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ABSTRACT. We give a dynamical proof of a result of Masser and Zannier [MZ2, MZ3]: for
any a # b € Q\ {0,1}, there are only finitely many parameters t € C for which points
P, = (a,+/ala—1)(a —t)) and P, = (b, /b(b—1)(b —t)) are both torsion on the Legendre
elliptic curve E; = {y? = z(z—1)(z—t)}. Our method also gives the finiteness of parameters
t where both P, and P, have small Néron-Tate height. A key ingredient in the proof is the
equidistribution theorem of [BR1, FRL, CL|. For this, we prove two statements about the
degree-4 Lattes family f; on P1: (1) for each ¢ € C(t), the bifurcation measure p,. for the
pair (fi,c) has continuous potential across the singular parameters t = 0,1,00; and (2)
for distinct points a,b € C\ {0,1}, the bifurcation measures p, and p;, cannot coincide.
Combining our methods with the result of [MZ3], we extend their conclusion to points ¢ of
small height also for a,b € C(¥).

1. INTRODUCTION

Masser and Zannier proved the following result about the Legendre family of elliptic curves
E;, defined by {y*> = z(x — 1)(z —t)} for t € C\ {0, 1} [MZ1, MZ2, MZ3].

Theorem 1.1 (Masser-Zannier). Fiza # b in Q\{0,1}. There are only finitely many param-
eterst € C for which the points P,(t) = (a, /a(a — 1)(a —t)) and Py(t) = (b, \/b(b — 1)(b—t))
both have finite order on E;.

Remark. Theorem 1.1 is proved for a = 2 and b = 3 in [MZ1, MZ2|. In [MZ3], the authors
show that their result holds more generally. Two given points P, and @); (with x-coordinates

in an algebraic closure of C(t)) are simultaneously torsion for infinitely many parameters ¢ if
and only if there are integers m,n (not both zero) such that [m]- P, = [n] - @, for all t. The
motivation for this result is explained at length in these articles and in [Za]. Note that the
point P,(t) with a = 0 or 1 will be torsion for all ¢, so these points are excluded in Theorem
1.1.

Via the projection E; — P! sending (z,y) to x, Theorem 1.1 can be reformulated in
dynamical terms, about the family
(2 —t)?

1.1 z) =

(11) fi(z) dz(z = 1)(z —t)
of complex rational functions on P'. The map f; is induced by the multiplication-by-2 map
on E,; so a point P is torsion on E, if and only if its projection to P! has finite forward orbit
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for f;. As Zannier pointed out in [Za], Theorem 1.1 is equivalent to the following statement:
Fiz a # b in Q\ {0,1}. There are only finitely many parameters t for which both a and b
are preperiodic for the map f;.

In this article, we give an alternate proof of Theorem 1.1 using dynamical and potential-
theoretic methods. In fact, we obtain a stronger result with these methods, a statement
regarding points of small height in the spirit of the Bogomolov Conjecture (see [Ul, Zh2])
and related to Zhang’s Conjecture [Zhl, §4]. Fix ¢ € Q(t) with ¢ # 0,1,#. For each
t € Q\ {0,1}, let P.(t) be a point on the elliptic curve E; with z-coordinate equal to c(t).
Let ho(t) := hg, (P.(t)) be the Néron-Tate height of P,(t). We define

Tor(c) = {t € Q\ {0,1} : ¢(t) is a torsion point on FE;}

so that t € Tor(c) <= he(t) = 0. (See §6.3 and Lemma 6.3 for details about h..) For
constant points, we prove:

Theorem 1.2. Fiz a,b € Q, with a,b # 0,1. The following are equivalent:

(1) |Tor(a) N Tor(b)| = oco;

(2) Tor(a) = Tor(b);

(3) there is an infinite sequence {t,} C Q so that h,(t,) — 0 and hy(t,) — 0; and
(4) a=0.

If we combine our dynamical methods with the results of Masser and Zannier in [MZ3],
we obtain the following result for a and b that are rational in ¢t with complex coefficients.
For a,b € Q(t), we use the height functions iza and ﬁb defined above. If either a or b is not
in Q(t), we let h, and hy be the canonical height functions defined over a finitely generated
extension k/Q containing the coefficients of @ and b. See §7.1 for details.

Theorem 1.3. Fiz a,b € C(t), with a,b # 0,1,t. The following are equivalent:

(1) |Tor(a) N Tor(b)| = oco;

(2) Tor(a) = Tor(b);

(3) there is an infinite sequence {t,} C k so that hq(t,) — 0 and hy(t,) — 0; and
(4) there exist nonzero integers m and n so that [m|- P+ [n]-Q =0 on E.

The strategy of proof for Theorems 1.2 and 1.3 follows the ideas in the recent articles [BDI,
BD2, GHT1, GHT?2| which were themselves inspired by Theorem 1.1 and related results; a
key ingredient is the “arithmetic equidistribution theorem” associated to height functions on
P!(Q) of [BR1, FRL, CL]. However, the families of maps in [BD1, BD2, GHT1, GHT2] all
share certain technical features (e.g., the compactness of the bifurcation locus of a marked
point), allowing the authors to apply the arithmetic equidistribution theorems more easily.
The Lattes family of (1.1) requires a different approach to show that the adelic measures in
question have continuous potentials on P!. Most of this article is devoted to the arguments
showing that the hypotheses of the equidistribution theorem are satisfied.
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1.1. Dynamical and potential-theoretic statements. The Lattes map f; is postcriti-
cally finite for all £, meaning that each of its critical points has finite forward orbit, with
postcritical set equal to {0, 1,¢,00}. We consider marked points c that are rational functions
of t (or constant co), viewed as holomorphic maps from the parameter space C\ {0, 1} to the
dynamical space P'. We begin with an observation that the marked points in the postcritical
set are the only rational points that are preperiodic for all ¢.

Proposition 1.4. A marked point ¢ € C(t) U {oo} is persistently preperiodic for f, if and
only if ¢(t) is equal to one of 0,1,00,t.

Remark. In terms of the Legendre family of elliptic curves E;, Proposition 1.4 states that
P, = (¢,y/c(c—1)(c—1)) is torsion for all t € C\ {0,1} if and only if ¢ = 0,1,¢, 0.
This could also be deduced from more traditional methods in the study of elliptic curves.
Proposition 3.1 provides a more precise statement, computing the degrees of ¢ — f}*(c(t))
for all n > 1 and all ¢ € C(t).

We will work in homogeneous coordinates for both the dynamical and parameter spaces.
We fix a homogenization of fi,

Fy 1, (z,w) = (Lw? — t227)% dtgzw(w — 2)(tiw — t22)),

for (t1,t2) and (z,w) in C2.

A homogeneous lift of a marked point ¢ means a pair of homogeneous polynomials C' =
(c1(ty,ta), ca(t1, t2)) (with no common factors) such that c(t) = ¢(¢,1)/ca(t, 1) for all ¢.
Given a pair of homogenous polynomials F' = (P, Q) of the same degree in (t1,ts), we write
deg F' for their common degree, ged(F') for the ged of P and @ as polynomials in (¢, ts),
and Res(F') for the resultant of the pair (P, Q). We use the norm ||(z,w)| = max{|z|, |w|}
on C%

Theorem 1.5. Let ¢ € C(t) be a marked point # 0,1,t, and let C' be a homogeneous lift of
c. We set Fy = Fy, 4,(C)/ gcd(Fy, 1,(C)), d = deg Fy, and F, 11 = Fy, 4,(F,)/t3 for alln > 1
so that deg(F,) = 4""'d. Then the sequence

1
———log || %
Toary 5 1]

converges locally uniformly for (ti,t2) € C*\ {(0,0)} to a continuous, plurisubharmonic
function G¢, as n — oo.

The function G¢ of Theorem 1.5 is a potential function for a probability measure on P!, the
bifurcation measure p. := m,dd°G¢ associated to the marked point ¢, where m(t1,ts) = t1/ty
is the projection from C*\ {(0,0)} to P'. An important feature of G¢ is its continuity over
parameters t = 0, 1, oo where the family f; is not well defined.

Theorem 1.6. Let ¢, C', and Fy be as in Theorem 1.5. The homogeneous capacity of the
compact set
Ko = {(t1,ts) € C*: Geo(ty, 1) <0}
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15 equal to
Q1) = P(1,1))P0,1)|-
P(1,0)?

Cap(KC) = 47i |ReS(F1)‘ d2

where Fy = (P, Q).

The homogeneous capacity in C? was defined in [De| and shown to coincide with the (square
of the) transfinite diameter in [BR1]. The proof of Theorem 1.6 uses a relation between the
capacity of K¢ and the resultants of F),; compare [DR].

We also prove non-archimedean analogs of Theorems 1.5 and 1.6. Specifically, when the
marked point ¢ lies in k(t) for a number field k, we construct an adelic bifurcation mea-
sure p = {(.,} where v ranges over all places of k and associated canonical height function
h : PY(k) — Rsg; we show that h agrees with the Néron-Tate height hc, up to a con-
stant multiple (Proposition 6.4). We are thus able to apply the arithmetic equidistribution
theorems on P! (as formulated in [FRL, BR2]) to study the set of torsion parameters Tor(c).

Theorem 1.7. Let k be a number field. For any ¢ € k(t) (# 0,1,t), let {S,} be a non-
repeating sequence of finite, Gal(k/k)-invariant sets in P'(k) for which

> helt)

teSh

o) !5|

Then the sets S, are equidistributed with respect to the bifurcation meausre p. on the param-
eter space C\ {0, 1}. More precisely, the discrete probability measures

2

teSn

. |S|

converge weakly to the measure j. as n — oo. In particular, the torsion parameters Tor(c)
are equidistributed with respect to p.. Moreover, for all places v of k, the measures i,
converge weakly to the bifurcation measure ji,, on the Berkovich space Py, -

Remark. A version of Theorem 1.7 holds for any ¢ € C(t), not only those points defined over
a number field, and it is used to prove Theorem 1.3. However, we cannot directly equate
the bifurcation measure . on P*(C) with a component of the adelic measure {i.,}. An
additional argument would be needed to show that Tor(c) is equidistributed with respect to
fte; compare [YZ, Theorem 1.5].

The measure of maximal entropy for the Lattes map f; is equal to the Haar measure on the
torus, projected to P!; consequently, we are able to provide an explicit integral expression
for the potential function G¢ of Theorem 1.5. We use the expression for the density function
pa(t) for the hyperbolic metric in A = C\ {0, 1} provided in [Mc, Theorem 4.13].

Theorem 1.8. The function G of Theorem 1.5 has the following explicit expression
log |c1 — ¢
Go(t,ty) = (|f2|D t1/t2) / C(C g| 1( 2¢] |’dC|2 —|—10g|t2|>

1)(t2€ — t1)
_E 1og |ng(Ft1,t2 (C))|
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where C' = (c1,¢a) and D(t) = 4|t(t — 1)|pa(t).
As a consequence of Theorem 1.8, and towards the proof of Theorem 1.1, we show:

Proposition 1.9. For constant marked points a,b € C\ {0,1}, the bifurcation measures
satisfy pa = pp if and only if a = b.

1.2. Proof of Theorem 1.1. Fix a,b € Q\ {0,1}. Let k be a number field containing
a and b. Suppose {t,} C C is an infinite sequence of parameters at which both a and b
are preperiodic for f,. Then t, € k and iLa(tn) = ﬁb(tn) = 0 for all n. By Theorem 1.7,
the Gal(k/k)-orbits of these parameters are equidistributed with respect to both s, and .
Consequently p, = pp, so by Proposition 1.9 we must have a = b. This completes the proof
of Theorem 1.1.

The proof of Theorem 1.2 is given in §6.5, and the proof of Theorem 1.3 is completed in
7.

1.3. Acknowledgements. We are greatly indebted to Matthew Baker, who introduced us
to this problem; he has been generous with his mathematical ideas. We would also like
to thank Dragos Ghioca and Tom Tucker and the anonymous referees for many helpful
comments and suggestions. Finally, we thank Umberto Zannier for the encouragement to
develop this alternate proof of his theorem with David Masser.

2. RESULTANTS AND CAPACITY

For the analysis of the bifurcation measures on P!, we will typically work in homogeneous
coordinates on C2. In this section, we provide background on the resultant of two homo-
geneous polynomials (in two variables) and the homogeneous capacity for compact sets in

C.

2.1. The resultant. Let F': C?> — C? be a homogeneous polynomial map of degree d > 1.
It can be written as F'(z1,22) = (ag2? + - -+ + agzd, boz{ + - - - + bgzd). The resultant of F is
the resultant of the pair of polynomials defining F', computed explicitly as the determinant
of the (2d) x (2d) matrix,

ao a1 aq—1 Q4 0 0

0 ay ay - Qg-1 Qg 0

10 0 ag aq ag—1 Qq
Res(F) = by by byy by O 0
0 by by -+ bg_1 by 0

0 0 bo by ba—1 by
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Given a pair of points z = (21, 22) and w = (w1, wy) in C? we may defined the wedge
product by z A w = zywe — zow;. Then F' can be factored as

F(z) = (Hz/\ozi,Hz/\ﬁj)

for some points a;, 8; € C?, and the resultant satisfies

R,GS(F> = HO&Z‘ A ﬁj'

Note that Res(F) # 0 iff £71(0,0) = {(0,0)}. In this case, we say F is non-degenerate.

2.2. The homogeneous capacity. We will consider compact sets K C C? that are circled
and pseudoconvex: these are sets of the form

K ={(z,w) € C*: Gg(z,w) <0}
for continuous, plurisubharmonic functions Gy : C?\ {(0,0)} — R such that
G oz, aw) = G (z,w) + loglal

for all @ € C*; see [De, §3]. Such functions are (homogeneous) potential functions for
probability measures on P! [F'S, Theorem 5.9].
Set G = max{Gk, 0}. The Levi measure of K is defined by

pi = dd°GE A dd°G:.

It is known that ug is a probability measure supported on 0K = {G = 0}. The homogeneous
capacity of K is defined by

Cap(K) = exp ([ [ 1og1c A el

This capacity was introduced in [De] and shown in [BR1] to satisfy Cap(K) = (duo(K))?,
where d., is the transfinite diameter in C2. We will make use of the following pullback
formula for the homogeneous capacity.

Proposition 2.1. Let K C C? be a compact circled and pseudoconvex set, and F be a
non-degenerate homogenous polynomial map of degree d > 1, we have

Cap(F'K) = [Res(F)|"/% Cap(K)'/¢

A more general version of Proposition 2.1 was proved in [DR]; see also [BB, Corollary 6.3].
In dimension 2 with homogeneous maps and circled sets, this pullback formula has a more
elementary proof that we include here.

Proof. Set e; = (0,1) and e5 = (1,0). By [De, Lemma 4.3],
Res(F)[* T[ ] lznwl=1
F

(z)=e1 F(w)=e2
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For any (,¢& € C? with ( A€ # 0, take a linear map ¢ : C* — C? such that ¢(e;) = ¢ and
leg) = €. In fact, £(z1,22) = (§121 + (122, €221 + (222). Then,

H H lz Aw| = H H |z A w|

F(z)=¢ -1F(z)=e; £=1F(w)=ez
= [Res(¢™'F)|™*
= |det(£") Res(F)|~*
= [Res(F)|"*|c A gl

Let Gk be the defining function for K, and set G;,lK = éG;} o F'. The Levi measure of
FKis pp1g = dch;,lK A ddCG;C,lK. Let A be the diagonal of C2. We have

log Cap(K) = / / log | A &ldprc (O)dpurc ()
_ // log | A €ldyuse () durc (€)
c\A

— //((12\A Z Z log |z Aw| + = log]Res( ) | dpk (Q)duk(€)

F(z =(¢ F(w)=
1
= —log|Res(F)| + d// log |z A w|dpp-15(2)dpp-15(w)
d (CQ\F—IA
1
= 3 log |[Res(F)| + dlog Cap(F'K).

Equivalently,
Cap(F'K) = [Res(F)|~"/% Cap(K)'/".
O

2.3. Evaluating capacity via resultant. Let G, K be defined as in the previous section.

Theorem 2.2. Suppose that there is a sequence of non-degenerate homogenous polynomaials

{F, : C*> — C?},> such that

log || 7,
i s I

converges locally uniformly to Gx in C* —{(0,0)} as n — +o0, with d(F,) the degree of F,.
Then we have

Cap(K) = lim |[Res(F, )|/,
n—oo

Theorem 2.2 implies the existence of the limit lim,_, |Res(F, )|~/ )*. Note that we do
not require growth of the degree d(F,).
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Proof. By assumption, the sequence @ log || F,|| converges uniformly to Gk on 0K, where
G vanishes. So for any § > 0, there is an integer n(d) such that for all n > n(J) and all

(21,22) € 0K,

-6 < log || Fru(z1, 22) || < 0.

d(Fy)

The homogeneity of F}, implies that for any a # 0, one has F),(azy, az) = ™ E, (21, 2).
It follows that

log || Fn(az1, azg)|| = log [ Fn(z1, 22) || + log e

1
d(Fy,) d(Fy)

As a consequence, for any n > n(d), we have

S 57 v(’zlazQ) € K7
> —(5, V(Zl, 22) € C? \ K.

Mmmw&mmm{

It follows that
Fr DA F) € K F (D)

where D?(r) is the polydisk {(z1, 29); |21] < 7, |22] < r}, whose capacity is r? [De, §4]. Thus
by Proposition 2.1 and monotonicity of capacity,

e 2 Res(F,)|~V4)* < Cap(K) < €2 |Res(F,)|~ ™% vn > n(5).
Since § > 0 can be arbitrarily small, we have

lim sup [Res(F,)| ~/45)* < Cap(K) < lim inf [Res(F, )| 1405,
n—oo

n—oo

The conclusion then follows. O

3. MARKED POINTS AND CAPACITY
In this section, we provide a proof of Proposition 1.4; a more precise version is stated as

Proposition 3.1 below. Also, assuming Theorem 1.5, we provide the proof of Theorem 1.6.

3.1. Degree growth. Recall that we have

(2 — vy
d2(z = 1)(z = t)’

for all t € C\ {0,1}, and a homogenization

fi(z) =

Fyn(z,0) = (hw® — t22%)%, dtszw(w — 2)(liw — t2))

for all (t;,t,) € C? such that t = t,/ty # 0,1,00. A marked point is an element ¢ of
C(t) U {00}, viewed as a holomorphic map from the parameter space t € C\ {0,1} to PL.
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Proposition 3.1. Let C' be a homogenous lift of any marked point not equal to 0,1,t,00. We
set Fy = F(C)/ged(F(C)) =: (P1,Q1). Then d := degFy > 2, Pi(0,1) # 0, P(1,0) # 0,
Pi(1,1) # Q1(1,1), and Q1(1,0) = 0. Furthermore, for alln > 1, the map

Fopr = Fyy 4, (Fo) /1
has nonzero resultant and degree deg(F,+1) = 4™d.
Proof. First, if C' = (z,w) is constant (and # (0, @), («, 0), (a, ) for any v € C), then
Fi(t,to) = ((tiw?® — t22%)?, dtyzw(w — 2)(tiw — t92)),

which has degree 2 and nonzero resultant. The conditions on P; and (); are immediate.
If C = (A, B) has degree m > 1 with no common factors, we consider multiple cases.
Write
F(C) = ((t;B* — t,4%)?, 4t,AB(B — A)(t, B — t,A)).
If (A, B) = (wty, ztp), with (z,w) # (0,«), («,0), (a, ), then a computation shows that
ged(F(C)) = t3t2 and
Fy = F 4,(z,w).

We have already seen that this F} has degree 2 with the desired conditions on P; and ).
Still assuming m > 1, write A = t! A’ and B = t§B’ for k,l > 0 maximal. Then

tllnin{Q,Ql}t;nin{Q,Qk} ’ (t1B2 . t2A2)2

and these are the maximal such powers of ¢; and t; furthermore, (t; B*> — t3A?)? can share
no other factors with A or B. Note also that

g (B 1,4)  and #15HY(1AB).

For k = 0, it follows immediately that deg(F)) > deg(taB) = m+1 > 2. Forl = 0
and k > 1, we see that deg(F;) > deg(AB) = 2m > 2. For k,I > 1, we conclude that
deg(Fy) > deg(AB/t;) > 2m — 1, which is > 2 unless m = 1; but the case | =k =m =1
was treated above.

Note, in each case, that (I 225 qivides the ged of F(C), and these are the
maximal such powers of ¢; and t5 to do so. After cancellation, t, will still divide the second
term in F, and we see that (1(1,0) = 0, that P;(1,0) # 0, and that P;(0,1) # 0.

It remains to show that P;(1,1) # Q1(1,1). Set a = A(1,1) and b = B(1,1). Evaluating
at (t1,t2) = (1,1), we have

F(O)(1,1) = ((b— a)*(b+ a)? 4ab(b — a)?).

If a # b, then the two sides are clearly distinct, so also Pi(1,1) # Q1(1,1) in this case.
Finally, suppose a = b. Note that a # 0 because A and B have no common factors. Then
(t; —t9)? must divide both (B — A)(t; B —t5A), and (t, B? —t,A%)?. We can compute Py(1,1)
and @Q1(1,1) by evaluating the limit of F'(C(¢,1))/(t —1)? as t — 1. Expanding in a series
around ¢t = 1, write A(t,1) = a+d(t —1)+--- and B(t,1) =a+0(t —1)+---. Then
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limy_,; (tB* — A%)?/(t — 1)? = a*(a — 2a’ + 2V')?, and lim; ,; 4AB(B — A)(tB— A)/(t — 1)? =
—4a*(a —V)(a—d + V). Since a # 0, we see that P;(1,1) # Q:(1,1).

Now consider F, 1 = Fy, 4,(F,)/t3 for all n > 1. Applying the arguments above, P;(0,1) #
0 and Pi(1,1) # Q1(1,1) imply that neither ¢; nor (t; — t2) may be factors of ged(F(Fy)),
and Q,(1,0) = 0 implies that #2 is the highest power of ¢, that divides the gcd. The fact
that F}, 4, (2, w) is a non-degenerate homogeneous polynomial in (z,w) for all ¢, /ty # 0,1, 00
implies that there can be no other factors of ged(F'(F})). Furthermore, the formula for £}, 4,
shows immediately that F, must have degree 4 - deg F. Therefore, Fy, = (Ps, (Q)2) satisfies
the conditions of the proposition, and again we may conclude that P(0,1), P»(1,0) # 0,
Q2(1,0) = 0, and P»(1,1) # @Q2(1,1). Continuing inductively, the proposition is proved. [

3.2. Proof of Proposition 1.4. Let ¢ be any marked point, not equal to 0,1,¢,00. Let C
be any homogeneous lift of ¢. From Proposition 3.1, the degree of f}*(¢(t)) in ¢ is growing
exponentially with n, with no cancellation in numerator and denominator after the first
iterate. Consequently, ¢(t) cannot be preperiodic.

3.3. Computing resultants. The next proposition computes the resultants of the polyno-
mial maps F, (¢, ) appearing in Propostion 3.1.

Proposition 3.2. Let G = (P, 12Q) be a homogenous polynomial in t = (t1,t3) of degree d.
Then the resultant of F = Fy, 4,(G)/t3 is given by

Res(F) = 4"[Q(1,1) — P(1,1)]*P(0,1)*P(1,0) %Res(G)*¢

In particular, the F, of Proposition 3.1 has resultant

An
RGS(Fn) = 4A"d<(Pl(1’ 1) _Pfgi((1)7)21>)P1(07 1)) ReS(F1)42(n—1)’

for allm > 1, with A, =47 44" 4+ ... 442773 = 42<"*1;_4n71‘

Proof. Let R, S be two homogeneous polynomials in ¢ = (¢, t5), not necessarily having the
same degree. Then each one can be factored as [[t A ;. The resultant of the pair (R, S) is

equal to
Res(R,S) = [] H ENC = H S(¢ 1)deg(F)des(s H R(¢

R(§)=05(0)=

A basic fact is Res(Ry Rz, S) = Res(Rl,S)Res(Rg, S). By this fact, the resultant of F' =
((P2 — t1t2Q2)2,4t2PQ(P — tQQ)(P — tlQ)) satisfies RGS(F) = 44d<11[2[3]4)2, where Ij are
defined and evaluated as follows:

]1 = RGS(tQQ,P2 - tthQg) == H (P2 — t1t2Q2)

to Q=0
= H P? = Res(G
t2oQ=0
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]2 = RGS(P, P2 - tthQQ) = H(P2 — t1t2Q2>

= H(—t1t2Q2) = Res(G)? H t/ H(—t2)

= R:es(G)QP(O,l)P(l,O)_l,

Iy := Res(P —t,Q, P* — t,t,Q%) = H (P? — 111,Q%)

P—t5Q=0
= H (ta — t1)12Q* = H (P —12Q)
P—t2Q=0 (ta—t1)t2Q2%=0
= [P(1,1) - QP10 ] P
12Q%=0

= [P(1,1) — Q(1,1)]P(1,0) 'Res(G)?,

Ii = Res(P—1Q . P*—1,Q*) = [ (P?—tt2Q?

P—t1Q=0
= H (t1 — t2)t1Q* = H (P-1Q)
P—t1Q=0 (tl—tg)t1Q2:0

= [P(1,1) — Q(1,1)]P(0,1)P(1,0) Res(G)>.
So we have
Res(F) = 4"[P(1,1) — Q(1,1)]*P(0,1)*P(1,0) ®Res(G)"°.

For n > 1, let F,, = (P,,t2Q,) be the pair of homogeneous polynomials from Proposition
3.1. By Proposition 3.2,

1P,(0,1)*Res(F,)'®

gades(F) [P (1,1) — Q,(1,1
Res(Fr41) = Pall, 1) Cg ((1 0))2

Note that deg(F,) = 4"~ 'd. By the relation
Fn+1 = (Pn+17 tZQnJrl) = ((Ps - tthQi)za 4t2PnQn(Pn - t2Qn)(Pn - tlQn))

we get
P,(1,0) = P,_1(1,0)* = P,(1,0)*" ",

P,(0,1) = P,_1(0,1)* = P,(0,1)*" ",

and
P,(1,1) = Qn(1,1) = (Po_q(1,1) = Qu_1(1, 1) = (P (1,1) — Q:(1,1))*" .



12 LAURA DE MARCO, XIAOGUANG WANG, AND HEXI YE

So we have

n—1

RGS(Fn) - 44n_1d<(P1<1’ 1) — Ql(l’ 1))P1(0’ 1)>4 RGS(Fn—1>42

Py(1,0)?

An
_ 4And(<P1<1,1> - %%);))mo,l)) Res(Fy) ™"

where
42(n—1) —yn—1

An:4n—1_‘_4n_‘_‘_‘+42n—3: 3

O

Example 3.3. Suppose the starting point C' = (z,w) is constant (with z/w # 0,1, 00).
Then

Res(F,) = [2w(w — z)]on 2" 2
where a,, = 4" + 471 4 .. 4 421

3.4. Proof of Theorem 1.6. Assuming Theorem 1.5, the proof is immediate from Propo-
sition 3.2 and Theorem 2.2.

4. CONVERGENCE PROOF

This section is devoted to the proof of Theorem 1.5. The proof is lengthy, though each
step is elementary. We include details, especially so that we may compare this proof to the
non-archimedean version needed for our proof of Theorem 1.7.

Recall that

Fy i, (2,w) = (Liw?® — t92%)?, dtgzw(w — 2)(tiw — t92))
for all (t1,t5), (z,w) € C% For starting point C(ty,t5), a homogeneous lift of a marked point
c(t) #0,1,t, 00, we defined

Py = F, ,(C)/ ged(Fy, 1,(C)) =: (Pi(t1,t2), t2Q1 (1, t2))
and
Fn—‘rl = E1,t2(Fn)/tg

for all n > 1. We set d = deg Fy so that deg(F;,) = 4" 'd. Our goal is to prove that the
sequence

1
— g |||

converges locally uniformly for (¢1,%3) € C?\ {(0,0)} to a continuous, plurisubharmonic
function G¢, as n — oo. It will be convenient to work with the norm

1(z, w)|| == max{|z], [w]}

for (z,w) € C2.
The proof of Theorem 1.5 also shows:
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Proposition 4.1. Under the hypotheses of Theorem 1.5, the function G¢ over the degenerate
parameters t =ty /ty = 0,1, 00 satisfies

1 1
Geo(1,0) = Elog |Pi(1,0)], Go(0,1) = Elog |P1(0,1)],
and

Ge(1,1) = T log | PA(1L,1) ~ @u(1, 1]

4.1. Convergence for non-degenerate parameters. As a map in (z,w), F; ;, has a
nonzero resultant if and only if ¢;/t; # 0,1,00. Therefore, applying the (now-standard)
methods from complex dynamics, we know that the sequence

1
——log |||

converges locally uniformly in C? \ {(t1,t2) : t1ta(t; — t2) = 0}. See [HP] or [FS] for details.
As the maps F}, are homogeneous, the proof of Theorem 1.5 reduces to showing that the
sequences

log ||, (1, 1), log | (t, )], and log || Fu(1,1 — )]

1 1
d- 4T d-4n 1 7

converge locally uniformly in a small neighborhood of ¢t = 0.

4.2. Convergence near t; = (0. We will prove that for any sufficiently small ¢ > 0, there
are small . > 0 and integer N, such that for any n > N, and |t| < J. we have

1 1
0g |P1(1’ 0)| <€
deg(F7,) d
These inequalities will be guaranteed by the following lemmas.
We first study the coefficients of F,(1,t). Write

Fu(1,6) = (Pa(1, 1), 1Qu(1,) = (An + O(0), £(B, + O(1)).
Lemma 4.2. For alln > 1, we have A, = Pi(1, 0)4%1. For the sequence B,

lim sup |B,|"*" < |P(1,0)].
n—oo

(4.1) —e < log || F.(1,¢)]] —

Proof. From the inductive formula F,,1(1,t) = Fy (F,(1,t))/t?, we see that A,,; = A} and
Ay = Pi(1,0). So forany n > 1, A, = P1(1,0)4n_1.
Let by =0 and b,, = 2b,_1 + 1. Then inductively, we can write

B, = Pi(1,0)" ~t1B*,

with Bf = @Q4(1,0) and B} = 4B} ,(P;(1,0)>—*! — B* ). As B’ grows quadratically
when 7 increases by one, we obtain limsup, . |B*|"/*"" < 1. Consequently, we have
limsup,, ., |Ba|Y""" < |Py(1,0)]. O

The growth of the coefficients of A,, and B,, in Lemma 4.2 provides a uniform upper bound

on the size of m log || F,.(1,t)]| for small ¢:
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Lemma 4.3. For any given € > 0, there exists a 6 > 0 and an integer N > 0 so that
log | P (1,0
Og| ;( ) )| <€

1
log || F, (1, 8)|| —
Toary B IEL )]

for all |t| <6 and alln > N.
Proof. We define the polynomials p,(t) and g, (t) by
Fu(1,) = (pa(t), tan(t))
so that p,(0) = A, and ¢,(0) = B,,. By Lemma 4.2, there is a huge integer N with

|4N 1 10g8

By < (1+¢/8)" P10 and 725

< €/8.

Set
|4N 1

R :=8(1+¢/8)" '|Pi(1,0)
Since |An|,|Bn| < R/8, we can choose a very small 6 > 0 such that

lpn (D), lav ()] < R/8,
for any ¢ with |t| < §. Recall that F,,1(1,t) = Fy4(F,(1,¢))/t? for all n > 1, and
Fii(z,w) = (0 —t22)?, dtzw(z — w)(tz — w)).
So
a1 ()] = [px (t)an () (pn () — tan () (pa (1) — an (1) < RY/S,

for all |t| < 6, and similarly, [pxy1(¢)] < R*/8. Inductively, for all i > 0 and all ¢ with [¢]| < 4§,
we find

i) lava(1)] < RY/8.
Consequently, as the integer IV satisfies 4‘])\?81 < ¢/8, for all ¢t with |t| < § and all n > N,

log max([tgn(t)], [pn(t)])
d-4n1
log R —log 8
= d-4n1
log 8 log |P1(1,0)] + log(1 + €/8)
S g d
log | P1(1,0)]
d

1
log | E, (11| <
Toary 5 IE (L0

+ €.

For the lower bound, we need a preliminary lemma:

Lemma 4.4. There is a constant 0 < ¢ < 1 such that
| 1 (2, w)]]
(2, w)||*

> ctf?
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for all t with |t| < 1/16 and all (z,w) # (0,0). Consequently,

log c

logHFn-‘rz(lat)” - 1d

1
———log || F.(1,1
TogEy L0 =

1
deg(F n+i)
for any i > 0.
Proof. The homogenous function F}; is given by

Fii(z,w) = ((t22 — w?)?, dtzw(z — w)(tz — w)).

First assume that w = 1 and |z| < 1, so ||(2,w)|| = 1. Then ||Fy (2, 1)|| > [tz — 1> > (1 —
[t])? > 1/4 > |t|* as |t] < 1/16. Second, assume that z = 1 and |w| < 1. If |t —w?|* < |¢t|*/16,
then one of |w 4 /t| must be < \/|t|/2. Consequently,

[F(Lw)] = [4tw(l —w)(t — w)]

> aftl (Vi - VIH/2) (1= VI2 = Vi) (V- V2 - 1)

> [t]*/16, as |t| < 1/16.

The homogeneity of Fy; allows us to conclude that [|F)(z,w)|/||(z,w)||* > c|t|* for all
(z,w) # (0,0) and [¢| < 1/16, with ¢ = 1/16.
Noting that F,,(1,t) = F14(F,(1,t))/t* for all n, we see that

[ Fn (L, )| (HFu( ntie 1)H> <HF1t( i z)H) . (HFu( )H)
[ (1, )] P a1t ) NP Fgia® |12
> A
Taking logarithms gives the second inequality of this lemma. 0

We use Lemma 4.4 together with the estimates of Lemma 4.2 to show the corresponding
lower bound on the size of 37— log | F(1,¢)]| for small t.

Lemma 4.5. For any given very small € > 0, there exists a 6 > 0 and an integer N > 0 so
that
IOg |P1(17 0)‘

log [ Fu(L, )| = ———— > —¢

1
deg(Fy)
for all |t| <6 and alln > N.

Proof. In contrast with the proof of Lemma 4.3, we define polynomials p,(¢) and g, (t) by

Fu(1,t) = (An + tpa(t), tgu()).
First, we fix a huge N > 0 such that

log c
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4N—l

where ¢ is defined in Lemma 4.4. By Lemma 4.2, Ay = P;(1,0)
small § > 0 so that for all ¢ with |¢t| < J, we have

IEn(LO = Ay + tpn(t)]
> ([A(1,0)[(1 —€/8))

. We pick some very

gN—-1

That is,
log | P (1,0 log(1 —€/8
ogllry(1, ] = DEIALOL o1 —c/8)

1
deg(Fly)
Consequently, by Lemma 4.4, for any n > N,
log | Fn(L )] <10g [Fn(L0)[]  log IIFN(l,t)H) log || Fiv (1, 2)
deg(F,) deg(F7) deg(Fy) deg(Fy)
loge  log||Fn(1,1)]|
— 4N-1q deg(Fy)
L log|P(1,0)]  log(1—¢/8)

> —€¢/8
= ¢ d d
log | P (1
log |[A(L,0)] €, as € is small.
d
U
4.3. Convergence near t; = 0. To show the sequence ——— log || F;,(t, 1)|| converges locally

deg(Fr)
uniformly near t; = 0, it suffices to show that for any sufficiently small € > 0, there are small

dc > 0 and integer N, such that for any n > N, and |t| < J. we have

1 log |P1(0,1)]
4.2 — —1 E,(t, 1| - ———— .
( ) € < ]e (Fn) Og” n(; )H l <€

The proof is similar to the proof of convergence near ¢t = 0 (in §4.2), but in this case, the

lower bound requires more care.
Now we study the coefficients of F,(t,1). Write

F,(t,1) = (E, + Dt + O(*),C,, + O(2)).
For the coefficients C),, and D,, and E,,, we have the following lemma:
Lemma 4.6. For alln > 1, it has E, = P;(0, 1)4n_1. And for the C,, and D,
lim sup |C,,|Y*"", lim sup |D,|Y*" < |Py(0,1)].
n—ro0 n—o0

Proof. From the inductive formula F,1(t,1) = F;1(F,(t, 1)) with
Fiai(z,w) = ((22 — tw?)?, 42w (z — w)(z — tw)),
we obtain E,,; = EY and Fy = P1(0,1). So for any n > 1, E, = P;(0,1)*"".
Let by = 0 and b, = 2b,_1 + 1. Then inductively, we can write
{cn —: Py (0, 1) 1,
D, =: Pi(0,1)*" ~t-1Dx
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with

O:—H = 40;(P1(0’ 1)bn+1 - O:),

Dy = 4P (0,1) 1 Dx — 2072,
for all n > 1. As both C} and D} grow at most quadratically when n increases by one,
we obtain that lim,_,.osup |[C*[Y/4"™" lim,_,. sup |D*[/*"" < 1. Consequently, we have
limy, o0 SUp |C |4, limy, o0 sup | Dp| /4" < | P1(0,1)], and the lemma is proved. O

The growth of the coefﬁcients of C,, D, and E, in Lemma 4.6 provides a uniform upper
bound on the size of 7 log | F(t, 1)]| for small ¢. The proof is exactly the same as the
proof of Lemma 4.3, and We omit the details.

Lemma 4.7. For any given € > 0, there exists a 6 > 0 and an integer N > 0 so that

log | P (0,1
log 11, 1) - PO

1
deg(F7)
for all |t| <6 and alln > N.

This next lemma is similar to Lemma 4.4, and we omit the proof.

Lemma 4.8. There is a constant 0 < ¢ < 1 such that
F,
|| t,1<sz2|| > C|t|2
(2, w)]|
for all t with |t| < 1/16 and all (z,w) # (0,0). Consequently,

log(c[t|*)

logHFnH(t,l)H - gn—14

log [[Fu(t, 1) =

1

for any i > 0.

Obtaining the lower bound on Wlog I|F(t, 1)|| for small ¢ is more delicate than in
Lemma 4.5; we use Lemma 4.8 together with the estimates of Lemma 4.6.

Lemma 4.9. For any given very small € > 0, there exists a § > 0 and an integer N > 0 so

that log | P (0,1
log 1, 1)) — B DE

1
deg(F})
for all |t| <6 and alln > N.

Proof. We define polynomials p,(t) and ¢, (t) by

Fo.(t,1) =: (E, + tpu(t), qn(t)).
By Lemma 4.6, there is a huge integer NV, such that
[C, D] < (1+€¢/16)" | P1(0,1)

‘41\] 1

By increasing N if necessary, we may also assume that

log(ce?/8?) 2log 8

ANy > —¢/10 and ——— 2 2d < €/8
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where the constant ¢ is defined in Lemma 4.8.
Set

4N—1

R:=8(1+¢/16)*" " |P(0,1)]*" "
Since |Cyn|, |Dn| < R/8, we can choose a very small 6 > 0 such that
lpn(8)] lan (8)] < R/8
for all ¢ with |¢t| < 0. Recall that F,,1;(t,1) = F;1(F,(t,1)) for all n and

Fia(z,w) = ((22 — tw?)?, 42w (z — w) (2 — tw)).

So one has
lanv+1()] = |4gn(t)(En +tpn () (Ex + tpn(t) — gn (1)) -
(En +tpn(t) — tan(t))]
< RY/S,

for all ¢ with |¢t] < §. Similarly, we have |py.1(t)| < R*/8. Inductively, we obtain

(4.3) v+, lani(8)] < RY /8,

for all i > 0 and all ¢ with [¢| < J.
Choose an integer N’ > N so that
/. €

= - — < 0.
8(1 4 €/16)4N g4V =N

For any n > N’ and t with

€

t| < <¢
| | — 8(1 +€/16)4n—184n—N — )
as F,(t,1) = (E, + tp,(t), ¢.(t)), we have
", g £ (6 I 1o B + tpal®)
deg(F,) d-4r—1
log |P1(0,1)]  log(l —¢/16)
4. 4.
(4.5) > elAOL] ol =10y (45)
log | P (0,1
(4.6) w — ¢, as € is small.

For any n > N’ and t with
€
S(1+ ¢/16)" 81"~
there is a j with N’ < j < n, such that

€ €
— < |t] < . —.
B0+ /s 1= 5 167 e

<t <&,
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By the previous argument, as % > —¢/10,

log [|[Fu(t, DI o (loglan(t,l)ll_10g||Fj(t,1)||) log [[£5(t, D

deg(F}) deg(Fy) deg(F;) deg(F;)
2
TR ST
> (% - %log(l +¢/16) — ZL?%E) +
(1Og|PZZ(0>1)| +10g(ij—1;/16)) by (4.4)
log | P,(0,1)]

g — ¢, as € is small and N is huge.

4.4. Convergence near t; = ty. After we set t, = 1 —t and t; = 1, the proof of the locally
uniform convergence statement near t; = t5 becomes the same as the proof for t; = 0 case
in §4.3. The role of P;(0, 1) is played by the difference Pi(1,1) — Q1(1,1), exactly as in the
computations for Proposition 3.2. We leave the details for the reader.

This completes the proofs of Theorem 1.5 and Proposition 4.1.

5. THE BIFURCATION MEASURE

In this section, we prove Theorem 1.8 and Proposition 1.9.

5.1. The measure of maximal entropy. It is worth observing first that, for any t € A =
P! — {0, 1, 00}, the measure of maximal entropy of f; is given by

2Dl |,
Sl oL

where py(t) is the density of the hyperbolic metric in A, |dz|? is the Euclidean area element.
Indeed, the fact that the measure of maximal entropy of f; takes the form %MZ'P is
well-known; see for example [Mi, Appendix A]. The expression for ¢(t) is due to McMullen,
who proved the following identity

|dz[”
p|2(z = 1)(z = 1)

by means of Teichmiiller theory [Mc, Theorem 4.13].

= 9lt(t — 1)

pA(t)
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5.2. Proof of Theorem 1.8. We first consider the constant marked point case. Let C' =
(2,w) be the lift of the constant marked point ¢, with z/w € P! — {0,1,00}. In this case,
ged(Fy 4,(C)) = 1 and Fy = F, 4,(C) has degree two. Set Fyy 1 = Fy, 4, (F,)/t3 for n > 1.
One may verify that F,, is homogenous in (z,w) of degree 4™ and homogenous in (t1, ;) of
degree deg(F,) = 2-4""!. By Theorem 1.5, the sequence

1
log || F},

converges locally uniformly in C2—{(0,0)} to a continuous function, denoted by G/, (1, t2).
For each fixed ¢ € P' — {0, 1, 00}, the function G, ,(t, 1) satisfies

Gt 1) = 2log || (2, w) || + O(1)

when ||(z,w)|| is large. As a function of (z,w) € C*\ {0, 0}, it is continuous and plurisub-
harmonic, and it satisfies

1 C *
§d(z7w)d(z7w)G(z,w)(t, 1) =7"w

where 7 : C?\ {0,0} — P! is the projection 7(z,w) = z/w and p; is the measure of maximal
entropy for f;; see e.g. [HP, §4]. Writing G = G/(.1)(¢, 1), the above relation becomes

19,0.G = 2.
T

Therefore, by the discussion in §5.1, the function G satisfies the Poisson equation:

10°G  2t(t— Dlpa(t)
10202 |2(z—1)(z—1)|

One solution of this equation is

- log |2 — (] 2
10 =D | rc- -

where D(t) = 4|t(t — 1)|pa ().

For fixed t € P' — {0,1, 00}, note that z + I(z,t) is continuous on all of C; to handle
the singularities of the integrand, we need only observe that (log|¢|)/|¢| is integrable near
the origin in C. We have already remarked that z — G, 1)(¢,1) is continuous at all z € C.
Now consider the difference G.1)(t,1) — I(z,t). The function z — G, 1)(t,1) — I(z,t) is
harmonic in C—{0, 1,¢}. By the removable singularity theorem for harmonic functions, z —
G(:1)(t,1) — I(z,t) is harmonic in C. Moreover, one may verify that G(.1)(t,1) = O(log |2])
as |z| — oo. This implies that G(.1)(t,1) — I(2,t) is a function depending only on ¢, so we
may write

G1)(t, 1) = I(2,t) = K(1).
We can determine k(t) in the following way. Letting z = 0, we see that

log [¢|
p [C(C—1)(C — 1)

Gy (t, 1) = I(0,t) + k(t) = D(t) |dC|? + K(t).
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It’s interesting to note that G'o1)(t,1) can be evaluated easily from its definition, as
G (t, 1) = loglt].
By changing variables (let { = t/£), we have that

log [¢] log [t| — log [¢]
pr [C(C—1)(C =) p E(E—1)(€ —1)]

As the total mass of the maximal entropy measure yu, for f; is one, we see that

|d¢)* = |dg|*.

D(t) log ¢

100 ==~ | te-ve -0

dgf? =tog ] | 1dpe =g 1|
Pl
In this way, we find
k(t) =log|t| — 1(0,t) = 0.
So we have the following explicit formula

log |z — (]
p [C(C—1)(¢ —1)]

(5.1) Gi(t, 1) = D(t) |d¢|?.

Note that for «, f € C*,
G(az,aw)(ﬁtla 6t2) = G(z,w)(tb t2) + 210g |OZ| + 1Og |6’
By this scaling property, we have
Gt t2) = Grjwn(ti/t2, 1) 4 2log |w| + log [ts|

B log |z — w(|
= Il D) [ R ey ol

providing the formula in homogeneous coordinates for the case of constant starting point
C = (z,w).

Now consider the general marked point C' = (¢;(t1,t2), ca(t1,t2)), where ¢, ¢y are homoge-
nous polynomials in (¢1,t5) of the same degree. Comparing the definitions of G¢(t,t) and
G(zw)(t1,12), we have

2 1
Golti te) = 5Grw)(ti, t2) — —log |ged(F}, 1, (C))]-
d d

zw)=(c1,c2)

So G¢ has the following explicit formula:

2 log |e1 — ] 2
Gotwta) = 3 (1a4D00/0) | o B L+ o

1
- log |ged (F, 4, (C))]-
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5.3. Proof of Proposition 1.9. Fix point a € C\ {0, 1}, and set C' = (a,1). Then, as in
Theorem 1.5, we have

Fy = (Py(t1,12), Qi(tr, t2)) = ((t1 — t2a®)?, 4tra(1 — a)(ty — taa))

with d = deg(F;) = 2. From Theorem 1.8, or from equation (5.1) in its proof, the potential
function for the bifurcation measure p, is given explicitly by

log |a — (]
p [C(C—1)(C—1)

Ga(t,1) = D(1) ’| dg|®.

From Proposition 4.1, we know that
Go(1,0) =0, G,(0,1) =2loglal, G.(1,1)=2log|l — al.

Now assume we have two points a,b € C\ {0, 1} for which u, = pp. Then the harmonic
function

Gu(t,1) — Gyp(t,1) = Go(1,0) — Gp(1,0) =0
for all t € C, because GG, and G} grow at most O(log |t|) when ¢ is near co. This implies
la| =|b] and |1 —a|=|1-0|
This happens if and only if a = b or a = b. However, if we assume Ima # 0, then

Gt 1) — Ga(t, 1)
B ¢ IMF
“1X>Af% ‘K C—9)

. 1 a_cl( 1) dcP?
(“[;oo% AR

# 0 whenever Imt # 0.

This shows that p, = p if and only if a = b, completing the proof of Proposition 1.9.

6. EQUIDISTRIBUTION

In this section we provide the proofs of Theorems 1.7 and 1.2. For the statement of
the arithmetic equidistribution theorem, we follow the language and presentation of [BD2],
which follows the original treatments of [BR2, FRL]. All of the work of Sections 3 and 4
goes towards showing the hypotheses of the equidistribution theorem are satisfied.

6.1. The arithmetic equidistribution theorem. Let k be a number field and let & denote
a fixed algebraic closure of k. Any number field % is equipped with a set M, of pairwise
inequivalent nontrivial absolute values, together with a positive integer N, for each v € My,
such that

e for each o € k*, we have |a|, = 1 for all but finitely many v € Mj; and



TORSION POINTS AND THE LATTES FAMILY 23

e every a € k* satisfies the product formula

(6.1) [Tl =1

vEM

For each v € My, let k, be the completion of k at v, let k, be an algebraic closure of k,,
and let C, denote the completion of k,; for each v € M, we fix an embedding of k into C,.
We let P, , denote the Berkovich projective line over C,, which is a canonically defined
path-connected compact Hausdorff space containing P'(C,) as a dense subspace. If v is
archimedean, then C, = C and Py, , = P'(C).

For each v € M, there is a distribution-valued Laplacian operator A on Py, . For
example, the function log™ |z|, on P!(C,) extends naturally to a continuous real valued
function Pk, ,\{oc} — R and

Alog™ 2]y = 600 — Ao,

where ), is the uniform probability measure on the complex unit circle {|z| = 1} when v is
archimedean and ), is a point mass at the Gauss point of Pp, , when v is non-archimedean.

A probability measure p, on Py, , is said to have continuous potentials if 1, — A, = Ag
with g : Py, , — R continuous. If 4 has continuous potentials then there is a corresponding
Arakelov-Green function g, : ]P)llserkv X Phen, — RU {400} which is characterized by the
differential equation A,g,(x,y) = 0, — p and the normalization

(6.2 [ s yautaranty) o

An adelic measure on P! (with respect to the field k) is a collection pu = {u, }oenr, of
probability measures on Py, ,, one for each v € Mj, such that
® 1, = A, for all but finitely many v € Mj; and
e /i, has continuous potentials for all v € M.

If p, p' are measures on Py, ,,, we define the p,-energy of p and p' by

(0, )y = % / /P 1 G (2, y)dp(x)dp (y).

1 .
Berk,v ><]P)Belrk,v \Dla’g

Fix a finite subset S of P'(k) which is Gal(k/k)-invariant. For each v € M, we denote by
[S], the discrete probability measure on ]P’Eerkw supported equally on elements of S. We let
|S| denote the cardinality of S. For each such S with |S| > 1, the canonical height of S
associated to the adelic measure p = {1, vens, is defined by

(6.3 S) = g 3 N (Sl 81
vEMy,

The constants N, are the same as those appearing in the product formula (6.1).

Remark. The definition of A, differs slightly from that given in [BD2] or [FRL]; the factor of
|S]/(]S] — 1) is included to match the definition of the Néron-Tate height. See Proposition
6.4; compare [BR2, Lemma 10.27]. In fact, this definition of h, extends naturally to include
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points in k, and therefore to define a Gal(k/k)-invariant function fzu :P'(k) — R, as can be
seen from equation (6.8) in the proof of Proposition 6.4.

Theorem 6.1. [BR2, FRL] Let ]tLM be the canonical height associated to an adelic measure
p. Let {S,}nso0 be a sequence of finite subsets of P(kS°P) for which h,(S,) — 0 as n — oco.
Then [S,], converges weakly to u, on ]P’]éerkm as n — oo for all v € Mj,.

6.2. Computing the Arakelov-Green function. In the application of Theorem 6.1 to
this article, we will construct height functions explicitly in terms of the homogeneous escape-
rate function G¢ of Theorem 1.5.
More generally, suppose that
R ()2 = (B
is a sequence of homogeneous polynomial maps defined over a number field k. Assume that
Res(F,,) # 0 for all n and that

lim log [[ Euf

1
n—oo deg(F7,)

converges locally uniformly in (C,)? \ {(0,0)} at a given place v of k, to a continuous,
real-valued function G, : (C,)? \ {(0,0)} — R. Here, |(a,b)||, = max{|a|,,|b],} as in
the archimedean case. Then, in fact, G, determines a continuous potential function for a
probability measure i, on P, . For z,y € P'(C,), the Arakelov-Green function for s, is
given by

(6.4) G (T,y) = —log|Z A §l, + Go(Z) + Gy (9) + log Cap(K,),

for any choice of lifts & of z and ¢ of y to (C,)?. Here K, = {(a,b) € (C,)* : G,(a,b) < 0}.
The quantity log Cap(kK,) is exactly what is needed to normalize g, according to (6.2).

See [BR2, §10.2] for details, where each step is explained in the setting where F,, is the
n-th iterate of a homogeneous polynomial map F; with non-zero resultant. The quantity R,
appearing in [BR2, Lemma 10.10] should be replaced by Cap(K,). The capacity Cap(K,) is
computed in terms of the resultants of F;, exactly as in Theorem 2.2; the same proof works
also in the non-archimedean case. Namely,

(6.5) Cap(K,) = lim |Res(F,)|; "/ dea(Fn)’
n—oo
for the given place v.

6.3. The Néron-Tate height. Fix ¢ € k(t) \ {0,1,¢} for a number field k. Recall from the
Introduction that P = P.(t) denotes a point in E; with 2-coordinate z(P) = ¢, for each t € k.
We fix a homogenous lift C' of z(P), also defined over k, and write C(t1,t2) = (X1(P), Xa(P)).
The Néron-Tate height of P defines a function h, : P'(k) — Rs; for ¢ € k, it is given by

he(t) = hg(P) = llim %h(x(Q”P))
~ g 3 Mlogmax{( X (2P X2 P)L).

VEM
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where 2" P denotes the image of P under the multiplication-by-2" map on the elliptic curve,
and h is the logarithmic Weil height on P*(Q); see, e.g., [Si2]. If S is a finite, Gal(k/k)-
invariant subset of P!(k), then we set

he(S) := |—;| z; he(t).

6.4. Proof of Theorem 1.7. Let ¢ be as in the theorem, defined over a number field &,
and let C(ty,12) be a homogeneous lift of ¢, also defined over k.
Fix a place v of k. Define the polynomial maps F;, as in Theorem 1.5, and set

1
Geoo(ti, ty) = lim ————log || F,,(t1,t2)|],
C, (t1,t2) ngf)lo deg(Fn) og | Fu(t1, o)

for each place v of k, with (t1,¢) € (C,)?\ {(0,0)}. The proof of convergence in the
archimedean case shows mutatis mutandis that the convergence is locally uniform for all
places v. A line-by-line analysis of the proof of Theorem 1.5 shows that the proof uses
nothing more than the triangle inequality and elementary algebra. As such, the estimates
can only be improved when the usual triangle inequality is replaced by the ultrametric
inequality in the case of a non-archimedean absolute value.

Lemma 6.2. For all but finitely many places v, we have that
1Fn (1 t2) [l = (It t2) |55
for all n and all (t1,ts) € (C,)%. In particular, the escape-rate function G, satisfies
Gty ta) =log||(ty, t2)|o = log max{[t1., [2]o }

Proof. The coefficients of F} = (P, Q) lie in k. Let v be any non-archimedean place for
which all coefficients of P; and @ lie in the valuation ring of k£ (and so have absolute value
< 1) and such that

2l = [Res(F1)|o = [P1(0, D]y = [P(1,0)]s = [A1(1,1) = Q1 (1, 1)], = 1.
Note that this holds for all but finitely many places v. Then, by Proposition 3.2, we have
| Res(F,)|, =1

for all n.
Applying [BR2, Lemma 10.1], we may conclude that

1ty t2)llo = (1t ) 15750,
for all n and all (¢1,,) € (C,)?. This completes the proof of the lemma. U
It follows that the functions {Ge¢,}uer, extend to the Berkovich spaces Pg,, , to define a

collection of continuous (homogeneous) potential functions for an adelic measure p = {uc,}-
We call this measure u the adelic bifurcation measure of c¢. Using (6.5), we obtain a formula
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for the capacity of K, = {G¢c, < 0} C (C,)?, exactly as in Theorem 1.6, with exactly the
same proof:

(Q(1,1) — P(1,1))P(0,1) |~ o
ZE ]Res(F1)|

Cap(K,) = [4], ™

(2

where I} = (P,Q) and d = d(c) are defined in Theorem 1.5. This explicit formula for the
capacity and the product formula (6.1) imply that

(6.6) [ Cap(x.,)™ =

The next lemma shows that the Néron-Tate height function he may be expressed in terms
of the functions {G¢,}; compare to the definition of the canonical height given in equation
(10.40) of [BR2].

Lemma 6.3. The Néron-Tate height he(t) = hg,(P,(t)) satisfies

helt) = —°

8[k : Q) esz NuGoaltn,tz)

for allt € k and (ty,t5) € k* with tl/tz =t; and

h(S) = Z > NuGeulti ta)

tES vEM,

for all finite, Gal(k/k)-invariant sets S, where d = d(c) is defined in Theorem 1.5.

Proof. By the product formula, the quantity

Hy(z) = H max{| X1y, | Xo|s }
vEM

does not depend on the lift 7 = (X, X3) € k? of x € P'(k). As we know that F,(¢,1s)
(defined in Theorem 1.5) is a lift of (2" P) = f}*(x(P)), the Néron-Tate height h.(t) = hg, (P)
is given by

- 1
helt) = g Jim 55 = Nolog |F (1. 1)

vEM,

for t € k and (t1,t5) € k* with t;/ty = ¢, from the expression given in §6.3. Now, we
decompose M, into two sets: M}, consisting of the places v for which

1Eu (b, t2)llo = 1] (ta, t2) 55

for all n and all (t1,t5) € (C,)? (as in Lemma 6.2), and M2 = M, \ M,, which is a finite
set. As we have shown that the sequence m log || Fu||» with deg(F},) = 4" 'd converges
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locally uniformly in (C,)*\ {(0,0)} at each place v of k, to a continuous, real-valued function

Gew : (C)*\ {(0,0)} — R, we have

~ ]_ . 1 n—1
he(t) = 2% Q Jim o D Nylog|(t, )18+ > Nylog || Fu(ty, )]l
’ vEM], veEM?
1
= lim Z Ny log || (b1, )l + Z N, log || Fo(t1,t2)|o
[k Q] e veM} ve/\/l2
d
= N,Geo(t, ta),
S

for t € k and all (t1,t2) € k? with ¢1/ty = t.
Now suppose that S is a finite and Gal(k/k)-invariant subset of P'(k). Let &’ be a finite
extension of k£ containing S. The proof above shows that

he(t) = EBUCL@ Z N,Geypl(ta, ta)

for all t € S and (ty, ;) € (K')* with ¢;/ts = t. Recall that, for each v € M, we fixed an
embedding of k into C,, thus making a choice of extension of the absolute value | - |, to k.
By the Galois invariance of S, the sum

Z Z NUGC,v(tla t2>
teS vEMy
is independent of the choice of embedding for each v, and therefore,

8|5|Z k- @ Z NyGep(ti ta) = 8\S|Z Z N,Gep(ts,ta)

tes vEMy, tes ’ veMk/

= [ 2l

tesS

O

We now prove the precise relation between the Néron-Tate height h. and the measure-
theoretic height h,,, defined in (6.3), for the adelic bifurcation measure of c.

Proposition 6.4. Let k be a number field; let S be any finite set in P'(k) that is Gal(k/k)-
invariant with |S| > 1; and let p = {u.,} be the adelic bifurcation measure for ¢ € k(t) \
{0,1,t}. The canonical height h,, of (6.3) and the Néron-Tate height h. satisfy

8[k: Q] ;
d hc(S)a

BH(S) =

where d = d(c) is defined in Theorem 1.5.
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Proof. For each z € S, fix any point # € (k)? over 2. We may verify directly from the
definition of h, (exactly as in [BR2, Lemma 10.27]):

: S
hH(S) - |S|| _l 1 Z N” ’ ([S]v> [S}v)uﬂ
veEMy
I N,
o |S|_1 Z 2|S|2 Z gﬂv(x’y)
veM z,y€eS,x#y
~ 208)(1S[—1) |s; Z > Ny (=log|E A gly + Gew(F) + Gow() + log Cap(K,))

z,yE€S,xFy vEMy

67) = S5IsT=T) |sy Z > Ny (Gew(®) + Goul(d))

r,y€S,xty vEMy

= 2|5||sy ZN 2(S] = 1)) Geu(@)

vEMk z€eS

- |S| 2 Mo 2 Geuld)

vEM, €S

(6.8) = Z > NuGewl®

z€S vEMy,
where (6.7) follows from the product formula and (6.6). We remark that the formula (6.8)
shows that h, can be extended naturally to sets S of cardinality 1, and therefore, to define
a Gal(k/k)-invariant function on P!(k). By Lemma 6.3, we conclude that

hus) = Sl S it = G s).

0

With Proposition 6.4, the conclusion of Theorem 1.7 follows immediately from Theorem
6.1.

6.5. Proof of Theorem 1.2 (and the case a,b € Q(t) of Theorem 1.3). Suppose that
¢ € k(t), where k is a number field with ¢ # 0, 1,¢. Recall that

Tor(c) = {te€ C\{0,1}:¢(t) is a torsion point on E}}
= {te C\{0,1} : ¢(¢) is preperidic for f;}.

From the convergence result, Theorem 1.5, we may conclude that ¢ has a nontrivial bifur-
cation measure p.. It follows that the sequence of functions, ¢t — f/*(c(t)), n > 1, do not
form a normal family on C\ {0, 1}; see e.g., [De, Theorem 9.1]. Consequently, with standard
arguments in complex dynamics using Montel’s theory of normal families, the point c(t)
must be preperiodic for f; for infinitely many ¢; compare [BD2, Lemma 2.4], [DF, Lemma
2.3]. In other words, |Tor(c)| = o0
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Now let a # b be two such points in k(t). The argument above explains why condition (2)
(that Tor(a) = Tor(b)) implies condition (1) (that |Tor(a) N Tor(b)| = o).

Now we check (1) = (3). Recall that P,(t) is torsion on B if and only if hg, (P,(t))
see [Si2, Theorem 9.3]. Thus for all ¢ € Tor(a) N Tor(b), we have he(t) = 0 and hy(t) =
The implication then follows.

0;

To see that (3) = (2), we assume there is a non-repeating infinite sequence {t,} C k for
which h,(t,), hy(t,) — 0. Let S, = Gal(k/k) - t,. Since the Néron-Tate height is invariant
under Galois conjugation, we see that

ho(S,) =0 and  hy(S,) = 0.
From Proposition 6.4, it follows that
hu(Sy) =0 and iy, (S,) — 0

for the canonical heights associated to the adelic bifurcation measures {iuq.} and {up.}-
From the equidistribution of S, in Theorem 1.7, we deduce that the measures ji4, = 45, for
all places v of k. It follows that h,, = h,,, and therefore

I, (Pa(t)) = ha(t) = hy(t) = hg, (Po(t))
for all t € k. By [Si2, Theorem 9.3],
Tor(a) = {t € &\ {0,1} : ho(t) = 0} = {t € &\ {0,1} : hy(t) = 0} = Tor(b).

Finally, assume that a,b € Q \ {0,1} are constant points. Assuming conditions (1)—(3),
the proof above implies that the archimedean components of the bifurcation measures must
coincide. In particular, p, = s, for the bifurcation measures defined in the Introduction
(after Theorem 1.5). By Proposition 1.9, we may conclude that a = b. This completes the
proof of Theorem 1.2. We have also completed the proof of Theorem 1.3 in the case where

a,b e Q(t).

7. THE PROOF OF THEOREM 1.3

In this section, we complete the proof of Theorem 1.3. The result in the case where
a,b € Q(t) was obtained in §6.5. The main ideas of this section are inspired by the method
of [BD1] to pass from results over Q to results over C.

7.1. The height function. Fix a point ¢ € C(¢), and assume that ¢ # 0, 1,¢. Assume that
¢ ¢ Q(t) and choose a finitely-generated extension field k over Q so that ¢ € k(t).

Viewed as a function field over Q, k may be equipped with a product-formula structure;
that is, with a collection of absolute values M, satisfying the product formula (6.1) for all
nonzero elements of k. The “naive” height function on P! (k) is defined by

Mot =g > Y Nlogla(.8)l,

] ceGal(K/k) veMy
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for any finite extension K of k containing o and [, exactly as in the number field case. Here,
(e, )]l = max{|aly, [B].}-

Choose any homogeneous lift C' of ¢ defined over k, as in §1.1. From Proposition 1.4, we
know that ¢(¢) is not persistently preperiodic for f;, for t € C\ {0,1}. Theorem 1.5 implies
that the potential function G¢ is well defined and continuous on C?\ {(0,0)}.

The arguments of §6.4 carry over to this setting, showing that the escape-rate functions
Gew i (C,)? = RU{—o0} are well defined and continuous at all places v of k. In particular,
Lemma 6.3 applies to show that the height function

helt) =~ Tim —h(f2(c(1)))

2 n—oo 4M

on P'(k) \ {0,1, 00} satisfies

(7.1) EC(S):% > ) NGewlti,ta)

(t1:t2)eS vEMy,

for all finite, Gal(k/k)-invariant sets S in P!(k), where d = d(c) is the degree defined in
Theorem 1.5. Consequently, the equidistribution of points of small height, Theorem 6.1,
holds in this setting as well.

One key difference between the number field case and this function field setting is that
there is no longer an archimedean place of k; the bifurcation measure p, on P!(C) is not a
component of the adelic measure {y.,}. Another key difference is that

Tor(c) := {t : ¢(t) is preperiodic for f,} C {t: he(t) = 0},

as can be seen from the definition of ﬁc, but we may not have equality of sets. Indeed, if
t € Q C k is such that c(t) € Q, then h.(t) = 0 independent of whether P.(¢) is a torsion
point on FEj.

7.2. Proof of Theorem 1.3. Fix a,b € C(t) as in the statement of the theorem, and let k
be a finitely-generated field extension of Q containing the coefficients of a and b. We may
assume that at least one of the points, say a, is not in Q(¢). Assume that Tor(a) = Tor(b).
Exactly as in the beginning of the proof of Theorem 1.2, we see that |Tor(a)| = oo, so that
| Tor(a) N Tor(b)| = oo.

Now, assuming that |Tor(a) N Tor(b)| = oo, we may appeal to the main result of [MZ3] to
deduce that P, and P, are linearly related. That is, there exist integers m, n, not both zero,
such that [m]- P, + [n] - P, =0 on E; for all t € C\ {0,1}. In fact, by our assumption that
a,b#0,1,t, 00, we see that both m and n must be nonzero (since neither P, nor P, can be
torsion for all ¢).

With P, and P, linearly related, we immediately deduce that Tor(a) = Tor(b), and there-
fore we have equivalence of conditions (1), (2), and (4). Assuming condition (1), and since
Tor(a) C {t : he(t) = 0} for any a, we obtain condition (3) with an infinite sequence of
torsion parameters.



TORSION POINTS AND THE LATTES FAMILY 31

Finally, we will show that condition (3) implies condition (1). We remarked in §7.1 that
the equidistribution theorem holds in this setting. Consequently, condition (3) implies that
we have equality of measures ji,, = 45, at all places v of k. Thus fzu,a = ﬁu,b on IP’I(E). By
(6.8) and (7.1), we find that d(b) - h, = d(a) - hs, where the degrees d(a), d(b) are defined in
Theorem 1.5. In particular, h, and h, vanish at the same points t € k.

Note that the set of ¢ € Q such that a(t) € Q is finite; indeed, if it were infinite, then
the algebraic curve parameterized by (¢, a(t)) in C? would be defined over Q, contradicting
our assumption that a & Q(t). Note further that for t € Q with a(t) € Q, then ¢ ¢ Tor(a),
since the torsion points of E; must lie in Q. Therefore, since |Tor(a)| = oo, there must be
infinitely many torsion parameters t ¢ Q.

For each t ¢ Q, the elliptic curve E,/k is not isotrivial; that is, it is not isomorphic (over
k or even over k) to an elliptic curve defined over the constant field Q. (This can be seen
explicitly by observing that the z-coordinates of the 2-torsion points 0,1,¢, 00 on F; have
cross-ratio t that is not in the constant field Q. The cross-ratio, up to reordering of the points,
is an isomorphism invariant.) Therefore, by standard theory of non-isotrivial elliptic curves
over function fields [Sil, Theorem II1.5.4], or by appealing to the corresponding dynamical
statement about f, [Ba, Theorem 1.6], we deduce that he(t) = 0 if and only if ¢ € Tor(c)
whenever ¢ € Q, for any choice of ¢ € k(t).

Therefore, for each of the (infinitely many) ¢t € Tor(a) with ¢+ ¢ Q, it must be that
t € Tor(b) since d(b) - hy = d(a) - hy. This concludes the proof that (3) implies (1) and the
proof of Theorem 1.3.
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