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Abstract

Necessary multiplier conditions for Laguerre expansions are derived and discussed
within the framework of weighted Lebesgue spaces.

1 Introduction

The purpose of this paper is to enlighten the structure of multipliers for Laguerre
expansions on L” spaces from the point of view of necessary conditions. From the
theory of Hankel and Jacobi multipliers (see Gasper and Trebels [6], [7] ) it is known
that necessary conditions may very well reflect the behavior of multipliers in so far
as they are (up to a natural smoothness gap) comparable with sufficient conditions.
Following Gorlich and Markett [9] we consider the Lebesgue spaces

Ly = {10 Nlee

w

o= ([ 1f@ePpat e <00} 1< p<oo;
) (~y 0
in particular, for v = ap/2, these are the Lﬁ(a)—spaces in [9]:

00 1/p
Dy = 48 £l = ([ @tz )P o) " < o0} 1< p < o0,

where u(z,a) = 2%/2¢7%/2. Let L%(z), a > —1, n € Ny, be the classical Laguerre
polynomials (see Szego [19, p. 100]),

R3(@) = Li(a)/L3(0), L3(0) = 43 = (

n

n—l—a) - T'n+a+1)
n ) Th+Dl(a+1)
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Define the Fourier Laguerre coefficients of a function f € Lﬁ}(v) with respect to the
orthogonal system {R%} by

fa(n) = /Ooo f(z)RY(x)x%e* dz,

if the integrals exist. Then the formal Laguerre expansion of f is given by
f(x) ~ (Dla+1)7" Y falk)Li (2).
k=0

A sequence {my} is called a multiplier on L} ), notation {my.} € M7 . if

IS mafulR)ZE ln < C I iz,
k=0

for all polynomials f; the smallest constant C' for which this holds is called the
multiplier norm || {my} || Mr Generic positive constants that are independent
w(y

of the functions (and sequences) will be denoted by C. In the case of Laguerre
multipliers on Li(a) there seems to occur a surprising phenomenon: whereas for
4/3 < p < 2 the necessary conditions quite well reflect the boundedness behavior of
the well understood example of the Cesaro means, there is a broadening (towards p =
1) growth/smoothness gap between our (at p = 1 best possible) necessary conditions

and the Cesaro multiplier; it seems that the space Li/(i) plays a crucial role for the
theory of Fourier Laguerre multipliers. The boundedness of the Cesaro means of the

Laguerre expansion of f
(C0)nf. o) = (AD) 7 30 Any falk) L ()

k=0

is discussed in a number of papers by Askey and Wainger [2], Muckenhoupt [16],
Poiani [17], Markett [12], and Gérlich and Markett [9] ; e.g. there holds for v > 0
and § > 0

1o f i, <Clf iz,

uniformly in n; by interpolation one easily gets results also for other y-values. By
Trebels [20, p.21] this implies in particular that any sequence {my}, converging to
zero and being sufficiently smooth, is a multiplier on qu(y), more precisely,

IS mfa (WL r < CS" ALA S g | £ [l )
k=0 k=0
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for all polynomials f when 6 and ~ satisfy the conditions in (1). Here the fractional
difference of order ¢ is defined by

(o]
5 —5—1
A°my = E AT My
=0

whenever the sum converges. Within the setting of the Lﬁ)(a)—spaces our main result
reads

Theorem 1.1 If f € L 1<p<2, and o > —1, then

w(a)?

sup | (k + DMV ()] < O S oz,
k w(o

provided
)) 0<A<Ra+5) (I - if1<p<i,
b) O<)\<(2a+2)(%—%)—% if 3<p<2.
This theorem and an extension of it are proved in Section 2. The proof relies heavily

on the particularly simple formula for fractional differences of the R? polynomials

Fa+1) A pacta

A)\Ra —_
e(@) T(atA+1) *

(2), >0, A>—(a+1/2)/2, (3)

which is just formula 6.15(4) in [4] when setting ¢ = a+1,¢ = a4+ A+1 and observing
that Ry (z) = 1 Fi(—k;a+ 1;2) = &(—k,a+ 1;2).

Corollary 1.1 Let 1 < p < 2, XA > 0, and {my} be a Fourier Laguerre multiplier
sequence on qu(a). Then

sup | (k + 1A% < C [ {mi}

provided \ satisfies the conditions in Theorem 1.1.

Remarks. 1) This result is best possible for p = 1 and « > 0 in the sense that
there is a uniformly bounded multiplier family which satisfies the above necessary
condition only for A < a+1/3. For consider the multiplier sequence {mg(t)}, my(t) =
e /2R2(t), which is uniformly bounded in ¢ > 0 (see [9]). By (3) it follows that

AN (1)| = ClEM e 2REFA )| & |kt e 2 LA (1))
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The sup-norm over ¢ of the last expression behaves like k*~*~1/3 by the fourth case
of Markett’s Lemma 1 in [14], hence it diverges when A > a + 1/3.

2) Corollary 1.1 gives unboundedness of the Cesaro means in the p interval 1 <
p < 4/3 only for 6 < (2 +4/3)(1/p — 1/2) — 1/3, whereas the correct critical index
6. at which still divergence happens is 6, = (2a+2)(1/p — 1/2) — 1/2 (see [9]), i.e.,
there is a considerable gap between the real range of unboundedness and the one
given by Corollary 1.1 in the case 1 < p < 4/3 for the Cesaro test multiplier. This
is in contrast to the Jacobi and Hankel multiplier case (see [6], [7]) where, except for
the endpoint, the correct range for the unboundedness of the Cesaro means is given
by the general necessary conditions. We note that for 4/3 < p < 2 Corollary 1.1 gives
divergence for 6 < 6. with the right divergence order.

3) In summability theory for numerical series the following result is well known
(see [22, p. 105]): The factor sequence {my} maps each Cs summable series 3 uy, into
a Cs summable series Y my uy if and only if the sequence is bounded and

o
ST AYA my | < oo,

k=0

If one wants to discuss this problem in a Banach space setting (see [20]) one may
decompose the Banach space X when assuming the existence of a sequence of pro-
jections { P }ren, C [X], where [X] is the space of all bounded linear operators from
X to X, with the following properties:

i) the projections are mutually orthogonal: P, P; = 6,1 FPx,

)

ii) they are total: P,f = 0 for all k implies f = 0,

iii) the linear span of the ranges P;(X) is dense in X.
)

iv) the Cesaro means

(C.8)nf = (A0) 7 X An wPuf
k=0
are uniformly bounded for some 6 > 0 :

O fI<CIfI VfeX (4)

If we introduce multipliers analogous to the above Laguerre case, then an analog to the
sufficient direction holds for such Cesaro bounded expansions (see [20, p. 21]). But
one cannot expect that the converse is also true since concrete orthogonal expansions
in general satisfy additional properties, e.g. they are (C, ) bounded for all § greater
than a critical index but not for the critical index itself. Nevertheless, motivated by
the case of Jacobi expansions (or Hankel transforms) one may look at the following
problem in the above Banach space setting:

4



Suppose that
a) (4) holds for all 6 > 6. > 0,
b) for some f € X one has

limsup || (C,é:)nf [|= 0.

n—oo

Is it true that the multiplier norm of a sequence {my} can, up to a constant,
be estimated from below by sup, |k*A*my| for all X, 0 < X < 6,7

Corollary 1.1 answers this question with no: the (C, a+1/2)% means of the above
Laguerre expansion are not uniformly bounded (see [9]) so that according to (1) the
critical index in L}U(a) is a+1/2, whereas only A < a+1/3 is admitted by the example
in Remark 1.

4) According to a written communication of C. Markett there exists, apart from
the obvious sufficient condition of type (2), the following unpublished result due to
V. Dietrich, E. Gorlich, G. Hinsen, and C. Markett

o'} R 2n 1 1/2
1> mufa(R) L lr < C {Slip|mk| + sup (Z |AZA7mk|2k> I e,
k=0

n k=n

provided 1 < p < oo and v > a+ 1 > 1. This condition is comparable with the
necessary one in Corollary 1.1 (see [5]); in particular, their combination gives

Corollary 1.2 [f the sequence {my} € Mg(a) for all « > 0 and some fized p # 2,
then {my} € ij(a) for all a > 0 and for all p, 1 < p < oc.

For the proof observe that by duality one can assume without loss of generality that
1 < p < 2. For fixed p < 2 and fixed o > 0 the necessary condition guarantees for
the multiplier sequence in question a A smoothness of order greater than o’ + 1 since
by hypothesis a may be chosen sufficiently large, and so application of the sufficient
condition with respect to the parameter o/ gives the assertion.

Better sufficient conditions would allow better transplantation theorems for mul-
tipliers with respect to Laguerre expansions of different parameters.

5) Corollary 1.1 may be extended by considering multipliers acting on Lﬁ}(a) into

r

w(a) P <1, e, more precisely, we say m € M?/ ) i

w(a

1> mufa(R) LG e < C || f Izz .,
k=0

w(e) ™

for all polynomials f, and define || m || Mrr to be the smallest constant C' for which
the preceding inequality holds.



Corollary 1.3 Let 1 <p<r <2, A >0, and {my} € MZ’(’;). Then

sup (k+ 1" Am] < C | {ma} gz,

where 1/r =1/p—o/(a+1) and

a) 0 <A< (2a+: )(f—%)—f if 1<r<3

B)0<A<(2+2)(t-1) -1 if4<r<2

2

Corollary 1.3 nicely indicates how fractional integration (with multiplier sequence

{(k+1)77}) should work.

Theorem 1.1, Corollary 1.1, and Corollary 1.3 are proved in Section 2 along with
some extensions. In Section 3 expansions with respect to the orthonormalized La-
guerre functions

£5(x) = (/T(n + a + 1)) %2 L3 (2)

will be considered. We define modified Fourier Laguerre coefficients
fo= [ 1@ @) e do
0

(whenever the integrals exist, e.g., when f € Lﬁ(a), 1 <p<oo, a>0)and have the
expansion

fx)z*e” Z Full(a

Since f, = (A2 /T(o + 1))/2f,(n) we may state the standard Parseval formula in the
following form

! 3 . 2 > 2 — * —x/2|2,.«
mkz:%/lk’fa(k)‘ Z‘fk‘ / |f(z)u(x, o) d:ic—/o |f(2)e /%2 da

k=0
(5)
whenever f € L) = L2 . In Section 3 it is shown that even though the associated
multiplier spaces Mu( ) and /\/l for expansions of functions in L” (@) with respect
to LY and, respectively, to LS coincide, there is an interesting different Lqi(a) behavior
of the Cesaro kernel x®°(z) in (7) and the modified Cesaro kernel k%°(z) defined in
Section 3.



2 Proofs and extensions

Theorem 1.1 is an immediate consequence of the v = « case of the following basic

Lemma 2.1 Leta > —1, f € L‘Z}(W), 1<p<2 and~y > (a+1)p/2 —2/3. Then

a)

sup |(k; -+ ]_)’Y/P+1/(3p)A(2ry+4/3)/p (a+1)
k

provided v > —1/3 ifp=1orvy>—1/3 if 1 <p < 4/3.

b)

sup [(k + DA (k) < C Y f e

provided

(29 +4/3)/p —
0< A< At D (s 3)

JaI<C N f ez,

if1<p<4/3
if4/3 <p<2.

1<p<4/3,

<p<2

Proof. By the definition of the Fourier Laguerre coefficients, formula (3), and

Holder’s inequality it follows that (1/p+1/¢ = 1)

M) = [T 0N R dt

- C / ()R (t)e ot at (= Cfaﬂ(k))

IA

cllf

1
LU iEr @er e d) "t p 1
w(y) SUp;= ‘Ra+/\(t)€_t/2ta+>‘_7|

ifp=1.

The observation that R = L{™/A%™ and a direct application of Lemma 1 in [14]

now give for A > 0

A aB) SO U f e,

L—/p—1/(3p) ifA>(2v+4/3)/p —

L~ (a2 1)+(y+1)/p if A< (2y+4/3)/p—
% p1/2=(+1)/p ifA>(2v+2)/p—

2= C0/p(log )L1Pf A = (

L (oA 1) +(y+1)/p if A< (2v+2)/p—

2y+2)/p—

(6)

, 1<p<4/3
, 1<p<4/3
(a+3/2 , 4/3<p< o0
, 4/3 <p< oo
(a+3/2), 4/3 < p < oo,

where, as usual, k and log k on the right hand side are replaced by positive constants

when k = 0 or 1. The assertion of the Lemma is now evident.

In order to deduce necessary multiplier conditions from Lemma 2.1 we need on
the one hand boundedness of the multipliers involved and on the other control over

suitable test functions; the latter will be guaranteed by

7



Lemma 2.2 Let 1 < p < 2,v > —1, and let N be a fized integer greater than

2(vy+1)/p— (a+3/2). If {gx} € [ has compact support and g(x) = 372 gL (x),
then

| g ||L5m§ C’é(k + DN Het)=0HD/p AN L |
Proof. Start with the Cesaro kernel given by
ol (@) = (A T (a+ 1)) Z AL (2) = (AT (a+ 1)) LyT (2).  (7)
Then g may be represented as

g(z) = T(a + 1) i AN (AN gy ().

Since the third case of Lemma 1 in [14] gives
I e, < C(k+1)@FD=0FP 5 > 90y +1) /p — (a +3/2), (8)
w(y

when 1 < p < 2 a+6 > —2, and v > —1, Lemma 2.2 follows after taking the

Ly, -norm of g(z).

Consider a monotone decreasing C*°-function ¢(x) with

(1 0 <2 ' o i
o) ={y 1oSi=2 L e = o)),
Then -
Z N+ (a41)—(v+1) /p|AN+1 0:(j)] < C (2 )(a+1)—(7+1)/p’

which can be easﬂy verified by using a slight modification of Lemma 3.6 in [20], and
it follows by applying Lemma 2.2 to the function

1) (x Z ®i(j
that ' '
I Yl ‘|LZ(~,)§ C (22)(Oé+1)_(7+1)/p (9)
when 1 <p <2 a>-—1and~vy > —1.

Let us turn to the problem of dominating the [*°*-norm of the multiplier sequence
in question by its multiplier norm. First observe that by the second and fifth case of
formula (6) there holds

[Falk)] < Ok + 1)+ )



if v > (a+1)p/2—2/3 when 1 < p < 4/3, and if v > (o + 3/2)p/2 — 1 when
4/3 < p < 2. So if one considers m = {my.} € M, and replaces f,(k) by myg;(k)
one obtains by the previous estimate and (9) that

sup [my| < sup [mii(k)| < C || m |[ar,
k<2i+1 k w)

with constant independent of 7, thus

(a+1)p/2—-2/3 if1<p<4/3

P [e’e]
My €I when 7>{(a+3/2>p/2—1 if 4/3 <p <2

(10)

in the sense of continuous embedding.

Lemma 2.3 Ifa > —1 and m € Mf;( 1<p<2, then

7)
a) supy, |(k + 1)(2“/+4/3)/p*(a+1)A(2W+4/3)/P*(a+1)mk| <C|m ||M5<7)
when 1 <p <4/3 and v > (a+1)p/2 —2/3, and
b supyl(k+ DA < O [l m [l
when A\ satisfies the conditions of Lemma 2.1 and ~y those of (10) .

Proof. Set A = (2y +4/3)/p — (o + 1). From Part a) of Lemma 2.1, it follows
that

CE)D | m gy 2 C | Yo mudu(k)LE Il

w(v)
> sup  [KPHPANmygi(k)] > sup KPP AN
ziflngQi 22'71Sk§2i
= sup RS T AT Gk + ) — mie].
2i-1<k<28 j—2i

Hence

| m ”MP( > C2*  sup ]A’\mk] — C'sup |my|
w(v) 2i-1< k<20 k

and therefore, by (10) ,

~sup _|/<:’\A’\mk| <Cm e
2i-1<k<2i v

uniformly in i, whence Part a); Part b) follows analogously.



Remarks. 1) Corollary 1.1 is the v = « case of Lemma 2.3. Corollary 1.3 can be
derived analogously from Lemma 2.1 (with v = «) and (9) when observing that

sup |(/{Z + 1)A+a+17(a+1)/rA)\(mk¢i(k))’

<Clmllame 19D pp < O [m || yoe

w(a)

For historical reasons (e.g., see the convolution structure in [8]) and for later use we
state a special case (v = ap/2) of Lemmas 2.1 and 2.3 (using the notation My, =
Mf;(ap/Q) and 1/p+1/g=1)
Corollary 2.4 Ifa > —1 and 1 <p < 4/3, then

a) supy |(k + DM PVIAN o (k) < C | fllee, o 0<A< §— 350,
b) supg |(k+ DAAmy| < C || m HMf(a>’ 0<A< 3 — 3—q

For sufficient multiplier conditions on Lﬁ(a) comparable with (of the same type as) the
necessary ones, see the Corollary for n = 1 in Dhugosz [3]. Using the transplantation
result of Kanjin [10] one can improve Dlugosz’s result to

00 2n 1/2
. N 1
1> maf (R)Lg (|2 < C {Sup|mk| +sup <Z| k+ 1)A1mk|2k> } I e,
k=0 k=n
for all @« > 0 and 1 < p < oo; namely, Kanjin’s result implies

and the assertion follows by the above mentioned result of Dietrich, Gorlich, Hinsen,
and Markett.

2) There arises the question whether Lemma 2.3 can be improved by interpolation.
Observe that from Lemma 2.1 with p =1, 7y = (o + \)/2 —1/6 and A > 0, we have

sup [V AT+ 1)YOANf ()] < C [ | flae e e
k 0

and from (5) with « replaced by o + A and the formula in the first lines of the proof
to Lemma 2.1 we have

oo . 1/2 00 1/2
(Z\\/A?“A*fa(k')IQ) <o ([TIf@e ez ar)
k=0 0

Then application of the Stein and Weiss interpolation theorem (see [18]), where we

set Tf ={Tf(k)}, Tf(k) = /AT AN, (k), gives
00 1/q 0 1/p
(Z |(k + 1)(2/p—1)/6Tf(k)|Q> <C (/ ‘f(x)e—w/Qx(Oé+/\)/2—(2/p—1)/6|p dx)
0

k=0
In particular this implies Part a) of the following

10



Corollary 2.5 Let a > 0,1 <p <2, and (o« +1)(1/p—1/2) > 1/4. Then, with
A= (2a+2/3)(1/p—1/2),

o] o r 1/
o) (SR B <N f
b) sup, (3 1k + DAY 7) " < C g

Part b) follows along the lines of the proof of Lemma 2.3; observe that the restriction
on p comes from (10). Part b) does not contain Corollary 1.1 and vice versa, which
may be seen by the examples of the Cesaro multiplier family {A° , /A%} (where, e.g.,
at p = 4/3 Corollary 1.1 gives a greater 6-domain where divergence happens) and se-
quences of type {e®*/(k+1)"} (where, e.g., at p = 4/3 Corollary 2.5 leads to a greater
v-domain in which this sequence cannot be a multiplier). The embedding results in
[5] lead to the conjecture that A = (2a+ 1/3)(1/p—1/2) +1/6 for 1 < p < 4/3 and
A= (2a+1)(1/p—1/2) for 4/3 < p < 2 should be the best possible A-parameters.
One possibility to get these is to try to improve the inequality in Corollary 2.5 a) at
the point p = 4/3.

3) Formula (3) is equivalent to the Laguerre expansion (9) in Askey [1] after the
latter is corrected by replacing the ratio 'n — k +~v —a+1)/I'(y —a+ 1) in it
by I'(n — k + v — a)/T'(y — a). By arguing as on pages 251 — 252 of Tricomi [21] it
can be shown that the fractional difference formula in (3) also holds for z > 0 when
A > —1—min(«a, «/2—1/4). When the more restrictive condition A > —(a+1/2)/2 is
satisfied, the infinite series for the function A*R$(z) on the left side of (3) converges
absolutely for z > 0 .

3 Expansions with respect to the orthonormal-
ized Laguerre functions

The orthonormalized Laguerre functions were introduced at the end of the Introduc-
tion. A multiplier sequence in this new setting, notation {my} € ./\/lz(a), satisfies

0o 0 R 1/p
(1T mcira)  <clr
k=0

u(a)

VLY (z)u(z, o) it is clear that

for all polynomials f. Since T'(a + 1)f L3 (x) = fa(k
holds. But it is not obvious that

My = M}, and thus, that Corollary 2.4 b)

11



an analogue of Corollary 2.4 a) holds with fa(k) replaced by fi, . For consider the
modified Cesaro kernel

ki ( ZAn L5 ()

which differs from (7), apart from the weight u(z, ), by the additional factor (I'(a +
1)A2)~/2 inside the sum. Since (8) implies

sup (42) V2 @ Iy <€, 6> 172 (11)
the following lemma comes as a surprise.

Lemma 3.1 For a > 0 and 6 > 0 there holds
sup/ k2% (z)| dx = oo
n 0

Observe however that on account of (1) there still holds {A%_;/A%} € Moy =
Mj(a) with its multiplier norm uniformly bounded in n. Let us ﬁrst give an upper
bound for [;°|k%%(x)| dz in the case § > 1. Since

K0(r) = i A, J AL ()

= Y (A /AL Li (2)u(z, ),
k=0
with my, = (D(a + 1)AY) "2, we have that
ki®(z) = T(a + ZA1A2 (miAp )X (@)ule, @),
k=0

where x@* is defined by (7). Hence taking the L'(0,00)-norm and observing (11)
leads to

| ke @)l de < C(45)" LSS AL+ 1072 AR A5,
0

k=0
Leibniz’ formula for differences gives

A% (mp Ao )| =~ (k1) 72240+ (k+ 1) A, + (k+ 1) °PAL S

and the hypothesis 6 > 1 guarantees that we have only positive terms. Split up the
resulting three sums into 0 < k < n/2 and n/2 < k < n summations. Then the first

12



term with summation over 0 < k < n/2 gives a log (n+ 1) contribution, and all other
terms only give (uniformly in n) bounded contributions. Hence, for § > 1,

/OO ]kf{‘s(a:)| dx < Clog(n+1).
0

Of course, this is no proof of Lemma 3.1; but by a similar argument its proof can be
reduced to the problem of showing that when o > 0 the modified Poisson kernel

o)

pi(x) =317 L5(x) (12)

=0

has no uniformly in 7, 0 < r < 1, bounded L'(0, co)-norm, i.e.

sup lpd(z)|de = 00, o> 0. (13)

0<r<1J0
Take (13) for the moment for granted and assume that Lemma 3.1 is not true for
some « and 4. Since .

() = D ANA ) 1)
j=0

and 3> AP|A*H1pi] < C for all , 0 < r < 1 (see Chapter 3 in [20]), we immediately
get a contradiction, for if we take L'(0, oo)-norms on both sides of the last equation,
the right hand side is uniformly bounded by assumption, whereas the left hand side
is not bounded.

In order to prove (13), we first observe that from the generating function [4,
10.12(17)]

Sl (x) = (1—r) @ e ™/0 | < 1,
n=0

and the special case of the beta integral [4, 1.5(1)]

! T(n+1)0
/ r”(l_r)a—ldT:M7 a>07n20,
0 I'(n+a+1)
it follows, formally, by termwise integration that
> 1
(A% LA () = a/ (1 p)o=a=2eer/(=r) gy — g
n=0 0

with

g% (x) = aex/ t* %" dt = aexxa_o‘_lf t* e~ dt,
1 0

13



where z > 0 and 0 < a < a+ 1. Notice that since, by use of the Laplace transform
[4, 10.12(32)],

/oo gt ()L (x)e *axdr = a/oo to"“(/oo L (z)e " x%dx)dt
0 1 0

al'(n+a+1) [ a1
= t—1D)" " dt =T 1)AS /AL
APl AU (a+1)A3/A;
forz > 0and 0 < a < a+ 1, we have that
g () ~ Y (A7) LY ().
n=0

Also notice that, from the above integral representations for g,
g“(x) = O0(x* > ) asx— 07,
and, by [4, 6.9(21)] and [11, 4.7(2)],
g*(x) = ar® * p(a — a,a — a;x) = O(1/x) as v — oco.
From these estimates it follows that we have
Lemma 3.2 Let0<a<a+1,¢c>0, and 0 < p < oco. Then
/OOO lg**(z)[Pe”“2"dx < 0o if and only if > (1+a—a)p—1.

1

In particular, g* € Ly, 1€

/ lg%(x)|e~*?2/? dx < oo,
0

if and only if a > a/2.

Let o > 0. We will now use Lemma 3.2 to show that

S (Do + 1)42) L8 (2)

n=0

is the Laguerre series of a function ¢g® that is not in Li(a). Observe that, by [4,
1.18(4)], T'(aw + 1) A% ~ n® and

(Do +1)A2) Y2 = (D(a/2 + 1)AY?) 1 4 ey (AY/#) 7! 4 B2

14



with £ = O((n + 1)_“/2_2) From the above lemma, the function ¢¢ = (I'(a/2 +
1))"'g*/?* is in Loy » but it is not in L, ). The function g3 = ¢ 29*/*% is in both

L}U(a) and Lu(a), and a termwise use of [14, Lemma 1] shows that the function
95 = Z E Ly (x

is also in both L} ., and Li( Hence, the function ¢® = ¢ + g5 + ¢ is in L}

(o)
has the Laguerre expansion

w(oc)’

[eo]

> (Pla+ 1AL (),

n=0

but it is not in Li(a)- By Lemma 4 and Theorem 3 in Muckenhoupt [15], the Poisson
integral ¢g®(r,z) of ¢g*(x) has the Laguerre expansion

[e.e]

S (Tla+ 1)A2) 2L ()

n=0

and tends to g“(z) almost everywhere as r — 17. In view of Parseval’s formula (5),

[e.e]

2 A7) 2L ()

n=0

is the Laguerre series of an Li(a) function when 0 < r < 1. Application of the
asymptotic formula [19, 8.22.1)] shows that the above series converges for x > 0 when
0 < r < 1. Since, by L? theory, it converges to ¢®(r, z) in the Li(a)—norm, it must also
converge to g*(r, ) almost everywhere when 0 < r < 1. Then, using Fatou’s Lemma,

oo:/ g% () |e™/22%/? dz < lim inf |p(x)| dz < sup / |ps(x)| dz
0 0 0<r<1J0

r—1-

when « > 0, which proves (13) and hence completes the proof of Lemma 3.1.
So it is not obvious that the following analogue of Corollary 2.4 a) holds.

Theorem 3.1 If [ € Lﬁ(a 1 <p<4/3,a >0 whenp=1, and a > 2/p — 2 when
p>1, then (1/p+1/q = 1%

7 1 4
sup|in+ DMV SC Il A= 5= 5
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Proof. Use (3) to write
ANf, = /OOO f(2) AN (2)u(z, @) do
- Ca+1)™" /oof(@N( AR (@) v (a,0) do
= C’/Doof( u(z, a) z:AA anﬂ( )\//Tgu(x,oz)dx
+ C/ A A~ 'Ry (@ )(\/m \/ng> u(z, ) dx

0
= I+1I.

From (3) and Holder’s inequality it follows that if 1 < p < 4/3 and A > 1/3 —4/3q
then

1 < Clfllee,, As Il R @) s,
a/2=A a+2A— /\
= C(n * 1) H f H i(oz)H L ” u(a+2)\)
< C(n—|— 1)fa/2f>\ H f HLP( ) (n+ 1)(a+2/\)/2 1/3+1/3q

where the latter inequality follows from the fourth case of Lemma 1 in Markett [14].
Hence, if f € Lz(a), 1<p<4/3and A > 1/3 —4/3q, then

1] < Cln+ 1) V3B | g

In order to estimate I7 first note that |\/A%Y, ; —/A%| & j(n+j+1)*/>7*. Then, by
Hélder’s inequality and the fifth case of Lemma 1 in [14],

|11 < C’/ z)|u(z, ) Zj - ’\|Ln+j |(n+7)" "/ Any; — VAS u(z, a)d

< C||f||L<>ZJ M) L
< C 1)~ 1/q f
< Cln+t £l

If we now set A = 1/3 — 4/3¢q, then the combination of the above inequalities com-
pletes the proof of Theorem 3.1.

There is the question in how far supplementary necessary conditions exist which
reflect a behavior as shown by the modified Cesaro kernel; this is closely connected
with the problem to gain control over additional test multipliers as one has, e.g., in
the case of radial Fourier multipliers.
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