Math 364 Final: June 2006 C. Robinson

1. Consider the bi-matrix game given by

1,00 (0,2 (0,00 (0,0
0,00 (300 (0,1) (0,0
(0,49 (0,00 (6,00 (0,0
(0,00 (0,00 (0,O) (3,2

a. (15 Points) Are there any pure strategy Nash equilibria? Explain by giving the best response in
pure strategies of each player to the pure strategies of the other player.
b. (25 Points) Consider mixed strategies, where player one (who chooses the row) has a strategy
(p1, P2, P3, Ps) and player two (who chooses the column) has a strai@gy),, Js, da)-
() Forps=0=qgsand 1< i < 4, find the expected payofts,(ri, (01, gz, g3, 0)) for rows
ri andEx((p1, p2, ps, 0), ¢) for columnsg;.
(i) Find a mixed strategy Nash equilibrium wigy, = 0 = g4 andp; > 0 andg; > O for
1 <i < 3. Indicate why it is a Nash equilibrium.
Answer:
(a) The best responses are underlined in the following matrix:

1.0 0.2 (0.0 (00
0,00 G0 O 00
0,4 (0,0 60 (00
0,00 (0,00 00O &2

The only common entry is row 4 and column 4, which is a pure strategy Nash equilibrium.
(b) The expected payoffs for the rows and columns are as follows:

E1(r1, (O1, 02, 03, 0)) = o1 E2((P1, P2, P3), C1) = 4ps
Ei1(r2, (d1, G2, 03, 0)) = 302 E2((P1, P2, P3), C2) =21
Ea(rs, (01, G2, 03, 0)) = 603 E2((P1, P2, P3), C3) = P2
E1(rsa, (O, 02, 03,0)) =0 E2((p1, P2, P3), 1) = 0.

To be a mixed strategy Nash equilibrium, these expected values for the first three rows must be equal:
1 =302=603>0
l=h+R+PB=06+2+1)

G = Yo
au="%=7%
G = .
To be a mixed strategy Nash equilibrium, these expected values for the first three columns must be

equal:
Aps3=2p1=pP2>0
l=p1+p2+ps=p3s2+4+1
ps =17
pL=2%
P2 =41,



2. (25 Points) Consider the second-price sealed-bid auction with three players with valwatiors
Let b, > O be the bid by thé"-player. Letm_; = maxb,, b3} be the maximum of the bids by
players two and three. The payoff for the first player is given by

v1 — M- if bl > M-
uy(by, by, bg) = § 2 (v —m_y) if by =m_; with r finalists
0 if by < m_;.

The payoff functions for the other players is similar.

What is the best response function for player one in terms of the different valuas;6f
Hint; Consider 0< m_; < vy, m_1 = v1, andm_1 > vy.

Answer:

(i) ForO0< m_; < vy,

v —M_q if bl > M_q
uy(bg, m_y) = % (vp—m_y) if by=m_,
0 if by <m_q,
S0 Bi(M_1) = (M_g, 00).
(i) Form_; = vy,
v—m_; =0 if by >m_;
ui(by, m_y) = % (vi—m_)) =0 if by=m_;
0 if by <m_q,
soBi(m_y) = [0, 00).
(i) Form_; > vy,
v—m_1 <0 if by >m_;
urbp. m_y) = (1 —-m_y) <0 if by=m_
0 if by <m_q,

soBi(m_1) = [0, m_y).

3. (25 Points) For a collection of lotteries, there are three possible outcames, andaz. The payoff
function satisfiesi(a;) = 0, u(az) = v, andu(az) = 100. A lottery(p1, p2, p3) indicates a lottery
in which the probability of getting outcon® is p;. The decision maker strictly prefers the lottery
(0.4,0.2,0.4) to (0,1,0) to (0.3,0.6,0.1). Are these preferences consistent? And, what can you
say about the value aof = u(ay)?

Answer:
The payoffs for the lotteries are as follows:

U(0.4,0.2,0.4) = 0.2v + 0.4(100) = g + 40
U@,1,00=v
3
U(0.3,0.6,0.1) = 0.6v + 0.1(100) = gv +10.
Therefore, we need
g +40>v

4O>4—v
5

50> v



and

3v
— 4+ 10
v > 5+

2
.10
5

v > 25
These are consistent, and we need?2b < 50.

. (30 Points) Consider the infinitely repeated game with discountO< 1 of the Prisoner’s Dilemma
with one time payoffs given as follows:

C D,
C: (10,10 (0,y)),
D \ (v,O0 @1

where 10< y. Assume that player one strictly prefers (i) the infinitely repeated choi¢€1iC,)
to

(i) the infinitely alternating choices D, C,) and(C,, D,) starting with(D1, Cy).

a. With these assumptions, what inequality mysindé satisfy?

b. Giventhats < 1, why musty < 20?

c. What range of are compatible witty = 16?
Answer:

(a) The payoffs are

U1((Cq, Cp)™®) = 10+ 105 + 108% + - - -
10

= — and
1-56
U1([(D1, C2), (C1, D2)]®*) =y +0-8 +ys2+0-83 +ys* + - -
10
C1-452
Therefore, we need
10 10

_ >
1-6 1-—62

104+ 1068 > .

(b) Thus,y < 10+ 1068 < 20.
(¢) If y =16, then

10+108 >y=16
105 > 6
3

§ > —.

5

. (Aficionado versus fan) A persoi;, attempting to buy a rare document can be either a meré€ fan
or an aficionaddA (super-fan). Assume that the proportion of aficionaddsiand that of fans i$/a.
The value of the document to an aficionado is 12 and to a mere fan is 4. The potential buyer sends a
signal which can be either “| am an aficionadsa ©r s,) or “l am only a fan” & or si).

The holder of the documenE,, does not know if the person attempting to buy the document is
an aficionado or a fan but only the signal sent by the potential buyer, i.e., only if the node is in the
information setZa = {sa, S5} (for a buyer who claims to be an aficionado)@y = {sg, s} (for a



buyer who claims to be only a fan). He decides that he will either (H) offer the document at the high

price of 125 = 6, or (L) offer the buyer a 50% chance of buying the document at the low price of 2.
The payoffs are given in the game tree in Figure 1.

(6, 6) 5,1 (0,0 1,1
H L
Sa 1 R ) Sh
Aficionado [=—— £ S =| Fan

(Pp)

Sk
"""" It Py

H/
(6, 6) 5,1 (0,0 1,1

FIGURE 1. Game tree for aficionado versus fan

a. (25 Points) Show that there is a separating equilibrium Wittsa) = 1 andpi(sz) = 1 as
follows:

(i) What is the consistent belief system of)?
(ii) On Z,a, is H or L the better choice foP,? Explain why.
(iii) What is the consistent belief system ofy?
(iv) On #g, is H' or L’ the better choice foP,? Explain why.
(v) Why is 8(sa) = 1 a rational choice foP; who is an aficionado?
(vi) Why is B(s) = 1 arational choice foP; who is a fan?

(vii) What is the complete assessment for this separating equilibrium?

b. (25 Points) Show that there is a pooling equilibrium witfisr) = 1 andgi(s) = 1 as follows:
() What is the consistent belief system ofx ?

(i) On #, is H' or L’ a better choice foP,? Explain why.
(iif) What are the expected valueswf(s.) andui(s,) in terms ofg,(H) and2(L)?
What mustg,(H) andg.(L) be forg1(sg) = 1 to be a rational choice fdp,?

(iv) What are the consistent belief system.gp for P,? What restrictions on the belief system

are needed to make the valuesetH ) rational for P, on .Z5. Explain why.
(v) What is the complete assessment for this pooling equilibrium?

Answer:
(@ (i)
1
3
Sa) = =1 and
m2(Sa) % 40
, 0
n2(Sp) = =0.

Wi
+
o



(i) The payoffs are
Ex(H|.#a) = 1(6) +0(0) = 6 and
E2(L17a) = 1(D) +0(1) = 1.
ThereforeH is a better choice§o(H) = 1.

(i)
0
w2(Sg) = > =0 and
0+2
2
s)=—3_=1
I’LZ( F) 0+§

(iv) The payoffs are
Ex(H'|.#F) = 0(6) + 1(0) =0 and

Thereforel’ is a better choice3, (L) = 1.
(v) The expected payoffs fdP; who is an aficionado are

E1(sa; B2) = Ui(Sp, H) =6 and
E1(Sk; B2) = Uy(Sk, L") =5.

Since 6> 5, s, is the better choices1(sa) = 1.
(vi) The expected payoffs fdP, who is a fan are

Ei(Sh; B2) = Ui(Sp, H) =0  and
E1(Sg; B2) = ua(sg, L) =1

Since 1> 0, s is the better choicefi(sg) = 1.
(vii) The complete assessment is

B1(sa) = 1= a(sp) B1(SF) = 0= B1(Sy)
B2(H) = 1= Ba(L) B2(L) = 0= B2(H’)
p2(sp) = 1= pa(sy) p2(se) = 0= ua(sy).

(b) (i) On F,
z 1
/’LZ(SF)Z 1 2 =§ and
3t3
m2(Sg) : 2
2(Sp) = = —.
417

(il) The payoffs are

1 2
Ex(H'|7F) = (6)+ (00 =2  and

3 3
1 2
E2(L'|7F) = 5(1) + é(l) =1

ThereforeH’ is a better choicef,(H') = 1.
(iii) The expected payoffs foP; who is a fan are

E1(sp; B2) = B2(H)(0) + B2(L)(D) = B2(L) and
E1(sg; B2) = Ua(sg, H') = 0.



In order forpi(s,) to be rational, we need 8 B»(L) sop,(L) = 0. It follows thatg,(H) = 1.
(iv) Since Pt.#a) = 0, the belief system = uo(sp) and 1— = po(S,) is arbitrary. The expected
payoffs on.Z, are

E2(H|Aa) = n(6) + (1 — mu)(0) = 6u and

Ea(L|An) = n(D) + (1 -muy(D) = 1.

ForB,(H) =1, weneedf > 1 oru > Le.
(v) The complete assessment is

Bi(sr) = 1= Bi(sp) B1(sp) = 0= B1(Sp)
B2(H) = 1= Bo(H") B2(L) = 0= Ba(L)
1 2

MZ(SF) = é /,Lz(S;:) = é
12(se) = Y6 12(Sy) = 1 — pa(Se).

. (30 Points) (A variation on the education level example) Assume that there are two types of individ-
uals with equal proportion in the populatiod, of high ability andL of low ability. The individual

P, knows her own ability level but the firRe hiring does not. The firniPg picks a value ofn > 0

that determines a wage scal¢e) = mebased on the level of education of the individual. Then, the
individual P, chooses a level of educatien > 0 ore. > 0 depending on the type of individual. The
payoff are given in the game tree in Figure 2 where the first player is the firm and the second player
is the individual.What is the sequential equilibrium? Give the assessment for this equilibrium.

Bl

(2en —mey, mey —

NI
R
~—

(e —me.me —

FIGURE 2. Game tree for the education problem

Answer:
For an individual of typeH,



For an individual of typd.,
u(e,m =me—12

au
— =mn-e
oe

sk

Thus, the expected payoff for the firm is
Er(mlej, ) = 3[22m) — m2m)] + 3 [m — m(m)]
= 1 [4m — 2m? + m — n??]
JoEF
e 2[4—4m+1—2m]
=1[5—6m].

This equals zero whem* = . Since% < 0, this is a maximum. Thus, the sequential equilib-

riumise}, = 2(%) = %3, & = %, andm* = %.



