Math 304 Final June 2004 C. Robinson

No books, no notes
Show all your work in your bluebook. Start each problem on a new page.

There are 8 problems.

1. (25 Points) Find all the pure strategy Nash equilibria for the bi-matrix game given by
(5:3) (9,7) (3,5)
(6,5) (7,8) (1,7)
(3,7 (5,5) (4,9)

Answer:
Player one maximizes in the first column in row two, in the second column in row one, and

in the third column in row three.
Player two maximizes in the first row in column two, in the second row in column two, and

in the third row in column three.
The Nash equilibria are (i) row one and column two, and (ii) row three and column three.

2. (25 Points) (Use of a common resource) Three countries use the same fishing grounds. The
i country catches; amount of fish. The net payoff for the countries (after costs) is given

as follows:

1

71 (21, To, w3) = 12 In(zy + 1) — 2?2 — §<x2 + 13)?
1

mo(21, To, 23) = 12 In(my + 1) — 23 — 5(% + 13)?

1
m3(21, T2, x3) = 12 In(z3 + 1) — x% — 5(3:1 + x2)2.

a. How many fish should thirst country catch to maximize its payoff? Why is it a maxi-

mum?
b. If they form a cartel and agree to each catch the same amount;; = x5, = x3, then

the joint payoff is
Ulz) =312 n(z + 1) — 22 — %(295)2 .
How many fishz should each country catch to maximize the joint payoff?

Answer:
(@)
(97r1 12

8_171:$1+1 —an =0
6 =127+ 11
0= (z1+3)(z1 —2)
T = 2.
The valuer; = 2 is a maximum because
O 2o —4—ecn

alﬂ% r1=2 T + 1 xr1=2



(b)

12

12 = 6z(x + 1)
O=a*+2—-2=(x+2)(z—1).

The valuer = 1 is a maximum because

36

. (25 Points) Consider a complete information auction with 3 bidders where all the valuations
are known to all the bidders. Let; be the valuation of thg™-player and assume that
v1 > vy > v3. The auction is a second-price sealed-bid, with payoffs to @id$,, b3) of

w; (b1, ba,b3) = § (v; —m_;)  if b = m and we have 1 finalists

t(v; —m_;) if b = m and we have finalists withr > 2.

wherem = max{by, by, b3} andm_; = max{b; : i # j }.
Showthat the set of bid$by, b5, b5) = (v1,v9, v3) @ Nash equilibrium. Check the payoffs
for each player.

Answer:
For each bidder, we consider the bids which will make that player the sole wikyner:
& b; > m_;), tied as awinnerty = m & b; = m_;), and a loseb; < m).

(Bidder one)
v — vy >0 if by > vy
uy(by, v9,v3) = %(vl —09) >0 if by =uvy
0 if by < vs.
The bidb} = v, falls in the first case, which has the maximum payoff.
(Bidder two)
vy — v <0 if by > vy
U (v1, by, v3) = § 3(v2 —v1) <0 if by =1,
0 if by < vy.
The bidb} = v, falls in the third case, which has the maximum payoff.
(Bidder three)
vy — v <0 if b5 > v;
ug(vy, by, v3) = § 2(vs —v1) <0 if by =,
0 if by < vy.

The bidb; = v; falls in the third case, which has the maximum payoff.
For each player, keeping the bids of the other players fixed and vary his or her own bid, the
bid optimizing the payoff includes the bid = v,.



4. (25 Points) Consider a common value auction with three bidders where the probability dis-
tribution is given byf (vs, w) = w? and f (v, w) = 1 — w?. Herev, < v, are the low and
high valuations and is the signal which is uniformly distributed df, 1]. Assume the
bidding rule of

w?
b;(Wj) = vy + 7](7% — Ug)

for j = 2,3. You can assume that it has been shown that

0 if bl S (7
2(b - U@) . 1
P<b1 > by(-) andb, > b};()) = ﬁ if v <b < §(Uh + vp)
. 1
1 if by > §(vh +1)g>,

where this expected value is averaged over the possible signalsdws;. Also, you can
use the fact that the expected value for player oré(is |w;) = vy + wi (v, — vy).
Find the value of the bidh; which maximizes the payoff for player one,

Ei(by) = P(b1 > b5(-) andb; > () ) (E(v1|w1) - b1>.

Answer:
The maximum occurs in the range of bids using the middle case of the probability of being
the higher bidder. Therefore,

Ey(by) = ( :

Ej(b1) = e [(E(vi|wi) = b1) = (b1 —ve)] = 0
)

2
Up — g

201 = vp + vy + wi(vy — vy)

2

w
by = vy + 71(11;1 — V).

This bid, which maximizes the payoff, satisfies the same bid rule used for the other two
players.
It is easily checked that

EV(by) = —2 ( 2 ) <0,

Up — g

) (b1 — v (E(wnlen) — by)]

so this choice 0b; is a maximum.



5. (25 Points) Consider the game tree given in Figure 1. PI&yewns R and the information
setsZ; andZ,. PlayerP; owns the nodesl andB.

FIGURE 1

a. What are the subgames of this sequential game?

b. In order to have a sequential equilibrium, where migsand P, optimize their payoffs?

c. In order to have a subgame perfect Nash equilibrium, where fuand P, optimize
their payoffs?

Answer:

(a) The proper subgames start at the nodend B. In addition, there is the whole game.

(b) For a sequential equilibriunt}; maximizes the payoff on the information s&tsandZ,

and at the roofz. PlayerP, maximizes the payoff at the noddsand B.

(c) For a subgame perfect Nash equilibrium, both players maximizes there payoffs for the
subgames starting at the nodésB, andR.

6. (25 Points) Consider the game tree with perfect information given in Figure 2.
a. What is the subgame perfect Nash equilibrium in pure strategies? Give the complete
strategy profile.
b. Find a strategy profile that is a Nash equilibrium but not subgame perfect.

Answer:

(@) At node A, P, choosesAD: uy(AD) = 7, which is greater thamy(AC) = 6 and
At node B, P, choosesBF: uy(BF) = 6, which is greater tham,(BG) = 3 and
AtnodeR, P, chooseRA: u;(RA, AD, BF') = 4, which is greater tham, (RB, AD, BF') =
3.

(b) The strategy profilé RA, AD, BG) is a Nash equilibrium which is not subgame per-
fect.

It is not subgame perfect, becausg BG) = 3 < us(BF) = 6. Thus, it is not a Nash
equilibrium on the subgame starting/at



A
D (4,7)
(P)
E (2,5)
R
(P1) I (3,6)
(P)
G (2,3)
B
H (5,1)
FIGURE 2

It is a Nash equilibrium because

wi(RA, AD, BG) = 4 > uw;(RB,AD,BG) =2  and

> uy(RA, AC, Bx) = 6
UQ(RA, AD, BG) =74 = UQ(RA, AD, B*) =7
> us(RA, AE, Bx) = 5.

These are the conditions necessary for the strategy profile to be a Nash equilibrium on the
whole game.

7. (25 Points) (Selten’s horse) Consider the game tree with three players given in Figure 3.

a. Forz = y = 1, show thatus(N,) = 13 andus(Ns) = 24 is a consistent system of
beliefs onZ = {N,, N3}. Show this very explicitly using the definition of a consistent
system of beliefs.

b. For the system of beliefgs(N,) = 1/3 andus(Ns) = 23, what values of: are optimal
for P; onZ?

c. Consider the nod#&/; owned byP,. What values ot allow y = 1 to be optimal?

d. Consider the rootv, owned byP;. Assume thay = 1. What values ot allow z = 1
to be optimal?

e. Forx = y = 1, which values ot give a sequential equilibrium?

Answer:
(a) Take the values,, andy, satisfyingl —z,, = Y/, and1 — y,, = %/,. Then, the consistent



= (1,1,1)

(3,3,2) (0,0,0) (4,4,0) (0,0,1)
FIGURE 3

system of beliefs is

1
Nn(N)_ =
Yot -D®
B 11
S 1+2-2 3%
-3 &)
Mn(N3): & &
(=2 ()
_2 9_2
T 1+2-2 3-2

Then,u,, (N2) converges td/3 andy,, (Ns) converges td/3 asn goes to infinity.
(b)
Ey(T) = 2 (224 (1 — 2)(0)) + 2 ((0) + (1 — 2)1) = 2

is independent of, so%iny value ot is optim?él. ’
(©)
Ey(Ny) = (1) + (1 - y) (42 + (1 — 2)(0)) = 4z + y(1 — 42),
6E§;(yN1) 14
soy = 1is optimal forz < /4.
(d)
Ey(Ng)=2z(1)(1)+ (1 —2) 32+ (1 —2)(0)) = 3z + z(1 — 32),
aElaEENO) 13

soz = 1 is optimal forz < 15,
(e) Forz = y = 1 to be the optimal choices af, andV;, andz to be the optimal choice on
7, we need: to satisfy the conditions of parts), (c), and(d), soz < 1.



8. (25 Points) (Aficionado versus fan) A persdn, attempting to buy a rare document can
be either a mere fafi’ or an aficionadd4 (super-fan). Assume that the proportion of afi-
cionados and fans are both. The value to an aficionado tsand to a mere fan ig, with
0 < a < b. The potential buyer sends a signal which can be either “| am an aficionago” (
or s’;) or “l am only a fan” (s, or s7).

The holder of the documenk,, does not know if the person attempting to buy the docu-
ment is an aficionado or a fan but only the signal sent by the potential buyer, i.e., only if the
node is in the information s&; = { Ay, Fi} (for a buyer who claims to be an aficionado)
orZ; = {A., Fr} (for a buyer who claims to be only a fan). He decides that he will either
(H) offer the document at the high pricelyf, or (L) offer the buyer a 50% chance of buying
the document at the low price 6b. The payoffs are given in the game tree in Figure 4.

Assume thab > 2a > 0, and that the behavior strategies satisfyy) = 1, o(s1) = 0,
o(sy) < 1,ando(s}) > 0.

FIGURE 4

What is a consistent system of beliefs?

OnZ;, which is the better choice b, betweenHd’ and L'?

What can you say about a consistent system of beliefgh

What is the expected payoff far, on Zy for H and L? OnZy, which is the better
choice byP, betweenH andL?

e. At I, which gives the higher payoff faP, betweens’, ands’, ?

Qoo



Answer:

(@)

(b)

Since%/s > 0, L' is a better choice.

(©

1
o
N(AH) =71 2

30(sm) + 50(sy)

e R — > —_
14o(sy) = 2
la(s’ )
Fy) = 21
PE) = T T Lol
_ o) _1
L4 o(sy) 2

1(An) > p(Fi).

)
Ba(t) = ) () + i) 0 = ) (£
By(L) = u(An) (5) + u(Ew) (5) =

Sinceu(Ag) (g) > % > ¢, H is the optimal choice.
()

a
1 .

El(SIHaF> -
El(S/LaF) =

Y

sl O

sos’, is the optimal choice.



