Theorem (6). The pivot columns of a matrik form a basis for the column space Ch).

Proof. The proof has two parts: show the pivot columns are linearly independent and show the pivot columns
span the column space.

We use the reduced echelon matrixAfin the proof. We designate it bB. If A andB haver pivot
columns, then the pivot columns Bfare the standard vectoes, ..., € in R™. For example, consider the

reduced echelon matrix
bio O bia O bg
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which has pivot columne?, €2, ande?® in its first, third, and fourth columns. These are vector®in

The solutions of the homogeneous equatidrs= 0 andBx = 0 are the same. Therefore, the relations
among the columns & andB are the same. (Any non-zero solution of these homogeneous equations gives
a relation among these columns.)

Lemma 1. (a) The pivot columns d are linearly independent.
(b) The pivot columns @& are linearly independent.

Proof. (a) The pivot columns oB are the standard vectogs, ..., € in R™ that are linearly independent.
(In the example of the matrix given abo, €2, ande® are linearly independent iR*.)

(b) The relations among the columns/AfandB are the same (as noted above), so the pivot columns of
A are also linearly independent. O

Lemma 2. The pivot columns ok span the column space Af

Proof. Let b be a non-pivot column of the reduced echelon maBix Assume that there arg pivot
columns to the left obX in B. These pivot columns must I&, ..., el. The non-pivot columiX can only
have nonzero entries in the firstomponents (or it would be a pivot column) and so is a linear combination
ofel, ..., el

SinceA has the same relations among its columnB aigs non-pivot columreX is a linear combination
of the j pivot columns to the left of it. By Theorem 5(a), the span of the pivot columns is the same as the
span of all the columns. This shows that the pivot columm& span the column space At O

By Lemma 1(b), the pivot columns are linearly independent. By Lemma 2, the pivot columns span the
column space oA. Together, these two facts show that the pivot columns form a basis for the column space
of A. O



