Math 364 Test: May 3, 2006 C. Robinson

1. (16 Points) For a collection of lotteries, there are three possible outcames, andas.
The payoff function satisfieg(a;) = 0, u(az) = v, andu(asz) = 10. A lottery (p1, p2, p3)
indicates a lottery in which the probability of getting outcomés p;. The decision maker
prefers the lottery(0.1,0.4,0.5) to (0.3,0,0.7) to (0.275,0.125,0.6). Are these prefer-
ences consistent? And, what can you say about the value-ofi(a;)? Note:0.125 = 1.

Answer:
(a) The preferences on the lotteries imply that
0.4v+5>7, 7> iv+6,
2 1
5 v > 2, 1 > 3 v
v > 5, 8 > w.

Therefore, these preferences are consistent and webneed= u(ay) < 8.

2. (16 Points) (Cournot’s duopoly) Because of the form of the costs and inverse demand func-
tion, the profit of two firms is given by

(1, @) = q1 (10 — 2¢0) — 2¢;  and  m2(q1,¢2) = ¢2 (8 — 2q1) — 43,
for production levelg; > 0 by the first firm and;, > 0 by the second firm. Find the Nash

equilibrium.
Answer:
For a Nash equilibrium, we need
0
I 10— 2gy — 4 =0  and
I
0
228—2%—2%:0-
Iqs

These two equations are equivalent to
5=20+¢q and 4=q +q.

Subtracting the second equation from the first giyes= 1. Then,qg; = 5 — 2 = 3. The
second partial derivatives are negative,

o 0?
—7;1:—4<0 and —7;2:—2<0,
Oqi dq3
so the critical point is a maximum in each variable, and the pqint (1,3) is a Nash

equilibrium.

3. Consider the game tree with perfect information given in Figure 1.
a. (14 Points) What is the subgame perfect Nash equilibrium? Give the strategy profile and
payoffs for the players.
b. (14 Points) Find a strategy profile that is a Nash equilibrium but not subgame perfect.
Explain why your choice (i) is not subgame perfect, and (ii) is a Nash equilibrium.
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FIGURE 1

Answer:

(a) At vertex A, P, has possible payoffs of 6, 7, and 5, the largest of which is 7. Therefore,
d is the action with highest payoff far,.

At vertex B, P, has possible payoffs of 6, 3, and 1, the largest of which is 6. Therefase,

the action with highest payoff faf.

Given these choices fadp,, at vertex R,P; has possible payoffs of 3 and 4, the largest of
which is 4. Therefore) is the action with the highest payoff fét;.

The method of backward induction gives the strategy préfiléd, f}), which must be the
subgame perfect equilibrium.

(b) There are two strategy profiles that are Nash equilibria but not subgame perfect:
(b,{e, f}) and(a,{d, g}). We consider the strategy profil, {e, f}). On the subgame
starting at A, this strategy does not give the largest payoffPfoso it is not a Nash equilib-
rium on this subgame. Therefore, the strategy profile is not a subgame perfect equilibrium.
However, it is a Nash equilibrium, since

ul(b7 {G,f}) =4>2= ul(av {evf})v
ug(b,{e, f}) =6 =ua(b, {*, f}) >3 =wus(b,{*,9}) > 1 =us(b,{*, h}).

. (16 Points) In a game of attrition, the payoff functions of two players are given by

—t1 if t1 <1y —t9 if to < ty
Ul(tl, tg) = 5 — tg if tl = t2 and Ug(tl, tg) = 6 — tl if tQ = tl
10 — to if t1 > 1o 12 —t; if to > 11,

wheret; > 0 is the time player one waits artg > 0 is the time player two waits. What is
the best response function of player oBe(t,).

Hint: Consider the three cases: {i)< 10, (ii) to = 10, and (iii) to > 10.

Answer:

(l) Assumet, < 10. Thenul(tl,tg) <0 if 0 <t < t9, U,l(tl,tg) =5—1ty <10 —ty if

t1 = tg, anduy (t1,t2) = 10 — ty > 0if t; > t5. Therefore, the maximum is realized in the
third case:B; (t2) = {t1 : t1 > t2}.
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(||) Assumefg = 10, Thenul(O,tg) =0, Ul(tl, tg) <0if0 < t1 < 9, Ul(tQ,tg) =5—-10<
0if t; = t9, anduy(t1,t2) = 10 — 10 = 0 if ¢; > t5. Therefore, the maximum value is zero,
and it is attained whety = 0 andt; > t, = 10: By(ta) = {0} U {t1 : t; > t2}.
(lll) Assume |ft2 > 10. Thenul(07t2) =0, Ul(tbtg) <0if0 < t1 < tg, U,l(tl,tg) =
5 —ty < H—13 <0 if t1 = to, andul(tl,tg) =10—1t <0 if t1 > to. Therefore, the
maximum value is zero, and it is attained whenr= 0: B;(t;) = {0}. Summarizing,

{tl 1t > tg} if ty < 10
Bl(tg) = {0} U {tl 1t > tQ} if ty = 10

Notice that the best response function takes on set values of ranges forénable.

5. Consider the bi-matrix game given by

(0,0) (8,—4) (8,—4)
(2,-2) (0,0) (2,-2)
(1,-1) (1,—-1) (0,0)

a. (8 Points) Are there any pure strategy Nash equilibria? Explain by giving the best
response in pure strategies of each player to the pure strategies of the other player.
b. (16 Points) Consider mixed strategies, where player one (who chooses the row) has a
strategy(pi, p2, p3) and player two (who chooses the column) has a strat@gys, ¢s)-
(i) Forps = 0 = g3 and1 < i < 3, find the expected payoft&; (r;, (¢1, g2, 0)) for
rowsr; and Ex((p1, p2,0), ¢;) for columnsc;.
(i) Find a mixed strategy Nash equilibrium wigii = 0 = ¢3. Indicate why it is a
Nash equilibrium and determine the payoff for each player.

Answer:
(a) The best responses are
Bl(Cl) =T 31(02) =T 31(03) =T,
Bi(r) =c Bi(ra) =c; Bi(rs) = cs.
There is no pair that give back the other one, so there are no Nash equilibria of pure strate-
ies.
?b) (i) In calculating the expected payoffs to mixed strategies we must consi@erd c3

and show that they have smaller payoff. The payoffs by pure strategies in reaction to mixed
strategies of the other player are as follows:

Ei(r1, (¢1,¢2,0)) = 8¢q,

Ei(r2, (q1,92,0)) = 2q1,
Ey(r3,(q1,92,0)) = @1 + g,
Es((p1,p2,0),¢1) = —2p,,
E2<<plap2a ),Cz) = —4py,
Es((p1,p2,0), c3) = —4p1 — 2py



(if) For the mixed strategy profil&pi, p2,0),c1), (¢1, g2, 0)) to be a Nash equilibrium, we
need

8¢2 =21 > q1 + @2 and
—2py = —4p1 > —4p1 — 2ps.
The first equality gives that, = 4¢,, so
1l=¢g4+1+0)
q2 = 1/5
q1 = 4/5-
For these values, the expected payoff
By (rs, (%6, Y%5,0)) =45+ Y5 =1 < 85 = Ey (r1, (45, 15,0)) ,

so that inequality is satisfied.
The second equality gives that = 2p,, so

l=p(1+2+0)
b1 = 1/3
p2 = 2.
For these values, the expected payoff
Ey ((13.%3,0) es) = =4 () =2 (%) = =% < =Y = B (('5.%5,0) 1) .

so that inequality is satisfied.
The payoffs are

Ui ((V3,%5,0) , (%5, /5.0)) = (
Us ((Y3.%3.0) , (¥5.15,0)) = (



