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There is a slight disparity in smooth ergodic theory, between Pesin the-
ory and the Pugh-Shub partially hyperbolic theory. Both theories assume
a weakened form of hyperbolicity and conclude ergodicity. While the two
theories have considerable overlap, Pesin theory assumes a C'*° hypothesis,
whereas the Pugh-Shub stable ergodicity theorem assumes a C? hypothesis.
The purpose of this paper is to close the gap between C'* and C2.

Let f : M — M be a partially hyperbolic diffeomorphism of a compact
manifold M. Partially hyperbolic means the following. There is a nontrivial
splitting of the tangent bundle, M = E* & E°& E°, that is invariant under
the derivative map T'f. Further, there is a Riemannian metric for which we
can choose continuous positive functions v, 7, and 4 with

v,p<1l and v<y<Al<p! (1)

such that, for a unit vector v € T, M,

|T fo] < v(p), if v e E*(p), (2)
v(p) < |ITfoll <A(p)~",  ifve E(p), (3)
o(p) L < T ol it v € B*(p). (4)

A partially hyperbolic diffeomorphism is dynamically coherent if there
are foliations W and W tangent to E° & E° and E° & E" respectively.
In this case there is also a foliation W€ tangent to E° whose leaves are the
intersections of the leaves of W and W*. Each leaf of W is foliated by
leaves of W¢ and W?; leaves of W have the analogous property.



Theorem 0.1 (/PSW], Theorem B) Let f : M — M be a C?, partially
hyperbolic, dynamically coherent diffeomorphism of a compact manifold M
satisfying

v < yy.
Then the stable distribution is a uniformly C* bundle when restricted to any
leaf of the center-stable foliation. Consequently, the stable holonomy map
between center transversals is C*.

If the assumption that f is C? is relaxed, then the first conclusion of
Theorem 0.1 does not hold; that is, the stable bundle may no longer be
a C! bundle over every leaf of the center-stable foliation. This is easy to
see in the case where the unstable bundle is trivial. Let F : T? — T2 be
a linear Anosov diffeomorphism of the 2-torus, and let f = po F o o™}
where ¢ : T? — T? is a C'* diffeomorphism that is not C2. Then f is an
Anosov diffeomorphism, with £ = ¢.(E}) and E} = ¢.(E}). We regard f
as a partially hyperbolic diffeomorphism, with stable bundle £ and center
bundle E%. Then the center-stable foliation has one leaf, the whole 2-torus,
and the stable bundle £} = ¢.(E}%) is merely Holder continuous, since Ty is
Holder-continuous, but not C*. Note that the hypothesis v < ¥4 is satisfied
by this example, since the center bundle of f is 1-dimensional.

While the first conclusion of Theorem 0.1 does not hold for this example,
the second one does; the stable holonomy for f between center transversals is
C', and in fact, C'*°. This is because the stable holonomy for f is conjugate
via ¢ to the stable holonomy for F.

Note also that, even under the hypothesis that f is C?, the techniques
behind the proof of Theorem 0.1 do not give a C''*# condition on the stable
holonomy; for this, a C?*° hypothesis on f is required. Our main result
shows that we may relax the C? assumption to C''*? and still obtain that
the stable holonomy for f between center transversals is C'. The price of
relaxing the differentiability of f is that we require a more stringent bunching
condition, a condition that is nonetheless satisfied by many examples. As an
added benefit, we obtain that the holonomy is C'*?, for some 3 > 0.

Theorem 0.2 Let f: M — M be a C'*°, partially hyperbolic, dynamically
coherent diffeomorphism of a compact manifold M satisfying

V! <17,

where 6 € (0,6) is a Holder exponent for E°. Then there exists 5 > 0 such
that the stable holonomy map between center transversals is C1+P.
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As far as we know, this result is new, although there are related results
for codimension-1 hyperbolic systems [PR], in the nonuniform setting when
E€ is a hyperbolic Lyapunov subspace in an Oseledec decomposition [BPS],
and for Lie group cocycles [PW] .

For any partially hyperbolic diffeomorphism, the stable and unstable sub-
bundles £¥ and E" are tangent to foliations, which we denote by W* and W*
respectively [BP]. These foliations induce an equivalence relation on M: we
say that p ~,, ¢ if there is a sequence of points p = pg, ..., pr = ¢ such that
any two consecutive points in the sequence lie in the same WW?*-leaf or the
same Wt"-leaf. A partially hyperbolic diffeomorphism has the accessibility
property if there is only one ~,-class, i.e. if p ~,5 q for any p,q € M. It has
the essential accessibility property if a set that is measurable (with respect
to the volume) and is a union of ~,,-classes must have 0 or full measure. In
[BW], we use Theorem 0.2 to prove the following:

Theorem 0.3 Let f be C'*, volume preserving, and partially hyperbolic.
Suppose that f satisfies the strong center bunching condition:

max{v, 7}’ <7, (5)
where 6 € (0,0) satisfies the inequalities:
vy <t AT <l (6)

If f is essentially accessible, then f is ergodic, and in fact has the Kol-
mogorov property.

This has the corollary:

Corollary 0.4 Let f : M — M be a C'*°, volume-preserving, partially
hyperbolic, dynamically coherent diffeomorphism with 1-dimensional center
bundle. If f is accessible, then f is ergodic.

Note that Theorem 0.2 can equally be applied to the stable foliation of
C'*9 Anosov diffeomorphism by regarding the unstable bundle as a center
bundle. By doing so, we obtain, for example, the following:

Corollary 0.5 Let f be a C'*° conformal Anosov diffeomorphism. Then for
every 3 < 0, there exists a neighborhood U of f in Di J”S(M), such that, for
every g € U, the stable and unstable holonomies for g are C**P.



1 Proof of Theorem 0.2

The proof follows similar lines to the proof of absolute continuity of the
stable foliation for partially hyperbolic systems. The main difference is that,
unlike the Jacobian map x +— Jac,f, the multiplicative cocycle x — T, f
over f is not abelian. We exploit instead the fact that the map v — ||T fv||
is an abelian multiplicative cocycle over the projectivized tangent map f, :
P(T'M) — P(T'M). This map is projective in the fibers, with Lipschitz norm
(74)~!. The inequality ¥ < 44 allows us to prove that the stable holonomy
h® has a projectivized derivative h]. Once this is established, a distortion
estimate using the v — [|T fv|| cocycle gives us that h® is differentiable.

We denote by h® the stable holonomy between two center leaves, omitting
reference to domain and codomain. We denote by 7* a fixed, uniformly C'*?,
local approximation to h®. By this we mean that there is a constant C' > 0
such that for any p,q € M with ¢ € W*(p, 1) we have a C'*? diffeomorphism

Toa ' Wise(p) — W€(q)
such that:

L. d(m; 4(p),q) < Cd(p, q);
2. d(Tms v, 0) < Cd(p,q)?, for all v € P(E(p));

3. if Wi,.(p) N WE,.(p") # 0, and the codomains of 75 and m, , also
intersect nontrivially, then w5 = 7 » on W, .(p) N W,.(p').

This can be accomplished by fixing a C''* normal bundle to each leaf of
the center foliation W¢. Since the leaves of W€ vary continuously in the C1+?
topology, this choice of normal bundle can be made to vary continuously from
leaf to leaf. The fibers of this bundle foliate a uniform neighborhood of each
leaf. The holonomy of this local foliation between a local center leaf W{ .(p)
and a neighboring center leaf Wf .(q) gives the map T, By rescaling the
metric if necessary, we may assume that 7 is well-defined on the domain
WE .(p), for all ¢ € W#(p,1). We will sometimes drop the reference to p and
g and write 7° for short.

Fix p,q € M with ¢ € W*(p, 1), and let

h) =f"om . of"
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Note that h;, : W,.(p) — W¢(q) is well-defined, for all n > 0, since 7,
extends uniquely to the domain f"(Wg .(p)).

The proof now proceeds in four steps alluded to above. In the first step,
we show that hS converges in the C° topology to h®. This first step uses
only partial hyperbolicity and dynamical coherence. In the second step, we
show that the projective linear bundle maps h’_ : P(E¢) — P(E°) converge
in the C° topology to a projective linear bundle map hé : P(E¢) — P(E°).
In Step 3, we show that the derivatives Th? : E¢ — E° converge in the C°
topology to a bundle isomorphism Th® : E¢ — E°. It follows that h® is O,
with derivative Th®. Finally, we show that T'h® is Holder continuous. The
last three steps use the bunching hypothesis 1? < v4.

yqn

Step 1: the sequence h; converges to h° in the space of all contin-
uous maps from Wy, (p) to W<(q).

Invariance of W* under f implies that f™"h; . f" = h*, where the stable
holonomy A2 maps from f"(Wj,.(p)) to W¢(qn), sending p,, to gy.

Note that since f™ contracts distances in W#(z, 1) by a factor of v,(x),
we have that d(x,, ) , (zn)) < vp(z), for all z € WY (p) and n > 1. By
property 1. of 7%, we then obtain that

A (@), 1, (2)) < Cva(a), 7)

for all x € Wi (p) and n > 1.
Now fix x € W[, .(p) and n > 1. We have:

d(f "7 (@n), [ Ny, 4, (X))
< vonl(@) d(7(20), h;n,qn (zn))
< Cy_p(@)v_p(z).

d(hy (), h*(x))

Partial hyperbolicity implies that there exists x < 1 such that the function
Y—nVp is uniformly bounded by «". Hence h{ converges uniformly to h®.c
Step 2: the sequence i}, : P(TW} .(p)) — P(T'W*(q)) is Cauchy.

We fix some notation. For w € P(TM) and k € Z, let wy, = fF(w) €
P(TM). We first prove some lemmas.



Lemma 1.1 There exists 6 > 0 such that, for every v € P(E°(x)) and
w € P(E(y)):

1. if d(vg,wg) <9, fork=0,...,n—1, then
d(vn, wn) < (V9)-n(@n)d(v, w)"
2. if dv_g,w_y) <0, fork=0,...,n—1, then
A(V-p,w-n) < (V7)-n(@)d(v, w)".

In particular, if d(v,w) < 6(yy)n(x), then the conclusions in 1. hold, and if
d(v,w) < 0(YY)n(xn), then the conclusions in 2. hold.

Proof. It suffices to prove the lemma in the case n = 1; the other cases are
proved inductively. In writing f,(v) for v € S(T, M), we deliberately suppress
the basepoint x. For the following calculation, the basepoint is relevant, so
we shall write v = (z, () and w = (y, £). Recall that the Lipschitz norm of f,
restricted to the fiber P(E°(z)) is ¥4(z)™ = (v4)_1(z1), and the Lipschitz
norm of f;! restricted to the fiber P(E(z)) is vy(x_1)~' = (v9)_1(z). We
estimate:

dvi,wn) = d(fu(x,0), f(y,€))
< d(fulw, ), fol,9) + d(fo(x,€), f-(,€))
< (9)-1(21)d(C, &) + Hd(x,y)°
< (7A)-a(@) (d(¢, )" + Ha(x,y)° ") sup{d(w,y), d(C, €)}.

If d(v,w) = sup{d((, &), d(z,y)} is sufficiently small, then
d(¢. €)' + Hd(x,y)"™" < 1,

and we have
d(vlv wl) < (7&)*1(1.1)61(1}7 w)
This completes the proof of 1, in the case n = 1. The case 2. is proved

similarly.o

The next Lemma will also be useful in Step 3.



Lemma 1.2 Forn > 1, and k < n, let
U;{ = f;"+k7r* (Un),

where v € P(T,Wf,.(p)). Then, for n sufficiently large, we have:
d(vg, vy) < Cu(x)?,

for all k <n.

Proof. Property 2. of 7° and uniform contraction of W*(p, 1) by v together
imply that

d(va,v,) = d(vn, T (vs))
Cd(zp, by o (:vn))e

<
< Cup(z)’.

Let § > 0 be given by Lemma 1.1. The bunching hypothesis ¥ < ¥4 implies
that if n is sufficiently large, we have:

d(vn, v5) < 6(79)n().

Assume n is this large.
We prove Lemma 1.2 by backward induction on k. We have shown that

A0, v)) < min{ (@), 5(33)a(2)}.
Lemma 1.1 now implies that for all 1 < k£ < n, we have
d(vk, vy,) d(f7" (vn), £ (0),)

(V) k=n(2)d(Vn, U;z)
S(v)k ()

Suppose now that for some k£ we have

d(vg, vy) < Cug(x)?.

<
<

Then, since d(vg, v},) < §, we have

d(Uk_l,U;;_l) = d(f*_l(vk)af*_l(vgc))



since ¢ < v4. o

Returning to the proof of Step 2, we fix v € P(TW;,.(p)), and n > 1.
Then

d(hna(0), B2, (0)) = A7 (0a), £ ful0n)

(V9)-n () d(m(vn), f 17 f(00))
(v3) (@) [d(7 (vn), (00)) + A(F7 Fo(vn), 775 fu(0n)]
(49)-n(2) Crn (@) + (43) -1 (2) C¥s ()’

Since 1? < 74, the sequence is Cauchy.
Let hi = lim,, . h;,.
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Step 3: the sequence Thi : TW;, .(p) — TW*(q) is Cauchy.

Since we have already found h,, it suffices to show that the sequence of
functions v — ||[Th,v||, for v € P(T,Wf.(p)), is Cauchy. This is uses a
standard C'*? distortion estimate.

Lemma 1.3 There ezists a K > 1, such that, for all v € P(T,Wf,.(p)) and
n > 1, we have:

P e
~IRST ol T

Proof. For w € P(T'M), let p(w) = log ||T fw||. Note that ¢ is a -Holder
continuous function. Fix v € P(T, W, .(p)) and n > 1. Then

oI 7 f o

o ezl TFoell -5~y — g
morr A ’“
n—1
< > Hd(vg,v,)°
k=0
n—1
< HY Coyz)”
k=0

< Hcé(l o P96)—17

where 7 = sup,.,, v(2) < 1. Setting K = exp(HC?(1 — 7)) completes
the proof. ¢



Using this lemma, we fix v € P(T,W},.(p)) and n > 1 and estimate:

o | T fo| -1
m|||T7wn|| — I T(fmf)vnlll
ClTmv, — T(frf~" v

Cl|Tmvn — vall + IT(ff " vn — T(frf vl
C'vp(z)?

Tyl = Thy, 0]

IA A CIA

Hence the sequence ||[Th:| : P(TWf.(p)) — R is Cauchy. Let Th =
lim,,_,o T'h; .

Step 4: the function Th® : TW;, .(p) — TW*(q) is Holder continuous.

We first show that h% : P(TWY .(p)) — P(TW¢®(q)) is Holder continuous,
uniformly in p € M and ¢ € W¢(p,1). Choose £ > 0 so that v/ < (y4)1+¢,
and let p = (v4)2+9)/%. Suppose that p’ € W¢,.(p). Then there exists an

n > 1 such that min{d(p,p'), 1} € [pn(p), pn-1(p))-
Our previous calculations show that there exists a K > 0 such that

deo(h3, hy,) < Kvp (V).

* T %

Let 6 = 2‘%, and note that

V()1 < P
for all n. Thus it suflices to show that
A(ha (P, €), hi (9, €)) < O(pn(p)?),

foralln > 1, pe M and p' € W¢(p, pn(p)).
Lemma 1.1 implies that

d(f(:€), f2(0,©) < (V1) -n(pn) pu(P)” < (9)u(p)' .

Now property 2. of 7® implies that

d(m f(p, ), 7 f2 (0, €)) < d(m* £ (p, €), £ (0, €)) + d(f (P, €), f2 (P €))
+d(f(p, ), f1(P,6))

Cd(pn, ™ (pn))” + d(fL (p, ), f1 (P, €)) + Cd(p,,, 7 (p},))’
Cun(p)” + (7)n(p)' " + Crn(p)’

O((v¥)n(p)')
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Again applying Lemma 1.1, we obtain that

d(hni(0, ), P (0, €)) < (73) =0 (0,) O((77)u(p) )
< O((v)n(p))
= O(pa(p)?).

We now show that log | Th*|| : P(TWf,.(p)) — R is Holder continuous.
Let v = (p,&) and w = (p', &), and suppose as above that min{d(p,p’),1} €
[on(P), pn—1(p)). We showed in Step 3 that

log ”ThS H = ZSD Uz hS(UZ))

where ¢ = log ||T'f||. From this it follows that

log T (. &) — og T3 Ol = |3 (1) = e(h500) = 3 elu) = ()
< fwmm—wwm+7|wmw—¢mwm

+ Z lp(vi) — o(hivi)| + Z [p(w;) — p(hiw)|

< Z d(v;, w;) e Z d(hjv;, hswl
—0
+ > d(vs, hvi)’ + Z d(w;, Bw;)’)
L o
< O (v )-im)” + D ((v)-ip)”
i=0 i=0
+y v

< 0 ((Om)-nsl)” + o)

Recall that we have chosen n so that

)1+z—: )9(1+s)/(2+€).

d(Vn, wn) < (V) =n(Pn) pn(P)’ < (v8)a(P)" = pu(p

We also have that

V< (yA)tte
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From these facts we conclude that

[log | Th*(p, &) = log [ITH* (0, )]l < Olpal(p)”),

where
g = 559<1 +¢) _ d0e(1 —|—5)‘
2+4¢ (24¢)?
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