Some Systems of Multivariable Orthogonal
Askey-Wilson Polynomials

George Gasper® and Mizan Rahmanf

Abstract

In 1991 Tratnik derived two systems of multivariable orthogonal Wilson polynomials
and considered their limit cases. ¢g-Analogues of these systems are derived, yielding systems
of multivariable orthogonal Askey-Wilson polynomials and their special and limit cases.

1. Introduction. In [10] Tratnik extended the Wilson [12] polynomials

(1.1) wp(z;a,b,¢,d) = (a+b)p(a+c)p(a+d),

—n,n+a+b+c+d—1,a+ix,a—ix.1]

X ak3 a+ba+ca+d ’

to the multivariable Wilson polynomials (in a different notation)
(1.2)

Wha(x) = Wa(x;a,b,c,d,asz,as,...,as)

s—1
= Hwnk(ﬂ%; a+oagp+ Ng_1,0+ 0ok + Nip_1,0541 + 1Zk41, Qg1 — i$k+1)]
k=1

X wns(xs;a+ Q2 s + Ns—lab_l' a2 s + Ns_l,c, d)7

where, as elsewhere,

k
(1.3) X=(21,...,%5), n=(N1,...,Ng), Q= Zai, ap = ok,
i=j
k
Njr = Zm, Ni=Nig, app1 = Negy1, =0, 1 <j<Ek<s.
i=j
These polynomials are of total degree Ny in the variables yq,...,ys with yx = :L’i, k =
1,2,...,s, and they form a complete set for polynomials in these variables.

In Askey and Wilson [1], [2] the notations W,,(2?;a, b, c,d) and p,(—2?) are used for
the polynomials in (1.1) and their orthogonality relation is given. Tratnik [10, (2.5)] proved
that the Wy, (x) polynomials satisfy the orthogonality relation

(1.4) /_O; _ /_O:O Wa(X)Wm(x)p(x) dz1---dxs = An On.m
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for Re(a,b,c,d,as,...,as) > 0 with

(1.5) p(x) =T(a+iz1)(a —ix1)I'(b+iz1)['(b—ixy)
o ﬁ F(ak+1 + 141 + ixk)F(akH — 1Tk1 — Zil:k)
he1 F(Qi:lfk)

y F(ak+1 + 1Ty — Z'Ik)r(ak+1 —1Tk41 + Z:L‘]g)
F(—2zxk)
" [(c+ixs)T(c —izs)T(d + izs)[(d — ixy)
['(2izs)T(—2izy) ’

(1.6) An = (4m)° [H ni! (Ng + Ng—1 + 20041 — 1),
k=1

F(Nk + Np_1+ Zak)l“(nk + 2ak+1)
F(QNk + 204k+1)
xI'(a+c+ags+N)l'(a+d+ s s + N)I'(b+ ¢ + ag s + N)
XIT'(b+d+ ass + Ns),

and 2a1 =a+b, 2a541 = c+d.

Tratnik showed that these polynomials contain multivariable Jacobi, Meixner-Pollaczek,
Laguerre, continuous Charlier, and Hermite polynomials as limit cases, and he used a per-
mutation of the parameters and variables in (1.2) and (1.4) to show that the polynomials

(1.7)

n(X) = Wl’l(x;a‘a b7 c, d7 az, as, ... 7a'8)
Wn, (ml;c—i_ a2 s + N2,57d+ a2 s + NQ,saaab)

S
X H W, (Tr; ¢+ pt1,s + N5, d + apy1,s + Nig1,s, O + 1T5—1, A — iT5—1)
k=2

also form a complete system of multivariable polynomials of total degree N in the variables
yr = 22, k=1,...,s, that is orthogonal with respect to the weight function p(x) in (1.5),
and with the normalization constant

(1.8) An = (47)° | T] e (Vs + Nisr,s + 20 a1 — D,
k=1

» ['(Ng,s + Nig1,s + 20k41,541) 0 (ng + 2az)
F(2Nk,s + 2ak,s—|—1)

xI'(a+c+ass+ Ns)I'(a+d+ as s + Ny)

XT'(b+c+ass+ N)I'(b+d+ oz s + Ns).
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The Askey-Wilson polynomials defined as in [1] and [3] by

(1.9) pn(2]q) = pn(z;a,b,c,d|q)
- abcdq”fl, aew, ae 0

= a’_n(ab7 ac? ad? q)n 4¢3 q ab ac ad

4,9

where © = cosf, are a g-analogue of the Wilson polynomials (for the definition of the
g-shifted factorials and the basic hypergeometric series 4¢3 see [3]). These polynomials
satisfy the orthogonality relation

(1.10) / Da(ela)pn(ela)p(ala)dz = X (0)or

with max(|ql, |al, ||, ||, |d]) < 1,

(1.11) p(x|q) = p(x;a,b,c,d|q)
_ (622‘9, 6—2i0; q)oo(l _ 51:2)_1/2
(aet?, ae=1 be? be=10 cei? ce=? det de=;q)qo

and

(1.12) An(q) = An(a, b, c,d|q)
27 (abed; @) oo
"~ (g, ab,ac,ad,be, bd, cd; q) s
(q,ab, ac, ad, be,bd, cd; q),, (1 — abedq™1)
(abedq=1;q)n (1 — abedg?n—1) ‘

In this paper we extend Tratnik’s systems of multivariable Wilson polynomials to
systems of multivariable Askey-Wilson polynomials and consider their special cases. Some
g-extensions of Tratnik’s [9] multivariable biorthogonal generalization of the Wilson poly-
nomials are considered in this Proceedings [4]. ¢-Extensions of Tratnik’s [11] system of
multivariable orthogonal Racah polynomials and their special cases will be considered in
a subsequent paper.

2. Multivariable Askey-Wilson polynomials. In terms of the Askey-Wilson poly-
nomials a g-analogue of the multivariable Wilson polynomials can be defined by

(2.1)  Pu(x|q) = Pu(x;a,b,¢,d,a9,as,...,as|q)
s—1

| | . Np— No_ 0 _io
= pnk(wkha/AQ,qu k lgbA27kq k 1,ak+161 k+1’ak+1€ 7 k+1|q)
k=1

X Pn, (xs; aA2,sqNS_1 ) bA2,sqNs_1 , C, d |q>
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where x, = cos O, A, = H aj, Apt10 =1, Ay = A1, 1 < j <k <s. Our main aim in
i=j
this section is to show that these polynomials satisfy the orthogonality relation

(2.2) / / o (x19) Pan (1) p (X[ )l - - - ity = M(q) S

with max(|ql, |al, 6], |¢], |d], [az], - . -, |as|) <1,

(2.3)

p(X|q) = p(X7 a’ab c, d az, as, .. a’8|q)
— (aeiel,a 101 b6Z91 be z@l,q)

s—1
( 210}, e 210’“,(]) (1 _xi)—l/Q
, [H (

P ak+lei0k+1+i9k , ak+1619k+1 —i0 , ak+1619k*i9k+1 , ak+lefi0k+1*’i9k ; q)oo

(621'05,6—21'03; q) (1 — ) 1/2
(ceils ce=10s deis de=0s;q)s’

(2.4)
)‘D(Q) = )‘n(a7 ba C, d7 az,as, ..., aS’q)
_ (2m)° ﬁ (¢, A2 g™ N1 ), (AR 125 @) o
P (q, ARg"tNe=1 a1 g™ @)oo

x (acAz sq™*, adAs 5™ beAs g™ bd A sq™ "5 q)

o0 )

where af = ab and a2, ; = cd. The two-dimensional case was considered by Koelink and

Van der Jeugt [6], but they did not give the value of the norm. First observe that by
(1.10)—(1.12) the integration over x; in (2.2) can be evaluated to obtain that

1
(25) / Py (@150, b, a2€"%  aze ™" |q)ppm, (213 a, b, aze™, aze™"%|q)
—1

X p(a:l;a b, ager age_wz\q)darl

_ s 2m(gabazg™ "5 q)n, (aba3q”™ s g)oo
e (q,abg™ . a3q™; q) oo
x (aazq™ €2 aasq™ e 2 bayq™ €2, bayq™ e 712 q)
After doing the integrations over x1,xs,...,z; for a few j one is led to conjecture that
(2.6)

1 1
/ . / P9 (x|q) P (x)p" (x[g)das - - - de,
—1 —1

_ (27 ﬁ (@, A g N =L g), (A2 6PN g) o
— Ng,M
e (%Aink—&_Nkil)a]H_lq kaq)oo

N; if; Nj —if; N; if; Nj —ifjp1. \ "1
X (aAg 410" €4 JaAy j1q™ e DAy g et DAy g e T )
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where

J
7 (x|q) = Hpnk Tp; adg kg DA kg agy 1€ g e 0 g),
k=1
p(j)(x|q) (aewl ae i@l,bei91’be—i91;q)gol

(€2i9k’ e—Qin;q)oo(l o xi)—1/2

J
X H .0 .0 .0 00 105, —10 .6 00
i (pgae@en 0 ap g e =100 ap g etk =101 ag g e 010 g) o

for j =1,2,...,s — 1. To prove this by induction on j, suppose that j < s — 1, multiply
(2.6) by the x;;1-dependent parts of the weight function and orthogonal polynomials, and
then integrate with respect to ;41 to get

(2.7)

[ﬁ (q, A7 g1 ) (AT P q)oo]
Nk, Mg

Pt (q, ARgNetNe=1 af L g™ q) oo

1
i0; —i0;
X/ Prgys (415040 511" 0 A2 5116™, aj 4042, aj 00”0972 g)
—1

Xpmj+1(w]+1,aA2]+1q I bA2J+1q ) @ +2€ bit> a]+2e j+2|Q)

0
Xp(x]+1,aA2]+1q bA23+1q , Qo€ a0 J+2|q)d:1:j+1

j+1
— (2m)it! ]1—[5 (¢, AL pq™NWHNE-1— I,Q)nk(Ain "5 q) oo
P k,MME (q,Aink‘f‘Nk l,ak+1q 7q)OO

Nji1 i0; Nji1,—i6; Nji1 i0; Njir —i0;45.
X (aAgj1aq™i et aly jioq e 42 DAy jogMt eI DAy jy0g it e 42 g)

-1

which is the j — j 4 1 case of (2.6), completing the induction proof.
Now set j = s — 1 in (2.6) and use it and (2.5) to find that

28/ / 2 (x10) Pon (x10)p(xl ) s - - da,

Ng+Np_-1—1

H5 <Q7Ak+1q s D, (A]H_lquk 7)o
e (q, ARgN+HNe=1 af g™ q)o

1
></ P, (Ts;aA2 sq™ 1 bAs g™V e, d|q)
—1

= (2m)°~

X Pmg (553; CLA2,sqNs_1 , bA2,sqNS_1 y Cy d|Q)
(€20, =20 ) (1 — 22) 12
(cetfs, ce=0s deifs de=s; q)
X (aA2,sqN57l 61'95 ) 61142,3511\7571 6—1'95 ) bAQ,sqN371 61'95 ) bA2,sqNSi1 6—193; Q)goldxs
= An(Q) 5n,m7




where A\, (q) is given by (2.4). This completes the proof of (2.2).

Note that the integration region and weight function in (2.2) and (2.3) are invariant
under the permutation of variables and parameters

(2.9) a—c, bed agr1 o as_pr1, k=1,2,...,5s—1,

0k<—>05,k+1, k‘=1,2,...,8.

Hence, when these permutations are applied to (2.2) and (2.3) the transformed polynomials
also form an orthogonal system with the same weight function. Since the polynomials
P, (x]q) in (2.1) are not invariant under (2.9), we obtain a second system of multivariable
orthogonal Askey-Wilson polynomials, which is a g-analogue of Tratnik’s second system
(1.7) of multivariable Wilson polynomials. After doing the permutation ny < ns_j41,
k=1,... s, the transformed polynomials and the normalization constant are given by

(2.10)  Pu(x|q) = Pa(x;a,b,¢,d,az, as, ..., as|q)
= Pn, (-rl; CA2,sqN275 s dA2,sqN275 y A,y b‘Q)

S

. N, . N, 10 _ —10k _

X [Hpnk(xk;CAk+1,sq k+1’3;dAk+1,sq k+1,s,a/62 k 1,a6 W 1|q)],
k=2

(2.11)  Aa(q) = An(a,b,¢,d, az, as, . . ., aslq)

_ (QW)S f[ (q’ Ai’s+1qu,s+Nk+1,s_1; Q)nk (Ai’s_HQZNk,s;q)oo
k—1 (q7Ai+17s+1qu’s+Nk+l’saaian;Q)oo
X (GCAZ,sqNS ) adAZ,sqNS ) bCAQ,sqNS ) bdAQ,SqNS; Q);o17
with af = ab, a2, , = cd, and max(|q|, |al, |b], ||, |d|, |az2],]as], .., |as|) < 1. These polyno-
mials are of total degree Ny in the variables x1,...,xs and they form a complete set.

A five-parameter system of multivariable Askey-Wilson polynomials which is associ-
ated with a root system of type BC was introduced by Koornwinder [7] and studied with
four of the parameters generally complex in Stokman [8].

3. Special Cases of (2.2). First observe that the continuous dual ¢-Hahn polynomial
defined by

_ —n,aezﬂ,ae—i&
(3.1) dn(z;a,b,c|lq) =a""(ab,ac; q)n 302 9 ab, ac 14, Q]

is obtained by taking d = 0 in (1.9) and = = cos 6. Since d,(x;a,b, c|q) is symmetric in its
parameters by [3, (3.2.3)], we may define the multivariable dual ¢-Hahn polynomials by
(3.2) Dy (x|q) = Dn(x;a,b,¢,a2,as3,- -, as|q)

s—1
, 0 iy Ni_
= | [ [ dn. (xr; ars1e®+* arre 1 ady pg™* 1|CI)]
k=1

X dnS ($s§ b7 ¢, aAZ,sqNs_l |q)7
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with 2, = cos Oy, for k =1,2,...,s. It follows from the b = 0 case of (2.2)—(2.4) that the
orthogonality relation for these polynomials is

1 1
(3.3) / - / Da(x/g) Dan(x|9)p(xlq)de:1 - - - dzy = An(q) Sorn
—1 —1
with
(3.4)
p(X|q) = p(X, a, b7 C,az2,as, ... ,CL5|Q)
— (a€i017ae—i91;q)gol

s—1 . .
(6219’“,6_219’“; Q)oo(l o xi)—l/Q
. [H (

(210, 20 ) (1 = 2) V2

(beifs, be=0s  ceifs ce=i0s; q) o

b

)\n(Q) - )\n(ay b> ¢, az,0as,. .. 7a'S‘Q)

S

= (2m)° [H(an“,aiﬂq”k;@;ﬁ
k=1

(abAg g™+, acAs «q™; q) L

o0 )

where agﬂ = be and max(|q|, |al, |b], |c|, |az], |as], - - ., |as]) < 1.

By taking the limit a — 0 in (3.2)—(3.5) we can now deduce that the multivariable
Al-Salam-Chihara polynomials defined by

(36) Sn(X’(J) = Sn(x; b7 c, CLQ,CL3,...,CLS‘Q)

s—1
. i0 —1i60
= [Hpnk (T3 a1 agpypre” 7 g)
k=1

X P, (753, clq).
satisfy the orthogonality relation

1 1
(3.7) [ o[ Sl Smxlapixla)der - de. = Anle) Snm
1 —1
with
(3.8)
—1 i —2i -
pixla) = | [1 e eell )
k=1 (apq1€0r1F0 qp g etOn1=0k gy qeifk=10kr1 gy qe=0rr1=0k; q)
(62i95,6—2z’95;q)00(1 o $§)_1/2
(beifs be—10s ceis ce=s; q)s’
(3.9)
S
An(q) = (2m)° H((J”Hl,aiﬂqn’“;@&l,

k=1



where a?,; = be, max(|q, |b], ||, |az2|,|as], ..., |as|) < 1, and the Al-Salam-Chihara poly-
nomial p,(z;b, c|q) is defined by

—-n 70 —10
(3.10) Pa(23b, ¢lg) = b7 (b¢; @) 302 | 7 ,be™, be

be, 0 14,49
see [5, (3.8.1)].
Setting
(3.11) a = q(2a+1)/4, b= q(2a+3)/4, c = _q(25+1)/4’ d = _ng+3)/4

in (2.1) and (2.2) gives a multivariable orthogonal extension of the continuous g-Jacobi
polynomials P{*" (x|q) defined in [3, (7.5.24)], while setting

(3.12) a=q"% b=q*t 2 c=—¢Pt2 g=—g'/?

in (2.1) and (2.2) gives a multivariable orthogonal extension of the pie?) (x; ¢) polynomials
defined in (7.5.25). Also, via [3, (7.5.33)] and [3, (7.5.34) with ¢ — ¢*/?]thea = 3 = A—1/2
substitution gives a multivariable orthogonal extension of the continuous g-ultrashperical
polynomials C,,(z;¢*|q). By letting A — oo when we use (3.12), i.e. set a = —d = ¢*/?
and b = ¢ = 0, we get a multivariable orthogonal extension of the continuous ¢-Hermite
polynomials defined in [3, Ex. 1.28].

A multivariable orthogonal extension of the continuous ¢g-Hahn polynomials defined
by

(3.13)  pn(cos(f + ¢);a,blq)
. . -n 212, n—1 2i¢p+1i60 —10
— (a2,ab, abeQZd);q)n(aezqﬁ)fn 4¢3 q y @ b q , @€ , @€

a2, ab, abe2i® 34,41

see [3, (7.5.43)], is obtained from (2.1)—(2.4) by replacing a, b, ¢, d, 0, and ) = cos 0y

by a1€'®, a1e™', as 1€, as 17, Op + ¢ and cos(fy, + @), respectively.

It is clear that similar special cases of the second system of multivariable orthogonal
Askey-Wilson polynomials can be obtained by appropriate specialization of the parameters
in (2.10) and (2.11). Additional systems of multivariable orthogonal polynomials will be
considered elsewhere.
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