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IN THISpaper, we will give a simple proof of the local Atiyah-Singer index theorem first
proved by Patodi [9]; in fact, his earlier proof of the Gauss-Bonnet-Chern
theorem (Patodi
[8]) is quite close to ours. (Perhaps he did not find the proof for Dirac operators given in this
paper because he was unaware of the symbol calculus for Clifford algebras.) A paper of
Kotake [S] contains a proof of the Riemann-Roth theorem for Riemann surfaces along
similar lines, and a recent paper of Bismut [3] is also very closely related.
It might be helpful to give a short history of this theorem. As explained in Atiyah et al. [l],
all of the common geometric complexes, namely, the twisted Dirac operators, &operators,
signature operators and the De Rham complex, are, locally, Dirac operators. We shall refer to
all of these operators as Dirac operators, although this is not globally correct on non-spin
manifolds. The index theorem for Dirac operators was first proven, at least for Kahler
manifolds, by Hirzebruch using cobordism theory. A few years later, McKean and Singer gave
their famous formula for the index of the Dirac operator:

Index (D) = Str efo2( = Tr erp-e’ - Tr erpcm-)
=

s

str (xlefD’lx)

dx,

.W

and asked if the integrand converges as t -+ 0, by some “fantastic cancellations”. Notice that
this is a completely local question, only depending on the metric and connection in a small
neighbourhood of x, since we are sending t to 0. Thus, we may as well assume that our
operator is a Dirac operator on R”, with twisting bundle Cm. Patodi established this
convergence and identified the limit; for a review of this phase of the history of the theorem,
see Atiyah et al. [I].
In Getzler [0], motivated by the ideas of the physicists Witten and Alvarez-Gaume, it was
shown that these cancellations are not fantastic at all, but quite natural, and for the first time,
the local index theorem was proven in a completely analytic fashion, without appealing to any
topological calculations as in earlier proofs. However, the machinery developed in that paper
is rather general, so the goal of this paper is to show how simple the basic idea is.
The proof of the theorem splits into two steps:
(a) the asymptotic expansion of the heat kernel of D2;
(b) an algebraic calculation of the top order in the asymptotic expansion.
The second part is the same as in Getzler [O]; the only question is what is the clearest method
of establishing the asymptotic expansion. In this paper, we use a new technique that requires
the estimation of the heat kernel of uniformly elliptic operators on R” whose first and zeroth
order coefficients increase linearly and quadratically fast at infinity. This estimate is
accomplished in the first appendix, by using the Feynman-Kac representation of the heat
kernel.
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An alternative
method is to use Patodi’s original asymptotic
expansion,
which is
technically more difficult to establish than anything else that we use, but is better known.
Granted this, the proof becomes extraordinarily
simple. This is dealt with briefly in the second
appendix. (I wish to thank M. Vergne for suggesting this strategy after reading an earlier
version of the paper.)
To state the theorem, we need some results from the theory of Clifford algebras. If n is an
even integer, so that the space of spinors A = A.’ @A- has dimension
2”‘2, then the
endomorphism
algebra of the spinors End (A) is the complex Clifford algebra on R”, which we
shall write as Cliff(n). This algebra may be thought of as the exterior algebra A(n) = A*,R”
with a twisted multiplication defined as follows. The vector space R” acts on the exterior
algebra A(n) = A*,R” by the formula
uou = o A a+o

J a,

where UER”

and

Ada,

and this gives an isomorphism from Cliff(n) to A(n), called the symbol map, with which we
shall identify these spaces. If Ada
and bE A(n), then we have the formula,
sob--a

A bEA’+j-‘(n).

(1)

We will denote the projection of a E A(n) onto A”(n) by a,. Recall that there is a isomorphism
from the Lie algebra o(n) to Cliff(n), given by sending the antisymmetric matrix Uij to the
element of Cliff(n) with symbol l/2 2 aije’ A ej. This is the isomorphism that is used to
i<j

obtain the connection on the spinor bundle from the Reimannian connection.
Let g be a Riemannian metric on R” satisfying the following three conditions:
(i) g is asymptotically Euclidean, SO that gij(x) = 6ij for 1x1large;
(ii) g is a small C” perturbation of the Euclidean metric;
(iii) the coordinates are normal around 0 E R”, that is, the exponential map at the origin is
an isomorphism.
Using

parallel

translation

along

the geodesics

to the origin,

the tangent

and spinor

on R” may be trivialized. Indices for tensors in this frame will be written with the
indices a, b . . . . For example, the spinor connection is
bundles

ri Q= + ria6 (e’ A eb) 0.
In Atiyah et al. [l], it is shown that
(2)

where Rijob is the Riemannian curvature of the metric g.
Let Ai be a connection on the bundle with fibre Cm on R”, satisfying conditions
corresponding to ($-o-ii) above. Namely, Ai (x) vanishes for Ix I large, is a small perturbation of
the zero connection, and parallel translation along the geodesics out of the origin is the
identity. (This is called the radial gauge.) We have
(3)

Ai = -+Fij(0)X’+O(lX12),

where Fij is the curvature of the connection Ai.
If D is the twisted Dirac operator

derivative

for the metric g and connection

A,

and Viis the covariant

A SHORT PROOF OF THE LOCAL ATIYAH-SINGER

INDEX THEOREM

113

then Lichnerowicz’s formula (Lichnerowicz [6]) states that

where R is the scalar curvature for the metric g. This explicit formula is basic to our proof.
It follows from the Kate-Rellich theorem (Reed and Simon [lo], p. 162) that D* isa small
enough perturbation of the flat Laplacian A that it is self-adjoint on the domain of A. The
Schwartz kernel k, (x, y) of the operator e@, which lies in
C=((O, co) x R” x R”)@End(A@C”)
by parabolic regularity theory is called the heat kernel of D’.
We shall denote by k,(x)ECz((O, 30) x R”) @A(n)B
the symbol of the heat
kernel k, (x, 0) E C” ((0, 30) x R”) @Cliff(n) @ End (Cm).Thinking of D2 as an operator D on
C=(R”) @A(n)@End(C”),
k,(x) satisfies the heat equation
(4)

(a/Z, - D) k,(x) = 0,
lim k,(x) = S(x)@1
1-o

Let K be a resealing operator defined by the following assignment of degrees (this was the
main idea of the proof in Getzler CO]):
deg(xi) = 1,

deg (t) = 2,

That is, T,(tPxqe’) = E2pfq-rtpxqe’.

deg (ei) = - 1.

Clearly, kf (x) = s” T, k, (x) is the solution

D” = s2 T,D( TJ- ‘. This turns out to be enough

equation (4) for the operator
lim k,(x).

of the heat
to calculate

t-0

THEOREM. LA kp(x)EC2((0,

be defined by theformula

‘co)xR”)@A(n)@End(C”)

k: (x) = (4nt)-“~2~(tR)

exp [ tF - $ ( taiF$2)ijxixj],

where the symbol R denotes the Riemannian curvature of the metric g at the point 0 thought of as
an antisymmetric n x n matrix of 2-forms, F is the curvature of the connection B at 0 thought of
as a hermitian m x m matrix of 2-forms, and the characteristic class A^(@ is the a-genus

det &
[

1

ii2,

Then for all t small enough and 6 > 0,
Ik:(x)-k:(x)1
Proof.
operator

5 ~et-“~2+1-de-crlxl’ir.

The basic idea of the proof is the observation

Do=

~

(~i-:nijx’“)2+F

that as E --f 0, D’ converges

to the

A.

i=l

for which the solution of (4) is precisely kp (x). Using an a priori bound on k:(x), it is then easy
to prove the uniform convergence. At E > 0, the noncommutative
Clifford multiplication
a 0b
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is replaced by the product aor b, defined by
vQ,a=vAa+&‘v

Ja,

where v E R” and a E A(n).

limit E -+ 0 is like the classical limit in quantum theory; as E + 0, the noncommutative
product a oLb converges to a A b.
Using Lichnerowicz’s formula, it is easy to show that De has the following form:
The

2

+r~(EX)(&+&-lrk(EX)O,+&-lA&X)))+&,(EX)(e’

b$‘,-~.

This shows that the coefficients bf and c” of the first and zeroth derivatives in D’ are bounded
uniformly in E for t small enough:

IbfW 5 ~(1+ Ixl),

(5)

ICC(X)1
5 c(l+lx1)2.
Using the Taylor expansions for g and

A,

it follows that for small t:

I(D’- DO)kp(x)) 5 c&t -“I2 e -OIXIZ’f.
We will only prove this for the terms involving d2, which should be enough
of how the inequality is proved. The terms in question may be bounded
lg(sx)-g(O)l.O(t-’
+~x~Z/t2).t~n~2e~1X~zi’4r. For 1x1> s-r, the inequality
the exponential factor decreases exponentially in t- ‘, while for 1x1< s- ‘,
lg(&x)-g(O)1 by E~(xI~, obtaining
t-“/2*0((x(2/r+

(X~4/t2)~e-lx1’/4~

_< t-Ge

(6)
to give an idea
for small t by
holds because
we can bound

-lxl’*8.

We now show that the solution to the heat equation (4) for Do is k:(x). By Mehler’s
formula (Glimm and Jaffe [43, p. 19), the heat kernel (xle-“‘ly) of the one dimensional
harmonic oscillator H = - 2

(47rt)_ li2

+ a2x2 equals

(&~‘2exp-$[-$-$--(cosh20t(x2+y2)-2xy)].

If 8 is an m x m positive matrix, then the heat kernel of the m-dimensional harmonic oscillator
- A + 0ijX’Xj is

In the expansion of this formula as a power series in 3 near 8 = 0, only the even powers
contribute, so the heat kernel is actually analytic in 0. We will use this formula in a setting in
which 0 is a matrix of 2-forms; this uses the same analytic continuation from complex
variables to even differential forms that is used to define characteristic classes in differential
geometry.
Observe that the operator Do is equal to the sum of the two commuting operators
K = A - & RijRjkxixk and L = F - $Rijdixj.
We have calculated the heat kernel of K above
(let 0 = IlgRijRjkxixk), so the result follows from the formula kp = (etKelL)(6(x) @ l), and
the fact that efL(b(x) @ 1) = erF (6(x) @ 1).
To prove that kf (x) converges to kp (x) as E + 0, we use Duhamel’s formula, which states
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that
t
k:(x) - k;(x) =

ds e-(r-s)DE(Dc

- Do) kt (x).

10
This follows from the operator

identity

etAe --IB

The theorem
operators

= 1+

now follows from Theorem

D’, 0 < E < 1, and the bound

If a is an element

of Cliff(R”),

Tr 1d+(I - Tr 1*-a, where a is identified
terms of the gradation

fdseSA(A-B)e-sB.
s0
A.1 in Appendix

in formula

A, which applies uniformly

to the

(6).

then the supertrace

0

of a, denoted

with an endomorphism

of Cliff(n), we have the following

Str a, is defined to be

of the spinors A = AC @A-.
suggestive

formula

In

for Str a:

Str a = (Z/i)n” J a,
where the linear map 1’: A (n) + C (Rerezin’s integral) is given by taking the inner product ofa,
with the volume element in A”R”. A proof may be found in [O].
From this formula for the supertrace and the theorem that we have proved, it follows that
!‘-“, Str k, (0,O) = ,“-” (2/i)“‘2 j kf(0) = (2ni)-n’2 (A^(R)ch (F)),.
This is the local Atiyah-Singer

index theorem.

APPENDIX
In

this appendix,

A

we prove the theorem on the heat kernel for elliptic operators

that was used in the

proof of the index theorem.
THEOREM

A.l.

Let D be a second order eliipric operator on R” gioen by the formula

where A is the Lapiacian for a Riemannian metric g on R” such that g(x) and g(x)-’ are both uniformly
bounded, and bi and c are bounded continuous functions from R” to m x m complex matrices satisfying the
bounds
Ibi(x)l 5 c(l + 1x1).
Ic(x)l I c(1 + Ixl)’
Then for t small enough, the heat kernel k,(x, y) of D satisfies the following

I
s0

ds Ik,_,(X,~)s-“iZe-tvlziSldy

5 Cf-":2+1-de-4d1

bound for anr 6 > 0:
r,

s

Proof. We use Stroock’s version of the Feynman-Kac formula [l I]. Let R, be the set of all paths
w: [O, J)) + R” such that w(O) = x, let E, be the Brownian expectation on R, corresponding
to the
metric g. If B is a ball in R”, let b, and cs be the functions band c multiplied by the characteristic function
of B. If cD:R,x[O, x) -+ End (Cm) is the solution of the stochastic integral equation
@(a, t) = 1 +

(@‘(CA
+(w(r)),

do(r))

+

@(w. r)c(o(r))dr,
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then the heat kernel of D satisfies

J

k,(x>y)f(y)dy = E,CWJ, t)l(w(Q)l.

In particular,

j pt (x, y) f(y) dy = E, [ f(w(t))],

where p,(x, y) is the heat kernel of the Laplacian A for the

metric g.
Furthermore,

the following

(a) E,[lO(w,t)lP]

estimates

hold:

5 ce”(nbll’+ltcit~tfor p 2 2, where Il.11denotes

the uniform

max Iw(T)-xl
1 R I ceyaR’?
( osrsr
>
(c) (Baldi [Z]) p,(x, y) I ~t-“~*e- “rl’/r for some positive constants
(b) (McKean

[‘I], p. 93) P,

In proving
u nl@(co,

the theorem,

olw(O)=
I
t -s)

norm,

x, J;;;

we divide the set of paths

2

max

/w(s)-xl

starting

a and c.

at x into the countable

partition

I Jm+t

of
, m 2 0, and bound the expectation
>
on each of these sets. On the set U,, we estimate the expectation of @ using (a) and (b) above,

by making

OSrht-t

use of the bounds

Feynman-Kac

formula,

on llbll and llcll on the ball around

[J

s

l/P

Pt-Sk

IC

Integrating

x of radius

c’s

- GP

Yb-

e - aw,

I

nP/*e-PIY1’/sdy

=

Using the

am/(r-3,

e0(\x12+m)(r-s,

,c,‘-

for t small enough.

over s gives the stated result, since we can choose p’ arbitrarily

APPENDIX
In this appendix,

v/;“+l.

we have all for p > 1

we give another

Using Patodi’s asymptotic

method

expansion

large.

Cl

B

of proving the local index theorem,

for the solution

of the heat equation

based on Patodi [8].

(4) around

t = 0, we may

write
kf(x) _ (4xt) -“‘*e -IxlZ’4r
where a is a multi-index

for the symmetric

2
c&t”‘x*eS
rS,mre

algebra S*(R”) and /3 is a multi-index

for the antisymmetric

algebra A* (R”).
It is immediate from Patodi’s proof of the asymptotic expansion that the numbers cE,,~ are universal
polynomials in the derivatives of the coefficients of D’ at x = 0. It follows from the explicit formula for
D’ that
c&q = c:,, + O(E).
The proof of the local index theorem
Acknowledgements-Conversations

follows from the calculation
with

a number

of people

of k:(x) in the body of the paper.
have helped

improve

this paper:

J. M. Bismut, R. Bott, B. Simon, D. Stroock, D. Quillen and M. Vergne. I would like to thank A. Jaffe
for suggesting the problem.
REFERENCES
0. E. GETZLER: Pseudodifferential
Math. Ph~s. 92 (1983) 163-178.

operators

on supermanifolds

and the Atiyah-Singer

index theorem.

Commun.

A

SHORT PROOF OF THE LOCAL ATIYAH-SINGER

1. M. ATIYAH. R. BOTT and V. K. PATODI: On the heat equation

INDEX THEOREM

and the index theorem.

117

Ino. ‘Math. 19 (1973)

279-330.
2. P. BALDI: Premiires majorations
de la densltt d’une diffusion sur Rm. In, Ghfhiques
et diffusions en remps
pair. .Isk%.sque8-t-85 (I 98 I).
3. J. M. BKWT: The Atiyah-Singer
theorems for classical elliptic operators: a probabilistic approach. I. The index
theorem. J. Func. rlnal. 57 (1984) 56-99.
4. J. GLIMM and A. JAFFE: Qunntum Physics. Springer-Verlag:
New York 1981.
5. T. KOTAKE: An analytic proof of the classical Riemann-Roth
theorem. In: Global Analysis, Proc. Symp. Pure
Mark XVI Providence, 1970.
6. A. LICHNEROWICZ: Spineurs harmoniques.
C. R. Ad.
Sci. 257 (1963) 7-9.
7. H. P. MCKEAN Jr.: Stochastic fntegrds. Academic Press: New York 1969.
8. V. K. PATODI: Curvature and the eigenforms of the Laplace operator. J. Difl Grom. 5 (1971) 233-249.
9. V. K. PATODI: An analytic proof of the Riemann-Roth-Hirzebruch
theorem for Kaehler manifolds. J. Difl
Gram. 5 (1971) 251-283.
IO. M. REED and B. Srwo~: Fourier analysis and self adjointness.
Academic Press: New York 1975.
Il. D. W. STROOCK: On certain systems of parabolic equations. Comm. Pure Appl. Math. XXIII (1970) 47-457.

Dept. of Mathematics,
Harvard University,
Cambridge, MA, 02138

