ECONOMIC APPLICATIONS OF IMPLICIT DIFFERENTIATION

1. Substitution of Inputs

Let Q = F(L, K) be the production function in terms of labor and capital. Consider the isoquant
Qo = F(L, K) of equal production. (This is the level curve of the function.) Thinkind<o&s a function
of L along the isoquant and using the chain rule, we get

_0Q | 9QoK
9L 9K oL’

... 0K I .
The derlvatlvei measures the rate of substitution of capital for labor needed to keep the output constant.

For the Cobb-Douglas production functiéq = cL2KP. If the quantity produced is fixed andK is
considered a function df, then differentiating

d
0= a—L(chaKb)
IK

—acl® Kb+ bcLaKb‘lﬁ, so

9K acl*?KP
gL bclakb-t

-

Thus, the marginal rate of technical substitution of capital for labor is a constant multiple of the average of
capital to labor.

2. Comparative-Static Analysis of Balancing Supply and Demand
Assume the supply and demand functions for a single commodity are
Q=SP,T) (supply) and
Q=D(,,Y) (demand)

whereY is the incomeT is the tax on the commodity, arRlis the price. We do not assume a particular form
of the supply and demand functions, but we do assume that the supply increases with price and decreases
with tax while the demand decreases with price and increases with income: Assume that

39S 39S

~ % 0 _ %2 _p

=35>0 S=57<0
9D 9D

Dp = 2= Dy == >0

P=5p =0 Y=oy >0

At an equilibrium state, supply and demand are balanced, so
0=S(P, T)— D(P,Y).

The partial derivative of the right hand side with respecPts S — Dp > 0, so this equation determines
the priceP as a function of incom& and taxT while the system stays in an equilibrium state. Taking the
1



2 ECONOMIC APPLICATIONS OF IMPLICIT DIFFERENTIATION

partial derivatives with respect ¥andT, we get

oP P
0=S%—-Dp—-D and
Spay ~ Prgy ~Dv
oP oP
0=S|3ﬁ+Sr—DPﬁ,
S0
P
—Dp)— =D and
(Sp P)aY Y
P
—Dp)— = —
(S P)aT Sr,
and
P Dy
—=—"1_>0 and
Y S —Dp
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Thus, the price increases with both an increase in income and tax.

3. General Method of Implicit Differentiation

Following the book’s treatment of the general implicit function theorem, assume that thare -ar@
equations im + m variables withn > 0,

Fi(Xe, ..., Xn, Y1, ..., Ym) = C1
FZ(Xl,---’Xn,yl,---»ym):CZ

Fm(xl,---’xn,yl,---»ym) =Cm
such that ap = (a, b)

1 (o) )
1 9Ym
det : : # 0.
oFn oFnm
v P Y P
By the implicit function theorem, there is a “implicitly defined function= h(x) such thaC = F(x, h(x))
for all x neara. Thus, the(y, ..., ym) are the dependent variables aiqg, . . ., X,) are the independent

variables. LetH (x) = (x, h(x)), soC = F(H (x)). Differentiating this equation with respectxand using
the chain rule, we get the matrix equation

0= DF(p)DH(@ = [DsF (), DyF ()] [Dr:(a)}

= DyF(p) + DyF(p)Dh(a) or
IF1 IF1 aF, Ik Y1 Y1
0 %y P - % (P) By (p) oy (p) a%e P - %, (P)
@O |:]=] S ko : : :
%y P - % (p) By, P - 8ym(IO) aXl(IO) aXn(ll))
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Solving for the partial derivatives of the dependent variables and taking the inverse of the square matrix
involving the partial derivatives of thE;, we get

-1

dy1 dy1 Ik Ik dF, dF
axl(p) axn(p) 8y1(p) aym(|o) 8x1(p) 8Xn(p)
(@) : : =- : : : :
3Ym Ym 3 Fm 3 Fm 3 Fm 9 Fm
8Xl(p) axn(p) - P - aym(p) ™ ® - % P)

In a given problem, we just write down the matrix equation (1) and solve them rather than use equation
(2). The reason is that it is easier to remember the correct form for the matrix equation (1): The rows
are determined by the coordinate functions (or equations) of the problem; the first matrix has the derivatives
with respect to the independent variables; the second matrix has the derivatives with respect to the dependent

variables and is multiplied by the unknown matrix of partial derivatives of the dependent variables with

. . . . aF . . aYj
respect to the independent variables. Notice in the matrix product the{—)t)c;'rns multiplied bya—z(/J as the
j ¢

chain rules says it must be.

4. Marginal Inputs of Prices

A firm uses two inputsg; andg, to produce a single outp@ determined by a production function. Let
p: be the price ofy;, and p, be the price ofy,; let 1 be the price of the outp®. (Either the price oQ
is taken as the unit of money or we are looking at the ratios of the ppgés the price ofQ.) The profit
is given byr = Q — p1g; — p202. We will see in the section on maximization later in the quarter that the

. . . . om . . L
inputs that maximize profits satls§<z = 0 and— = 0. Calculating these partial derivatives, we get

01 002
o 0Q
=—=—— and
o0y 00p P
_or 9Q o
A A ?

11
For the Cobb-Douglas production functih= q;’q;, these equations become

_2 1
3) 0=-0,°0f — p1

1

1
0=-070, % — p2.

NIk Wl

We have two equations and four variables p., g;, andg,. If we specified values for the prices, then we
would have two equations for the variabtgsandq, which could determine their values.

To see that these two equations in (3) determine the amounts of igpatslq, that optimize profit in
terms of the pricegp; and p,, we check the determinant of the matrix of partial derivatives with respect to

¢h anday:

1

9 6

det } 2 _1
6 4
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Therefore, the partial derivatives @f andg, with respect tgp; and p, satisfy the following matrix equation:

284 Lot [P 9%
HR R A T
o] Tlo T s Agr|| 2%
g B g% | 0p1 P2
001 00p 2 511 2 -%"l
8pl apz _ 9 ql qZ 6ql q2
0% 96 | T |1 3 4 -1 4 3
apr ps eI %" 4% Q2_
-1 03 -1 2
| Z7%% Fu %
= 360,02 1 o2 12 -2 501
=%’ a6
6 1 Y2 9 1 M2
s 1 2 1
-9q7 g, -607 q;
= 2 1 1 31>
-6a7q; -8ay’ d;
. .00 .
and all the partial derlvatlveg,g—' are negative.
j

Because the sum of the exponents in the production function is less thagm $r%,< 1, the production
has decreasing return to scale. Although it is not obvious from the above treatment, this property caused the
partial derivatives to be negative and has the effect that the amounts of the inputs decreases with an increase
in either price.

The details of this example are complicated. However, the outline of the method is not complicated.
(a) First, some equations are derived (or given) relating several variables. In our example, (3) has two
equations with four variables. (b) Second, thinking of these equations as defining some variables in terms of
the others, we take partial derivatives. In our case, we take the partial derivatives with regpeamdip,.

5. Changing of Technology of Production

A firm uses two inputs to produce an output. Assume the amounts of the inpuwtsaacsy with p the
price ofx andq the price ofy. The amount produce® is determined by the Cobb-Douglas production
function Q = x2y?, where the technology determines the exponemtsindb. The firm can vary the
exponent b while keeping a fixed by changing the technology. It wants to keep the amount produced
fixed, Qp, and the cost of the inputs fixgulx + gy = 125. What is the rate of change of the amounts at
x=5,y=50, p=5 q=2, a=13 andb=23?

Rather than use the equati@y = x2y, we take its logarithm and obtain the two equations

125= px+qy and
IN(Qo) = aln(x) + bin(y).

These two equations defixeandy as functions of, b, p, andg since

det[g g}_pb_%:pbx—qay:5-2-5—2-1-50 -1
Xy

= — =—#0.
y X Xy 3-5-50 15#
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Consideringk andy as functions o, b, p, andq, and differentiating the two equations with respect to
the four independent variables gives the following matrix equation:

FdX JdX 09X 0X

o] [0 0xy+_pq£%a_pﬁ
0] = [ineo Iny) 0 o2 Bilay ay ay dy
| 0a db 9p 0q

JdX 09X 00X 0OX =

or 2 o2 9r b

da db dp aq Xy yq[o 0 xy}
-a
X

dy 9y 9y Y|~ " pbx—qay In(x) Inty) 0 O

da dob odp aq N i
Xy [-qln(X) -qingy) 8% b}

= oy nhv -a
qay— pbx| pln(x) piny) -a %
-xygln(x)  -xyqIn(y) bx2 bxy
gay— pbx gay— pbx gay— pbx gay— pbx
xypin(x)  xypin(y) -axy -ay?In(y)

qay— pbx gay— pbx gay— pbx @gay— pbx

ot : 100-50 _ 50
At the point in questiongay — pbx = == = % and

ay 322550 In(5) 3y 3(25)(50 In(50
da 50 ab 50
=75 In(5) = 75 In(50).

Similarly calculations give the other partial derivatives.

6. Nonlinear Keynesian Model

This is a nonlinear Keynesian I1S-LM model for national income. The details of solving for partial deriva-
tives in terms of other is more complicated than the other ones we considered since it involve more variables
and two equations that the system must satisfy. However, it does uses the general ideas of implicit differen-
tiation as well as the chain rule.

The variables are as follows:

Gross domestic product (GDP)
Consumption

Investment expenditure
Government spending
Taxes

r Interest rate
M Money supply

40 -0 <

The GDP is assume to be the sum of the consumption, investment, and government speadg, +G.
The consumption is a function of after taxes income or the differ&ned, C = C(Y — T); the investment
is a function of the interest raté,= | (r); and the money supply is a function (called the liquidity function)
of GDP and the interest rath] = L (Y, r). The assumptions on the partial derivatives are that

oL

, , oL
0<C'x) <1, I'(r) <O, W>0’ and ¥<O.

aoC

=-C.
oT

. N . oC
Note that the partial derivative & with respect toY andT areW = C’and
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We have obtained the following two functional relationships between the five variables:

(4) O=-Y+CY-T)+I1nH+G and
0=L(Y,r)— M

We considelG, M, andT as the independent variables which can be controednd| are intermediate
variables (or functions)Y andr are dependent variables determineddyM, andT through the variables
Candl.

Taking the partial derivatives of the two equations with respe¥t &mdr is an invertible matrix,
-14+C I/

Ly L,
The sign ofA is positive becauseC’ — 1) < 0,L; < 0,(C' -1 L, >0,1"<0,Ly >0,and—1"Ly > 0.
Therefore, these two equations defhandr as functions of5, T, andM.

Taking the partial derivatives of the two equations with respedgtdl, and M (in that order), and
consideringy andr as functions of these variables, we get the following matrix equation:

A:det[ ]:(C’—l)L,—I’Ly>O:

oY aY oY
o] [1 € o0 ~1+C" '] 3G 3T oM
[o_—[o 0 }*[ Ly Lr] or or o
G oT M’
oY 9Y Y 7
3G oT oM :i[Lr -I/}[-l o4 0]
or ar  or Al-Ly C-1{|]0 0 1
aG oT oM
1[-L, L C -1’
:Z[LY -LyC’ C’—l]'
The partial derivatives of andr with respect tdG are positive:
Y  -L, or Ly
B_G_X>O and a—G_K>O.

Thus, both the GDFY, and the interest rate, increase if government spending is increased while holding
the money supply and taxes fixed. The partial derivative$ afidr with respect tol' are negative, and both
Y andr decrease with increased taxes:

aY L, C or -LyC’

— = 0 and — = 0,
aT - A aT A
Finally, oy I ; o1
-1 r [
—=—>0 and — = 0,
oM~ A M A

andY increases anddecreases with an increased money supply.
This is the type of qualitative information that this type of analysis can give without knowing the particular
form of the functional dependence but only the signs of the rates of change.



