DYNAMICS OF RATIONAL MAPS: LYAPUNOV
EXPONENTS, BIFURCATIONS, AND CAPACITY

Laura DeMarco
22 February 2002

ABSTRACT. Let L(f) = [log||Df|| duy denote the Lyapunov exponent
of a rational map, f : P! — P!. In this paper, we show that for any
holomorphic family of rational maps {fx : A € X} of degree d > 1,
T(f) = dd°L(fx) defines a natural, positive (1,1)-current on X sup-
ported exactly on the bifurcation locus of the family. The proof is based
on the following potential-theoretic formula for the Lyapunov exponent:

L(f) = Z Gr(cj) —logd + (2d — 2) log(cap Kr).

Here F : C* — C? is a homogeneous polynomial lift of f; |det DF(z)| =
I11z A ¢j]; Gr is the escape rate function of F; and cap Kr is the
homogeneous capacity of the filled Julia set of F'. We show, in particular,
that the capacity of Kr is given explicitly by the formula

cap Kp = | Res(F)|~*/4=1)

where Res(F) is the resultant of the polynomial coordinate functions of
F.

We introduce the homogeneous capacity of compact, circled and pseu-
doconvex sets K C C? and show that the Levi measure (determined by
the geometry of OK) is the unique equilibrium measure. Such K C C?
correspond to metrics of non-negative curvature on P!, and we obtain
a variational characterization of curvature.

1. INTRODUCTION

Let f : P! — P! be a rational map on the Riemann sphere of degree
d > 1. The Lyapunov exponent of f is defined by

L) = [ 181D S duy.

Here || || is any metric on P! and ps denotes the unique probability measure
of maximal entropy. It is known that L(f) > (logd)/2 [Ly],[JFLM],[Ru]. The
quantity e“(f) records the average rate of expansion of f along a typical orbit.

In this paper, we study the variation of the Lyapunov exponent with
respect to a holomorphic parameter. Let X be a complex manifold. A holo-
morphic family of rational maps f : X x P! — P! is said to be stable at
parameter Ao € X if the Julia set of f) moves continuously in a neighbor-
hood of Ag. The complement of the set of stable parameters is called the
bifurcation locus B(f) (see §10). The stable regime is open and dense
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in X for any holomorphic family [MSS]. If X is a Stein manifold, then the
components of X — B(f) are also Stein manifolds (domains of holomorphy)
[De].

Mané proved that the Lyapunov exponent L(f)) is a continuous function
of the parameter A [Ma, Thm B|. The main result of this paper is:

Theorem 1.1. For any holomorphic family of rational maps f : X x P1 —
P! of degree > 1,

T(f) = dd°L(f)
defines a natural, positive (1,1)-current on X supported exactly on the bi-
furcation locus of f. In particular, a holomorphic family of rational maps is
stable if and only if the Lyapunov exponent L(f\) is a pluriharmonic func-
tion.

We use the notation d = d + 0 and d° = i(0 — 9)/27. We call T(f) the
bifurcation current on parameter space X and show in §10 that it agrees
with the current introduced in [De]. As an example, the bifurcation current
for the family of quadratic polynomials {z?+c : ¢ € C} is harmonic measure
on the boundary of the Mandelbrot set [De, Ex 6.1].

The dimension of the measure of maximal entropy of a rational map f
is defined as

dim py = inf{dimg E : py(E) = 1},

where dimy is Hausdorff dimension. By [Ma, Thm A], we have log(deg f) =
L(f)dim s, from which we obtain the following immediate corollary.

Corollary 1.2. For any holomorphic family of rational maps, f : X xP! —
P!, the function A — (dimuy,)~! is pluriharmonic on X if and only if the
family is stable.

The proof of Theorem 1.1 is based on an explicit formula for the Lyapunov
exponent of a rational map. In deriving this formula, we are naturally led
to the study of the SLoC-invariant homogeneous capacity in C?. See §2.

Consider a compact, circled and pseudoconvex set K C C?. Two mea-
sures are supported on 0K: the equilibrium measure which minimizes the
homogeneous energy and the Levi measure determined by the geometry of
OK. In §3 we prove:

Theorem 1.3. For any compact, circled and pseudoconvex K C C?, the
Levi measure is the unique circled equilibrium measure for the homogeneous
capacity.

Theorem 1.3 is a two-dimensional analog of Frostman’s Theorem which im-
plies that harmonic measure on the boundary of a compact set in C is the
unique equilibrium measure for the usual logarithmic capacity (see e.g. [Ts],
[Ral).
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Let F : C2 — C? be a non-degenerate homogeneous polynomial map.
The map F' induces a unique rational map f such that 7o F' = f ox, where
7 : C? — 0 — P! is the canonical projection. Let Kp = {z € C?: F"(z) /4
oo as n — oo} denote the filled Julia set of F'. It is compact, circled and
pseudoconvex [HP], [FS2]. The escape rate function of F' is defined as

. 1 n
Gr(z) = lim ?IOgHF (21,

for any norm || - || on C2. The function Gr quantifies the rate at which
a given point z € C? tends to 0 or co. In §5, we establish the following
formula for the Lyapunov exponent of a rational map f:

Theorem 1.4. Let f be a rational map of degree d > 1 and F : C?> — C?
any homogeneous polynomial such that moF = fomw. The Lyapunov exponent
of f is given by
2d—2
L(f) =) _ Grlcj) —logd + (2d — 2)log(cap KF),
j=1

where cap Kp is the homogeneous capacity of the filled Julia set of F and

the c; € C? are determined by the condition | det DF(z)| = 124212 A cjl.

j=1
We use the notation |z A w| = |z1we — wy22| where z = (21, 22) and w =
(w1, ws) are points in C2.

Theorem 1.4 generalizes the formula for the Lyapunov exponent of a poly-
nomial p in dimension one,

L(p) = > _ Gplc;) +log(degp),

where G, is the escape rate function for p and the ¢; are the critical points
of p in the finite plane [Prz],[Mn],[Ma] (see §11).

It turns out that the seemingly transcendental formula for the capacity has
a simple formulation for the filled Julia set of a homogeneous polynomial
map F : C? — C2. Let Res(F) be the resultant of the two polynomial
coordinate functions of F' (see §6). In §7, we prove the following:

Theorem 1.5. For any non-degenerate homogeneous polynomial map F :
C?2 — C? of degree d > 1, the homogeneous capacity of its filled Julia set
Kr is given by

cap Kp = | Res(F)|~1/dd=1),

Combining Theorems 1.4 and 1.5, we obtain as an immediate corollary an
explicit formula for the Lyapunov exponent:

Corollary 1.6. The Lyapunov exponent of a rational map f of degree d > 1
s given by
2d—2

L(f) =Y Grle;) —logd - %log | Res(F)],
=1
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where F : C2 — C? is any homogeneous polynomial map such that mo F =
fom and points ¢; € C? are determined by the condition |det DF(z)| =

Hj |Z/\Cj|.

With these results in place, the proof of Theorem 1.1 proceeds as follows
(see §10). Assume there exist holomorphic parameterizations ¢; : X — P! of
the critical points of f). We express the Lyapunov exponent as in the formula
of Corollary 1.6 and compute T'(f) = dd°L(fy). For any holomorphic choice
of homogeneous polynomial lifts {F)}, the resultant Res(F}y) is a polyno-
mial function of the holomorphically varying coefficients of Fy. Therefore,
the function log|Res(Fy)| is always pluriharmonic. The only term which
contributes to T'(f) is dd°}_; Gr,(cj(A)). Roughly speaking, this current
has support exactly where some critical point ¢;(\) is passing through the
Julia set of fy, which happens if and only if the family bifurcates.

In §12 we conclude with a discussion of the relation between circled, pseu-
doconvex sets in C? and metrics of non-negative curvature on the Riemann
sphere. The filled Julia set Kr of a homogeneous polynomial F' is an exam-
ple of a compact, circled and pseudoconvex set. We show, in particular, that
every rational map f determines a Hermitian metric on P! with curvature
given as the measure of maximal entropy py. In the language of metrics on
P!, Theorem 1.3 translates into a variational characterization of curvature
(Theorem 12.1).

Useful references for the theory of positive currents include [GH], [HP],
and [Le].

I am grateful to E. Bedford, I. Binder, M. Jonsson, and C. McMullen for
their helpful and encouraging suggestions.

2. HOMOGENEOUS CAPACITY

In this section we define the homogeneous capacity of compact sets in
C? and prove some basic properties. The definitions are analogous to the
logarithmic potential and capacity in C. See, for example, [Ra]. We use the
notation

|2 Aw| = |z1we — wiz2],
for z = (21,22) and w = (wy,ws) in C2. A function g : C? — R U {—o0}
will be said to scale logarithmically if

g(az) = g(2) + log|al,

for any o € C*.
Let i be a probability measure on C? with compact support. Define the
homogeneous potential function V#: C2 — R U {—oo} by

VH(w) = /log]z/\w]du(z).



LYAPUNOV EXPONENTS, BIFURCATIONS, AND CAPACITY 5

Observe that V* scales logarithmically. The homogeneous energy of y is
given by

I() = - / Vi (w) dp(w);

it takes values —oo < I(u) < oo. For a compact set K C C?, the homoge-
neous capacity of K is defined as

capK = e~ mfI(n)

where the infimum is taken over all probability measures supported in K.
Note that a set K has homogeneous capacity 0 if and only if u(K) = 0
for all measures of finite energy. In particular, any set of positive Lebesgue
measure has positive homogeneous capacity. If A : C?> — C?2 is any linear
map, then it is immediate to see that

cap AK = |det A|cap K,

and therefore, this capacity is S LoC-invariant.
A probability measure v is an equilibrium measure for K if it minimizes
energy over all probability measures supported in K.

Lemma 2.1. Equilibrium measures exist on every compact K in C2.

Proof. If cap K = 0, then a delta-mass on any point in K is an equilibrium
measure. Assume cap K > 0. By Alaoglu’s Theorem, there exists a sequence
of probability measures v, converging weakly to a measure v such that
I(vy) — inf I () as n — oo. Define the continuous function logy on C? x C?
by logr(z, w) = max{log |z A w|, —R}. For each n, we have

—I(vy) = / log |z A w|d(v, X vy,) < /logR(z,w) d(vn X vp).
C2xC?

Letting n — 0o, we obtain —inf I(u) < [logg(z, w)d(v x v). By Monotone
Convergence as R — 0o, we find that I(v) < inf I(u), so v is an equilibrium
measure. 0

Lemma 2.2. For any probability measure j with compact support in C*—0,
the homogeneous potential function V¥ is plurisubharmonic and

ddVF = 1" (mept)

* is dual to integration over the fibers of m : C? —

as (1,1)-currents, where

0— PL

Proof. We first show that V# is upper-semi-continuous. Choose r > 0 so
that log|z A w| < 0 for all |[w|| < r and z € supppu. Since V# scales
logarithmically on lines, it suffices to check upper-semi-continuity at points
in the sphere {w : ||w|| = r}. By Fatou’s Lemma, we have

limsup/log |z ANEldu(z) < /limsuplog |z A€l du(z) = VH(w),
§—w

E—w
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so V* is upper-semi-continuous.

To compute dd°V*, let ¢ be any smooth (1,1)-form with compact support
in C2 —0. For fixed z € C? — 0, the current of integration over the line C - z
has potential function w +— log|z A w|. This shows,

(w) = / (dud® 10g |2 A w]) A d(w)
C-z C2
= / log |z A w| dd°¢(w).
02

As a function of z # 0, this expression is bounded and constant on the fibers
of m: C? — 0 — PL. Therefore we can write,

(ddVH, ) / Vi () dd ()

= [ (108t nul ) aaocw)
- /(/1og\zAw\ddc¢(w)) dp(z)
- ( /.. ¢> i) (©)

= <7T* (71'*:“)7 ¢>7

where the middle equality follows from Fubini’s Theorem and the hypothesis
on . 0

Just as for potential functions in C, the homogeneous potentials satisfy
a continuity property better than upper-semi-continuity. See also [Ra, Thm
3.1.3].

Lemma 2.3. Let p be a probability measure with compact support S in
C? — 0. For each (s € S,

liminf V#(z) = liminf V#(().

z—(o 53¢—Co
Proof. By a straightforward computation, we see that for any a,b € C? -0,
la A O] = [lalll|bllo(m(a), w (b)),

where 7 is the projection C? — P!, o the chordal metric on P!, and || - ||
the usual norm on C2.

Fix a point (y € S. If V#((y) = —oo there is nothing to prove. We assume
VH((p) is finite. We must then have u(C - (g) = 0. For any given € > 0,
we can choose a neighborhood N of 7({) in P! so that pu(7~'N) < . Let
M = supy.es ).
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For any point z € C? — 0, choose a point ¢ € S minimizing o(7(2), 7(¢)).
For each w € § — C - z, we then have,

[CAw] _ [[¢llo(a(@), m(w)) _ [[Cll(e(m(C), 7(2)) + o(x(2), w(w)) _ 2M
lzAwl [z]lo(n(2), 7(w)) [zl (m(z), m(w)) ~ =l
We compute,
¢ A wl
|%a = V¥ - |1 d
(2 (€)= [ o8 {2 dutw)
2M IC A wl
> VH() —elog — —/ log dp(w).
12l Jezmmivy T Iz AW
As z tends to (y, we may choose ¢ so that ( — (3. Thus,
2M
liminf V#(2z) > liminf V#({) — elog —.
minfVi(z) 2 imInfVE() ® ol
Since £ was arbitrary, we obtain the statement of the Lemma. [l

3. CIRCLED AND PSEUDOCONVEX SETS IN C?

In complex dimension 1, Frostman’s Theorem (see e.g. [Ts]) states that
the potential function V(w) = [log|z — w|du(z) of a measure which min-
imizes energy for a compact set K C C must be constant on K, except
possibly on a set of capacity 0. As a consequence, harmonic measure on 0K
is the unique equilibrium measure.

In this section, we give a two-dimensional version of Frostman’s Theorem.
We will introduce circled and pseudoconvex sets K C C2?, an associated
plurisubharmonic defining function G, and the Levi measure, determined
by the geometry of 0K. We will prove:

Theorem 3.1. For any compact, circled and pseudoconvex K C C?, the
Levi measure i is the unique, S'-invariant equilibrium measure for K.
The homogeneous potential function of ux is constant on the boundary of
K and satisfies

VHE = Gk + log(cap K).

A compact set K C C? is said to be circled and pseudoconvex if it
satisfies the equivalent conditions of the following Lemma.

Lemma 3.2. The following are equivalent:

(1) K is the closure of an S'-invariant, bounded, pseudoconvex domain
in C? containing the origin.

(2) K is the closure of a bounded, pseudoconvex domain in C? and aK C
K for alla € D',

(3) K = {z: Gk(z) < 0} for a continuous, plurisubharmonic function
Gk : C? — RU{—00} which scales logarithmically and G (—o0) =

{0}
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Proof. Clearly, (3) implies (1) since G is an S'-invariant, plurisubharmonic
defining function for K.

Assume (1). Let U denote the interior of K. The open set U contains a
ball By around the origin. Let ¢ € U. Choose any path ~(¢) in U from ¢ to
a point p € By. Consider the set

['={y(t):D-~(@) C U},

where D denotes the unit disk in C. The set I' is non-empty because it
contains the point p. Belonging to I' is an open condition because U is
open. Belonging to I' is also a closed condition by the Kontinuitatssatz
characterization of pseudoconvexity (see e.g. [Kr]). Therefore ¢ € T'. As ¢
was arbitrary, K must satisfy (2).

Assuming (2), let Gk be the unique function which vanishes on the bound-
ary of K and scales logarithmically. G is continuous and plurisubharmonic
because K is the closure of a pseudoconvex domain. ([l

Any compact, circled and pseudoconvex K C C? will have positive capac-
ity because it has positive Lebesgue measure, as we saw in §2. In computing
cap K = e~ ™1 it suffices to consider only S'-invariant measures p on
K because the kernel log |z A w]| is S'-invariant. In fact, if u and v are
two probability measures supported in 0K with m,u = m,v on P!, then
I(p) =1(v).

For a compact, circled and pseudoconvex K, the logarithmic defining
function is given by

Gk (z) = inf{—log|a|: az € K}.
Let G} = max{G,0} and define the Levi measure of K by
pr = dd°Gj A dd°G;.

Here d = 0+0 and d¢ = i(0—0)/2m. When the boundary of K is smooth, jix
is the Levi curvature. In fact, ug is the pull-back from P! of the Gaussian
curvature of a metric determined by K (see §12).

Before giving the proof of Theorem 3.1, let us first understand the struc-
ture of the Levi measure px and the positive (1,1)-current dd°G k. Because
G scales logarithmically, there is a unique probability measure fix on P!
satisfying dd°G g = 7*[ix, where 7* is dual to integration over the fiber [F'S,
Thm 5.9].

Lemma 3.3. Let fix be the unique probability measure on P such that
dd°Gg = mfig. For any smooth, compactly supported function ¢ on C2,

we have
gf)d = ¢dm dp
) UK /1 (/_l(o C) uK(C);

where m¢ is normalized Lebesgue measure on the circle 0K N w=1(¢). In
particular, m.pux = fix and therefore,

dd°Gg = 7" (Tepi ).
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Proof. The following computation can be found in [B, §III.1]:
/ ¢dux = /qbddCG} A dd°G.
CQ
- / Ghddé A dd°G
= lirr(l)/(max{GK,s} —e)dd“¢p A dd°G;.
e—

On a neighborhood of the support of max{Gx,e} — €, we have G}; = Gk,
and therefore,

/2¢>duK = ;iH(l) (max{Gg,e} —e)dd°¢ N dd°Gk
C —

= /G} dd°¢ N dd°Gi

- /P 1 ( / N dd%) djixc(C)
- /P 1 ( / _1(<)¢ddCG};> drixc (C)
- /. (/7r_1(<)<z>dm<> i (<),

where m¢ is normalized Lebesgue measure on the circle 0K N7~ 1(¢). In
particular, we have m,ux = i . ([

Lemma 3.4. Any equilibrium measure v for circled and pseudoconver K is
supported in the boundary of K.

Proof. Suppose there exists a closed subset A of the interior of K — {0} with
v(A) > 0. Choose o > 1 so that «A C K and define a probability measure

vo = V(K — A) + a.(v]|A4).

For every fixed w € C2 — 0, we have
/log |z A w| dag(v|A)(z) > /log |z Aw|dv|A(z),
so that Ve (w) > V¥(w), and therefore I(v,) < I(v). O

Proof of Theorem 3.1. By Lemmas 3.3 and 2.2, we have
dd°VPE = o ui = dd°Gy.

The plurisubharmonic functions V#¥ and G differ only by a pluriharmonic
function h on C?, but as they grow logarithmically, h must be constant.
Thus,

VHE = GK - I(MK)v
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since —I(pg) = [ VPX dug must be the value of V#% on K = {Gg = 0}.
Now suppose v is an S'-invariant equilibrium measure for K. We imitate
the proof of Frostman’s Theorem in one complex dimension (see e.g. [Ts])
to show that the potential function V* is constant on 0K. We will conclude
that v = k.
Let
E, = {zEK:V”(z) > —I(I/)-f—l}.

n
Suppose that FE, has positive homogeneous capacity; then there exists a
probability measure p supported on E, with I(x) < oco. Choose a point
2o € supp v with V¥(z9) < —I(v). Since V" is upper-semi-continuous, there
is a neighborhood B(zp) on which V" is no greater than —I(v) + 1/2n. Let
a =v(B(z)) > 0. Define
o = a By — v|B(z0),
and note that I(o) is finite. We consider probability measures
vi =v+to, for0 <t <1,

and compute,
I(v)—I(v)) = 2t/V”da—t2I(U)

> 2ta <—I(1/) + 1) — 2ta <—1(u) + i) —t21(0)

n 2n
— ¢ (% —tl(o—)> :

which is strictly positive for small enough ¢. This contradicts the minimality
of the energy of v and therefore F, must have homogeneous capacity 0.
Setting £ = UFE,, we obtain

VY < —I(v)on K — F and capE = 0.
Since the functions V¥ and Gx both scale logarithmically, we have that
(1) Viu < Gg — I(v),

except possibly on a set of lines through the origin, the union of which has
homogeneous capacity zero.

Observe that sets of homogeneous capacity 0 have measure 0 for any
measure of finite energy. As [VVdv = —I(v), we immediately see that
V¥ = —I(v) v-a.e. and by upper-semi-continuity,

VY > —I(v) on suppvr.
By Lemma 2.3, we have for any (g € suppv,
(2) liminf V¥ (2) > —I(v).

2—Co

As in dimension 1, we would like to apply a maximum principle of sorts
to see that V¥ is constant on K. Let L C C? be any line not containing



LYAPUNOV EXPONENTS, BIFURCATIONS, AND CAPACITY 11

the origin and set S = suppdd“V¥|L. Since V" scales logarithmically and
by Lemma 3.4, Gg|supp v = 0, property (2) implies that v := VY|L + I(v)
is a harmonic function on L — S such that

limignfv(z) > G(Co)
zZ—C0

for all {y € S. Restating this, we have a subharmonic function u = G|L —v
on L — S such that

limsupu(z) <0

z—Go

for all { € S. As u is bounded, we can apply the maximum principle to say
that w < 0on L —S. Of course, u < 0 also on S. As L was arbitrary, we
conclude that

VY >Gg —1(v).

Finally, we combine this last inequality with statement (1) to obtain
VYV =Gk —1(v),

except possibly on a set of homogeneous capacity 0. However, as sets of
homogeneous capacity 0 have Lebesgue measure 0, the plurisubharmonic
functions V¥ and G — I(v) must agree everywhere. Consequently,

dd°V? = dd°G,
and therefore by Lemmas 3.3 and 2.2,
TRl = T UK -

Since px and v are both supported in 0K and S'-invariant, we have v =
MK - |

4. CAPACITY: EXAMPLES AND COMPUTATIONS

In this section we compute the homogeneous capacity of some circled and
pseudoconvex sets in C2. We also relate the homogeneous capacity to the
usual capacity in C and Tsuji’s elliptic capacity on P

Support of the Levi measure. Given a compact, circled and pseudocon-
vex set K in C?, the function G}; coincides with the pluricomplex Green’s
function of K and px with the pluricomplex equilibrium measure. See [KI]
for general definitions. Since the logarithmic defining function G is con-
tinuous, the set K is said to be regular, and the support of ux is exactly
the Shilov boundary 9yK [BT, Thm 7.1].

Polydisks. The polydisk K = D, x D, C C? has homogeneous capacity ab.
Indeed, the Levi measure pug is supported on the distinguished boundary
torus S! x S}, and the homogeneous potential function V#K evaluated at
any point in this torus is log |ab|.
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Regular sets in C. A compact set £ C C is regular if its Green’s

function gg (with logarithmic pole at infinity and = 0 on E) is continuous

on C. We associate to E a circled and pseudoconvex set K = K(FE) C C?

with homogeneous capacity equal to the usual capacity of E in C as follows:
Define G on C? by

_ J gr(x1/22) +log|za|, 22 #0

Orle1,22) = { v + log |z, 20 =10
where 7 is the Robin constant for F. The function Gg is continuous,
plurisubharmonic, and scales logarithmically, so K(E) := {Gg < 0} is
circled and pseudoconvex. Observe that dd°Gx = 7*ug, where pg is har-

monic measure in C. If px is the Levi measure of K(F), then by Lemma
3.3,

TxUK = UE-
By choosing coordinates ¢ = z;/zo on P!, we can express the homogeneous
energy of ux as

) == [ [ 1081 =l dustQiuste) 2 [ 108]zal dic(2),

We find that I(px) = 7, since the support of px lies in the set {z : |z2| = 1}.
By Theorem 3.1, the homogeneous capacity of K (F) is equal to

cap K(E) = e 1K) = =7,
which agrees with the usual capacity of E in C.

Elliptic capacity on P!. A straightforward computation shows that for
any z,w € C2 -0,

[z Aw| = |lz]llwllo(r(2), m(w)),

where ¢ is the chordal metric on P! and || - || the usual norm on C2. We
can rewrite the homogeneous energy of the equilibrium measure pg as

o) == [ [ 10go(¢.€ drapu(Qamapu(€) =2 [ oIl diux(2).

The first term is the energy functional for Tsuji’s elliptic capacity [Ts],
while the second term reflects the shape and scale of K. In particular, if the
Shilov boundary 9K of a circled and pseudoconvex set K lies in S® C C?,
then the homogeneous potential function V#& restricted to S° defines the
potential function for elliptic capacity of 7(JyK) when projected to P!. By
the uniqueness of the equilibrium measure on P! for elliptic capacity [Ts,
Thm 26], the homogeneous capacity of K is the elliptic capacity of the set
(0o K) in PL.

Spheres. The closed ball of radius r in C? has homogeneous capacity
r2e71/2_ Indeed, Tsuji’s elliptic capacity agrees with Alexander’s projective
capacity in dimension one, and Alexander computes that P! has projective
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capacity e~1/2 [Al, Prop 5.2]. The homogencous capacity of S is then also
e~1/2 and the capacity scales as cap(rK) = r2 cap(K).

See also the logarithmic capacities in C" defined and discussed in [Ce] or
[Be] and the references therein.

5. HOMOGENEOUS POLYNOMIAL MAPS F oN C?2

In this section, we turn to dynamics. We summarize some fundamental
facts about the iteration of homogeneous polynomial maps on C?, and we
prove the formula for the Lyapunov exponent of a rational map stated in
Theorem 1.4.

Let F : C? — C? be a polynomial map, homogeneous of degree d > 1. F
is said to be non-degenerate if F~1{0} = {0}, i.e. exactly if it induces a
unique rational map f on P! such that 7o F = f onw. The filled Julia set
of F' is the compact, circled domain defined by

Kp={2€C?: F"(2) /£ oc}.
The escape rate function of F' is defined by

n—o0

1 n
Grp(z) = lim —log|[F™(2)]),

for any norm | - || on C2, and quantifies the rate at which a point z € C?
tends towards 0 or oo under iteration of F. The escape rate function is
continuous and plurisubharmonic, and satisfies

dd°Gr = 1"y,

where py is the measure of maximal entropy for f on P! with support
equal to the Julia set J; [HP, Thm 4.1]. This gives a potential-theoretic
interpretation to the measure puy, just as p, for a polynomial is harmonic
measure in C (see §11).

As G scales logarithmically, Kr = {z : Gp(z) < 0} is circled and pseu-
doconvex. In the notation of the previous two sections, G is the logarithmic
defining function G, and the Levi measure of K,

pr = (dd°GH) A (dd°GF),

defines an F-invariant ergodic probability measure satisfying m.up = puy
[FS2, Thm 6.3], [J, Cor 4.2]. The support of up is the intersection of 7= 1(.Jy)
with the boundary of Kr. By Theorem 3.1,

cap Kp = e 1ur),

Just as for the Brolin-Lyubich measure 1y on P!, the invariant Levi measure
pr can be expressed as a weak limit,

1 *
i U
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for any probability measure w on C? which puts no mass on the exceptional
set of F' [RS], [HP], [FS2]. For a homogeneous polynomial, the exceptional
set is merely the cone over the exceptional set of f (at most two points in
P') and the origin in C2. In particular, we can choose w to be a delta-mass
at any non-exceptional point in C? — 0.

By the Oseledec Ergodic Theorem [Os], the map F' has two Lyapunov
exponents of F' with respect to up. Their sum is given by

L(F)= /02 log|det DF|dur,

and it measures the exponential expansion rate of volume along a typical
orbit.

We now derive the formula for the Lyapunov exponent of a rational map
f stated in Theorem 1.4:

L(f) = Gr(c;) —logd + (2d — 2)log(cap KF).
J

Proof of Theorem 1.4. Let f be a rational map of degree d > 1 on P!
and F : C?> — C? any homogeneous polynomial such that 7o F = f o .
The determinant of DF'(z) as a polynomial in the coordinate functions of z
splits into linear factors, vanishing on the 2d — 2 critical lines of F'. We can

write
2d—2

|det DF(2)| = [] Iz A gl
j=1
for some points c¢; € C2. Applying Theorem 3.1, we write the sum of the
Lyapunov exponents of F' as

L(F) = /0210g|detDF(z)]dpF(z)

= 3 [0l nejldur(z)
5 oo

= D V(o)
J

= > Grle) — (24 =21 (ur)
J

= Z Gr(cj) + (2d — 2)log(cap Kr),
J

Using the relation ([J, Thm 4.3])
L(F) = L(f) +logd,

we obtain the stated formula for the Lyapunov exponent of f (with respect
to ). O
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6. THE RESULTANT

In this section we introduce the resultant Res(F') of a homogeneous
polynomial map F : C?> — C2. We discuss properties of the resultant which
will lead us to the proof of Theorem 1.5 in the next section.

By definition, Res(F') is the resultant of the two polynomial coordinate
functions of F. Explicitly, if F'(z1,22) = (F1(z1, 22), F2(21, 22)), where each
F; is a homogeneous polynomial of degree d, then Res(F) is the resultant
(in the usual sense) of the degree d polynomials of one variable, F(z1,1)
and Fy(z1,1). It is a polynomial expression in the coefficients of F; and Fy,
homogeneous of degree 2d, which vanishes if and only if F; and F5 have a
common factor. In other words, Res(F') = 0 if and only if F' is a degenerate
map. If the coordinate functions are factored as

F(z)= HZ/\auHZ/\bj
( J

for some points a; and b; in C?, then the resultant is given by

Res(F) = Hai A b;.
4,3

Recall the notation a Ab = a1bs —agb; for points a = (a1, az) and b = (b1, ba)
in C2.

The space of non-degenerate homogeneous polynomial maps of degree d
is identified with C2%*2 — {Res(F) = 0}, when parametrized by their coef-
ficients. The space of rational maps of degree d is thus the projectivization
of this space, Raty = P21 — V(Res). The variety V(Res) is irreducible
because it is the image of the algebraic map P! x P2¢—1 — P24+l giyen by
(I, (p,q)) — (Ip,lq), where [ is a linear polynomial (up to scalar multiple)
and p and ¢ are each polynomials of degree d — 1.

The resultant satisfies the following composition law:

Proposition 6.1. For homogeneous polynomial maps F and G on C?, we
have
Res(F o G) = Res(F)d8¢ Res(G)(degF)z.

Proof. Let d = deg F and e = deg G. As a homogeneous polynomial on the
space C24+2 x C2¢+2 of coefficients of F' and G, the resultant Res(F o G)
vanishes if and only if either Res(F") or Res(G) vanishes. The polynomials
Res(F') and Res(G) are irreducible and homogeneous of degrees 2d and 2e,
respectively. We can factor Res(F oG) as a Res(F)* Res(G)! for some a € C
and integers k and [. The polynomial Res(F o GG) is bihomogeneous of
degree (2de,2d?e), so comparing degrees we must have k = e and [ = d°.
Finally, computing the resultant Res(F o G) for F(z1,22) = (2¢,24) and
G(z1, 22) = (21, 25), we deduce that a = 1. O

If A:C? — C? is linear, then Res(A) = det A. In fact,



16 DYNAMICS OF RATIONAL MAPS

Corollary 6.2. The homogeneous polynomial maps F : C> — C? such that
Res(F) =1 form a graded semigroup extending SLoC.

As another immediate corollary, we observe that the resultant is a dynamical
invariant:

Corollary 6.3. For any homogeneous polynomial map F : C* — C? and
any A and B in SLyC, we have Res(BF A) = Res(F').

By induction we obtain a formula for the resultant of iterates of F'.

Corollary 6.4. For a homogeneous polynomial map F : C*> — C? of degree
d,
2n—2

Res(F") = H Res(F)di.

i=n—1

We close this section with a Lemma relating the resultant of F' to its
dynamics which we will use in the proof of Theorem 1.5.

Lemma 6.5. For any non-degenerate homogeneous polynomial map F of
degree d,

Z Z log |z A w| = —d?log | Res(F)|,
{z:F(2)=(0,1)} {w:F(w)=(1,0)}

where all preimages are counted with multiplicity.

Proof. First, write F'(z) = (I[; 2 A a;, []; 2 A bj) for some choice of points a;
and b; in C2. Observe that F(a;) = (0, [1; ainbj) and F(b;) = (I1; aiAb;,0).
Thus, the d* preimages of (0,1) are of the form a;/([]; ai A b;)'/? for all i
and all d-th roots. Similarly for (1,0). We compute,

Z Z log |z A w|

{z:F(2)=(0,1)} {w:F(w)=(1,0)}
b
A b],’l/d

o
d? log’ : A
%: [Tk lai A bV T, |

1 1
= d*lo ai A bj
® HHk!ai/\bklnglazAbjll;h i

= —dZIOgH\ai/\bj\
0,
= —d*log|Res(F)|.
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7. HOMOGENEOUS CAPACITY AND THE RESULTANT

In this section we prove Theorem 1.5, giving an explicit formula for the
homogeneous capacity of the filled Julia set of a homogeneous polynomial
map on C2. The idea of the proof is to apply Lemma 6.5 to iterates F™
and let n tend to infinity. We need to show that the left hand side in this
equality will converge to the integral of log |z A w| with respect to pup X pp.
By Theorem 3.1,

log(cap Kr) = / log |z A w|dup(z)dpr(w).
C2xC2

We begin by stating a technical lemma of R. Mané on the dynamics of

rational maps. This result is stated and proved in the proof of [Ma, Lemma

I1.1]. For a map ¢ : P! — P! let v(¢]S) denote the maximum number of

preimages in S C P! of any point in ¢(S). Distances on P! are measured
in the spherical metric.

Lemma 7.1. (Mané) Let K be a compact set in the space Raty of rational
maps of degree d > 1. There exist constants sg and 3 > 0 so for each f € K,
z € P, and r < sq, either B(z,7) is contained in an attracting basin of f
or there exists an integer

m(r) > Blog(1/r)
such that
v(f"|B(z,r)) < 27
for all m < m(r).

We will apply Lemma 7.1 to a fixed rational map f. For a point a € P!,

define measures )

{z:f"(2)=a}
where the preimages are counted with multiplicity. If a is non-exceptional for
f (i-e. its collection of preimages is infinite), then these measures converge
weakly to the measure of maximal entropy s as n — oo [Ly], [FLM]. Let
p denote the spherical metric on P! and set
A(r) = {(z,w) € P x P! : p(z,w) < }.

We prove a lemma on the convergence of preimages of two distinct points
on the sphere. Compare [Ma, Lemma II.1].

Lemma 7.2. For any non-exceptional points a # b in P, there exist con-
stants ro,a > 0 such that

H X (A1) = O(r®)

for r < rg, uniformly in n.
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Proof. Choose ro < min{p(a,b),so} where the sy comes from Lemma 7.1
for the rational map f. Since f is uniformly continuous, there exists M > 0
such that p(f(z), f(w)) < Mp(z,w) for all z,w in P'. For any z and w such
that f™(z) = a and f"(w) = b, we have

p(a7 b) To
> — > —
p(z,w) - Mn — Mn
In other words,
(3) 1l x pb (A(rg/M*)) = 0 for all k > n.

We apply Lemma 7.1 to radius r = ro/MP* to obtain an integer m(ry) >
kBlog M. We may assume that m(ry) < k (by choosing § < 1/log M if
necessary). We have for each n > k and any z € P!,

uﬂB@m@)f§2w1ﬁ%;@$4wmwumwuﬂ@m»
22d—1
o)
22d—1
= @

As pb is a probability measure, we obtain
C
pl x b (A(ro/M*)) < OF for all k <n,
where constants C' and D depend only on 3, d, and M. Combining this

estimate with (3) we have the statement of the Lemma with o = Slogd. O

Corollary 7.3. Let f be a rational map and a # b any two non-exceptional
points for f. For any e > 0, there exists r > 0 so that

/ log p(z, w)| d(py x pg) <e
A(r)

and
[ Mg pte.w)l i x i) <
A(r)

uniformly in n.

Proof. By Lemma 7.2 and weak convergence pu® x pub — p x p, we have also
i p(A(r) = O(r). O

We are now ready to prove that the homogeneous capacity of the filled
Julia set of a homogeneous polynomial map F : C? — C? of degree d is
equal to | Res(F)|~1/d(d-1),

Proof of Theorem 1.5. Let F' : C2 — C? be a polynomial map, homo-
geneous of degree d > 1 and let f be the rational map on P! such that
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moF = fon. Conjugate F' by an element of SLyC so that points (1,0) and
(0,1) are non-exceptional for F. We begin by showing convergence of

1
& XX eskaui— [ loglenuldur(o)dur(o)
{F7(2)=(0,1)} {F™(w)=(1,0)}
as n — 00, where all preimages are counted with multiplicity.
Fix € > 0. For a point p € C2, define measures on C? by

1
=D DR
{z:F"(2)=p}
where the preimages are counted with multiplicity. Note that m,uh = uz(p )
and mypup = py. Observe that supp up C 0K is compact in C?2 — 0 and all
preimages of a non-exceptional point of F' accumulate on this set. We can

find constants K7, Ko > 0 such that
Kip(r(z),m(w) < |z A w| < Ko,

for all preimages z of (0,1) and w of (1,0). Therefore, applying Corollary
7.3, we can find an r > 0 so that

/ log |2 Awl| d(ur x jur) < e
T=1A(r)CC2xC2
and
/ log e A wl] del) x H0) < e,
T 1A(r)CC2xC2
uniformly in n.

Define a continuous function on C2 x C? by logg(z,w) = max{log |z A
w|, —R}. Choose R so that logp(z,w) = log|z A w| on a neighborhood of
OK x 0K — 1 'A(r). By weak convergence of uﬁ?’” X p,ﬁ}’o) — pup X pp (see
§5), we have for all sufficiently large n,

[ omalew) du® x ) = [ dogg(evw)d(ur x pr)| < e
C2xC? C2xC2
Combining these estimates, we have for large n,
/ log |z A w| d(pOY) x p(10) —/ log |z Aw|d(ur X pr)| < 5e.
C2xC? C2xC2

Now that we have established convergence, we recall the definition of
homogeneous capacity and apply Theorem 3.1 to see that the integral to
which the sums converge is exactly the value log(cap Kr). Finally, we apply
Lemma 6.5 to the iterates F™ and obtain

1
~ log | Res(F™)| — log(cap KF)

as n — oo. By Corollary 6.4, the terms on the left converge to the value
- d(d—lfl) log | Res(F)|, and therefore

cap Kp = | Res(F)|~/dd=1),



20 DYNAMICS OF RATIONAL MAPS

8. CAPACITY IN HOLOMORPHIC FAMILIES

Let F : X x C?> — C? be a holomorphic family of non-degenerate homoge-
neous poplynomial maps. We examine the variation of cap K, as a function
of the parameter A\ € X. In particular, we observe that associated to any
holomorphic family of rational maps on P! there is locally a holomorphic
family of canonical lifts to C? of capacity 1.

Theorem 8.1. For any holomorphic family F : X x C*> — C? of non-
degenerate homogeneous polynomial maps, the function

A — log(cap Kr,)
18 plurtharmonic.

Proof. Let d be the degree of each of the maps F)\. By Theorem 1.5, we
have

log(cap Kp,) = — log | Res(F})]|.

1
d(d—1)
The resultant is a polynomial expression of the coefficients of Fy and thus
holomorphic in A € X. As the resultant never vanishes for non-degenerate
maps, the function log | Res(F})| is pluriharmonic. O

For any fixed rational map f of degree d > 1, there exists a homogeneous
polynomial map F' of capacity 1 such that mo F' = fox. The map is unique
up to F — e F. Indeed, take any non-degenerate homogeneous F lifting f.
By replacing F' with aF', a € C*, we have the following scaling property:

2
log(cap Kur) = log(cap Kr) — —— log|al.

We can therefore choose a € C* so that
cap Ko = 1.

As a corollary to Theorem 8.1, we can choose the scaling factor holomorphi-
cally.

Corollary 8.2. Let f : X x P! — P! be a holomorphic family of rational
maps of degree d. Locally in X, there exists a holomorphic family of homo-
geneous polynomial maps F : U x C? — C2 such that mo F\ = fyox for all
A€ U and cap Kp, = 1.

Proof. Let F : U x C?> — C? be any holomorphic family of homogeneous
polynomials lifting f over a neighborhood U in X. Shrinking U if nec-
essary, we can find a holomorphic function 7 on U such that Ren(\) =
%log(cap Kp,). Putting a = €", we define a new holomorphic family
{a(X) - F)\} lifting {f\} so that cap K,p, = 1. O
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9. NORMALITY IN HOLOMORPHIC FAMILIES

Let f: X x P! — P! be a holomorphic family of rational maps. In this
section, we prove a theorem on normality of families of functions defined
on parameter space X. We will use the equivalence of (i) and (iii) in the
proof of Theorem 1.1, letting p(\) parameterize a critical point of fy. The
equivalence of (iv) explains precisely how preimages of a point converge to
the support of pif,. Compare to Lemma 7.2. Distances on P! are measured

in the spherical metric p. The measures M%’/\ on P! are defined by

1

A

/’L(rlz7 = d_n Z J,
{z:fx(2)=a}

where the preimages are counted with multiplicity.

Theorem 9.1. Let p: X — P! be holomorphic and Ao € X. The following
are equivalent:
(i) The functions {\ — f¥(p(N)) : n > 0} form a normal family in a
neighborhood of Ag.
(ii) The function p: X — P admits a holomorphic lift p to C*> —0 in a
neighborhood U of Ay such that p(\) € OKp, for all X € U.
(iii) For any holomorphic lift p such that ™o p = p, the function A —
Gr, (p(N)) is pluriharmonic near Xo.
(iv) For some neighborhood U of Ao, there exist a point a € P, constants
ro,a > 0, and an increasing sequence of positive integers {ny} such

that measures ,u?{k)‘ satisfy

N (B(p(A),r)) = O(r®)
for all r < rg, uniformly in k and A € U.

The equivalence of (i), (i), and (iii) was established in [FS2], [HP], and
[U] for the trivial family where f) is a fixed rational map. The proof is the
same in the general case, but we include it for completeness. See also [De,
Lemma 5.2]. The proof that (i) implies (iv) relies on the Mané Lemma 7.1
and is similar to the proof of Lemma 7.2. Compare to [Ma, Lemma II.1]. In
proving that (iv) implies (iii), we apply Theorems 3.1 and 8.1.

Proof of Theorem 9.1. We first prove (i) implies (iii). Select a subse-
quence {A — f{*(p(\))} converging uniformly to some holomorphic function
gon U > \g. Shrink U if necessary to find a norm ||-|| on C? so that log|| - ||
is pluriharmonic on 771(g(U)). For example, if g(Ag) = 0 on P!, we could
choose ||(z1, z2)|| = max{|z1], |22|}. On compact subsets of U, the functions
1 _

Zr g [IEX* (V)

are pluriharmonic for sufficiently large k, converging uniformly to G, (p(A)),
proving (iii).

A —
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Assume (iii) and let p be any holomorphic lift of p in a neighborhood
U of A\o. The function G(X\) := G, (p(A)) is pluriharmonic on U. Let 7
be a holomorphic function so that G = Ren. Set p(A) = e 7N . j(N).
Then p is a holomorphic lift of p such that p € 0K, , because G, (p())) =
G(\) — G(X\) = 0, establishing (ii).

Assuming (ii), the Fy-invariance of 0K, implies that the functions

A= FY(p(N)

are uniformly bounded in a neighborhood of \yg. These form a normal family
and so by projecting to P!, the family {\ — f%(p(\))} is normal, proving

(i).

We show that (i) implies (iv). Let p denote the spherical metric on P!. By
a holomorphic change of coordinates on P!, we may assume that p = p())
is constant in a neighborhood of Ag. Choose a subsequence {\ — f\*(p)}
which converges uniformly on a neighborhood U of Ag to the holomorphic
function g : U — P!. Choose U small enough so that g(U) # P! and let

a ¢ g(U) be a non-exceptional point for all fy, A in U.
Select constant M so that

p(fr(2), fa(w)) < Mp(z,w)

for all z and w in P!. Iterating this, we obtain

p(fX(2), [X(w)) < M"p(z, w).

Take ¢ < p(a,g(U)) so for all sufficiently large k¥ and A € U we have
p(fy¥(p),a) > €. Thus, the set f, "*(a) does not intersect a ball of radius
e/M"™ around p. In other words, if we let

B, = B(p,e/M"),
there exists N so that

(4) M?{,:\(Bn) =0forall k > N,n>ng\eU.

For an estimate on ,LLZ}:\(B,L) when ni > n, we apply Lemma 7.1. Shrink
¢ if necessary so that € < sg. For each n, we apply the Lemma to r = ¢/M"
and obtain an integer

m(r) > nflog M.
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We may assume that m(r) < n. For each k such that ny > n and all A € U,
we have

92d-1 dre—mir)

N%’,@/\(Bn) < HZ;:\_m(T)(fm(r)Bn)

dn

dnk—m(r)
2d—1

R T
22d—1
g

22d71
< (d,@ log M)n :

This estimate combined with (4) above implies that there are constants NV,
C >0, and D > 1 such that

e (By) < % for all k> N,n >0, e U.

In other words, we obtain result (iv) with o = logd.
Finally, we show that (iv) implies (iii). Let p be any holomorphic lift of
p defined in a neighborhood of Ag. Set

V(N 1= VR5 (5(N)) = / log |2 A 5| dyr
We will show that V' is pluriharmonic on a neighborhood of \yg. By Theorem
3.1,
Gr,(p(A) = V(A) + log(cap K, ),

so by Theorem 8.1, G, (p(A)) will be pluriharmonic.

Let a neighborhood U of \g, constants rg,a > 0, and a € P! satisfy the
conditions of (iv). Let @ be any point in 7 !(a). Consider the pluriharmonic
functions Vi, on U defined by

1 .
Vie(A) = o > log |2 A pl.
{zGCQ:F;k (z)=a}

We will show that Vi (A) — V(A) uniformly on U as n — oo.
For each A\ € U and k > 0, define measures on C? by

1

A

lu’k = dan Z 527
{Fy* (2)=a}

where the preimages are counted with mulitiplicity. Shrinking U if necessary,
the set K(U) = UxepdKF, is compact in C? — 0 and all preimages of @
accumulate on this set. We can therefore find constants K7, Ko > 0 such
that

(6)  Kip(m(z),p) < |z Ap| < Ko, forall z € Fy"(a),n>0,\AeU.
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Fix ¢ > 0. Note that m,(u) = p% for f\ on P, By condition (iv) and
(5), there exists an r > 0 so that

~ A
/ llog |z A B|| dup, < e
7~ 1B(p,r)

and
/ log |z A pl| dur, <e,
©~1B(p,r

uniformly in k£ and A € U. Define continuous function on C2? by logp(z,p) =
max{log |zAp|, —R}, and choose R large enough so that log(z,p) = log |z A
p| for all z in a neighborhood of K(U) — 7~ 1B(p,r).

For each fixed A € U and all k sufficiently large we have by weak conver-
gence of u%k to ur,,

| ogntz.pid, — [ toga(e.p)dun, | <.
(oX C2

Combining the estimates, we find that

[V(A) = Vi(N)] < 5e.

As e was arbitrary, we conclude that V; — V pointwise on U. By (5), the
pluriharmonic functions Vi are uniformly bounded above on U. Therefore,
their pointwise limit must be a uniform limit and V is pluriharmonic, and
(iii) is proved. O

10. THE BIFURCATION CURRENT

In this section we complete the proof of Theorem 1.1, which states that
the current T'(f) = dd°L(f») is supported exactly on the bifurcation locus.
We also show that T'(f) agrees with the bifurcation current introduced in
[De].

A holomorphic family of rational maps f : X x P! — P! is said to be
stable at parameter \g € X if the Julia set J(f)) varies continuously (in
the Hausdorff topology) in a neighborhood of A\g. This is equivalent to a
holomorphic motion of the Julia set near A9 which implies topological con-
jugacy between fy and f), on their Julia sets. Furthermore, if holomorphic
functions ¢; : X — P! parameterize the critical points of fy, then f is sta-
ble if and only if the family {\ — f{(c;(A))}n>0 is normal for every j [Mc,
Thm 4.2]. The bifurcation locus of f is the complement of the stable
parameters in X.

Proof of Theorem 1.1. Let f: X x P! — P! be a holomorphic family of
rational maps of degree d > 1. Let N(\) be the number of critical points of
>, counted without multiplicity. Set

D(f) ={Xo € X : N(\) does not have a local maximum at A = Ao},
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a proper analytic subvariety of X.

If Ao ¢ D(f), there exist a neighborhood U of A\g in X and holomorphic
functions ¢; : U — P! parameterizing the 2d—2 critical points of fy (counted
with multiplicity). Shrinking U if necessary, there exists a holomorphic
family of homogeneous polynomial maps F : U xC? — C? such that moF\ =
from for each A € U. Locally, there exist holomorphic lifts ¢;(\) € C — 0
such that 7o ¢; = ¢; and

|det DF)\(2)| = H |2 A G (V)]

By Theorem 1.4, the Lyapunov exponent of f) can be expressed by

(6) L(fy) =Y Gr(&(N) — logd +log(cap K, ).

The last term on the right hand side is always pluriharmonic in A by Theorem
8.1. The first term is continuous and plurisubharmonic since Gp, (z) is
defined as a uniform limit of continuous, plurisubharmonic functions in both
z and A [FS2, Prop 4.5].

The family f is stable at X\ if and only if for each j, {\ — f{(c;j(N))}
forms a normal family in some neighborhood of Ay [Mc, Thm 4.2], and by
Theorem 9.1, f is stable if and only if G, (¢;(\)) is pluriharmonic for each
j. Therefore, the positive (1,1)-current

T(f|IU) = dd°L(f3)|U

has support equal to the bifurcation locus B(f) in U.

Now suppose A\g € D(f). Formula (6) holds on U — D(f) for some neigh-
borhood U of Ag. The right hand side of (6) extends continuously to Ag
since it is symmetric in the ¢;, and the extension agrees with L(fy,) by the
continuity of the Lyapunov exponent [Ma, Thm BJ. If )¢ is a stable param-
eter for f, then by (6), the function L(fy) is pluriharmonic on U — D(f).
As D(f) has complex codimension at least 1, L(f)) must be pluriharmonic
on all of U. Conversely, if L(fy) is pluriharmonic in some neighborhood
U of Ao, then each term on the right hand side of (6) is pluriharmonic on
U—D(f), soU—D(f) is disjoint from the bifurcation locus. The bifurcation
locus cannot be contained in a complex hypersurface for any family ([De,
Lemma 2.1]), and therefore f is stable on all of U.

We conclude that the globally defined current

T(f) = dd°L(f»)
has support equal to the bifurcation locus B(f). O

In [De], we showed the existence of a canonical, positive (1,1) current
supported exactly on the bifurcation locus. It was defined as follows. Let
f: X xP! — P! be a holomorphic family of rational maps. Working locally
in parameter space, choose coordinates on P! so that no critical points of fy
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lie at co. The potential function for the bifurcation current is given locally
by
HO = Y Grlel),
{efy (e)=0}
for any holomorphic choice of lifts F) of f\. The critical points are counted
with multiplicity.

Theorem 10.1. The current T(f) agrees with the bifurcation current in-
troduced in [De].

Proof. By Theorems 1.4 and 8.1, the Lyapunov exponent differs from H(\)
only by a pluriharmonic function. O

11. PorynoMmiaLs p: C — C

In this section, we show how the formula for the Lyapunov exponent given
in Theorem 1.4 reduces to a well-known expression when the rational map
is a polynomial. We show also how the homogeneous capacity of the filled
Julia set of any lift of a polynomial to C? can be seen directly to be the
resultant, giving an alternate proof of Theorem 1.5 in this case.

Let p(z) = apz%+ - - -4 ag4 be a polynomial on C with ag # 0. The escape
rate function of p on C is defined by

Gplz) = Tim o™ [p" ()],
where log™ = max{log,0}. The Lyapunov exponent of p is equal to:
Lip)= Y Gplc)+logd
{ep’(c)=0}
where the critical points are counted with multiplicity [Prz],[Mn],[Ma].
The escape rate function G, agrees with the Green’s function for the

complement of the filled Julia set, K, = {z € C : p"(z) /4 o0 as n — oo},

and the measure of maximal entropy p, is simply harmonic measure on K,
[Br]. As

Gp(2) = log 2| +

1
——log Jao| +2(2)
near oo, where e(z) — 0 as z — oo, the usual capacity of K, in C is
‘ao‘fl/(dfl)'

Let P(z1,22) = (29p(21/22),23) define a homogeneous polynomial map
on C? with mo P = pom. We can express the homogeneous energy of the
Levi measure up as

Ter) == [ 1o81C = €l diy(Ordiy(€) =2 | 108 22l dur),

by choosing coordinates ( = z;/z3 on P!. The first term is the Robin
constant for the filled Julia set of p. The support of pup is contained in
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{|z2] = 1}, so the second term vanishes and the homogeneous capacity of
Kp is exactly the capacity of K, in C. Therefore, we have

d—1

Of course, the resultant of P is Res(P) = a, so we obtain an alternate (and
much simpler) proof of Theorem 1.5 when the rational map is a polynomial.

log(cap K p) = —— log |ag|.

Ifc; e C,j=1,...,d—1, are the finite critical points of p, we can write
d—1
| det DP(2)| = d®|ag||22|* " [ ] |21 — ¢;22l.
j=1

From Theorem 1.4, we obtain
d—1
L(p) = _Gp(c;,1) + (d — 1)Gp(1,0) + log|ag| +log d — 21og |aol.
j=1

To evaluate the value of Gp(1,0), we observe that P leaves invariant the
circle

{lao| =1 (¢,0) € C? 1 [¢| = 1},

so G'p vanishes on this circle. Since Gp scales logarithmically, we have

Gp(1,0) = Gp(lag| Y@V, 0) + log |ao|,

log |ao] = —
d—1 Bl =g

and therefore,
d—1
L(p) =Y _Gp(c;,1) + logd.
j=1

Finally, by [HP, Prop 8.1], the escape rate functions Gp and G), are related
by

Gp(21,22) = Gp(21/22) + log |22,
and we obtain

L(p) = ZGp(cj) + log d.

J

12. CLOSING REMARKS: METRICS OF NON-NEGATIVE CURVATURE

To conclude, we present an alternative perspective on compact, circled
and pseudoconvex sets K C C? (see §3). We discuss how such K are in
bijective correspondence with continuously varying Hermitian metrics on
the tautological bundle 7 — P! of non-positive curvature (in the sense of
distributions). These Hermitian metrics in turn correspond to Riemannian
metrics (up to scale) of non-negative curvature on P!. Theorem 12.1 is a re-
formulation of Theorem 1.3 in terms of metrics on the sphere. In particular,
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we obtain a variational characterization of curvature. See [GH] for informa-
tion on line bundles and metrics and [HP, §7] for a discussion of curvature
in the context of circled and pseudoconvex K arising in dynamics.

Given a compact, circled and pseudoconvex K C C2, define a continu-
ously varying Hermitian metric on the tautological line bundle 7 : 7 — P!
by setting

o] = e“5® = inf{la| ™" : av € K},
where G is the logarithmic defining function of K. If s is a non-vanishing
holomorphic section of 7 over U C P!, then the curvature form (or current)
associated to this metric on 7 is locally given by

O, = —dd°(Gk o s).

It is obviously independent of the choice of s. Identifying the tangent bundle
TP' — P! with the square of the dual to 7 — P!, we obtain a metric on
TP' with curvature form O such that

'O =2dd°Gg,

which is non-negative in the sense of distributions. Though the identification
between 772 and TP! is not canonical, the curvature is independent of the
choice. By Lemma 3.3, the curvature O is simply a multiple of the push-
forward of the Levi measure, m, .

Conversely, let h be a continuously varying metric on TP! with non-
negative curvature. Choosing an identification of TP with 772, the unit
vectors in this metric define the boundary of a circled and pseudoconvex
K(h) in C2. The set K(h) is unique up to scale.

Metric associated to a rational map. Given a rational map f : P! — P!
let F : C? — C? be any homogeneous polynomial map such that 7oF = for.
The filled Julia set K of F' is circled and pseudoconvex, thus determining
a continuously varying Riemannian metric of non-negative curvature on the
sphere, unique up to scale.

As an example, consider f(z) = z2. The filled Julia set of the lift
F(z1,22) = (21, 23) is the unit polydisk. The corresponding metric on the
sphere is flat on D and C — D with curvature uniformly distributed on S?.
The sphere with this metric can be realized as a (degenerate) convex surface
in R3: a doubly sheeted round disk.

In fact, any metric of non-negative curvature on the sphere can be realized
as a (possibly degenerate) convex surface in R? by a theorem of Alexandrov
[A, VII§7]. We intend to study this perspective further in a sequel.

Variational characterization of curvature. We now reformulate Theo-
rem 1.3 in terms of metrics on the sphere and an energy functional defined
on P!. Let h be a Riemannian metric of non-negative curvature. When
restricted to the S'-invariant K (h) C C2, the kernel log |2 A w| defines a
kernel on P!. For p,q € P!, we define

P —qln = |z Awl,
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where z and w are any points in K such that 7(z) = p and 7(w) = gq.

Theorem 12.1. Let h be a Hermitian metric on TP' — P! with curva-
ture pp, > 0 (in the sense of distributions). Then the measure py, uniquely
minimizes the energy functional,

1) == [ toglp = alndu(p)auta).

over all positive measures on P! with fPl p=4m.

Observe that for an arbitrary Hermitian metric h on TP!, the “distance
function” |p — ¢|p will not satisfy the triangle inequality unless the set K (h)
in C? is convex. However, when K (h) is convex, the distance function is
like a chordal version of h.

Example. Let o be the spherical metric on TP'. We can take K to be the
unit sphere in C? with Gk (z) = log||z||. The curvature of ¢ is a multiple of
the Fubini-Study form on P!, a uniform distribution. It is straightforward
to compute that the distance function |p — ¢|, on P! is in fact the chordal
distance on the sphere.
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