) <Y, (n(v) < Vi (on(v)) s
so Vi (or(v)) = Y, (¢r(v)). This verifies (512), completing the proof. [ |
5.4. Red percolation clusters given the history of their exterior. This sec-
tion is devoted to the proof of the following upper bound on the probability of a

cluster to be RED given the update sequence U along the (ty,tm + Si] and the
history up to time ¢y, of every vertex in its exterior.
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For any cluster of components C and each ¢ > 1 we define the relation
Ay B(A, (22 1) 0B(4, 200 4 1)) £0

and extend the relation to an equivalence relation. Let V; denote the set of equiva-
lence classes given by the equivalence relation, and for each v € Vj let A, denote the
union of the components in v. We define £ to be the largest ¢ such that |V;| > 1.
We let Vo = C be the set of A;.

Claim 5.4. For any cluster of components C,

£
> 2 Vil > W(Ua,ecdi) — Y W(A).
£=0 A;ec

Proof. Let A; denote a minimal lattice animal containing A; so that A; C A; and
|A;| = 2(A;). We construct a lattice animal covering U;4; by adding blocks to
U; A; as follows. Starting with £ = 1 we add the minimum number of blocks needed
so that for all v € V; all the A; € v are connected together. By definition, if
A; ~¢ Aj, then these can be connected with at most 2¢=1 blocks. Thus, after
connecting together all sets of components at level £ —1 for each v € Vp, we need to
add at most 2= (|{v' € V,_1 : v/ C v}| — 1) additional blocks to connect together
all the components of V,. Summing over £ from 1 to £ + 1 we add a total number
of blocks of

£4+1 £+1 £
S 2T € Vier s Cul = 1) = D2 (Ve | = Vi) £ D21 Vil
=1 veV, =1 =0

Since adding Y7 2¢|V;| blocks to A; yields a connected component, the desired
result follows. [

Lemma 5.5. There exists ¢(8,d), so(8,d) > 0 such that, for any s, > so, any large
enough n and every C C A, the quantity V¢ from BI) satisfies

4ad +
(5:14)  P(CeRmD| g, U) < S B e PO T eI

tm

Proof. The bound is trivial for histories which are not C-compatible, so we may
restrict our attention to the supremum over C-compatible histories. Denote the
event £ that the history of C does not intersect the history 2. The set of clusters
A depends only on U, and this is the only dependence on i in the bound. Given A,
the partition into clusters and their colors depends only on the updates in [0, ty,].
Hence, we can view RED as a function RED(A). We can extend this definition to
any set of components and write RED(A’) to denote the set of red clusters had
the set of components instead been A’. Now if C € RED(A), then one also has
C € RED(C).

We let £(H) denote the event that the history of C does not intersect H C
A % [0,ty], a space-time slab. If C is a cluster, then £(#, ) must hold. Exploring
the history of C we see that it does not depend on the history of its complement,
S, until the point at which they intersect (since they depend on disjoint updates)
and hence

P(Ae € -, E(H) | A = H, U) =P(Hp € -, E(H) |U) <P(H € ).
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Since the event C € RED(C) is J#¢-measurable we have that
P(C € RED | A, ,U) <P(C € RED(C), (o) | #; ,U) <PP(C € RED(C)).

Next, we bound P(C € RED(C)). At least one vertex of C must have support at
time 0 so by a union,

P(C € RED(C)) = P(Fsup (Ui Ai, 0,t)) < s29m; Y |Ay] =
( (€)) = P(Fsur( m)) ¢ zzjl | = \/ITZ‘
this implies (3:2)) in the case 20(U;A;) — >, W(A;) < 0, which we note includes the
case |C| = 1. We may thus restrict our attention to the case 20(U; A;) — >, 2(A;) >
0, in which |C| > 2 and so |Ve| > 2.

Our approach will be to define a collection of events that must hold if C €
RED(C), one that depends on the structure of C and its earlier defined decompo-
sition. For ¢ < £ and v € V; define the event K, ¢, which roughly says that the
update set of A, spreads unexpectedly quickly, as

KM:{HueB(AU,gﬂ 2)\ B(Au, 2252) : P (1, tm — 255, tw) & Blu, 25 3)},

and the event
Jv,f = {ySUP (B(A'Uu (% + 100) 26 2) - 2€S*7tm - 2Z_18*) # (2)7 Kg,[} )

which roughly says that the support of A, lasts for a large time. Combined, we
define R,y = K, ¢UJy . For the final level £/ = £ we define a slight variant of these
in terms of x, some large positive constant to be fixed later,

f(vj:{aueB(Av,ng 2)\ B(Au, 2252) : P (t, t — 1245, 1) & B(u, 255 i)},

as well as
j’u,f = {ySUP (B(A'u> (2 + 100) 2£ 2) - K2ZS*>tm - 26_18*) 7& (Z)u Kf,e}

and Rv,é = IA(M U JAv?g. Finally, we need to consider events describing how the
history connects to time 0. For v € Vg, denote

jv,é = {ﬁsup (B(Av; (% + 100) 22 2) Oatm - 26715*) 7£ (Z), RE,Z} .

Define the set
T = Zuen (B(Ua,ecAi, 2°52),tm — k2554, tm)
and the event

Jr = {CQQUP (F,O,tm — I€2£S*) % [Z)} )

Claim 5.6. IfC € RED(C), then the events R, and Rv,f hold for all0 < £ < £
and v € Vy. Furthermore, either Uycvy, vayg or Jr N (Upeve IA(UVQ) hold.

Proof of claim. If C € RED(C), then the history of A, must connect to the remain-
der of the component. This can occur by the support of either 4, and C \ A4,
meeting in the interval [ty — 2°s,,ty] in which case K, ¢ holds. Alternatively, the
support of A; € A, may enter B(A;,s2/3) for some A; € C\ A, in the interval
[tm — Sw,tm], in which case again K, ; holds. Another option is that the support
of A; € C\ A, enters B(A;,s2/3) for some A; € A, in the interval [tm — Sy, tm],
whence again K, ¢ holds.
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INFORMATION PERCOLATION FOR THE ISING MODEL 765

The final possibility is that the support survives until time ¢, — 2%, (i.e.,
Fgor(Ay, tm — 2854,tm) # ). In this case one of the following must hold:

e The support travels far in space by time t, — 2¢7's, and
Fsup (Avatm—% 15*7 ) ¢B( ( +W) 2's 2)
in which case K, ; holds.

e The support survives until time ¢, — 2%s,, given it did not travel too far by time
tm — 2€_1s*, and

Fsow (B(Av, (24 135)2°2)  tm — 250, tm — 27 1s,) £ 10,
in which case R, ¢ holds.

This set of possibilities is exhaustive and completes the claim. The other claims
follow similarly. |

We now observe that the events R, ¢ are independent as they depend on disjoint
sets of updates. The event K, , depends only on updates in the space time block

(B(Au, (2+15)2D)\ B(Aw, (2 - 755)2's 2)) X [tm — 251 tm),

while J, o depends only on the same set (through the event K, in its definition)
plus updates in

(B(Av, (2 + 1%5) 2°52)) X [tm — 250, tm — 27715
Since these sets are disjoint for different v it follows that the R, ¢’s are independent.
Similarly, the RM’S are independent for £ = £ and independent of the R, ¢’s for
{ < £. The event jv)g is also independent of the R, ;’s and R, ¢’s. The set I depends
only on updates in (A \ B(A,,2%s2)) x (tm — x2%s,,tm) and hence is independent of
all our constructed events except Jr, and Jr is independent of all our constructed
events except Jy ¢.
We now estimate the probability of the preceding events using Lemma 2.1l Not-
p Yy p g g
ing that
|B(Au,a2's?)| < (1+20)720527]4, | < O t27 0
for some ¢’ > 0, we have that
P(K, ) < ’B( . ?;213 2)‘ o—c2's? < o2 si 27 A
for large enough s,. Similarly,
B(y0) < o242 0
Again by Lemma 2] it follows that
P(Jue) < |B(Ay, (2 + k) 2s2) [ e72sr < eme/Zot2 bl

and similarly

P( ‘B( ‘|‘ 100) 2£ 2)| efc’”"zls* < efc'n2es*+27e\Av\ )
As P(efsup(u 0 t) 7& (Z)) =my and Meyp > e_hmt, we have that
( ‘B( vy + Wlo) 2L 2) | mt 22—15* S eXp(ng* + 27[|Av|)mt .

For h > 1/ 3 and s, large enough we have that
P (9UPD(7)7 tm — k2° Sy tm) 4 B(’U, h2€83)) < 6—8*2[}17
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766 EYAL LUBETZKY AND ALLAN SLY

and 50 E|Fypp (v, tm — 52854, tn)| < s292¢4. Hence,
d
EIT| < [B(Ua.ec Ai,2%s7)[ 5372 < (3-2%%50)" ) |44l
Finally, by a union bound over v € T,

P(Jr |T) <my _oe, [T <my, e >0

Combining the previous estimates with the claim and the independence of the
events, we have that

P (C € RED(C)) gP((Eﬁl N RM) m( U Joe N Ru,z>>

£=0 veV, vEVe ueVe\{v}
£-1
+P<(ﬂ ﬂ RM)O( U IA{MQ m R%g)ﬂJF).
=0 veV, vEVe u€Ve\{v}

The right-hand side, in turn, is at most

-1
exp <—c’s* Z 24V, — ¢Rr2°(|Ve| — 1) + 2 Z |AZ|> |Va|m;

=0 %

£
. , 1
(eQLS* +e ¢ 2ZSZIEI’6“223*> < A exp (—c/s* Z 2V +3 Z |A2|> )
£=0 i
where the final inequality comes from the fact that |[Ve| > 2 and
|V2‘ (622£S* 4 e—c’ﬂsf (3 . 2£Si)den228* Z |Ai|)e—c’(m—1)22—zi |A;] <1,

provided that ¢/(x — 1) > 1 and s, is large. Combining this with Claim 54l
gives (514)), as required. [ |

5.5. Proof of Lemma B.3l The desired bound in (32) is similar to the one we
obtained in (5I4]), with the difference being an extra conditioning on Ge := {C €
RED} U {C C BLUE}. Since {C € RED} C Ge,

P(C € RED |, U)
P (G | Ae, U)
- P(C e RED |, U)
T P(Na,ec{Ai € BLug} | A, U) 7

from which Equation ([3.2) follows after applying Lemmas [5.3] and to the nu-
merator and denominator of the right-hand side, respectively. ]

P(C e RED |, G, U) =

6. RANDOM VS. DETERMINISTIC INITIAL STATES

In this section we consider the Ising model on the cycle Z/nZ for small 5 > 0 with
a random initial state, both quenched and annealed. Rather than comparing two
worst case initial states we will compare a random one directly with the stationary
distribution using coupling from the past. Recall that for the 1D Ising model we
can give a special update rule: with probability § = 654 = 1 — tanh(253) update
to a uniformly random value and with probability 1 — 6 copy the spin of a random
neighbor. The history of a vertex is simply a continuous time random walk which
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INFORMATION PERCOLATION FOR THE ISING MODEL 767

takes steps at rate 1 — 6 and dies at rate 6; when such walks meet, they coalesce
and continue together until dying. Each component can only decrease in size over
time and all vertices in the component receive the same spin.

In the sequel, the annealed setting (Part [Il of Theorem [) is studied in Sections
and (upper and lower bounds on mixing, respectively), whereas Section [6.3]
focuses on the quenched setting (Part 2] of Theorem [2]).

6.1. Annealed analysis: Upper bound. We define Y; to be the process coupled
from the past, so the spins at time ¢, are independent of each of the components
with equal probability. Now let X; be the process started from an i.i.d. configuration
at time 0. Since the magnetization is simply the probability that the walk has not
yet died, it follows that m; = e~%". We will consider the total variation distance at
time ¢, = 4% logn + %log logn — s, for some large constant s, > 0.

g‘heorem 6.1. Witht, = % logn+ 5 loglogn we have that |P(Xy € -)—7(-)|lrv —

Set ), = t, — s, where s, > 0 is a large constant. In order to couple the process
with the stationary distribution we consider updates in the range ¢ € (—oo,t}]
with the block components constructed using the updates in the range [t , t;] with
deferred and undeferred randomness similarly as before.

In this analysis it is necessary to directly compare the annealed distribution
with the stationary distribution, and for this we use the coupling from the past
paradigm and hence consider updates before time 0. We modify the intersection
property of the construction of clusters to identify A; and A; if Fgup(A;, ¢, tm) N
Foup(Aj,t,tm) # 0 for some —co < t <ty (in place of the condition 0 <t < ty).

We also redefine the notion of a red cluster to be one containing two vertices
whose history reaches time 0 without coalescing, that is,

(6.1) CeRep iff ‘ U Foor(v,0,tm)| > 2
veEA;eC

(note that the histories of vertices are always of size one). We define blue clusters
as before and green clusters as the remaining clusters. We can thus couple X; and
Y: so that they agree on the blue and green components at time ¢, but possibly
not on the red components.

Recalling that 20(S) is the smallest lattice animal of blocks covering S, we let
Wo(S) := i 2(S 20(S,) .
2(8) = min  A(S)) +W(Sy)
We denote Vj, equivalence classes of components of C as in Section [5.4] and this
time define £ to be the largest ¢ such that |V;| > 2. The following claim is a simple
extension of Claim (.41

Claim 6.2. For any cluster of components C,

2/
D 2Vil = Wa(Ua,ecdi) — ) W(A).
=0 A;eC

The proof is essentially the same as Claim 5.4
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768 EYAL LUBETZKY AND ALLAN SLY

Lemma 6.3. There exists ¢(8,d), so(8,d) > 0 such that, for any s, > sq, any large
enough n and every C C A, the quantity V¢ from BI) satisfies

4d +
S« 63 2o [Ail—ese |W2(C) =22 4, ec W(AL)

0201,

(6.2) P(CeRED |4, U) <

Proof. The proof is similar to Lemma [5.5] and we describe the necessary changes.
Throughout the proof we change all instances of £ to £ and ¢y to t,,. We must
incorporate the fact that two histories independently reaching time 0 are required
for red so we denote

T = { Faoe (B(Ay U Ay, (24 1) 2062), 0,4, — 2 1s,) ’ > 2,1%5,@@;,,(}.

Since the probability that two separate histories reach time 0 without coalescing is
bounded by the square of the probability of a single walk reaching time 0, we have
that

v

]P)(Jlljl,vz, 720]& H |B (78] % ) 2£ 2)| S exp (228*

274 Au, | + \Aml))e’z“m

By essentially the same proof used earlier we have that E|I'| < (3~22283)2d
(X, J4:])?. Also, as we require two histories to reach time 0, we let

- .

P(JF | F) < mfm |F|2 < e 2 “‘62;12145*|F|2
With this notation,

P(C € RED(C ((ﬂ ﬂRM) < U Jwe N Ru,g))

Feuop (F, 0,t, — /@225*)

and

—k2%s,

£=0 veV, v,v' EVgr u€Var\{v,v'}
£'—1
(P wde( U ke 1 m)or)
=0 veV, ’UGVE/ ’U,EVS/\{U}

The result now follows similar to Lemma by substituting our bounds for each
of the events. |

Since red components under our modified definition are also red components
under the previous definition, we have by Lemma

4d +
Sk BZi‘Ai‘—CS* QB(C)—ZAiEc W(A;)
etl b)

P(CeRED | ,U) <

and combining this with ([6.2]) yields
P(C € RED |, U)

ad +
(6.3) < ;;t:“ 63 32 [Ail—esy |W2(C) =32 4, cc W(AY) 7cs*|9n C)—2W2(C)— &1y,
Altogether, this translates into the bound
4d .
o1 2 [Ail—ess | W2 (C) -3 W(C)—W2(C)— %ty
Via,) < o, s | :
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INFORMATION PERCOLATION FOR THE ISING MODEL 769

Having coupled X; and Y; as described previously where only the red components
differ in the two versions of the chain, we can follow the analysis of Section [] and
in place of Equation (£I1]) arrive at

22>\+6 88d

A0 2a (ZC—{Aij} Z{Bj} €xp l_ Y {%(C) + Zj W(A;; U Bj)
AeC

(6.4) +(2(e) ~ (e - t:n” 1 ) 2

We now count the number of rooted animals C with 20(C) = S and 205(C) = §’. We
must cover C with two lattice animals, one containing the root A and the second
rooted at A’. Since the distance from A to A’ is at most S, there are at most
(28 + 1)4 choices for A’. There are S’ ways to choose the sizes of the two animals
as some k and &’ — k and then (2d)2k+2(8’_k) ways of choosing the animals. In
total, we have at most S'(28 +1)%(2d)2S" choices of C. The total number of choices
of {A;; } and B; with 20(C) = S, W>(C) = &" and 3, W(A,, UB;) = R is therefore
S'(28 4 1)725'8R(2d)2(5"+R); thus,

+
Y Y e [ - 2% {%(C) + w(4;, UB)) + (QU(C) —Wy(C) — tfn) H
C={Ai;} {B;} J
AeC
< Z 673ST*(S’+R+(573’4;1)+)8/(28 + 1)d2s’872(2d)2(8'+72) < t:n(f%%
S’ R>1
5>
provided s, is large enough compared to d. Plugging this into (64]) gives an upper
bound on the total variation distance of

92A\+6 ¢8d b _zes.
o, Al(t) e X

which tends to 0 for ¢/, = ﬁ logn + % loglogn — s, establishing the upper bound
on the mixing time.

6.2. Annealed analysis: Lower bound. We now prove a matching lower bound
on the mixing time from an annealed initial configuration.

Theorem 6.4. Fort = 45 logn—2loglogn we have that |P(X; € -)—7(:)||lzv — 1.

It will be convenient to simply omit the deferred and undeferred regions and
directly analyze the update support function from time ¢ = ﬁ logn — %log log n.
Taking the previous coupling, two vertices v and v’ have the same spins in X if
their histories merge before time 0 and are conditionally independent otherwise.
By contrast, for Y the spins are equal if the histories merge at any time in the past
and are conditionally independent otherwise. Defining A, .+ as the event that the
histories of v and v" survive to time 0 and merge at some negative time, we have
that

P (Yi(v) = Yi(v')) = P (Xi(v) = Xo(v')) = %]P’ (A -

Now, as the history of v and v’ are both continuous time random walks,

1 _
P (Fsup(v,0,t) = {v}, ySUP(,U/,Ovt) = {'U/}) > it )26 29t,
m

Licensed to Northwestern Univ. Prepared on Tue Feb 12 18:44:35 EST 2019 for download from IP 165.124.165.50.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



770 EYAL LUBETZKY AND ALLAN SLY

since the probability is that two random walks started from neighboring vertices
do not intersect until time ¢, the return to their starting locations is at least
c1/(t,)?, and the probability that neither walk dies is at least e=2%. They then
have a constant probability of merging for some ¢; < 0, so

1
P (-Av,'u’) Z C2 6729)5 )

(tw)?
and if we label the vertices around the cycle as uy, ..., u,, then for large n,
n—1
1
E { Z Yi(ui)Yi(wigr) — Xt(ui)Xt(qu)] > czwefwtn > /nlogn.
i=1 m

By the exponential decay of correlation in the stationary distribution of the 1D
Ising model,

n—1
Var (Z Yt(ui)Yt(uiH)> <Cn.

i=1
Since the spins in different clusters are independent and with probability at least
1 — n~ !0 there are no clusters whose diameter is greater than Cloglogn for some
large C(8), we have that when |i —i’| > C'logn, then

Cov (Xt(ui)Xt(ui+1),Xt(ui/)Xt(ui/+1)> = O(nilo) ,

and hence

n—1
Var (Z Xt(ui)Xt(uiH)) < Cnlogn.

i=1
It follows by Chebyshev’s inequality that

P (ij i) Yiluiy1) > B| 3 Vo) Vi(u 1) | — %\/ﬁlogn> —1-o(1)

=1 -i=1 -

while

P (Z X)Xt 1) < B| 3 Vi) V(1) | — %\/ﬁlogn> —1-o(1),

i=1 -i=1

and hence || X; — 7|ty — 1.

6.3. Quenched analysis. Here we show that on the cycle, there is at most a minor,
O(loglog n) improvement when starting from a typical random initial configuration,
since almost all configurations bias the magnetizations of most vertices. For a
configuration xy denote

(6.5) Ri(u,z0) = Z Py (u, u)zo(u'),
u' ev

where P;(u,u’) is the transition probability of a continuous time walk with jumps
at rate (1 — 6). Observe that

(6.6) B, [X:(u)] = e %" Ry (u, x0) .
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INFORMATION PERCOLATION FOR THE ISING MODEL 771

Proposition 6.5. Suppose that there exists some sequence a, = n°Y) such that
for any large n,

1 1
(6.7) ﬁze;\|Rt(u,xo)|2a at t

1
T 20

1
6

1

log 1 —
oglogn — 5

logn — log ay, .

Then |Py (Xt € ) —7(-)|lov = 1 —0(1) as n — oo. Furthermore, if xo is uniformly

chosen over {£1}2, then there exists some C = C(B) > 0 such that ([61) holds
with probability 1 — o(1) for a, = Clogn.

Proof. Let Xy be a uniformly chosen initial configuration. Since Ry;(u, Xp) is a sum
of independent increments, when ¢ and n are both large, R;(u, Xy) is approximately
N(0,> v Pe(u,u')?) by the central limit theorem; in particular, E|R;(u, Xo)| >
¢/t for some fixed ¢ > 0, and

]EE > Rt(u,Xo)@ > ¢

= ~ logn

for another fixed ¢ > 0 provided ¢ has order logn. From the decay of P;(u,u’) we
infer that if ju—u'| > C'logn for a large enough C' > 0, then Cov(|R:(u)|, |Re(u/)]) <
n~ 10 thus implying that

Var <% 3 |Rt(u,X0)> — o(lof’;n> :

ueA

and altogether

1 c
P(E > |Ri(u, Xo)| > 2logn> -1

ueN

This establishes (6.7)) with probability going to 1 for a, = C'logn with a suitably
chosen C' = C(0) > 0.

By the same decay of correlations, for vertices with |u — «’| > C'logn for some
large enough C' > 0 the histories do not merge in the interval (0, ¢] with probability
1 — O(n19). In this case,

COVJEO (Sign(Rt (u7 xO))Xt (u) ) Sign(Rt(u/, xO))Xt (Ul)) = O(n_lo) s

and again we can deduce that

Var (% 3 sign(Rt(u,xo)Xt(u)> - o(loi") .

ueN

Recalling from (6.6) that E,, [sign(R:(u, z0))X¢(u)] = e~%|R;(u, 7¢)|, Chebyshev’s
inequality yields

P,, <% Suen (sign(Re(u, 20)) X (u) — [Re(u, z0)]) > %) < o(b%(eetanf)

= O<10§;n>

by the definition of ¢t. Thus, we conclude that for any x¢ satisfying (6.1,

(6.8) Poo (= S sign(Ry(u, 7)) Xo(w) > —— ) > 1.
n 2

a
u€EA n
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772 EYAL LUBETZKY AND ALLAN SLY

By contrast, if Y is chosen independently according to the Ising measure, then by
the exponential decay of spatial correlations we have that

Var <% Z sign(Rt(vao))Y(u)> =0(1/n);

uEA

and since EY . _, sign(Ry(u))Y (u) = 0 while 1/a, > 1/y/n, we can infer that

ueA

(6.9) P(% Z sign( Ry (u, 20))Y (u) > L) —0.

= 2ay,
Comparing Equations (6.8) and (6.9) implies that
[Py (Xi € ) = 7()llav = 1= 0(1),
completing the result. |
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