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 INEQUALITIES WITH APPLICATIONS TO
 PERCOLATION AND RELIABILITY

 J. VAN DEN BERG,* Delft University of Technology
 H. KESTEN,** Cornell University

 Abstract

 A probability measure / on RW is defined to be strongly new better than used
 (SNBU) if /(A + B) /.L(A)/z(B) for all increasing subsets A, B C R". For n = 1
 this is equivalent to being new better than used (NBU distributions play an
 important role in reliability theory). We derive an inequality concerning
 products of NBU probability measures, which has as a consequence that if

 f-,,-fL2,, ",/, , are NBU probability measures on R+, then the product-measure
 , = fL, x ,2 x ... X f, on Rn is SNBU. A discrete analog (i.e., with N instead of
 R+) also holds. Applications are given to reliability and percolation. The latter are based on a
 new inequality for Bernoulli sequences, going in the opposite direction to the
 FKG-Harris inequality. The main application (3.15) gives a lower bound for the
 tail of the cluster size distribution for bond-percolation at the critical probabil-
 ity. Further applications are simplified proofs of some known results in
 percolation. A more general inequality (which contains the above as well as the
 FKG-Harris inequality) is conjectured, and connections with an inequality of
 Hammersley [12] and others ([17], [19] and [7]) are indicated.

 CORRELATION INEQUALITIES; FKG INEQUALITY; NEW BETTER THAN USED

 1. Definitions and main results

 Because our main theorem holds for R? = [0, oc) as well as N = {0, 1,2, -. } we
 shall use the symbol R to denote either of these sets.

 If x = (xr, , x,,) and y = (y, , ., y,,), then x > y means xi _ yi, i = 1, - , n.
 A function f on R" is called increasing if x _ y implies f(x) ? f(y). A subset A of R" is called increasing if its indicator function (denoted by IA) is increasing. If

 A and B are two subsets of R", then A +B - {a + b aE A, b E B}. It follows
 from Dellacherie and Meyer [7], Theorem III.18 and Section III.33a, that A + B
 is universally measurable when A and B are Borel sets of R". In particular,
 A + B belongs to the completion of the Borel ot-field of R" with respect to each
 probability measure.
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 Inequalities with applications to percolation and reliability 557

 A probability measure 4 on R" is strongly new better than used (sNBu) if

 (1.1) Ct(A +B)? =(A)/z(B),
 for all increasing Borel sets A, B C R".

 For n = 1 and R = R+ this is equivalent to the usual definition of a new better
 than used (NBU) distribution. Therefore, in the one-dimensional case, we can say
 NBU instead of sNBU (see also Section 2).

 Let n 2. For an increasing set A C R " and i,j 1 n, i j, we define the image
 of A under (i, j)-identification as the set of all x E R " for which there exists an

 aEA such that x > a; + a and Xk ak, kf i,j.
 This definition is illustrated by the following example.

 (1.2) Example. Suppose someone receives a certain amount na of apples, n,
 of pears and nb of bananas. He is satisfied if, for a certain increasing set A C N',

 (na, np,nb)E A. However, if he changes his mind, and wants each pear to be replaced by an apple, then he is satisfied if (na, n,, nb)E A * where A * is the
 above-defined image of A under (1,2)-identification.

 The above definition has the following natural extension. Let A be an
 increasing subset of R" and let 9 be a partition of the set {1,2, -- -, n}. Choose

 for each class F E a representative iF E F. Now the image of A under

 identification acccording to the pair (9, {i, : FE ,}) is defined as the set of all
 x E R" for which there exists an a E A such that for each class F: xi, CiF a,.
 Again, Theorem III.18 and Section III.33a of Dellacherie and Meyer [7] show
 that for a Borel set A of R" its image under identification belongs to the
 completion of the Borel sets with respect to any probability measure.

 (1.3) Lemma. Let p ,---, . be NBU probability measures on R" and let

 i, j ? n, i< j be such that p, = t;. Then for all increasing Borel sets A C R"

 (1.4) 4 (A )-/(A *),
 where A* denotes the image of A under (i,j)-identification, and t is the
 product-measure LL1 x >(2 ... x /, on R ".

 Proof. Without loss of generality we may assume i = 1, j = 2. In terms of

 random variables (1.4) is equivalent to saying that if X1, X2,---, X. are indepen-
 dent random variables whose distribution on R is NBU, and X1 and X2 are
 identically distributed, then

 (1.5) Pr[(X, X2, X --, X,) E A] ? Pr[(X1, X3, X4,? ?, X,) E A'],

 where A' = {(x1 + x2, x3, x4, - , xn): (x1, x2, - , xn)E A }C R n-'. This inequality
 can now be proved as follows. Given X3 = x3, X4 = 4, ---, X. = x., the condi-
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 558 J. VAN DEN BERG AND H. KESTEN

 tional probability of the event in the left-hand side of (1.5) is, for each x,, x2 With

 (X1, X2, X3,.", xn)E A, larger than or equal to Pr[X1 ? x1, X2 x2]. Since Xi and
 X2 are i.i.d. this probability equals Pr[X1 r> x]Pr[X1 > x2]. Hence the above-
 mentioned conditional probability is at least

 sup{Pr[X1 - x1] Pr[X, > x2]: (x1, x2, x3 , Xn ) EA }.

 On the other hand, the conditional probability of the event in the right-hand side

 of (1.5) is exactly Pr[X1 E {xl + x2: (x1, x2, x3, , x,) EA }] which, because X1 is a one-dimensional random variable, equals

 sup{Pr[X1 ? x, + x2]: (x1, x2, x3, , xn) E A ]}

 and this is, by the NBU property, at most

 sup{Pr[X1 - x,]Pr[X, _ x2]: (x, x2, x3, , xn ) E A }.

 (1.6) Theorem. (i) Let ps, tL2, ", pn be NBU probability measures on R and let

 9 be a partition of the index set {1, . , n }, with the property that p, 's with indices
 in the same class are identical. Further, choose for each class FE F a representa -

 tive iF E F and let, for an increasing Borel set A C R ", A * denote the image of A
 under identification according to (9, {iF: F E }). Then

 (1.7) p (A *) = C(A),
 where t is the product-measure p1 x .2 x .. x p, on R .

 (ii) Let vl, v2," ", v, be NBU probability measures on R. Denote by v the
 product-measure v1 x v2 X X v, On R", and let A1, A2, , ,A and

 B1, B2, " , Bk be increasing Borel sets of R ". (Hence U I,_k (A, x B,) is a subset of R2" and v x v is a probability measure on R2".) Then

 (1.8) u( U (a, + B,)) (u x U) U (A, xB)) . l~i<=rk l~<k

 (iii) Let p/,/2,"',~ , be NBU probability measures on R and L=
 I1 x 2 x ... x n, the product measure. Then, for all increasing Borel sets A, B C
 R",

 (1.9) / (A + B) /(A)y (B),
 i.e., /L is SNBU.

 Proof. (i) follows by applying Lemma 1.3 successively to all pairs (i, j) with,

 for some class FE , i = if and j E F, jj i.

 (ii) If we take, in (i), n = 2m, /L1 = Vl, /A2 = V2,..., / = VYm , /m+1 = Vl, /+2 =
 V2,"',J2 2= V~m (hence t = v x v), V the partition with classes {1,m + 1},
 {2, m+2},. .,{m,2m}, and set of representatives {1,2, - , m} and A
 Ul~,~k (A, x B,), then according to (1.7) we get
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 Inequalities with applications to percolation and reliability 559

 (v x v)(A*)- ( x v)(A).
 This reduces to (1.8) because, as is easily seen,

 A*=(U (A, + B,)) x R ", sothat(vxv)(A*)=v( U (A1+B,)).

 (iii) follows immediately from (ii) by taking k = 1.

 (1.10) Remarks. (a) Originally we had a different proof, of part (iii) of the
 above theorem only. We later noticed that the special case of (iii) with all pL,
 concentrated on {0, 1} can also be derived from results in [12], [17] (or [18]), [19]
 or [7] (see also Remark 3.5(b)).

 (b) We have also proved that if / is an sNBU probability measure on R " and v
 is an NBU probability measure on R, then the product measure / xv on R "n+1 is
 SNBU (the proof of this involves some more technicalities than that of (iii)).
 However, the following problem, which arises naturally in the context of the
 above results, is still unsolved.

 (1.11) Problem. Let z and v be SNBU probability measures on R" and Rm"
 respectively. Is the product measure on R"'"m always SNBU?

 (c) Note that (1.8) proves a stronger property than sNBU for the product
 measure v. The following simple argument shows that if v is a probability
 measure on R" then v has property (1.8) if and only if v is the product of its
 one-dimensional marginals and the marginals are Nsu. The 'if' part is Theorem
 1.6(iii). For the 'only if' part, consider the following events:

 AI = {XI al,. . ,X. _i a._I}, BI = R", A2 = R", B2 = {X a.}.
 Then (A1 + B1) U (A2 + B2) = A1U B2 and therefore (1.8) implies

 v(A1)+ v(B2)- v(A n B2)

 = v(A U B2)

 -(_ x v)((A, x B,)U(A2 x B2))

 = ( x v)(A, x B,)+(v x v)(A2 x B2)-(v X v)((A, x B,) (A2 X B2))
 = v(A1)+ v(B2)- v(A1)v(B2),

 hence

 v (A1 n B2) v(A?)v(B2).
 On the other hand A1 l B2 = A1 + B2, and hence, by (1.8),

 i(A1 l B2) - v,(Ai)v(B2).
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 560 J. VAN DEN BERG AND H. KESTEN

 Consequently

 v(X; = a,,1= i = n)= v(X, > a,,1= i = n - 1)v(X, > a,)= .. v(X? _- a,).
 i=1

 2. Applications to reliability

 In reliability theory (for a description of the subject see e.g., Barlow and

 Proschan [3]) a non-negative random variable T is called NBU if its corresponding
 probability measure on R? is NBU which means that (see Section 1), for all

 tl, t2 0,

 (2.1) P[T> t, + t2 I T > t,] - P[T > t],
 or equivalently,

 (2.2) P[T > t, + t2] _ P[T > t,]P[T > t2].
 Marshall and Shaked [14] introduced a multivariate extension of (2.2) by

 defining a random vector T = (T,, . , T,) to be multivariate new better than used

 (MNBU) if, for all increasing Borel sets A C R+ and all A, = 0,

 (2.3) P[T E (A + ,)A ] P[T E AA ]P[T E /A ],
 where AA - {Aa: a EA }. The main result in their paper was that if S and T are
 MNBU and if T and S are independent, then (S, T) is also MNBU (compare with
 Problem (1.11)). This yielded the following corollary.

 Corollary. If T1, " , T, are independent NBU random variables, then

 (i) T = ( T1, . . ", T,,) is MNBU,
 (ii) g(T1," -, T,) is NBU, whenever g is a non-negative measurable sub-

 homogeneous increasing function.

 (A function g on R+ is called subhomogeneous if g(ax) ag(x) for all x E RD
 and all a - 1.) This corollary is improved by the following corollary of Theorem 1.6(iii).

 (2.4) Corollary. If T,,. . , T, are independent one-dimensional NBU random
 variables, then

 (a) For all increasing Borel sets A, B C R",

 P[(T,, . . ., T,)EA + B] < P[(T1, , . ., T,) EA ]P[(T1, , . ., T,)E B].

 (b) g(T1," ', T,) is NBU whenever g: R%+--> R is a measurable increasing function with the property

 (2.5) g-'(a + b, o) C g-'(a, oo)+ g-'(b, oo), Va, b >0,
 where g-'A - {x Ig(x)EA}.
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 Inequalities with applications to percolation and reliability 561

 Proof. (a) follows immediately from Theorem 1.6(iii).

 (b) Suppose T, ' . , T, and g fulfill the conditions. Then:

 P[g(T1, . . ., T,)> s + t]

 = P[(T1, , T,)E g-'l(s + t, oo)l

 ? P[(TI, ? ? *, T,)E g-'(s, oo)+ g-'(t, oo)]

 _ P[(TI,' " , T,)E g-'(s, oo)]P[(Ts,. .., T,)E g-'(t, oo)]
 = P[g(T,, . . ., T,)> s]P[g(T,, . . ., T,)> t].

 (2.6) Remarks. (a) Part (a) of the corollary implies (i) because (A + /)A
 C AA + /A. Part (b) implies (ii) because each increasing non-negative sub-
 homogeneous function has the property (2.5), which can be seen as follows. Let

 g: R" -- R+ be increasing and subhomogeneous and let, for certain a, b >0,
 x E g-'(a + b, oo), i.e., g(x)> a + b. Then g((a + b)-'ax)? (a + b)-'ag(x)> a
 and, analogously, g((a + b)-'bx)> b. Hence x = (a + b)-'ax + (a + b)-'bx is
 the sum of an element of g-'(a, co) and an element of g-'(b, co).

 (b) In studies of NBU random variables these variables usually represent life
 lengths. However, the following interpretation of Corollary (3.1)(a), in which the

 variables represent amounts of certain products, might also be interesting.
 Suppose two people, say A and B, have to share the random output of a certain
 producer. A wants at least an amount a, B at least an amount b. If the output
 has an NBU distribution, then, by the definition of NBU, the following statement
 holds: the probability that the output can be shared such that A and B are both

 satisfied is not larger than the product of the probability that A would be
 satisfied if he had the total output for himself and the analogous probability for

 B. Now consider the case of n producers with independent random outputs,
 each having an NBu distribution. If A (B) wants at least an amount a1 (b1) of the
 first product, a2 (b2) of the second product, etc., then by the independence of the
 variables, it is obvious that the probability that A and B are both satisfied is still

 no larger than the product of the probability that A (respectively B), is satisfied.
 However, Corollary (2.4)(a) says that the statement still holds in the case that A

 and B are, within certain limits, willing to obtain somewhat less of one product
 in exchange for somewhat more of some of the other products.

 3. Applications to Bernoulli sequences and percolation

 Let f = {0, 1}". An event in f0 is called increasing.or positive if its indicator
 function is an increasing function on f0 (i.e., increasing in each coordinate
 separately). An event is called decreasing or negative if its complement is
 increasing.
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 562 J. VAN DEN BERG AND H. KESTEN

 If A and B are positive events we denote by A o B the event that A and B
 'occur disjointly'. More precisely, A oB is defined as follows. Each w =

 ( *o, ? - , o,) E is uniquely determined by the set K(w) C {1, *, n} of all
 indices i for which wi = 1. Now wo E A o B if and only if there exists a K' C K(w)

 such that wo', determined by K(wo')= K', belongs to A, and wo", determined by
 K(wo") = K(wo)\K' belongs to B.

 Example. If A is the event {at least k, of the oi 's are equal to 1} and B the
 event {at least k2 Of the o,'s are equal to 1}, then A o B is the event {at least
 k, + k2 of the oi,'s are equal to 1} (see below for further examples).
 It is clear that A o B is contained in A fl B. Further, notice that A o B = Bo A

 and Ao(Bo C)=(AoB)o C.

 Now let P be the probability measure on R under which w,.-, on are
 independent and P[woi = 1] = 1 - P[woi = 0]. Harris [11] proved that

 (3.1) P[A n B] > P[A]P[B], if A and B are both positive events,

 or, equivalently,

 (3.2) P[A n B] - P[A]P[B], if A is positive and B is negative.
 This inequality, which is one of the basic tools in percolation theory, is now
 usually considered as a special case of the FKG inequality first proven in [9]. We
 now show that the inequality (3.1) is reversed if A n B is replaced by A o B. This

 new inequality turns out to be a special case of Theorem 1.6(iii).

 (3.3) Theorem. If A and B are positive events, then

 (3.4) P[A o B] ? P[A]P[B].

 Proof. In order to use Theorem 1.6(iii) we imbed the state space ?7 in
 N" ={0, 1,-- }". We still use P to denote the image measure under this
 imbedding. Thus P[N"\(n]=0 and P[{x}] is unchanged if x Ef. Further, we
 replace each positive event A C 7 by the smallest increasing subset A of N"
 containing A. Thus A is replaced by

 A = {y EN" : 3x EA such that x - y}.
 This operation does not change the probability of A because only a set of
 probability 0 is added. One now easily sees that A o B differs from A + B by a

 set of probability 0. In fact z = (z1,- , z,) EA + B can have positive mass only if each z, equals 0 or 1. Thus, if z = x + y, x E A, y E B, then one must actually
 have x E A, y E B and the ones among the coordinates of x and y cannot occur
 at the same place (since x, = y, = 1 implies zi = 2). Finally, noting that a
 probability measure on N with all mass concentrated on {0, 1} is always NBU, the
 theorem follows directly from Theorem 1.6(iii).
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 Inequalities with applications to percolation and reliability 563

 (3.5) Remarks. (a) Analogously, a special case of Theorem 1.6(ii) is that for

 positive events A1, B,, A2, B2," ? , Ak, Bk C C,

 P[A oB, U A2oB2 U . U Ak oBk]

 (3.6) _(PxP)[AxBUA2 2U. .UA xB ].
 Roughly speaking, this means that the probability that, for at least one i, Ai and
 Bi occur disjointly, is smaller than the probability that, for at least one i, A; and

 Bi occur on independent copies of the probability space.
 (b) In the same way the following result, appearing in various forms in [12],

 [17], [19] and [7] can be derived as a special case of Theorem 1.6(i). Let o be a
 partition of {1, ... , n } and let C be a family of subsets of {1, . , n } such that for each CE C and FE #, C n F contains at most one element. Consider, for a
 given p E [0, 1], two probability measures P, and P,, on fn under both of which

 each wo is equal to 1 with probability p and equal to 0 with probability 1 - p

 (i = 1,..., n). Under P, the wi, i = 1, . , n are independent. Under Pp,, all w,'s with indices in the same class are equal with probability 1, while the families

 VF:= {W: iE F}, FE 9 are independent. Now let A be the event that, for at least one CE w, oi = 1 for all iE C. Then

 (3.7) Pp. [A ] _ PP [A ].
 In order to show that this follows from Theorem 1.6(i), imbed fZ again in N",

 and replace A by A, exactly as in the proof of Theorem 3.3. Denote the image of

 P, under the imbedding of - in N" by P,. Choose a representative iF for each
 class F E , and form (A)* from A by identification according to (, {iF}). One
 can verify that

 S[(a)*]= p, [(U {x: x ,= 1 for each iE C}e * L\CEqg/

 =p[ U {x: x, = 1 for each F with F C# 0}] LCEqg

 = P, [U {x: xi = l for each ie C}] = Pp,[A ]. Ceqg

 (In the second equality we use the fact that C n F is either empty or consists of a
 single element only.) Thus by (1.7)

 Pp, [A] = , [(A)*] _s[A] = P,[A],
 which is just (3.7).

 Conversely, it is possible to derive (3.4) and (3.6) from (3.7) by applying (3.7) in
 the space W2 with suitable choices of 9 and '.

 (c) Ahlswede and Daykin [1] have presented a rather general theory of

This content downloaded from 128.111.9.201 on Tue, 12 Feb 2019 23:04:07 UTC
All use subject to https://about.jstor.org/terms



 564 J. VAN DEN BERG AND H. KESTEN

 correlation inequalities, including the FKG inequality. However, it seems that
 (3.4) does not fit in this framework and it might be the first step in a new
 direction (see also (d)).
 (d) The operation o has been defined for positive events only. However, define

 for arbitrary events A and BCO the event AO iB as follows. First, for

 w = (o1, ..c, En) C and K C {l, . , n}, let C(K, w) denote the cylinder event
 {w': w' E 0 and ow = w, for all iE K}. Let K denote {1, . , n}\ K. Now define

 (3.8) AO-B ={ov: 3K C {1, . , n}suchthatC(K, w)CA and C(K, o)C B}.
 Clearly A O B CA nf B. We have the following conjecture:

 (3.9) P[A E B] i P[A ]P[B] for all events A and B.

 It is easily seen that if A is positive and B negative, A L B is exactly A n B, and
 if A and B are both positive it equals A o B, so that (3.9) includes the
 FKG-Harris inequality as well as our inequality (3.9). Moreover, if the answer to
 problem (1.11) is affirmative for the case that t or v is a probability measure on
 N2, concentrated on the elements (1,0) and (0,1), then (3.9) follows in a way
 comparable with the derivation of Theorem 3.3 from Theorem 1.6(iii).
 (e) Several special cases of (3.9) are proven in [5].

 Examples and applications in percolation theory. Let W be a finite or
 countably infinite graph. A path from site s to site s' is a finite sequence of the

 form (si = s, ei, s2, e2, "5, sn-l, sn = s'), where each ei is an edge connecting the

 sites s5, and s,i,. There is no loss of generality for our purposes if we restrict
 ourselves to paths which are self-avoiding (which means that all si's in the above
 sequence are different). The length of a path is the number of edges it contains.
 Now suppose that the edge is open (or passable) with probability pe and closed
 with probability 1-pe, and that all these events for different edges are
 independent. A path or, more generally, a subgraph, is said to be open if all its
 edges are open. An open cluster is a maximal connected open subgraph of W.
 Percolation theory (introduced by Broadbent and Hammersley [6]) studies
 questions like: what is the probability of the existence of an open path between
 two specified sites, and (in the case where W is infinite) do there exist, with
 positive probability, infinite open clusters? The above case is called bond-
 percolation. If, instead of the edges, the sites of W are randomly open or closed,
 one speaks of site-percolation. For a recent introduction to these problems see,
 for example, [14], Chapter 1. Also models have been studied in which the edges
 are only passable in one direction (see for example [9]).
 The following special case of Theorem (3.3) is useful in percolation theory (see
 also (3.12) below).

 (3.10) Corollary. Let, for some k 2, V, V, - , Vk be sets of paths of a
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 Inequalities with applications to percolation and reliability 565

 graph W. Assume that all the edges (sites) of W are independently open or closed.

 Call two paths disjoint if they have no edge (site) in common. Let Ei, i = 1, . , k,
 be the event that at least one of the paths in V, is open. Then:

 P[there exist pairwise-disjoint open paths rl E V1, r V2,'' 7, E Vk]

 (3.1) P[E,]P[E2]. "- P[Ek ] Proof. We may restrict ourselves to the case where W is finite (by obvious

 limit arguments). Now if we take O = {0, 1}E, where E is the set of edges of q
 (f = {0, 1}s, where S is the set of sites of ?W) and take woe = 1 or 0 (to, = 1 or 0)
 according as the edge e (site s) is open or closed, then it is not difficult to see that

 the event in the left-hand side of (3.11) corresponds with E1 o E2 o * o Ek and the
 result follows by repeated application of Theorem (3.3).

 (3.12) Remark. By using (3.6) or (3.7) one can also derive a similar result in
 first-passage percolation (see [13], Section 4).

 The following result is a simple proof of the first tree graph bound of
 Aizenman and Newman ([2], Proposition 4.1). Their bounds for higher connec-
 tivity functions can be derived in the same way. Let t(v, w)= P [v is connected
 to w by an open path].

 (3.13) Corollary. Consider bond-percolation on a graph W. Let si, s2 and s3 be
 sites of W. Then

 P[ss, sZ2 and s3 belong to the same open cluster]
 (3.14)

 <- t(s,, s)t(s2, s)t(s3, s).
 sa site
 of W

 Proof. The result follows by using Corollary 3.10 and the observation that s1,
 s2 and s3 belong to the same open cluster if and only if there exists a site s (which

 may be equal to one of the s, 's such that there are disjoint open paths from sl to
 s, from s2 to s and from s3 to s, respectively.

 The nicest application is an improvement of a result for critical percolation in
 two dimensions. As an example we consider bond percolation on the square
 lattice, which is the graph with sites {(n, m) n, mE Z}. (It is easy to derive
 analogous results for other two-dimensional lattices.) On this graph each site
 (n, m) has exactly four edges incident to it, namely those between (n, m) and the

 sites (n ? 1, m ? 1). Suppose all edges are independently open with probability p,
 and denote the corresponding probability measure by P,. Let B, be the event
 that there exists an open path from the origin to some site at distance n from

 the origin. (The distance from (n, n2) to (mi,m2) is defined as In,-mlj+
 I n2 - m2 j.) Clearly p [B, is decreasing in n. It is known ([12], p. 54 and Theo-
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 rem 5.1) that for p < there exists a A (P) < 1 such that Pp [Bn] < A" (p), while for

 p > ? lim,_. P, [B, ] > 0. When p is equal to the critical probability ? then P, [B, ] tends to 0, but not exponentially. Smythe and Wierman ([16], p. 61) gave an easy

 proof of P4[B,] > 1/2n. Later Kesten ([12], Theorem 8.2) showed that there exist
 C, y >0 such that P[B, ] > Cn- 1+. However, the value of y which follows from
 his calculations appears to be very small. It is believed that P[B,] - Cn- for
 some C > 0, 0 < 8 < 1 (see [17]). Even though we cannot prove such a power
 law, the following result greatly improves the estimates for y obtainable from
 [12]. The proof uses a refinement of Smythe and Wierman's idea and Corollary
 (3.10). (Another proof can be based on the (known) inequality (3.17).)

 (3.15) Corollary.

 1

 2 B 1 n

 Proof. Consider the subgraph S(n) of S which consists of the part of S

 situated in the rectangle 0 ? x - 2n, O y - 2n - 1. It is well known from duality
 arguments (see [15], or [16], p. 31) that the Pi-probability that there exists an
 open path which lies in S(n) and which connects the left-hand edge of S(n) with

 its right-hand edge equals ?. Further, it is clear that such a path passes through at
 least one of the sites {n} x [0, 2n - 1]. Hence at least one of the 2n sites in the
 above set has two disjoint open connections with the left- and right-hand edge of

 S(n), respectively. Also, the distance between a site in {n} x [0,2n - 1] and a site

 in the left- or right-hand edge of S(n) is always ?_ n. Consequently, by Corollary (3.10)
 2n-1

 = P [(n, i) is connected by two disjoint open paths
 i=0

 to the left and right edge of S(n)] _ 2n{PJ[B.]}2.

 Lastly we give a new and simplified proof of a result of Hammersley [10]. First
 consider bond-percolation on a graph W. By the distance between two sites of W
 we mean the minimal number of edges in any path which connects these sites.
 For any site s of W define

 N (s)= collection of sites at distance - n from s,
 B, (s)= collection of sites at distance exactly n from s,

 P,(s)= P[3 open path from s to a site in B,(s)]

 if n_ 1, and Po(s)=l.
 We say that a path belongs to N, (s) if all sites of the path, except for its
 endpoint, lie in N, (s), and we define, for n ? 1,
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 E/ (s) = expected number of sites s' E B, (s) for which
 there exists an open path from s to s'

 belonging to N,_1(s).

 We take Eo(s)= 1. Finally, for n 0 we set

 (3.16) P, = sup P (s), E, = sup E, (s).

 Hammersley [10] has proved that

 (3.17) P, - (Em )tmJ,
 where [n/m] is the integer part of n/m. A direct consequence of this result is
 that if the expected size of the open cluster is finite, then the radius of the open
 cluster has a distribution with an exponentially bounded tail (see also [12],
 Section 5.1 and [2], Section 5 for a stronger result). Here we give an easy proof of

 the following inequality which is somewhat stronger than (3.17) (since by

 induction (3.18) will imply Pn. = (Er)").

 (3.18) Corollary.

 Pn < 5 EmP, n,m 0.
 Proof. If n or m equals 0 the result is trivial. Assume n, m > 0 and fix s.

 Suppose there exists an open path from s to B"+"(s). Denote by s' the first site
 on the path (starting from s) which lies in B,, (s). Then, clearly, there exist two

 disjoint open paths, the first from s to s' and belonging to N,,-(s), and the second from s' to B.,, (s). Furthermore it is clear that B.,, (s) has distance at
 least n from s', so that the second path passes through B. (s'). Thus

 Pn,,,(s)< C P[= two disjoint open paths, one from s to s' and
 s'EBs,') belonging to N,,l(s), and the other

 from s' to some site in B, (s')].

 By Corollary 3.10 this expression is at most

 1 P[= open path from s to s' which belongs to N,,,-i(s)]P. (s') s'EBm(s)

 5 Em (s)P,.

 This holds for all s, so that (3.18) follows.

 If one considers site percolation then (3.18) remains valid (and the proof goes
 through practically unchanged) provided one redefines P, and E, as follows:

 N, (s), B, (s) and (3.16) remain as before, but

This content downloaded from 128.111.9.201 on Tue, 12 Feb 2019 23:04:07 UTC
All use subject to https://about.jstor.org/terms



 568 J. VAN DEN BERG AND H. KESTEN

 P, (s)= P[3 open path from a neighbor of s to a
 site of B. (s)], n 1, Po(s)= 1,

 E, (s) = expected number of sites s' E B, (s) for which
 there exists an open path from a neighbor of s to

 s' and belonging to N,_(s), n I Eo(s) = 1.
 Another application of Corollary 3.10 is to be found in van den Berg [4],

 where it is used to prove that for one-parameter bond-percolation on Z' the site
 (0, 0) always has at least as high a probability of being connected by an open path
 to (1,0) as to (2,0).

 Acknowledgements

 We wish to thank R. Ahlswede for many helpful discussions concerning
 Problem (1.11) and Conjecture (3.9). The first author's research was supported
 by the Netherlands Foundation for Mathematics SMC with financial aid from the
 Netherlands Organization for the Advancement of Pure Research (ZWO). The
 second author is grateful to the Technical University of Delft for its support and

 hospitality during his sabbatical leave in 1983, when this research was begun.

 References

 [1] AHLSWEDE, R. AND DAYKIN, D. E. (1979) Inequalities for a pair of maps S x S -* S with S a
 finite set. Math. Z. 165, 269-289.

 [2] AIZENMAN, M. AND NEWMAN, C. M. (1985) Tree graph inequalities and critical behavior in
 percolation models. J. Statist. Phys.

 [3] BARLOW, R. E. AND PROSCHAN, F. (1975) Statistical Theory of Life Testing and Probability
 Models. Holt, Rinehart and Winston, New York.

 [4] VAN DEN BERG, J. (1985) To appear.
 [5] VAN DEN BERG, J. AND FIEBIG, U. (1984) On a combinatorial conjecture concerning disjoint

 occurrences of events. Preprint.
 [6] BROADBENT, S. R. AND HAMMERSLEY, J. M. (1957) Percolation processes. Proc. Camb. Phil.

 Soc. 53, 629-641; 642-645.

 [7] CAMPANINO, M. AND RUSso, L. (1985) An upper bound on the critical probability for the
 three-dimensional cubic lattice. Ann. Prob. 13.

 [8] DELLACHERIE, C. AND MEYER, P. A. (1978) Probabilities and Potential. North-Holland,
 Amsterdam.

 [9] DURRETT, R. (1984) Oriented percolation in two dimensions. Ann. Prob. 12.
 [10] FORTUIN, C. M., KASTELEYN, P. W. AND GINIBRE, J. (1971) Correlation inequalities on

 some partially ordered sets. Commun. Math. Phys. 22, 89-103.
 [11] HAMMERSLEY, J. M. (1957) Percolation processes. Lower bounds for the critical probabil-

 ity. Ann. Math. Statist. 28, 790-795.
 [12] HAMMERSLEY, J. M. (1961) Comparison of atom and bond percolation processes. J. Math.

 Phys. 2, 728-733.

 [13] HARRIS, T. E. (1960) A lower bound for the critical probability in a certain percolation
 process. Proc. Camb. Phil. Soc. 56, 13-20.

 [14] KESTEN, H. (1982) Percolation Theory for Mathematicians. Birkhauser, Boston.

This content downloaded from 128.111.9.201 on Tue, 12 Feb 2019 23:04:07 UTC
All use subject to https://about.jstor.org/terms



 Inequalities with applications to percolation and reliability 569

 [15] KESTEN, H. (1984) Aspects of first-passage percolation. St Flour Summer School in
 Probability.

 [16] MARSHALL, A. W. AND SHAKED, M. (1982) A class of multivariate new better than used
 distributions. Ann. Prob. 10, 259-264.

 [17] MCDIARMID, C. J. H. (1981) General percolation and random graphs. Adv. Appl. Prob. 13,
 40-60.

 [18] MCDIARMID, C. J. H. (1983) General first-passage percolation. Adv. Appl. Prob. 15,
 149-161.

 [19] RiSCHENDORF, L. (1982) Comparison of percolation probabilities. J. Appl Prob. 19,
 864-868.

 [20] SEYMOUR, P. W. AND WELSH, D. J. A. (1978) Percolation probabilities on the square
 lattice. Ann. Discrete Math. 3, 227-245.

This content downloaded from 128.111.9.201 on Tue, 12 Feb 2019 23:04:07 UTC
All use subject to https://about.jstor.org/terms


	Contents
	556
	557
	558
	559
	560
	561
	562
	563
	564
	565
	566
	567
	568
	569

	Issue Table of Contents
	Journal of Applied Probability, Vol. 22, No. 3 (Sep., 1985), pp. 487-745
	Front Matter
	Records from Improving Populations [pp. 487-502]
	Parametric Inference in Markov Branching Processes with Time-Dependent Random Immigration Rate [pp. 503-517]
	Estimating Volumes from Systematic Hyperplane Sections [pp. 518-530]
	Accurate and Asymptotic Results for Distributions of Scan Statistics [pp. 531-542]
	Weak and Strong Law Results for a Function of the Spacings [pp. 543-555]
	Inequalities with Applications to Percolation and Reliability [pp. 556-569]
	Compartmental Models with Transfer Delays: A Semi-Markov Approach [pp. 570-582]
	Variances and Covariances of the Grade Sizes in Manpower Systems [pp. 583-597]
	On a Spectral Density Estimate Obtained by Averaging Periodograms [pp. 598-610]
	Exponential Trends of First-Passage-Time Densities for a Class of Diffusion Processes with Steady-State Distribution [pp. 611-618]
	Uniform Conditional Variability Ordering of Probability Distributions [pp. 619-633]
	A Limit Theorem Which Clarifies the 'Petersburg Paradox' [pp. 634-643]
	Adaptive Approach to Some Stopping Problems [pp. 644-652]
	Asymptotic Analysis for a Production-Inventory Control Model with Renewal Arrivals and Exponential Demands [pp. 653-667]
	A Queueing System with Markov-Dependent Arrivals [pp. 668-677]
	On a Modified Counter with Prolonging Dead Time [pp. 678-687]
	A Queueing System with Impatient Customers [pp. 688-696]
	周攠䉵獹⁐敲楯搠潦⁴桥⁑略略楮朠卹獴敭⁍⽇⼢Ḡ孰瀮‶㤷ⴷ〴�
	Short Communications
	Tail Behaviour of Ladder-Height Distributions in Random Walks [pp. 705-709]
	Inequalities for Random Flats Meeting a Convex Body [pp. 710-716]
	An Order Statistic Characterization of the Poisson Renewal Process [pp. 717-722]
	Upper (Lower) Bounds on the Mean of the Maximum (Minimum) of a Number of Random Variables [pp. 723-728]
	A Nearly Independent, but Non-Strong Mixing, Triangular Array [pp. 729-731]
	Optimal Design of a Storage System with Constant or Linear Release Rate [pp. 732-738]
	Inequalities and Bounds for the Scheduling of Stochastic Jobs on Parallel Machines [pp. 739-744]

	Correction: Dispersive Ordering of Distributions [p. 745]
	Back Matter



