Math 364 Final: June 2006 C. Robinson

No books, no notes, calculators are allowed
There are 6 problems on 3 pages.
Show all your work in your bluebook. Start each problem on a new page.

1. Consider the bi-matrix game given by

1,00 0,2 (0,00 (0,0
0,00 3,00 (0,1) (0,0
0,4 (0,00 (6,00 (0,0
0,00 (0,00 (0,00 (3,2

a. (15 Points) Are there any pure strategy Nash equilibria? Explain by giving the best response in
pure strategies of each player to the pure strategies of the other player.
b. (25 Points) Consider mixed strategies, where player one (who chooses the row) has a strategy
(p1, P2, P3, Ps) and player two (who chooses the column) has a stra@@gy, ds, da)-
() Forp,=0=qgsand 1< i < 4, find the expected payofts, (ri, (01, 92, g3, 0)) for rows
ri andEx((p1, p2, ps, 0), ¢) for columnsc;.
(i) Find a mixed strategy Nash equilibrium withy, = 0 = g andp; > 0 andg, > O for
1 <i < 3. Indicate why it is a Nash equilibrium.

2. (25 Points) Consider the second-price sealed-bid auction with three players with valwatiorts
Letb; > 0 be the bid by théth-player. Letm_; = max{b,, bz} be the maximum of the bids by
players two and three. The payoff for the first player is given by

v1 — M1 if bl > M-
ug(by, by, bg) = § 2 (v —m_y) if by =m_; with r finalists
0 if by <m_;.

The payoff functions for the other players is similar.
What is the best response function for player one in terms of the different values;6f
Hint: Consider 0< m_; < vy, m_1 = v1, andm_1 > vj.

3. (25 Points) For a collection of lotteries, there are three possible outcames, andaz. The payoff
function satisfiesi(a;) = 0, u(ap) = v, andu(ag) = 100. A lottery(p1, p2, p3) indicates a lottery
in which the probability of getting outcon® is p;. The decision maker strictly prefers the lottery
(0.4,0.2,0.4) to (0,1,0) to (0.3,0.6,0.1). Are these preferences consistent? And, what can you
say about the value aof = u(ay)?

4. (30 Points) Consider the infinitely repeated game with discountO< 1 of the Prisoner’s Dilemma
with one time payoffs given as follows:
C, D,
C: (10,10 (0,y)),
D1 y,00 (11
where 10< y. Assume that player one strictly prefers (i) the infinitely repeated choi¢€01C,)
to
(i) the infinitely alternating choices aD,, C,) and(C,, D,) starting with(D4, C,).
a. With these assumptions, what inequality mysinds satisfy?
b. Given thats < 1, why musty < 20?
c. What range of are compatible witly = 16?



5. (Aficionado versus fan) A persoR;, attempting to buy a rare document can be either a meré€ fan

or an aficionaddA (super-fan). Assume that the proportion of aficionaddsiand that of fans i$/s.
The value of the document to an aficionado is 12 and to a mere fan is 4. The potential buyer sends a
signal which can be either “| am an aficionadsa ©r s,) or “l am only a fan” & or si).

The holder of the documenE,, does not know if the person attempting to buy the document is
an aficionado or a fan but only the signal sent by the potential buyer, i.e., only if the node is in the
information setZa = {sa, S5} (for a buyer who claims to be an aficionado)fy = {sg, s} (for a
buyer who claims to be only a fan). He decides that he will either (H) offer the document at the high
price of 195 = 6, or (L) offer the buyer a 50% chance of buying the document at the low price of 2.
The payoffs are given in the game tree in Figure 1.

(6, 6) 5,1 0,0 11
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Aficionado [=— &2 + Fan
(P
Sr
_______ e (P)
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(6, 6) 5,1 (0,0 11

FIGURE 1. Game tree for aficionado versus fan

a. (25 Points) Show that there is a separating equilibrium Witts,) = 1 andpi(sz) = 1 as
follows:
(i) What is the consistent belief system gf\?
(i) On 7y, is H or L the better choice foP,? Explain why.
(iii) What is the consistent belief system ofy?
(iv) On #g, is H' or L’ the better choice foP,? Explain why.
(v) Why is 8(sa) = 1 a rational choice foP; who is an aficionado?
(vi) Why is B(sp) = 1 arational choice foP; who is a fan?
(vii) What is the complete assessment for this separating equilibrium?
b. (25 Points) Show that there is a pooling equilibrium witfisr) = 1 andgi(sg) = 1 as follows:
() What is the consistent belief system ofx ?
(i) On Zg, is H’ or L’ a better choice foP,? Explain why.
(i) What are the expected values wf(sr) andui(s,) in terms ofg.(H) andB(L)?
What mustgo(H) and B, (L) be forg1(sg) = 1 to be a rational choice fdp;?
(iv) What are the consistent belief system.gp for P,? What restrictions on the belief system
are needed to make the valuesgetH) rational for P, on .Z5. Explain why.
(v) What is the complete assessment for this pooling equilibrium?



6. (30 Points) (A variation on the education level example) Assume that there are two types of individ-
uals with equal proportion in the populatioH, of high ability andL of low ability. The individual
P, knows her own ability level but the firrR hiring does not. The firniPr picks a value o > 0
that determines a wage scal€e) = mebased on the level of education of the individual. Then, the
individual P, chooses a level of educatien > 0 ore. > 0 depending on the type of individual. The
payoff are given in the game tree in Figure 2 where the first player is the firm and the second player
is the individual.What is the sequential equilibrium? Give the assessment for this equilibrium.

(2en —mey, mey — 3 €2)

(e —ma,ma —;€)

FIGURE 2. Game tree for the education problem



