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Abstract

We study two approaches to classical integrable systems. The first considers such sys-
tems within the framework of Hamiltonian mechanics. We explain how results from
symplectic and Poisson geometry can be used to obtain insight into the dynamics of Li-
ouville integrable models. The second approach we discuss applies to systems of ordinary
differential equations that can be written as Lax equations with a spectral parameter.
Such equations have no a priori Hamiltonian content. Through the Adler-Kostant-
Symes (AKS) construction, however, we can produce Hamiltonian systems on coadjoint
orbits in the dual space to a Lie algebra whose equations of motion take the Lax form.
We outline an algebraic-geometric interpretation of the flows of these systems, which are
shown to describe linear motion on a complex torus.
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Chapter 0

Introduction

This thesis is devoted to topological and geometric aspects of the theory of classical in-
tegrable systems. As such, it is surely natural to begin by explaining the meaning of the
term ‘integrable system’. It turns out that this is not an entirely straightforward task:
indeed, as Hitchin points out in [18], it is one to which entire books! have been devoted.
Consequently, we merely aim to sketch a few of the various concepts of integrability, and
outline some of their common features.

Historically, the definition of an integrable system can be traced back to the work of
Liouville on Hamiltonian mechanics. In order to understand the definition of a Liouville
integrable system, it is necessary to develop Hamiltonian mechanics on symplectic and
Poisson manifolds. Chapter 1 consists of a brief overview of these ideas. Before launch-
ing into details, however, it is perhaps useful to recall some of the physical motivations
behind the theory.

Consider a particle in n-dimensional Euclidean space R™, with position coordinates
(q1,---,4n). The set of all possible positions and momenta of the particle is the phase
space R?". If we write p; for the component of the particle’s momentum in the ith direc-
tion, a point in phase space can be described by the coordinates (q1, ..., Gqn,P1,---;Pn)-
A Hamiltonian H : R?" — R is simply a smooth real-valued function on phase space.
The dynamical system defined by the system of ordinary differential equations

d¢g; OH dp; 0H
i _ b _ 22 (0.1)
dt  Op; dt g’
is called the Hamiltonian dynamical system described by H, and the equations of
motion (0.1) are known as Hamilton’s equations.

Example 0.1 The 1-dimensional simple harmonic oscillator is an example
of a Hamiltonian dynamical system. The phase space is R? with coordinates
(¢,p), and the system’s Hamiltonian is

1
Hzi(szrqz)

The Hamiltonian dynamical system defined by H is the system of differential
equations
dg _ dp _

ar P ar ~

LFor instance, [33]



which is equivalent to the well known harmonic oscillator equation of motion

&g

pTe +qg=0

Roughly speaking, a Liouville integrable system on a phase space M = R?” is one
which possesses n functionally independent conserved quantities: that is, n functions
defined on the system’s phase space whose level sets are preserved by the flow of the
system. The Liouville-Arnold theorem states that under mild hypotheses, the com-
mon level set of these conserved quantities is diffeomorphic to an n-dimensional torus
T ={(¢1,...,pn) mod 27}. Additionally, the system’s time evolution is linear on this
torus, so that the angular coordinates ; satisfy

dp; .
ar Y

for some constants w; € R.

Example 0.2 The harmonic oscillator of Example 0.1 is a Liouville inte-
grable Hamiltonian system: the Hamiltonian itself? provides the only necce-
sary conserved quantity. Introduce polar coordinates (r,6) on phase space
defined by

q=rsinf, p=rcosh
In these coordinates, Hamilton’s equations become

dr g 1
a7 dt

Fixing a level set H(q,p) = E, we see that the phase space is fibered into the
circles (i.e. 1-dimensional tori) r = v/2E, and the system’s time evolution is
linear in the angular coordinate 6 on these tori.

In Chapter 3, we study Hamiltonian systems defined on coadjoint orbits in the dual
space to a Lie algebra. These coadjoint orbits turn out to be natural examples of sym-
plectic manifolds. We outline a method, known as the Adler-Kostant-Symes (AKS)
construction, which allows us to systematically construct Liouville-integrable Hamilto-
nian systems on coadjoint orbits. The equations of motion obtained via the AKS scheme
take the form

dA

— =I[A,B 0.2

o = 4. 5] (0.2)
where A and B are square matrices and [-, -] denotes the matrix commutator. Equations

of this form are known as Lax equations, and have been studied independently of
the Hamiltonian formulation we have described®. Indeed, they form another possible
definition of integrability: as system of ordinary differential equations is Lax integrable
if it can be cast in the Lax form (0.2).

2Indeed, in Chapter 1, we shall we that the Hamiltonian function of any Hamiltonian system is a
conserved quantity
3See [7], [31]



Figure 1: The foliation of the harmonic oscillator’s phase space by Liouville tori

Example 0.3 The equations of motion for the simple harmonic oscillator
can be written in Lax form. If we form the matrices

_1
=0 s) =)
q —p 5 0
we see that the Lax equation (0.2) is equivalent to Hamilton’s equations
(0.1).

We should warn that this example is deceptively simple: in general, we allow the entries
of the matrix B to be functions of the entries of A. Thus, Lax equations are a priori

nonlinear.

As in the case of a Liouville integrable system, given any system of ordinary differ-
ential equations in Lax form we obtain a natural ring of functions invariant under time

evolution.

Proposition 0.4  Let A(z;t) be the solution to the Lax equation (0.2).
Then the functions
Fy(A) =t (47)

are conserved quantities.



Proof. Using the differential equation (0.2) and the fact the trace is cyclic*, we can
directly compute

%tr (AP) = ptr ([A, B]Ap_l)

= ptr (ABA”_1 — BAp)
= ptr (BA? — BAP) =0

O

If A1, ..., A, are the eigenvalues of A, then we recognise Fj,(A) = Y7_| A7 as the p-th
power symmetric function® in the );. Since the power symmetric functions form a basis
for the ring of symmetric functions in the );, we see that any symmetric function in the
eigenvalues of the matrix A is necessarily a conserved quantity of the system.

We can consider a generalization of the Lax equation (0.2) by replacing the matrices
A and B by matrix polynomials A(z), B(z) in a spectral parameter z € C. A matrix
polynomial A(z) is simply an expression of the form

Az) = Agz? + Ag_1297 ..+ Ay

where the A; are square matrices. It is important to note that the spectral parameter
z is simply a formal placeholder which we use to write the system of equations. In

particular, z is not regarded as a function of time. By demanding that the equation
dA(z;t
D _ A2, Bz 03

holds in the coeflicient of each power of z, we obtain a system of matrix ordinary differ-
ential equations.

Example 0.5 Consider the following system® of differential equations in
the three unknown functions wuq (t), ua(t), us(t):

ﬂl = 2UQU3
'l:LQ = 2U3U1
113 = 2’LI,1UQ

One checks that we can express these alternatively as the Lax equation

AED — [A(2;1), B(2;t)], where

o iul —U2 0 72’&3 7Z‘U1 —U2 2
- (5 ) ( ) (2 )

0 2iU3 —U1 iUQ
B(z) = . . z
(2) —2iug 0 + o +uq
4That is, tr(AB) = tr(BA)
5See [23]
6This corresponds to a scaled version of the equations of motion for the Euler top, a well-known
Liouwille integrable system. See section 2.2.




The introduction of the spectral parameter z allows us to give Lax equations an
attractive geometric interpretation, which we outline in Chapter 5. The fundamental
observation in this geometric approach is that the zero set of the characteristic polyno-
mial

det (A(z) —wl) =0

defines an affine plane curve, which we can complete to obtain a compact Riemann
surface C' called the spectral curve of A(z). The coeflicients of the characteristic
polynomial of A(z) can be expressed as linear combinations of the traces of suitable
powers of A(z) and are thus conserved quantities of the system (0.3). Hence the spectral
curve of A(z;t) is invariant under time evolution. Next, given a matrix polynomial A(z)
with spectral curve C, one defines a holomorphic line bundle associated to A(z) as a
subbundle of C' x C™, whose fibre over a generic point (z,w) can be identified with the
eigenspace E, ,, of A(z) corresponding to an eigenvalue w. The space of isomorphism
classes of holomorphic line bundles (of a fixed degree) over C' is called the Jacobian
of C' and has the structure of complex torus. We conclude by relating this algebraic-
geometric picture to the Hamiltonian formalism of the AKS scheme: we will show that
if A(z) satisfies a Lax equation of the AKS form, then the image of A(z) in this complex
torus evolves linearly in time.



Chapter 1

Hamiltonian Mechanics

This chapter provides an introduction to Hamiltonian mechanics, which provides a nat-
ural framework to define and study classical integrable systems. Hamiltonian mechanics
is a beautiful subject, with a long history and an extensive literature. As such, the
treatment here is not intended to be exhaustive. An excellent starting point for further
details on classical mechanics is [4], which gives a very clear and self-contained exposition
of the fundamentals of symplectic geometry, emphasising the connections with physics.
The lecture notes [10] are also extremely useful, and have the benefit of including a large
number of interesting exercises. For technical details on Poisson manifolds, as well as a
treatment of mechanics on infinite dimensional manifolds, see [24].

1.1 Symplectic Geometry

At the heart of the mathematical description of Hamiltonian mechanics is the notion of
a symplectic manifold, which generalizes the concept of a phase space of a mechanical
system. We shall outline the fundamentals of symplectic geometry, emphasising features
of particular relevance to mechanics.

We begin by describing the concept of a symplectic vector space. Let V be a real
vector space. Recall that a bilinear form on V is a map w: V x V — R satisfying

w(au + bv,w) = aw(u,w) + bw(v, w) for all u,v,w € V,a,b € R

w(u, av + bw) = aw(u,v) + bw(u,w) for all u,v,w € V,a,b €R

A bilinear form w is skew-symmetric if for all u,v € V, w(u,v) = —w(v,u). We
denote the set of all skew-symmetric bilinear forms on V' by /\2 V*. A bilinear form
w:V xV — Ris said to be non-degenerate if w(u,v) =0 for all v € V implies u = 0.

Definition 1.1 (Symplectic vector space) A symplectic vector space is
a pair (V,w), where w is a non-degenerate, skew-symmetric bilinear form on
V.

Example 1.2 Consider the vector space R?™ = Span{ey,...,en, fi,--., fn}
equipped with the non-degenerate, skew-symmetric bilinear form w defined
by

wleie;) =0 w(fi, f;) =0 wles, ;) = dij



Then (R?",w) is a symplectic vector space.

Indeed, this example really is the only example of a symplectic vector space:

Proposition 1.3 (Symplectic basis) Let V be a real vector space, and let
w be a non-degenerate, skew-symmetric bilinear form on V. Then there is a
basis {e1,...,en, f1ye -y fu} for V such that

wlei, fj) = 0ij, wlei,ej) =0=w(fi, f}) (1.1)

Proof. The proof is essentially a skew-symmetric version of the Gram-Schmidt orthog-
onalisation procedure. We begin by choosing a non-zero vector e; € V. By the non-
degeneracy of w, there exists f; such that w(ey, f1) # 0. Rescaling if necessary, we may
assume that w(eq, f1) = 1. Now define the subspaces V1,V of V by

Vi = span{ey, fi}
V¥ ={veV :www)=0foral we V}

Observe that V =V, + V. Indeed, if v € V|, set a = w(v,e1) and b = w(v, f1). Then
v+afi —be; € V¥, be; —afi € V1, and

v=(v+af; —bey)+ (be1 —afi)

Moreover, V4 N V¥ = {0}, since if v = ce; + df2 € V1 N V¥, then w(v,e1) = 0 implies
b = 0, while w(v, f1) = 0 implies a = 0. Thus V = V; & V{*. Now if V¥ = {0} then
the proof is complete. If not, we observe that the restriction of w to V}* is again non-
degenerate. Thus we may apply the argument above to the vector space V}* to obtain
V¥ =V, @ Vs, Repeating, we obtain a decomposition of V' as

V=V ieWho..aV,

where dimV = 2n. If W, = span{e;, f;}, then {e1,...,en, f1,... fn} is a basis for V
such that w(e;, fj) = 05, wlei,ej) =0 =w(fi, fj)- O

A basis of the form (1.1) is often referred to as a symplectic (or canonical) basis. Note
that Proposition 1.3 also leads us to the following observation:

Corollary 1.4 Any symplectic vector space is even dimensional

Our next goal is to investigate the subspaces of a symplectic vector space.

Definition 1.5 (Subspaces of symplectic vector spaces) Let (V,w) be
a symplectic vector space and let F C V be a vector subspace. The symplectic
orthogonal complement of F, denoted F“, is the subspace

F*:={veV:w,f)=0 foral f € F}

A subspace F is said to be isotropic if it is contained in its symplectic or-
thogonal complement, i.e. FF C F“.

Given a subspace F C V, let F* denote the dual space of linear functionals on F'.
By the non-degeneracy of the form w, the map

bV — F*, vi— w(v,—)



is surjective and has kernel F“. Hence, we find that
dim F' + dim F¥ = dim V

Thus, if V' is a 2n-dimensional symplectic vector space and F is an isotropic subspace,
then dim F' < n.

Definition 1.6 (Lagrangian subspace) Let (V,w) be a 2n-dimensional
symplectic vector space. A subspace F' C V' is Lagrangian if it is isotropic
and of maximal dimension n.

The prototypical example of a Lagrangian subspace is the space spanned by the
vectors {eq,...e,} in a symplectic basis for a 2n dimensional symplectic vector space.
We now describe an appropriate notion of isomorphism for symplectic vector spaces:

Definition 1.7 (Linear symplectomorphism) Let (V,w) be a symplectic
vector space. A linear symplectomorphism of V' is a vector space isomorphism
g:V =V such that for all u,v € V

w(g(u), g(v)) = wlu,v)

Under the operation of composition, the symplectomorphisms of (V,w) form a group.
In order to describe this group, let us choose a symplectic basis {e1,...,en, f1,.-., fn}
for V. Then with respect to this basis, the form w is represented by the matrix

0o 1,
(5 %)

where 1,, is the n x n identity matrix. Then the group of symplectomorphisms of (V,w)
is the subgroup of GL(2n,R) consisting of 2n x 2n matrices g such that

gt Jg=1J (1.2)

This is precisely the definition of the classical Lie group Sp(2n,R). Differentiating the
relation (1.2) at the identity, we observe that the Lie algebra of Sp(2n,R) consists of
2n x 2n matrices X satisfying

JX+X"I=0

We now aim to generalize the definition of a symplectic vector space and decide
what it might mean for a differentiable manifold to be ‘symplectic’. The basic idea is
the following: if M is a differentiable manifold and w is a smooth differential 2-form
on M, then at each point x the tangent space T, M is equipped with a skew-symmetric
bilinear form w,. In the spirit of the definition of a symplectic vector space, we will
demand that each form w, € /\2 T M be non-degenerate. As we have already seen, this
requirement forces the manifold M to be even dimensional.

Definition 1.8 (Non-degenerate differential form) A differential 2-
form w on a 2n-dimensional smooth manifold M is non-degenerate if at each

pointx € M, w, € /\2 TxM is a nondegenerate form on the tangent space to
M at z.

Finally, we will also require that our differential 2-form be closed, i.e. dw = 0, where
d denotes the exterior derivative. We summarise these considerations in the following
definition:

10



Definition 1.9  (Symplectic manifold) A symplectic form on a 2n-
dimensional manifold M is a closed, non-degenerate differential 2-form on
M. A symplectic manifold is a pair (M,w) where M is a smooth manifold
and w is a symplectic form

Remark: Note that the non-degeneracy of a 2-form w on M is equivalent to the state-
ment that for all z € M,

2n

Nw, #0€ NT;M =R

(i.e. the matrix representing w has non-zero determinant). Hence if w is non-
degenerate, then the 2n-form A™w is a nowhere-vanishing form of top degree, or
in other words, a volume form on M. In particular, we see that any manifold
admitting a non-degenerate differential 2-form must be orientable.

In many of the symplectic manifolds arising from Hamiltonian mechanics, the sym-
plectic form w is actually exact: there exists a one form « such that w = da. If a
symplectic manifold is closed, however, the situation is necessarily different:

Proposition 1.10 If (M,w) is a closed 2n-dimensional symplectic mani-
fold, then w is not exact.

Proof. Suppose for a contradiction that there exists a 1-form o on M such that w = da.
By the non-degeneracy of w, its top exterior power w”" is a volume form on M. Now
since w is closed, we see that this volume form is also exact:

W =d(a A wAn*l)

But by Stokes’ theorem, the fact M = 0 implies

vol(M) = /M W = /Md(a A w1

:/ aAWl =0
oM

which is a contradiction. Hence w cannot be exact. ]

Note that this implies that S?” cannot be a symplectic manifold if n > 1: for n > 1
the second de Rham cohomology of S?" is trivial, so every closed 2-form must be exact.

Example 1.11 Consider the vector space R?" with basis {€1,...,€n, f1,--+, fa}s
and let {p1,...,0n,q1,---,qnt € C®(V) be the dual basis of linear coordi-
nate functions on V. Then the 2-form

w=dqAdp :=qui/\dpi

i=1

is a symplectic form on V. In this case the symplectic form w is not only
closed, but exact: we have

w=—d (Zn: piin>
i—1

11



Example 1.12 Any 2-dimensional orientable smooth manifold is a symplec-
tic manifold, since any volume form is symplectic: it must be closed since it
is of top degree. For instance, the 2-sphere S? and the 2-torus 72 both admit
the structure of a symplectic manifold. In view of the Proposition 1.10, their
symplectic forms cannot be exact.

The next example is of fundamental importance in Hamiltonian mechanics:

Example 1.13 (Cotangent bundles) Let X be a smooth manifold and
let T*X be its cotangent bundle, with the bundle projection map

m:T*X - X
The tautological 1-form « on the manifold 7% X is defined by

A(a,6) (V) = (T70) (2,0 (V)

where 2 € X and ¢ € TFX, so that (x,¢) is a point of the cotangent bun-
dle T*X, and v € T(;,4)(T*X) is a tangent vector to T*X at (z,¢). It
is important to remember that « is a 1-form on the manifold 7% X, not
X. We can then define a 2-form w on T*X by w = —da. In order to
understand these definitions, it is instructive to consider the expression for
a in local coordinates. Let {U,(q1,...,qn)} be a coordinate chart on X,
and let {T*U, (q1,-..,qn,D1,-..,Pn)} be the corresponding cotangent coor-
dinate chart: that is, the point (qi,...,qn,p1,-..,Pn) corresponds to the
point >, p; (dg;) q of the cotangent bundle. Expressing « in these local
coordinates, we find

n

a=>" pidy
i=1

and hence .
w = Z dg; A dp;

i=1
In particular, it is evident from this formula that the form w is non-degenerate.
Since w is exact, it is certainly closed, and thus w defines a symplectic form
on T*X. The form w is often referred to as the canonical symplectic
form on the cotangent bundle. Observe that the symplectic structure on
the vector space R?” = R” x R" considered in Example 1.11 corresponds to
the special case X = R".

Next, we investigate some properties of smooth maps between symplectic manifolds:

Definition 1.14 (Symplectomorphism) Let (My,w1) and (Mz,ws) be
symplectic manifolds. A diffeomorphism ¢ : My — My is a symplectomor-
phism if ¢*wy = wn, i.e. for allp € My and X,Y € T,M;,

w2 (de(X),dp(Y)) = wi(X,Y)
where do : TMy — T M, is the derivative of ¢.

We can also generalize the notions of isotropic and Lagrangian subspaces of symplec-
tic vector spaces to the setting of symplectic manifolds:

12



Definition 1.15 (Lagrangian submanifold) Let (M,w) be a symplectic
manifold of dimension 2n, and let i : X — M be a submanifold of M. If
*w =0, then X is said to be an isotropic submanifold of M. If dim X = n,
then X is a Lagrangian submanifold of M.

Example 1.16 Let X be an n-dimensional manifold, and let M = T*X be
its cotangent bundle equipped with the canonical symplectic form. At each
point z € X, the cotangent space T, X is an n-dimensional submanifold of
M. If (g1, ---,qn,P1,---,Pn) Is a set of cotangent coordinates on M centered
at x, then

T:X ={me M:q(m)=gzs(m)="---=qu(m) =0}

n

Thus the tangent spaces to 1)y X are spanned by the tangent vectors { 8%-}

Ifi:T;X — M is inclusion,

0 0 = 0 0
*w I S agendp (22 ) =0
( )<5pz' 8pj> ; e <8pi (9pj>

and we conclude that 77X is isotropic. Since dim X =n, T X is in fact a
Lagrangian submanifold of M.

i=1

Recall the very simple classification of symplectic vector spaces given in Proposition
1.3: any two symplectic vector spaces of the same dimension are symplectomorphic.
Needless to say, such a simple statement cannot hold for symplectic manifolds: obstruc-
tions are given by global topological properties such as compactness and contractibility.
It is a remarkable fact, however, that all symplectic manifolds are locally isomorphic
to the ‘standard’ symplectic manifold (R?" w) described in Example 1.11. This fact is
known as Darboux’s theorem. The proof we present here is due to Moser (see [11]).

Theorem 1.17 (Moser’s Trick) Let M be a smooth manifold and let
wo,wy be two symplectic forms on M that are equal at the point m € M.
Then there exist neighbourhoods Uy, Uy of m in M and a diffeomorphism
Y : Up — Uy such that (m) = m and ¢*w; = wo.

Proof. The proof relies on an argument known as Moser’s trick. For ¢ € [0, 1], consider
the 2-form given by
wr = wp + t(wy — wp)

Since w; and wy are both closed, so is w;. Observe that since wy and w; agree at m, the
form w; also agrees with both of these at m. In particular, w; is non-degenerate at m.
Since non-degeneracy is an open condition', there exists some open neighbourhood of m
on which w; is non-degenerate. Since the closed interval [0, 1], is compact, we can find an
open neighbourhood of m on which all the w; are non-degenerate and thus symplectic.
Now since the form wg—wy is closed, by the Poincare lemma there exists a 1-form « such
that on a sufficiently small open neighbourhood of m, we have da = wy — w;. Notice
that by modifying « to o — df, where f is a function defined on a neighbourhood of m
such that (df),, = au,, we may assume that o, = 0.

1n local coordinates it corresponds to a determinant being non-zero

13



The next step in the argument is the ‘trick’ due to Moser: by the non-degeneracy of
wy, the equation
Ix,Wr = Q&

can be uniquely solved at each t € [0, 1], yielding a time-dependent vector field X; which
vanishes at m for all ¢ since a,,, = 0. This implies that the flow ¢; of X; fixes m. Thus,
if Uy is a neighbourhood of m on which the flow ¢, is defined, V' = ¢, (Uy) also contains
m. Let us now consider the Lie derivative of the form w; in the direction of the vector
field X;. By Cartan’s magic formula and the fact that w; is closed, we find

Lx,w =dix,w +ix,dw = da =wy —wp
With this in mind, we can compute

d

a [ dwt
dt

piwi| = oy [dt + Ctht]
= ;w1 —wo +wp—wi] =0

and conclude that the form ¢jw, is time-independent, so that ¢fw; = wp for all ¢t. Thus,
taking Uy = ¢1(Up) and ¥ = ¢ yields the result. O

Corollary 1.18 (Darbouz’s Theorem) Let (M,w) be a symplectic man-
ifold and let m be a point of M. Then there exists a coordinate chart
U=(q1,---+qn.--D1.-.,Pn) centered at m such that

wly = dg; A dp;

i=1

Proof. Let {U, (x1,...,%n,Y1--.,Yn)} be a coordinate chart containing m. By our clas-
sification of symplectic vector spaces, we may assume that our coordinates are chosen
so that

n

Wm = Z(dﬁi)m A (dyi)m
i=1
Now consider the following two symplectic forms defined on U: the form wy = w, and
the constant form w; = w,,. Since these forms agree at m, Theorem 1.17 implies that
there exists a smooth map 1 between neighbourhoods of m such that ¥*w; = wy. Now
by the naturality of the exterior derivative,

n
wo =1t wr =Y _d(w;0¢) Ad(yio )
i=1
and thus taking new coordinate functions ¢; = z; 0 ¢, p; = y; 0 ¢ we obtain the result. [

The link between symplectic manifolds and Hamiltonian dynamical systems is the
concept of a Hamiltonian vector field. Let (M,w) is a symplectic manifold and let
H : M — R be a smooth function on M. By the non-degeneracy of w, the map

i : Vect(M) — QY (M)

XP—>in

14



is a bijection: given a vector field X on M, there exists a unique 1-form « such that
a = W(Xv )

This allows us to make the following definition:

Definition 1.19 (Hamiltonian vector field) Let (M,w) be a symplectic
manifold, and let H : M — R be a smooth function on M. The Hamiltonian
vector field of H, denoted X, is the unique vector field on M satisfying

iXHw =dH

Given a smooth function H on a symplectic manifold (M,w), a Hamiltonian vector
field allows us to construct a dynamical system. We say that the Hamiltonian system
on M with Hamiltonian function H is the smooth dynamical system defined by the flow
¢ of the Hamiltonian vector field Xy. The equation of motion

d

Foi(@) = Xu(@)

is known as Hamilton’s equation. By the basic existence, uniqueness and smoothness
results from the theory of ordinary differential equations, the flow of a vector field is
locally a diffeomorphism. If the manifold M is not compact, however, it is important
to realise that the flow of a vector field may not exist for all time. We shall always
assume that we have restricted to a sufficiently small time interval so that the flow of a
particular vector field does indeed exist.

Example 1.20 Let H : R?® — R be a smooth function on the symplectic
manifold R?™ = {q1,...,qn,p1-..,Ppn} equipped with the canonical symplec-
tic form w = Z?:l dg; N dp;. Then the Hamiltonian vector field Xy of H is
given by
Xn( ) = OH OH O0H OH
H\G1,---34n,P1,---,Pn) = 6p17"'7apna aq17"'7 aqn

Hence the equations of motion for the Hamiltonian system defined on R2"
by H take the familiar form

dg; OH dp;  OH

dt — Op;,’ dt ~ Oq;

We now establish some basic properties of Hamiltonian vector fields and Hamiltonian
dynamical systems.

Proposition 1.21 (Conservation of energy) The Hamiltonian function
H is constant on a level curve of the Hamiltonian vector field Xy .

Proof. Let c(t) be an integral curve of Xy, so that ¢/(t) = Xg(c(t)). Then by definition
of Xy and the skew-symmetry of the symplectic form w, we have

dH(c'(t)) = w (Xu(c(t), ¢ (1) = w (Xn(c(t)), Xnu(c(t))) =0

which proves the proposition. O
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We shall say that the flow ¢, of a vector field X consists of symplectomorphisms if
pijw = w for all ¢ such that ¢, is defined.

Definition 1.22 (Locally Hamiltonian vector field) A vector field X
on a symplectic manifold (M,w) is locally Hamiltonian if the 1-form ixw is
closed.

The reason for this terminology is the following: if X is locally Hamiltonian, by the
Poincare lemma there exists in the neighbourhood of any point a locally defined function
H such that ixw = dH.

Proposition 1.23 (Hamiltonian flows consist of symplectomor-
phisms) The flow of a vector field X consists of symplectomorphisms if
and only if X is locally Hamiltonian.

Proof. The flow of X consists of symplectomorphisms if and only if % (pfw) = 0. The
condition that X is locally Hamiltonian is equivalent to Lxw = 0, since by Cartan’s
magic formula and the fact that w is closed,

Ex(w) =ixdw +dixw=dixw
But then since

d * *
at (prw) = @i Lxyw

the result follows. O

We can give a characterisation of symplectomorphism based on Hamiltonian vector
fields as follows:

Proposition 1.24 Let (M;,w1), (Ma,ws) be symplectic manifolds, and let
¢ : My — My be a diffeomorphism. Then ¢ is a symplectomorphism if and
only if for all H € C*°(Ms) and m € M,

(d9),, - X#og(m) = Xu (6(m)) (1.3)

Proof. Suppose firstly that ¢ is a symplectomorphism. Then for all v € T,,, M, we have

wa (- Xito(m), v) = w1 (Xsrop(m), () ™" (v)

However, by definition of a Hamiltonian vector field and the chain rule

w1 (Xrtap(m), (d9r) ™" (v)) = d(H 0 6)s - (d) * ()

= dH¢(m) . d¢m ' (d¢m)_1 (U)
= wy (Xpz (6(m)),v))

16



So for all v € T, M1, wa (Xg (¢(m)),v)) = w2 ((d)m - Xrog(m),v). Thus by non-
degeneracy of wy we conclude (d¢),, - XHop(m) = Xg (¢(m)).
Conversely, suppose ¢ satisfies 1.4. We show that for all v,w € T,, M1,

Wl(vv w) = W2(d¢m U, AP - w)
Choosing a smooth function H € C*°(M,) such that Xp.,(m) = v, we have

w1 (v, w) = w1(Xpop(m),v)
= w2 (X (p(m)), dem, - w)
= Wy (d(ﬂm - v, d‘ﬂm ' ’LU)

which shows that ¢ is a symplectomorphism. O

We shall now define the Poisson bracket on a symplectic manifold, which will enable
us to give a particularly elegant description of Hamiltonian mechanical systems.

Definition 1.25 (Poisson bracket on a symplectic manifold) Let
(M,w) be a symplectic manifold, and let F,G : M — R be two smooth
functions on M. The Poisson bracket of F' and G is the smooth function on
M defined by

{F,G}(m) := w (Xp(m), Xa(m))

Example 1.26 If our symplectic manifold is R?" equipped with the canoni-
cal symplectic form, we recover the familiar form of the Poisson bracket from
classical mechanics:

n

OF 0G  OF 0G
ha) = Zaiqiapi A 9g;

=1

Poisson brackets enable us to give another useful characterisation of symplectomor-
phism:

Proposition 1.27 (Symplectomorphisms preserve Poisson brackets)
Let (My,w1), (Ma,ws) be symplectic manifolds. A diffeomorphism ¢ : My —
My is a symplectomorphism if and only if it preserves Poisson brackets, that
18,

{F.Gyop={Fop Gogp}
for all F,G € C*(My).

Proof. This is essentially a restatement of Proposition 1.24. If F,G € C*(My),

{F,G} o p(m) = d(F o) - (do™")p(m) - Xa(p(m))

while
{Fop,Gopl(m)=d(Fop)m  Xgop(m)
Applying Proposition 1.24, the result follows. U
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We can also write down an important relation between the Poisson bracket of func-
tions and the Lie bracket of their Hamiltonian vector fields:

Proposition 1.28 For all F,G, we have

Xiray = —[Xr, Xd]

Proof. To avoid a proliferation of subscripts, we set X = Xp,Y = Xg. Now using the
identity
i[X,y]w = ﬁxiyw — iyﬁxw

together with Cartan’s magic formula and the fact that w is closed, we compute

ix,yiw = Lxiyw — iy Lxw = dixiyw + ixdiyw — iy dixw — iyixdw
=dixiyw + ixd(dF) —iyd(dG)
=d(w(Y, X))
=d({g,[})

which yields the result. O

Together with the Jacobi identity for the Lie bracket of vector fields, Proposition
1.28 immediately yields

Corollary 1.29 The Poisson bracket satisfies the Jacobi identity, that is,

{Fv{GvH}}+{H7{F7G}}+{G7{H5F}}:O

Thus the Poisson bracket makes C°°(M) into an (infinite dimensional) Lie algebra?.
Finally, Poisson brackets enable us to elegantly describe the time evolution of an
observable F' € C*(M):

Proposition 1.30 Let H be a Hamiltonian function, X g the corresponding
Hamiltonian vector field, and p; the flow of Xg. Then

d
@(FO%):{FO%H}:{RH}O%

Proof. By the chain rule,

S 0 0)(m) = dF 1y - X (pu(m) = (F, H} (o0(m)

Now since ¢; is a symplectomorphism it preserves Poisson brackets, and we have

{F, H}(pe(m)) = {F opi(m), H o pi(m)} = {F 0@, H}(m)

since H o p; = H by the conservation of energy lemma. O

2Moreover, Proposition 1.28 states that the mapping C>°(M) — Vect(M), H — X is a Lie algebra
anti-homomorphism.
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1.2 Group Actions

The notion of a symmetry of a physical system plays an important role in most for-
mulations of classical mechanics. In the context of Hamiltonian mechanics, this idea is
formalised by considering the actions of Lie groups on symplectic manifolds.

Definition 1.31  (Lie group) A Lie group is a group G which is also
a smooth manifold on which inversion G — G and group multiplication
GxG — G are smooth maps.

Perhaps the most basic example of example of a Lie group is the group GL,(R) of
invertible n x n real matrices. Since GL,(R) is an open subset of the vector space of
all n x n real matrices, it is evidently a smooth manifold of dimension n? and the group
multiplication and inversion are readily seen to be smooth maps. One can show (see
[1], page 253) that if G is a Lie group and H is a subgroup which is a closed subset of
G, then H is a submanifold of G and hence a Lie group in its own right. Thus closed
subgroups of Gl,(R) such as SL,,O,,SO,, Spa, also define Lie groups. Such groups
are referred to as matrix Lie groups. We now introduce the notion of the action of a
Lie group on a smooth manifold.

Definition 1.32  (Group action) Let G be a Lie group with identity
element e and let M be a smooth manifold. A (left) action of G on M is a
smooth map ® : G x M — M such that

O(e,x) =z for all x € M;and
O(g,®(h,z)) = ®(gh,z) for allgh € G and x € M

When describing the action of a group, we shall interchangeably use the notations
P(g,2) = Py(z) =g =
To illustrate the definition of a group action, we note that any Lie group G acts on
itself by left-multiplication:
g—Ly:G—G

Lg(h) =gh
A Lie group G can also act on itself by conjugation, or inner automorphisms:

g—1,:G—=G

Iy(h) = ghg™*

Before proceeding further, we must make some general remarks on group actions.
An action of G on M is said to be

1. Free if ®,(z) = = implies z = ¢
2. Transitive if for any m,n € M, there exists g € G such that ®(g,m) =n

3. Proper if the mapping ® : G x M — M x M defined by ®(g,m) = (m, ®(g,m))
is a proper map?.

3Recall that a map is proper if the preimage of a compact set is compact
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Let @4 be an action of a Lie group G on a manifold M. For m € M, the stabilizer
(or isotropy subgroup) of m is the subgroup G,, C G defined by

Gm = {g € G|q)g(m) = m}

By the continuity of the map ®,, : G — M, g — ®(g,m), the stabilizer G,,, = ®_.}(m)
is closed in G and is thus a submanifold of G. If m € M, the orbit through m under
the action of G is the subset €2, C M defined by

Q= {®(g,m)|g € G}

The relation of belonging to the same orbit defines an equivalence relation on M, and
we call the set of equivalence classes the orbit space of M under G, denoted M/G. An
important special case is when M is a Lie group K and G is a closed subgroup of K,
with the action of G on K given by left-multiplication. This action is free and proper?,
and the orbit space K/G is the space of left cosets of G in K. It turns out that the orbit
space of M under a free and proper Lie group action can be given a natural smooth
manifold structure:

Proposition 1.33 If®: G x M — M is a proper and free action, then
the orbit space M /G can be given the structure of a smooth manifold of
dimension dim M — dim G such that the orbit projection 7 : M — M/G is a
smooth submersion.

For a proof, the reader is referred to page 153 of [22]

This result implies that orbits in M under the action of G can also be given a natural
smooth manifold structure. This structure is defined by the requirement that the natural
bijection of the coset space G/G,, with the orbit €, be a diffecomorphism, where the
smooth structure on G/G,, comes from Proposition 1.33. It can be shown (see [1], p.265)
that an orbit ,, — M is an injectively immersed submanifold of M. Thus, we shall
always regard the orbits €2, as injectively immersed submanifolds of M diffeomorphic
to G/Gp.

If the Lie group G is compact, then one can show (again, see [1]) that the orbits of
its action are closed embedded submanifolds of M.

For g € G, let Ly : G — G denote left multiplication by g. We say that a vector field
X € Vect(G) is left-invariant if for all g, h € G we have

d(Lyg)), - X(h) = X(gh)

Observe that since the action of G on itself by left-multiplication is transitive, there
exists a unique left-invariant vector field X¢ on G such that X¢(e) = £ € T.G. Thus,
the space of left-invariant vector fields on G is finite-dimensional, and can be identified
with T.G, the tangent space to G at the identity.

It can be shown (see Lemma 15.15 of [22]) that any left-invariant vector fields X
is complete, so that there exists a unique integral curve 4¢(t) : R — G defined for all ¢
such that 7¢(0) = e and v;() = X¢(7¢(t)). Moreover, we have® that

Ye(s +1) = ve(s)ve(t)

4See [22] p. 160, Theorem 7.15

5Indeed, considered as functions of ¢, the left invariance of X¢ implies that both sides of the equation
above are solutions of the ODE p’(t) = X,(t) which agree at ¢ = 0, and thus they must agree for all
time.
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where the product on the right-hand-side is group multiplication in G). In view of this
fact, we say that the integral curve 7¢(t) defines a 1-parameter subgroup of G.

Definition 1.34 (Exponential map) The exponential map exp : T.G —
G 1is defined by
exp(§) = (1)

One can check (see [22] p.385) that the exponential map is smooth, a local diffeomor-
phism, and satisfies exp(t§) = v¢(¢). If G is a matrix Lie group, so that its Lie algebra g
is identified with a subspace of the space of n xn matrices, one finds that the exponential
map defined above agrees with the familiar notion of the matrix exponential. We also
note that by definition of the exponential map, the flow of the left-invariant vector field
X¢ is given by ¢4(g) = Rexpieg, where Ry, : G — G denotes right multiplication by h.

We now introduce the concept of a Lie algebra, which plays a central role in the
theory of integrable systems.

Definition 1.35 (Lie algebra) A Lie algebra is a vector space g together
with a bilinear, skew-symmetric bracket

[]:e—0
(called the Lie bracket) which satisfies the Jacobi identity
(X, Y 2N+ (2, X, YN + [V, [2, X]] = 0

forall XY, Z € g.

Example 1.36 The vector space R? with the Lie bracket given by the cross
product of vectors is a Lie algebra.

Given a Lie group GG, we can equip the vector space g = T.G with the structure of
a Lie algebra in the following fashion. Recall that g can be identified with the space of
left-invariant vector fields on G via

Xe — Xe(e)

Since the Lie-bracket of left-invariant vector fields is again left-invariant, and the Lie
bracket of vector fields satisfies the Jacobi identity, it follows that the Lie bracket of
vector fields gives g the structure of a Lie algebra. If £, € T.G, we have

[€,m] = [Xe, X,](e)

Let us now return to the conjugation action of GG on itself by the inner automorphisms
1,. Since the inner automorphisms fix the identity element e € G, differentiating at e
yields an action of G on the tangent space T.G. Thus we obtain an action of G on its
Lie algebra g given by
g—Adg:g—g

where Adg(€) = d(Ig)e(§). This action is called the adjoint action of G on g.
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Definition 1.37 (Infinitesimal generator)Let ® : G x M — M be an
action of a Lie group G on a smooth manifold M, and let £ € g. Then the
infinitesimal generator of the action corresponding to & is the vector field &y
on M defined by

Enle) = 5 (ex(t6), )

t=0

To illustrate this concept, let us compute the infinitesimal generators for the adjoint
action of G on g. The standard notation for the infinitesimal generator of the adjoint
action corresponding to an element £ € g is ade. Now by the definition above, we have

d
ade = % Adosc (1)

t=0

d

= %d (Lexp te © Rexp ftﬁ)e (77)

t=0

Since the flow of the left invariant vector field X is given by ¢¢(g9) = Rexpteg, by the
dynamic definition of the Lie bracket of vector fields we can write

d d _

%d (Rexp —t£ © LeXpt{)e (77) —o = %d((pt 1)901,(6) ' X’r]((pt(e)) —o
= [Xe¢, Xp(e)
= [¢n]

and thus we see that ad¢(n) = &, 7).

Let us unravel these definitions in the familiar context of matrix Lie groups. Let
G C GL,(R) be a matrix Lie group, and let g be its tangent space at the identity, which
is identified with a subspace of the space of n x n matrices. In this case, the exponential
map is given by

exp(€) = Y &
k=0
We see that the adjoint action of G on g is given by

AdA©) = Taexpig)a| = Aga

t=0

The infinitesimal generator ad,, is also easily computed:

d
adn (f) = %Adexp tn (5)

t=0

d
= exp(tn)& exp(—tn)

né —&n

t=0

and we see that the Lie bracket on g is given by the commutator of matrices.
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Returning to the general setting, let g be the Lie algebra of a Lie group G and let
g* be the dual vector space of linear functionals on g. The adjoint action of G on g
naturally induces an action of G on g* called the coadjoint action, which is defined by

(Ada, X) = (a, Ady1 X)

where (-,-) denotes the natural pairing between vectors and linear functionals.
The infinitesimal generator of the coadjoint action corresponding to ¢ € g, denoted
adg, satisfies

(adg(a),n) = (a,ad_¢(n)) = —(e, [§, 7))
Suppose that there exists a symmetric, non-degenerate, bilinear form (, ) on g such
that for all X,Y € g and for all g € G,

(Ady X, Ad,Y) = (X,Y) (1.4)

A form satisfying this relation above is said to be adjoint-invariant®. Differentiating
the condition (1.4) yields the following equality:

(X,ady(2)) + (Y,adz(X)) =0, X,Y,Zeg

We will call a form satisfying this differentiated relation ad*-invariant. An adjoint-
invariant form establishes an isomorphism g = g* under which the adjoint action of G
on g is identified with its coadjoint action on g*: if X € g, this identification is given by

X (X, ), Ady(X) — A (X, ))
Under this isomorphism, we identify a function H on g* with the function f on g defined
by

f(X)=H(X,-))

The form (-, -} also allows us to define gradients of functions on g, which will be used
in Chapter 3 to write Hamilton’s equations in Lax form.

Definition 1.38 (Gradient of a function) Let V be a vector space with
a symmetric bilinear form (-,-) and let f be a smooth function on' V. Making
the usual identification T,V ~ V', the gradient of f is the unique vector field
Vf onV such that for all X € V,

df (X) = (Vf, X)
Let us now focus on the coadjoint action of a Lie group G. It turns out that the
orbits in g* under the coadjoint action of G are examples of symplectic manifolds. In

Chapter 3, we will construct integrable Hamiltonian systems on these manifolds whose
equations of motion take the Lax form.

Definition 1.39 (Coadjoint orbit) Let G be a Lie group with Lie algebra
g and denote by g* the vector space dual to g. Write Ad; 1 g" — g* for the
coadjoint action of G on g*. Then if a € g*, the orbit

Qo = {Ad}, - a|g € G}

1s said to be the coadjoint orbit through .

61f g is semisimple, the Killing form is an example of such a form
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Example 1.40 We consider the example of the matrix Lie group G =
SO(3), the group of rotations of 3-dimensional Euclidean space:

SO(3) = {g € M3(R)|det(g) = 1,9"g = e}

We let the reader verify that the SO(3) is a submanifold of M3(R), and that
its Lie algebra T,.SO(3) = s0(3) is the vector space of skew-symmetric 3 x 3
matrices

50(3) = {X € M3(R)| X + XT =0}

with Lie bracket given by the commutator of matrices. Consider the vector
space isomorphism

¢ :R® — s0(3)
0 —z vy
(SL’,y,Z) = z 0 -z
-y 0

If make R3 into a Lie algebra with Lie bracket given by the cross product, a
simple calculation shows that ¢ is a Lie algebra homomorphism, that is,

¢ ([v, wlrs) = $(v X w) = P(v)p(w) — G(wW)p(v) = [$(v), d(w)]s0(3)

and thus we may identify so(3) with the Lie algebra (R3, x). Recall that
if £ € 50(3), the adjoint action of SO(3) is given by Ad,(£) = g€g~*. One
checks that for all matrices A € SO(3)

$(A-v) = Ap(v) A~

and” so we see that the adjoint action of SO(3) is identified with the action
of SO(3) on R? by matrix multiplication. Now the Euclidean dot product on
R? defines a non-degenerate symmetric bilinear form on R?® ~ s0(3). By the
condition AT A = e in the definition of the group SO(3), this form is adjoint
invariant. Thus, we may use the dot product to identify the coadjoint and
adjoint actions of SO(3). If w € R? = (R3)* = 50(3)*, we have

Ady(w)=A"1w
and thus the coadjoint orbit through w is
Q, = {Ad%(w)|A € SO(3)} = {Aw|A € SO(3)}

So if w # 0, the coadjoint orbit through w is the sphere of radius ||w||, while
the coadjoint orbit through O consists of a single point.

As we have mentioned, the reason for our interest in coadjoint orbits is that they

are natural examples of symplectic manifolds. The tangent space to a coadjoint orbit
Q through o € g* is easily described. Recall that by Proposition 1.33, the natural

projection map

Yo :G—Q
g— Adj -«

is a smooth submersion. Thus its derivative at the identity

d(pa)e : 8 — Tag”

"Where A - v denotes the matrix A multiplying the vector v
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X — ad¥ (@)

establishes an isomorphism
g/ker (d((pa)e) — T2

Now for any o € g*, we can define a skew-symmetric bilinear form on the Lie algebra

g by
wa(X>Y) = <a7 [X’ Y]> = —<ad}(a),Y)

where once again the angle brackets denote the natural pairing between functionals and
vectors. Observe that this form may be degenerate if there exists a non-zero vector
X € g is such that adiya = 0. However w, does define a non-degenerate form on the
quotient space g/ker (d(¢q4)c). Thus, we can define a non-degenerate 2-form w on the
coadjoint orbit Q by

w(adx (@), ady () = wa(X,Y) = (o, [X,Y])

Proposition 1.41 The 2-form w is closed, and thus defines a symplectic
form on the coadjoint orbit ).

Proof. We claim that for any X,Y, Z € g and for any a € g*, we have

dw(ad (a), ady (@), ad7z (@) = 0

For each X € g, define a function Hx on Q by Hx (o) = (o, X). Note that for all
tangent vector fields ad}. we have

w(ady (@), adx () = (a, [V, X]) = —(ady (@), X) = Hx (ady ()

where as usual, we are making the identification T, (g*) = g*. Since the function Hx is
linear, we recognise Hx (ad} (o)) as the derivative of Hx in the direction adj (a). Thus
for all tangent vector fields ad},, we have

w(ad},ady) = —dHx (ad})

and thus i,qz w = dHx. Observe that by construction, w is G-invariant: that is, for all
9¢€G,
£\ *
(Adg) w=w

Thus the Lie derivative of w satisfies Laqz w = 0 for all Y € g. Now, by Cartan’s magic
formula, we have

0= Lad}w = d(iade) + iad;(dw = —d(de) + iad}dw = iad;(dw
Hence we conclude that 7,45 dw = 0 for all X € g, and since the vector fields of the form

ad’ span the tangent spaces to €, this implies dw = 0 as claimed.
O

Corollary 1.42  All coadjoint orbits are even dimensional
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Example 1.43 Recall that the generic orbits of the coadjoint action of
SO(3) on s0(3)* = R3 are spheres centered at the origin. Let IT be such a
sphere, and let v € II. Then if X,Y € T,II, the coadjoint orbit symplectic

form on IT is given by
w(X,Y)=(v,X xY)

where X is the cross product of vectors, which we recognise as the standard
FEuclidean area form on the sphere.

1.3 Poisson Manifolds

In order to interpret Lax equations as Hamiltonian dynamical systems, it will be nec-
essary to describe Hamiltonian mechanics on a broader class of spaces than symplectic
manifolds. This is accomplished by generalising the structure of the symplectic Poisson
bracket as follows.

Definition 1.44 (Poisson manifold) A Poisson manifold (P,{,}) is
a manifold P together with a bilinear Poisson bracket {-,-} : C*°(P) x
C>®(P) — C>™(P) satisfying

P1: {-,-} is a derivation: for all f,g,h € C*(P),
{fg,h}y ={f.htg + f{g,h}

P2: Considered as a Lie bracket on C*° (P), {-,-} makes C* (P) into a
Lie algebra; that is is {-,-} is skew-symmetric and satisfies the Jacobi
identity

We see that the canonical Poisson bracket defined on a symplectic manifold indeed
meets the requirements of this definition. In the symplectic case, the starting point
for our formulation of Hamiltonian mechanics was the notion of Hamiltonian vector
fields. We can easily define a similar notion on a Poisson manifold using the natural
correspondence between derivations of C*°(P) and vector fields on P; every derivation
determines a unique vector field on P and vice versa. Since by the definition above
{-,h} :C®(P) — C>(P) is a derivation, we can associate a unique vector field to h in
the following fashion:

Definition 1.45 (Hamiltonian vector field) The Hamiltonian vector
field associated to the function h € C* (P) is the unique vector field X
such that for all f € C* (P)

Xnlf] = df (Xn) = {f,h}

Since {-,G} : C*°(P) — C*(P) is a derivation, we see that {F,G}(p) depends on
F only through the cotangent vector dF), € T, P. Similarly, {F,G}(p) depends on G
only through the covector dG, € T;P. Since the differentials of functions are sections
of the cotangent bundle TP, it follows that the Poisson bracket is equivalent to a
skew-symmetric, bilinear map

B:T*PxT*P—R
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such that
By(dF,,dGy) = {F,G} (p) (1.5)

Hence we may think of B as a section of /\2 TP, that is, a contravariant 2-tensor field
on P. We call this tensor the Poisson tensor associated to the Poisson manifold P. In

local coordinates (x1,...,x,) on M, we can expand the tensor B as
n
. 0 0
B = BY(x1...,x —
ijz—l ( ! ")8@ © al‘j

From the defining relation 1.5, it follows that the components B% are given by
Bi‘j = {{Ei, {I,'j}

Thus, the Poisson bracket on a Poisson manifold is entirely determined by the Poisson
bracket of coordinate functions on P. This observation proves particularly useful in
computations.

Suppose that (M,w) is a connected symplectic manifold. By the non-degeneracy of
w, any function H € C°°(M) such that {H,F} = 0 for all FF € C°°(M) must be a
constant function. For a Poisson manifold, however, the situation may be very different:

Definition 1.46 (Casimir function) Let P be a Poisson manifold. A
function H € C*(P) such that {H,F} =0 for all F € C®(M) is called a
Casimir function on P.

We now present an important example of a class of Poisson manifolds which are not
in general symplectic.

The dual vector space g* to a Lie algebra g is a natural example of a Poisson manifold.
We define a Poisson bracket on g* as follows: if f,g € C*°(g*) are two smooth functions
on g*, at each point o € g* their differentials df,,dg, are linear functionals on the
tangent space T,g*. Making the usual identification T,g* = g*, we can consider df,
and dg, as elements of (g*)* = g. We shall make no notational distinction between the
differential df, and its representative in the Lie algebra g. If we let (, ) :g* x g — C
denote the natural pairing between covectors in g* and vectors in g, for all £ € T, (g*) =
g*, this identification reads

dfa(§) = (&, dfa)
We then define the Lie-Poisson bracket of f and g to be the following function on g*:
{f, 9} (@) := (o, [dfa, dga])

This bracket is evidently bilinear and skew-symmetric. The fact that is satisfies the
Leibniz rule follows easily from the Leibniz rule of exterior differentiation:

{f,gh}(a) = (e, [dfa, d(gh)al)
(, [dfas g(a)dha]) + (e, [dfa, h(a)dgal)
g(@){f, h}(a) + h(a){f, g}
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In order to prove the Jacobi identity for the Lie-Poisson bracket, by our discussion of
the Poisson tensor it suffices to verify it for a set of linear coordinate functions {z*} on
g*. If {X;} is a basis for g such that (', X;) = d;; we have

{Ziv {Zja Zk}}(a) = <O‘a [dziv d{zjv Zk]}a> = <aa [Xz, [Xj; Xk]>

and thus the Jacobi identity for the Lie-Poisson bracket follows from the Jacobi identity
in the Lie algebra g. Hence the Lie-Poisson bracket does indeed equip g* with the
structure of a Poisson manifold. Note that if the dimension of g* is odd, then it is an
example of Poisson manifold which is not symplectic.

The Hamiltonian vector field of a function with respect to the Lie-Poisson structure
on g* is easily described:

Proposition 1.47 The Hamiltonian vector field with respect to the Lie-
Poisson structure associated to H € C*(g*) is

X () = adgy, ()

Proof. By definition, the Hamiltonian vector field of H is the unique vector field Xy €
Vect(M) such that for all f € C*°(g*)

{f,H} = Xuf]
Evaluated at a point a € g*, this condition reads
(@, [dfo; dHo]) = (Xu (@), dfa)
But recalling the definition of the infinitesimal adjoint action, we see that
(o, [dfo; dHo]) = (o, —adan, (dfa)) = (adgp, (@), dfa)
and so we conclude that X (o) = adgy (o) as claimed. O

This description of the Hamiltonian vector fields with respect to the Lie-Poisson bracket
has some useful corollaries. Recall that h € C°°(g*) is (infinitesimally) coadjoint invari-
ant if for all o € g*, X € g it satisfies

(ad% (@) ,dha) = 0 = (a , [dha, X))

Corollary 1.48 The set of coadjoint invariant functions on g* is precisely
the set of Casimir functions for the Lie-Poisson bracket, i.e. the set of
functions which Poisson commute with all other functions with respect to
the Lie-Poisson bracket.

Proof. This follows from the fact that for f,g € C*(g*)

{f.9}(a) = (o, [dfa, dgal) = (adg, (@), dfa)
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Given a smooth function defined on our Poisson manifold P,(i.e. an observable), we
want to understand how such a function varies along the integral curves of a Hamiltonian
vector field. This is the content of the following observation:

Lemma 1.49 Let f,h € C*(P) and let ¢; be the flow of the Hamiltonian
vector field Xyp. Then

S(fog)={fhYop = {fopuh}

Proof. We simply compute

i(f 0 ¢1)(p) = dfip, ., (Xn(pt(p))

dt
= {f. h}(e:(p))
=dfp,, © (deot)-(Xn(p))
=d(fowt)(Xn(p))
={fopuh}(p)

Next we consider smooth maps between Poisson manifolds:

Definition 1.50 (Poisson maps) A smooth map ¢ : (P,{,-}1) —
(Py,{-,-}2) is called a Poisson map if it preserves the Poisson bracket struc-
ture: that is

{fop,govh ={f,g}20¢

On a symplectic manifold, we know that the flow of a Hamiltonian vector field is a
1-parameter family of symplectomorphisms. By Proposition 1.27, this means that the
flow consists of transformations which preserve the symplectic Poisson bracket. The
analogue of this result is also true for Poisson manifolds:

Proposition 1.51

The flow p; of a Hamiltonian vector field Xy, consists of Poisson maps: that
is for all t for which ¢, is defined,

{fo<pt,go%}: {f,g}osot

Proof. Define a function K by

K={fopi,gop} —{f,gtow
Using the Poisson bracket’s bilinearity, we compute the time derivative of K:

aK
dt

d

= (L (Topd gopd + {7 opn w(go0)} — o ({f.5}o )
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Now we rewrite this using the result of the previous lemma:

%:{{fog;t,h},gocpt}+{fo<pt,{gos0t,h}}*{{f,h}whh}

Applying the Jacobi identity yields % = {K,h} , which has the unique solution K; =

K o ¢;. But since Ky(p) = 0 for all p € P, we conclude K;(p) = 0 for all ¢, proving the
proposition. O

The next proposition shows how Poisson maps allow us to ‘pull back’ Hamiltonian
systems:

Proposition 1.52  Suppose ¢ : P, — P» is a Poisson map and let H €
C>®(Py) be a smooth function defined on Pa. Denote by v the flow of the
Hamiltonian vector field Xy and let p; be the flow of the Hamiltonian vector

field Xpjop . Then @ o pp = 1y 0 ¢, and (dp)p - (Xnop(p)) = Xu(p(p)) for
allp e Py.

Proof. Observe that for any point p € P;

9690 p)0) = (@ o) pulp))

=d(Go Sﬁ)pt(p) . XHotp(pt(p))
={Gop,Hop}p(p))
={G,H}(¢op:)(p)

That is,

d
dG pop, (=) - (dt(gp op t)(p)) = dGyop,(p) - X1 (0 pi(p))

So we see that (¢ o p;)(p) is an integral curve of X passing through the point ¢(p) on
P, at t = 0. But of course, by definition of 1y (¢ o ¢)(p) is another such curve. So the
uniqueness of integral curves means that

(pop)(z) = (Yrow)(z) (1.6)

Differentiating the identity (1.6) with respect to time yields
(do)p - (Xnop(p)) = Xu(0(p)) (L.7)
U

As in the symplectic case, we have:

Proposition 1.53 If f,h € C>(P), and X, X}, are their respective Hamil-
tonian vector fields, then the following identity holds:

[(Xr, Xn] = —X(sn)

where [-,-] denotes the Lie bracket of vector fields on P.
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Proof. This is a consequence of the Jacobi identity for the Poisson bracket. Considering
the actions of the vector fields as derivations, for any function K € C*°(P) we have

(X7, Xp][K] = X¢[Xn[K]] — Xp[X¢[K]]
={K,h}, f} = {{K, f},h}

= —{K,{f,h}}
= —X(r.ny K]

1.4 Submanifolds of Poisson Manifolds

Given a submanifold S of a Poisson manifold P, it is natural to ask if we can use the
Poisson structure of P to S make into a Poisson manifold in its own right.

Definition 1.54 (Poisson immersion) Let P be a Poisson manifold
and leti: S — P be an injective immersion. Then i is a Poisson immersion
if any Hamiltonian vector field defined on some open subset of P containing
i(S) is in the range of the derivative map dpi at all points i(p) for p € S.

Proposition 1.55 An immersion i : S — P is Poisson if and only if the
following condition is satisfied: if F,G : V C S — R are functions defined on
an open subset V.C S and F,G : U — R are extensions of Foi™', Goi™!
to an open neighbourhood U of i(V) in P, then {F,G} is well-defined and
independent of the extensions.

For the proof, the reader is referred to page 301 of [24]. Proposition 1.55 implies that an
injectively immersed submanifold of a Poisson manifold inherits a well-defined Poisson
structure precisely when the inclusion I : S — P is a Poisson immersion. Note also
that by definition of a Poisson immersion, this means that a submanifold S of a Poisson
manifold is Poisson if and only if every locally defined Hamiltonian vector field is tangent
to S.

Example 1.56 We consider the Poisson manifold g* equipped with the Lie-
Poisson bracket. Recall from Proposition 1.55 that the Hamiltonian vector
field associated to H € C*(g*) is Xpy(a) = adyy_(a). Thus, Proposition
1.54 implies that the coadjoint orbits are injectively immersed Poisson sub-
manifolds of g*, and thus inherit a Poisson bracket from the Lie-Poisson
bracket on g*. We now show that this Poisson bracket agrees with the sym-
plectic Poisson bracket arising from the coadjoint orbit symplectic structure
we constructed previously. To see this, note that the Hamiltonian vector
field of a function F' € C'°° () with respect to the orbit symplectic structure
is given by X%(a) = adjp(«a), since for any tangent vector adj (o) € T,
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we have

= <Oé, [dFom Y]>
= a(dFa, Y)
(adgp (@), ady (a))

So we see that the Hamiltonian vector field of F' with respect to the orbit
symplectic structure is the same as the Hamiltonian vector field with respect
to the inherited Lie-Poisson structure, and thus the two Poisson structures
coincide.

We will say that submanifold M C g* is ad*-invariant if for all X € g, m € M

adx (m) € T, M

Note that Proposition 1.55 implies that the Poisson submanifolds of g* are
precisely the ad*-invariant submanifolds.

Let us return to the description of the Poisson manifold g* given in the example
above: g* is a disjoint union of its coadjoint orbits, which are injectively immersed
symplectic submanifolds. Moreover, the restriction of the Lie-Poisson bracket to the
coadjoint orbits is equivalent to the natural symplectic structure on the orbits. It turns
out that a similar picture also holds for a general Poisson manifold:

Definition 1.57 (Symplectic leaves) If P is a Poisson manifold, we say
two points z1,z9 are on the same symplectic leaf if there is a piecewise-smooth
curve joining z1 and zs, and each piece of this curve is an integral curve of
a locally defined Hamiltonian vector field.

We then have

Theorem 1.58 (Symplectic stratification theorem) If P is a finite
dimensional Poisson manifold, then P is the disjoint union of its symplectic
leaves. Each symplectic leaf is an injectively immersed Poisson submanifold,
and is also a symplectic manifold with symplectic form induced by the Poisson
structure.

For a proof, the reader is directed to [1], page 302.

1.5 Moment Maps

Let M be a Poisson manifold, G be a Lie group and let ® : G x M — M be an action
of G on M. As usual, we use the notations ®(g,m) = ®,(m) = g - m interchangeably.
We say that the action is canonical if for all g € G, the maps ®, : M — M are Poisson
maps: that is, for all ¢ € G and Fy, Fy € C*°(M)

{Fl,FQ} 9] CI)g = {Fl o @g,FQ o (I)g}

If we denote by &) the infinitesimal generator of the action corresponding to £ € g,
differentiating this condition yields

Em [{Fy, Fo}] = {&m[F1), Fo} 4 {F1, Em[Fal}
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Definition 1.59 (Poisson action) Let M be a Poisson manifold and let
G be a Lie group acting canonically on M. We say that the action of G
on M is a Poisson action if for all £ € g there exists a smooth function
J& € C=(M) such that £y is the Hamiltonian vector field of J¢, that is,

Xje=8&u

Let us note that the functions J¢ are not unique, since any two functions whose
difference is a Casimir will have the same Hamiltonian vector field. Moreover, we might
as well assume that the map J : g — C°°(M), & — J¢ is linear: if {e;} is a basis for g,
then the new functions J¢ defined by

Jéaet nen — Z&Jei

K2

also satisfy the definition.
Thus a Poisson action of G on M gives rise to a map

gx M =R, (&m) > J(m)
such that if we fix a point m € M, we obtain a linear map
m g — R
or, in other words, a linear functional p,, € g*. So the assignment
m = [m

determines a map p: M — g* such that

(u(m), &) = J*(m)

Definition 1.60 (Moment map) Let G be a Lie group acting canonically
on a Poisson manifold M, and suppose that there is a linear map J : g —
C>®(M) such that

Xje =8&um
for all € € g. Then the map p: M — g* satisfying
(u(m), &) = J&(m)
forall € € g,m € M s called a moment map for the G-action.

One reason for the importance of moment maps in mechanics is that they make
explicit the connection between symmetries of a Hamiltonian system and its conserved
quantities:

Theorem 1.61 (Noether’s theorem) Let M be a Poisson manifold ad-
mitting a Poisson group action by a Lie group G, with corresponding moment
map p. Then if a function H is a G-invariant, that is,

Hod,=H

for all g € G, the moment map is a conserved quantity for the Hamiltonian
dynamical system on M with Hamiltonian H. That is, if v is the flow of
the Hamiltonian vector field Xy, then

[10pr = pu
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Proof. Differentiating the invariance condition H o ®, = H along suitable curves in G
implies that &y,[H] = 0. But by definition of J¢ this implies {J%, H} = 0, and we see
that J¢, and thus y, is a conserved quantity under the Hamiltonian flow of H. O

The moment maps of interest to us will satisfy the following compatibility condition
with the coadjoint action:

Definition 1.62 (Equivariant moment map) Let M be a Poisson man-
ifold admitting a Poisson group action by a Lie group G, with corresponding
moment map . The moment map p is said to be equivariant if for all g € G,

po®y=Ad;1op

Lemma 1.63 If p is an equivariant moment map, then for all £,m € g the
corresponding linear map J : g — C°(M) satisfies

JE = £ ¢ gy

Proof. By the equivariance condition po ®, = Ad;—l op, forall £ € g, g € G and
m € M we have

(Adg-1p(m), &) = (u(m), Adg)
= J%(g-m)
Differentiating this equality along a smooth path g = g(¢) with g(0) = e and ¢’(0) =7
at t = 0 yields
(p(m), [&,m]) = T = dJ* (nar(m))
and noticing d.J¢(nar(m)) = {J¢, J"} we obtain the result. O

Corollary 1.64 An equivariant moment map is a Poisson map with respect
to the Lie-Poisson structure on g*

Proof. Given a point u(m) = « € g* and F,G € C*(g*), write § = dF,,n = dG,.
Using the Lemma 1.63, we can compute
{Fa G} 0 N(m) - <Oé, [5; 77]> = J[mi] (m) = {J£7 J’I}
Now for all v € T,,, M, by the chain rule we have
d(Fop)y -v=_dF)s - (dJ)m v

= (& (dJ)m - v)

= (dJ%) -
and so we see that the differentials of the functions F o g and J¢ on M are equal. Since
by its derivation property the Poisson bracket depends only on these differentials, we

conclude that
{F,G} o u(m) = {J°,J"}(m) = {F o p, G o p}(m)

and thus p is a Poisson map O
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1.6 Symplectic Reduction

We conclude our overview of Hamiltonian mechanics by with a discussion of the reduction
of a Hamiltonian system on a symplectic manifold with respect to a symmetry. Let
(M, w) be a symplectic manifold and let G be a Lie group G acting canonically M and
admitting an equivariant moment map p : M — g*. From this data, we aim to construct
a new symplectic manifold IV which we interpret as the symplectic quotient of M by G.
The manifold N is called the symplectic (or Marsden-Weinstein) reduction of M by G.
If m € M, let g, denote the G, denote the stabilizer subgroup of p, and let g, be its Lie
algebra. Let €, be the G-orbit in M through the point p, which, as usual, we regard as
injectively immersed submanifold of M diffeomorphic to G/G,. Recall that the tangent
space 1,92, C T, M is identified as

T, = {&m ()€ € g}

where &) is the infinitesimal generator corresponding to £ € g.

Proposition 1.65 If du, is the derivative of the moment map at p € M
and g9 C g* is the annihilator of the stabilizer algebra g, then im (dp,) = g9

Proof. By definition of the moment map, for all v € T, M and £ € g we have
(dpp(v), &) = dJ5 (v) = wy(€ar (p),v)
Thus, since « =0 <= («,&) =0 for all £ € g we find
Ker (dty) = {v € Ty Mluwp(€ar(p),v) = 0 for all € € g} = (T,2,)*

where (T},€2,)» is the orthogonal complement of the subspace T2, C T,,M with respect
to the form w, on T, M. Moreover, observe that by definition of the stabilizer subgroup,
the infinitesimal generator corresponding to £ € g, satisfies £57(p) = 0. Hence, for all
veT,M,{cg,

(dpp(v), &) = wp(€m(p),v) =0

and so we see that the image of T, M under dy, is contained in gg C g%, the annihilator
of the subspace g, C g. Counting dimensions, we see that indeed im (du,) = gg. O

Let us now consider p~1(0) C M, the preimage of 0 € g* under the moment map.
Observe that by the equivariance of u, u~1(0) is preserved by the action of G. Suppose
that the action of G on pu=1(0) is free, so that for each p € u=%(0), the stabilizer
subgroups G, are all trivial. Then g, = {0} for all p € x~'(0), which means g) = g*
and we conclude that dpu, is surjective. So under the assumption that G acts freely on
p~1(0), 0 is a regular value of the moment map, and thus x~1(0) is a submanifold of M
of dimension dim M — dim G. Moreover, the tangent space T,u~1(0) is given by

Tpp~(0) = ker (dpp) = (T,2,)“r

and so we find that T,,u~'(0) and T,$, are symplectic orthogonal complements. Since
TpQ, C Tpu~'(0) this means that the G-orbits are isotropic.
The symplectic reduction procedure relies on the following result® in linear algebra:

81n [6], Audin refers to this fact as ‘a minor miracle of symplectic geometry’
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Lemma 1.66 Let (V,w) be a symplectic vector space and let I C V be an
isotropic subspace and let I¥ be its orthogonal complement. Then w induces
a canonical symplectic form & on the quotient space I¥ /1

Proof. If [u], [v] denote equivalence classes in I¥/I with representatives u,v € I¥, the
form @ is defined by

&(ful, [v]) = w(u,v)
Since w(i,j) = 0 for all 4,5 € I, the form @ is well-defined. To check that @ is non-
degenerate, note that if u € I* satisfies w(u,v) = 0 for all v € I, then u € (I¥)¥ =1,
and thus [u] =0 O

With this result in mind, we can construct the Marsden-Weinstein reduction of M by G.
If we assume that the action of G on ;~1(0) is proper in addition to being free, then the
orbit space N := u~%(0)/G is a smooth manifold of (even)dimension dim M — 2dim G,
whose tangent space at [p] is identified with the quotient space T,u=1(0)/T,€2,, where
2, is the G-orbit through p.

Now recall that at each point p € u=1(0), T,8),, is an isotropic subspace of the
symplectic vector space T,M,w,. So by the preceding lemma, w, defines a symplectic
form @, on the quotient space T,u~*(0)/TpQp ~ Tjp ~ TjpN. And our definition is
independent of the choice of representative [p], since the action of G is canonical, so that
®;w = w for all g € G. Thus letting [p] vary, we obtain a non-degenerate 2-form & on
N.

It remains to show that @ is closed. Let i : p=*(0) — M be inclusion and 7 :
©~1(0) — N be the natural projection. Then, by construction, the reduced form @ on
N satisfies i*w = 7*@. So by naturality of d,

' do =dn*o =difw =1"dw =0

Since the natural projection 7 is a submersion, the fact that 7*dw = 0 implies dw = 0.
So we see that @ is indeed closed, and thus defines a symplectic form on N.

Example 1.67 (The Neumann model) We apply the technique of sym-
plectic reduction to the Neumann model, which describes the motion of a
point particle constrained to the surface of the unit sphere S"~! C R and
subjected to harmonic oscillator forces. The system’s phase space M is the
cotangent bundle of the sphere S?~! C R"~!, which can be identified with
the tangent bundle via the Euclidean metric:

M=TS""2{(x,y) eR"xR" : x"x=1,x"y =0} CR" x R"
Fix a diagonal n x n matrix A with distinct eigenvalues
A=diag(an,...,an) ,os #Fa; iff i F£ j

Then the Neumann Hamiltonian corresponding to the oscillator strengths
{aitisy is
1
H:M—-R, Hkxy) = 3 (XTAX + yTy) (1.8)
It is in fact easier to understand the Hamiltonian formulation of the Neu-

mann model by first passing to the larger phase space T*R™ = R?" and
then performing a symplectic reduction with to a symmetry. Because of the
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constraints x”x = 1, x’'y = 0, the Hamiltonian may be equivalently chosen
as

bxy) = TRy y) + X7 Ax— (<Ty)] (19)

If we define an angular momentum matrix Jy = [Xxy — T1Yklk,i=1,....n, Ob-
serve that the Hamiltonian ¢ can also be expressed as

IS 2 1 2
p(x,y) = 5;0@% +Zkz¢zjm

Now the Hamiltonian ¢ is invariant under the 1-parameter group T of dif-
feomorphisms
(x,y) = (x,y +Ax), AeR

Moreover, this action is canonical with respect to the standard symplectic
structure w = dx A dy on R?". Indeed, it admits a moment map

(XTX — 1)

N | =

J(x,y) =

Hence we can perform a Marsden-Weinstein reduction with respect to this
group. Fixing the value of the moment to J = 0, we have

JH0) ={(x,y) e R" x R": xTx = 1}

To complete the symplectic reduction, we must take the quotient of J~1(0)
under the action of 7. We observe that orbit space J~1(0)/7 can be identified
with the original Neumann phase space T*S™ ! via the symplectomorphism

P JTH0)/T = T°S" T CR™, [(x,y)] = (x,y — (y'x)x)
Hence the flows generated by the Neumann Hamiltonian (1.9) are obtained
from the unconstrained flows generated by the Hamiltonian (1.10) by the

‘orthogonal projection’:

(x(1), y(1)) — (x(t), y(t) = x" (O)y(t)x(t))
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Chapter 2

The Liouville-Arnold Theorem

In classical mechanics, it is often possible to use principles such as conservation of energy
and conservation of momentum to obtain both quantitative and qualitative information
about a physical problem. Intuitively, we expect that the more conserved quantities
one can identify, the more one should be able to say about a system. In the context
of Hamiltonian mechanics on symplectic manifolds, this intuition is supported by the
Liouville-Arnold theorem. The statement and proof of the Liouville-Arnold theorem
that we present are based on Arnold’s classic book [4] There exist several refinements of
the theorem that describe a locally defined set of action variables I; in addition to the
angle coordinates ; discussed here. Together, the complete set of action-angle variables
1;, ¢; forms a system of local Darboux coordinates. For a proof of the existence of these
coordinates, the reader is directed to [6]. In general, obtaining an explicit parameter-
isation of a system’s action variables is highly non-trivial. In Babelon’s book [7], this
problem is discussed at length. Duistermaat’s article [11] gives a detailed discussion of
the topological obstructions to extending the action-angle coordinates globally.
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2.1 The statement

Theorem 2.1 (Liouville-Arnold Theorem) Let (M w) be a 2n-dimensional
symplectic manifold, and let Fy, ..., F, be a set of n smooth functions on M
whose Poisson brackets satisfy {F;, F;} =0, 1,j = 1,2...,n. Suppose that
on the level set

M.={x € M|F;(x)=¢;, i=1,...,n}

the F; are functionally independent; that is at each point of M, their differ-
entials satisfy dFy A ... NdF,, #0. Then

1. The level set M. is a smooth Lagrangian submanifold of M which is
invariant under the flow of the Hamiltonian system with Hamiltonian
function! H = Fy.

2. Provided M, is compact and connected, it is diffeomorphic to an n-
dimensional torus

T" ={(¢1,-..,9n) mod 27}

3. The flow of the Hamiltonian system with Hamiltonian function H = F}

is linear on the torus M., so that the angular coordinates 1, ..., o, on
M. satisfy
dpi
= W;
dt ’

for some constants w; € R.

Proof. 1. By the assumption that dFy A ... AdF, # 0 on M., it follows immediately
from the inverse function theorem that M, is an n-dimensional embedded subman-
ifold of M. Observe that the n Hamiltonian vector fields Xz, are all tangent to
M., since for all 1 <1i,j # n,

{F;,Fj} =dF;- Xp, =0
Moreover, since the map
T°M — T, M, dF,— Xp(x)

is an isomorphism, and the n 1-forms dF; are linearly independent at each point on
M., we see that the n Hamiltonian vector fields Xp,,..., Xp, span each tangent
space T, M.. But then since w(Xr,, Xr,) = {Fi, Fj} = 0, we see that the restriction
of w to T, M, is identically zero, showing that M, is a Lagrangian submanifold of
M. And since under the Hamiltonian flow of H = F} we have i = {F; |} = 0,
we see that M, is invariant under this flow.

2. Let us now assume that the level set M, is compact and connected. By the
compactness assumption, the flow of any vector field on M, is complete. By
Proposition 1.28 of Chapter 1, the Lie brackets of the Hamiltonian vector fields
X, XF, satisfy [Xr,, Xr]| = —X(p, r,; = 0. Consequently, their flows P

1Or indeed any Hamiltonian dynamical system whose Hamiltonian function H can be expressed as
a function of the F;

39



M, x R — M, all commute: that is, p;* o pz.j = p';.j o pf Since all these flows are
complete, we can use them to define an action of the abelian group R™ on M, by

(t1,...,tn) -2z =pito...oplr(z)

for (t1,...,t,) € R™ and x € M,. We claim that this action of R™ on M, is transi-
tive: that is, for each x € M., the map @, : R®" — M., (t1,...,t,) —(t1,...,tn) T,
whose image is a priori the R™-orbit through x, is in fact surjective. Indeed by the
independence of the vector fields Xp,, the map p, is a local diffeomorphism, and
thus its image is an open subset of M,.. Hence the orbits are disjoint open subsets
of M., and so if M, is connected it must consist of a single orbit.

We now fix a point € M. Let ¥ = {(t1,...,t,) € R?|ptt o...0pln(x) = 2}
be the stabilizer subgroup of z. Recall from our discussion of group actions in
Chapter 1 that the orbit of =, which is all of M., is diffeomorphic to R”/X. Since
the mapping ®, is a local diffeomorphism, we see that the subgroup ¥ must be
discrete. We now appeal to the following fact: any discrete subgroup ¥ C R" is a
integral lattice Z* generated by some k-tuple of vectors, i.e.

E:{a1e1+...+akek|ai EZ}%Zk

This is can be easily proved inductively: in the case n = 1, it is clear that a
discrete subgroup ¥ C R is must consist of integer multiples of a vector e; C X
with smallest Euclidean length. Indeed, if there were a vector v € ¥ and some
k € Z such that v =rej; and k < r < k + 1, then the length of the vector v — ke
would be strictly less than that of ey itself, a contradiction. If n = 2, we again
choose e; € X to be a vector with smallest Euclidean length. Let V4 = span(ep). If
> C Vi, then by analysis of the case n = 1 the proof is complete. If not, we choose
a vector ey at (non-zero) minimal distance from the line V3. We claim that
consists of integer linear combinations of e, e5. For a contradiction, suppose that
exists a vector v which is not contained in the integer lattice spanned by ey, es. If
we think of this lattice as partitioning the plane into parallelograms spanned by
the vectors e1, e2 as shown in Figure 2.1, then the vector v cannot coincide with
any of the vertices of these parallelograms. So as in the case n = 1, by translating
v by a suitable integer linear combination of e; and e, we can obtain a vector v’
which is closer to V; than ey, a contradiction.

Continuing similarly, we eventually obtain a set of linearly independent vectors
e1,...,er such that ¥ = {a1e1 + ... + axex|a; € Z}.

Now the quotient space R™/ZF is diffeomorphic to the cylinder T% x R"~*. Since
M, is compact, we must have k = n, and we see that M, is indeed diffeomorphic
to an n-torus.

. Finally, the angular coordinates {(¢1,...,¢,) mod 27} are defined as follows: if
y € M, satisfies y = ®,(v), where v = vie; + ... + vye,, then p;(y) = 27v;.
Observe that by construction, under the flow of Xr, these coordinates satisfy

doi —
a7

for some constants w;, which are determined by the writing the first standard basis
vector (1,0,...,0) € R™ as a linear combination of the vectors e;.
O
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Figure 2.1: The partition of the plane into parallelograms whose vertices represent
integral linear combinations of the vectors e; and es.

2.2 Examples of integrable systems

Example 2.2 (Two-dimensional systems) Observe that any Hamiltonian
system defined on a two-dimensional symplectic manifold is trivially Liouville
integrable: the Hamiltonian provides the required conserved quantity.

Example 2.3 (The Kepler Problem) The classical two-body (Kepler)
problem is a Hamiltonian system defined on the symplectic manifold (T*R? =

{(¢1,492,43,P1, 2, p3) },w = >, dg; A dp;). The Hamiltonian is

3
1 2
H= 52%‘ +V(r)

i=1

where V is a smooth function of 7 = \/¢? + ¢3 + ¢3. Define the components?
of angular momentum J; by J1 = qaps — p3qe, Jo = q3p1 — p1g3, J3 = q1p2 —
p1g2. Then one verifies by direct computation that the functions H, Js and
J? := J?+J3+ J2 pairwise Poisson commute and are generically functionally
independent. Hence the Kepler problem is a Liouville integrable system.

Example 2.4 (The Euler Top) The Euler top is a Hamiltonian system
that describes a rotating rigid body in R® that is attached to a fixed point but
not subjected to any external forces. The system is defined on the Poisson
manifold s0(3)* equipped with the Lie-Poisson bracket. Let Jy,Ja,J3 be
coordinate functions on (s03)* = R3. For fixed distinct constants® Iy, I, I3 €
R, the Hamiltonian for the Euler top is

2As a vector, (J1,J2,J3) =J =q X p
3These are the principal moments of inertia. See [4] for a discussion of their physical meaning

41



Observe that the function J? = JZ + J3 + J3 is a Casimir. Restricting to a
symplectic leaf ¥ = J~1(¢) C 50(3)*, we obtain a Hamiltonian system on a
symplectic manifold of dimension 2, which is necessarily integrable.

Example 2.5 (The Neumann Model) The Neumann model is another ex-
ample of a Liouville integrable system. Recall that the system’s Hamiltonian
can be taken to be

Z izl + = Z JZ
k:;él

where Jy; = [zxy1 — Z1Yk]k,i=1,...» is the angular momentum matrix.

Define a rational function in the parameter A by

Writing a(A) = [T, (A — a;), observe that
P()‘) = CL(A)A(}\) = Pn—l)\n_l + 7)7L_2)\n—2 + ...+ 7)0

is a polynomial in A of degree n — 1. Let us define n functions Hy by

7(1 Zx\—ak

Using the fact that P(ou) = [, 4 (c; — o) Hy, we see that

n

Jkl 1 2
> i
4 1%k ap — al

Computing directly from the definition of P()), we find*

k=1
and N
1 1
Pr2 = §<Z5(X’ y) — 72
k=1
However from the definition of the Hy,
Poo1 =Y Hy
k=1

n n

Paz=> awHe—Y oy Hj=Y apHy— izak
k=1 k=1 j=1 k=1 k=1

4In view of the constraint xTx = 1



since Y1) Hj = Pp1 = 1/4.

Thus, we see that the functions Hj satisfy ZZ=1 H, = i, and the Hamilto-
nian ¢ can be expressed in terms of the Hy as

¢(X7 Y) =2 Z Hk
k=1

A lengthy but direct computation using the canonical commutation rela-
tions {x;,z;} = 0 = {v;,y;}, {xi,y;} = di; shows that the Hy Poisson com-
mute, and that any n — 1 of them are generically functionally independent
on T*S"~1 C R?". The functions Hj are known as the Devaney-Uhlenbeck
conserved quantities. Thus, the Neumann model is a Liouville integrable
system.
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Chapter 3

Lax equations as Hamiltonian
flows

This chapter is a bridge between the integrable Hamiltonian systems discussed in Chap-
ter 2 and the Lax equations we shall consider in Chapter 5. We describe the AKS method
of constructing integrable Hamiltonian systems on coadjoint orbits, whose equations of
motion are of the Lax form. The treatment given here closely follows that of Audin in [6].
Other useful references include the encyclopaedic survey of [31] and the articles [2],[3].
Following the paper [26] of Adams, Harnad and Hurtubise, we shall apply the AKS
construction to the case of a loop algebra to obtain Lax pairs with a spectral parameter.
In particular, we shall see how the example of the Neumann model fits naturally into
this framework.

3.1 Classical R-matrices

Let (g, [-,-]) be a Lie algebra, and let R : g — g be a linear operator on g. Such an
operator allows us to define a new bracket operation [-,-]g : g X g — g by

[X,Y]r = [RX,Y] + [X, RY]

For any choice of operator R, the bracket [, -] g is evidently bilinear and skew-symmetric.
If it satisfies the Jacobi identity, we say that R is an R-matrix for the Lie algebra g.
By definition, an R-matrix defines new Lie algebra structure (g, [,:]g) on the vector
space g. We will denote this modified Lie algebra gg.

Let us examine a situation in which such an R-matrix arises naturally. Suppose the
Lie algebra g has a decomposition as a vector space direct sum of two Lie subalgebras a
and b:

g=adb
Note that we do not require that [a,b] = 0 for a € a,b € b; this is a direct sum of vector
spaces, not Lie algebras. Let P, denote the linear operator corresponding to orthogonal
projection onto the subspace a with respect to this decomposition, and let P_ denote the
orthogonal projection onto b. For X € g, we shall write P, X = X, and P_X = X_.

Proposition 3.1 The following operator R defines an R-matrix:

1
R:g—g, Xw—g(Pr—-P)
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Proof. To see that the Jacobi identity is satisfied by the modified bracket [, ]r, we
observe that

(X = X_. Y]+ [X. Y} - V.)

N = DN =

([Xy —X_ Y 4+ Y ]+ [ X +X_ Y, -Y])
= [X+7Y+} - [X—vY—]
Then since
[[Xv Y]RaZ]R = [([Xa Y]R)J,- ; Z+] - [([Xa Y}R)_ 727]
= [[X4, Y], Zy ] - [[X-, Y], Z_]

it is evident that the Jacobi identity for [-, -] follows from the Jacobi identity in the Lie
algebras a and b. O

Using the Lie bracket [-, -]z on g defined by an R-matrix, we obtain a new Lie-Poisson
bracket {-, -} r on the vector space! g* :

{f:9}tr = (o, [dfa, dgalr) = (@, [Rdfa, dgal) + (o, [dfa, Rdga])

Given a function h € C°°(g*) we can consider its Hamiltonian vector field X/ with
respect to the new Poisson bracket {-,-}r. If h is a Casimir function on (g%, {,}), its
Hamiltonian vector field with respect to the Poisson bracket {-,-}r has a particularly
simple form:

Proposition 3.2 If h is a Casimir function on the Poisson manifold
(g%, {-,-}) then its Hamiltonian vector field Xj* with respect to the Poisson
bracket {-, -} r is given by

X,’f(a) = ad}}dha (@)

Proof. For all f € C*°(g*), the Hamiltonian vector field X/ must satisfy

Xplfl={f,h}r
= <OL, [dfou dha]R>
= (o, [Rdf o, dhy]) + (a, [dfo, Rdhq])

= (X (a), dfa)
Since h is a Casimir function, for all X € g we have
(adx (@) ,dhy) = —(a ,[X,dhy]) =0
Hence («, [Rdf,,dhs]) = 0, and thus
(4 [dfos A ) = (@, [dfas Ridha]) = {2l gp, (), dfe)

from which we observe that X/*(a) = adjg,. () as claimed. O

I(Recall that via the natural isomorphism (g*)* ~ g, we identify df, with an element of g).
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Let us also observe that this proposition implies that any two Casimirs f and g with
respect to the unmodified Lie-Poisson bracket {:,-} Poisson commute with respect to
the modified bracket {-,-}g.

What relevance does all this have to the construction of integrable systems? By defi-
nition, any Casimir function H on g* is in the centre of the Poisson algebra (g* {-,-}).
Hence the Hamiltonian dynamical system on (g*{-,-}) generated by taking H as the
Hamiltonian will be trivial: the equation of motion in g* takes the form

& =adyy(a) =0

and the values of all observables will be constant in time. However, these Casimir
functions will not in general lie in the centre of the Poisson algebra (g* {-, -} r). Crucially,
we have seen that all these functions still Poisson commute with respect to the bracket
{,-}r. Choosing such a function H as a Hamiltonian for a dynamical system on the
Poisson manifold (g* ,{-,-}r) yields the equation of motion

a= Xi?(a) = 3d*R.dH(a)

Restricting to a symplectic leaf ¥ of the Poisson manifold (g*, {-,-}r), we obtain a
symplectic manifold whose Poisson bracket is simply the restriction of the Lie-Poisson
bracket {-,-}r on g*. Hence any Casimir function on the Poisson manifold (g*,{:,})
restricts to a function on the symplectic manifold ¥ which Poisson commutes? with the
restriction of any other such Casimir function. Choosing such a function as the Hamilto-
nian for a dynamical system on ¥, we obtain a non-trivial Hamiltonian system equipped
with a set of commuting functions: the restrictions of the ring of Casimir invariant func-
tions on (g*,{-,-}). This suggests the possibility of constructing integrable systems in
the sense of the Liouville-Arnold theorem.

In order make the connection with Lax equations, suppose that there exists a non-
degenerate, adjoint invariant form on g. As described in Chapter 1, such a form estab-
lishes an isomorphism of g with g* which allows us to identify a function H on g* with
a function f on g. Under this isomorphism, the coadjoint action on g* is transformed to
the adjoint action on g. Then with these identifications, the Hamiltonian flow of f ~ H
in g ~ g* above takes the Lax form:

dA

dt
where A € g, and Vf is the gradient of f with respect to the form (-,-) as defined in
Chapter 1.

= —adpan(A) = [A, RdH] = [A, RV f]

3.2 The AKS construction

We now specialize to the case in which our Lie algebra admits a vector space decompo-
sition into two subalgebras, so that we can write g = a @ b. There is a method, known
as the Adler-Kostant-Symes (AKS) construction, which allows us to build Hamiltonian
systems on the dual a* of the subalgebra a which possess many conserved quantities
in involution. The main idea of the construction is to use an embedding a* — g* to
consider Hamiltonian systems on a* as restrictions of Hamiltonian systems on g*.

We begin by fixing some notation. As before, let P, and P_ be the projection op-
erators onto a and b respectively with respect to the decomposition g = a @ b. We will

2With respect to the restriction of {-,-}r
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again assume that we have a bilinear, symmetric, non-degenerate and adjoint-invariant
form (-, ) on g, which allows us to identify g with g* in the fashion described previously.
We let [, -] denote the natural Lie bracket on g, and let [-, -]z denote the bracket arising
from the R-matrix R = 1 (P, — P_). The corresponding Lie-Poisson brackets on g* are
denoted {-,-} and {-, -} g respectively. Now let H be a Casimir function on the Poisson
manifold (g*, {-,-}). As we have already noted, the invariant bilinear form allows us to
view H as an adjoint-invariant function f on the Lie algebra g.

Let b be the annihilator in g* of the subspace b C g, and let a® be the corresponding
annihilator of a. We may identify g* with a* @ b* by identifying a* with b%, and identi-
fying b* with a®. The invariant bilinear form establishes an isomorphism of g* with g in
the usual fashion. Under this isomorphism we see that a* ~ b? is identified with b, the
orthogonal complement of b with respect to the form, while b* ~ a° is identified with
a’. With these identifications in place, we can write the ad* action of @ on a* ~ bt in
terms of the Lie bracket in g. For X € a and Y € bt ~ a*, we have

(adg)x (V) = Pypu [X, Y]
where Py denotes the orthogonal projection onto b with respect to the decomposition
g=at @bt
Now let I' C b+ ~ a* be a Poisson submanifold of a*, and let f € C*(g) be the
representative of a Casimir function H on g*. Notice that the restriction of the form
{-,-) to the subspace b C g remains non-degenerate. Therefore if we restrict f and

consider it as a function on the b', it has a gradient V. f, defined as the unique vector
field on b such that for all ¢ in bt

df(c) = (Ve f,c)

If we consider f as a function defined on all of g, however, its g-gradient is defined by
df (X) = (Vf, X) = ((P4+ + P_)Vf, X)
If X € b+ comparing these two formulas yields
Vou f(X) = PLVS(X)
The standard Lie-Poisson bracket on a* = bt is
{f,9}(c) = (¢, [Vor f, Virgl) = (c, [PLV [, PLVg])
However, the restriction of the R-matrix bracket {-,-} g to bt is given by
{f,93(c) = (¢, [V}, Vylr) = (¢, [P+ V [, P Vg]) — (¢, [P-V f, P_Vyg])
= (¢, [Py Vf, Py Vyg])

since [P_V f, P_Vg] € b. Hence the Lie-Poisson bracket on a* agrees with the restriction

of the R-modified Poisson bracket to a* C g*. This allows us to bring the results about

R-matrices from the previous section to bear on the situation. Recall that the R-matrix

is given by R = 1/2(P; — P_). Observe that if H is a Casimir function on g*, then
0=adgy, (@) = ad(gp, )+ (o) +adiyy, - (@)

and thus
ad*RdHa (o) = —ad’("dHa),(a)
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So if H € C*°(a*) is the restriction of a Casimir for g*, and f € C*°(bt) is the corre-
sponding function on bt ~ a*, then the Hamiltonian system defined by H on I has the

equation of motion

% — [X, RdH] = [X, P_Vf]

Observe that since P_.Vf € b, X € b’ and the form is adjoint-invariant, we have
[c, P_V f] € bt, so that the Hamiltonian flows remain within b-. Moreover, we know
that all restrictions of Casimir functions Poisson commute with respect to the bracket
{", }r, and hence with respect to the natural Lie-Poisson bracket on a*. In summary,
we have proved:

Theorem 3.3 (AKS Theorem) Let g = a® b be a Lie algebra which is
the vector space direct sum of two Lie subalgebras. Assume that g is endowed
with an adjoint-invariant, non-degenerate symmetric bilinear form, so that
g=at @b, and bt is identified with a*. Let ' C b+ be a Poisson subspace
of a* ~ bt with respect to the Lie-Poisson structure on a*, and let H be
the restriction to I' of a Casimir function for the Lie-Poisson bracket on
g. Identifying H with a function f on g, the differential equation for the
Hamiltonian flow of H is

dX
e = X.(V))-]

where the subscript denotes the orthogonal projection onto b with respect to
the decomposition g = a @ b. Additionally, the restrictions of all Casimir
functions on g* to I' pairwise Poisson-commute with respect to the Lie-
Poisson bracket on a*.

We conclude our discussion of the AKS construction by mentioning a slight general-
isation of the statement above. Let a be a Lie algebra. An element « € a* is called an
infinitesimal character of a* if ad% (o) =0 for all X € a.

Now suppose as before that we have a Lie algebra admitting a decomposition g =a®b.
An element Y € a* ~ bt will be an infinitesimal character of a if P,1[X,Y] = 0 for all
X € a. f Y is an infinitesimal character of a and H : g* — R is a Casimir function on
g*, we define the shifted Hamiltonian Hy by

Hy(a)=H(a+Y)

Observe that (dHy)o = (dH)a+y. So by the AKS theorem, we see that if f, g are two
Casimir functions on g*, then the restrictions to a* of the shifted Hamiltonians fy, gy
satisfy {fy,gy }ar = 0, where {:, -}« is the Lie-Poisson bracket in a*. Moreover, the
differential equation for the Hamiltonian flow corresponding to the shifted Hamiltonian
fy is

dX

E = [X +Y, (dx+Yf)—]

where X € b+ ~ a* and (dx; vy f)_ € b.

3.3 Construction of Lax equations with a spectral pa-
rameter

We will now show how the AKS formalism leads naturally to Hamiltonian systems
whose dynamics are described by Lax equations with a spectral parameter. Let gl. =
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al,.(C) ® C[A, A7!]] be the loop algebra of semi-infinite formal Laurent series in A with
coefficients in gl,.(C). An element X (\) € gl,. has the form

Axﬂzzﬁé‘&ﬂ

i=—00

fya) =3 Y; M the bracket [X()\),Y (\)] is defined by

j=—o0 ~J

m-+l

XYW = Y Y XLy

k=—oci+j=k

The inner sums are all finite, while the outer one is formal. The algebra j[,n has a
non-degenerate, ad-invariant bilinear form defined by

(X(A), Y (A) = tr (X(N)Y(A)g
where (X (X))o is the constant term in the series X(A). Observe that if X(\) =
S XN

1=—0Q

(X(N), 1) = ay
In order to apply the AKS theorem, we consider the vector space direct sum decompo-
sition
~ ~ + ~ —
gl, = gl, ©gl,
where g~[;r is the subalgebra consisting of polynomials in A and g~[; the subalgebra of
series with strictly negative powers of A\. The bilinear form gives identifications

(o) = (o) = (),

where (j[,) = Agl, . In order to find some candidates for Hamiltonians, we must
0

identify some Casimir functions on (j[r) .

Proposition 3.4 (AKS Hamiltonians) The functions ¢, on g~[;k defined
by
1 _
B(X(N)) = £t (X)),

are Casimirs.

Proof. We begin by observing that
dgje(X (V) = M X1 (\)
since given a curve X (A)(t) with X(A\)(0) = X (A), X(A\)'(0) = Y(A), in view of the fact

that the trace is cyclic we have

ConxM@)| =1 S X)),



Hence for all X (\) € (é[:) and all Y'()\) € gl,., we have

(XN, [doji, Y (V)]) = tr (M (XY (V) = tr (WX ()Y W)X (N) g =0

again since the trace is cyclic. We conclude that the ¢;; are coadjoint invariant and
thus Casimirs. O
The final step in applying the AKS theorem is to identify some suitable finite-

- *
dimensional Poisson subspaces of (g[: )
{a1,...a,}. Define a polynomial a(X\) € C[A] by

. To this end, we fix n distinct complex numbers

a) = [Jr—ai)

i=1

Since X () € QI[:F is a matrix polynomial in A, evaluation at A = «; gives an element
X(ay) € gl.(C). For n < N, write

G} :=GL,(C) x ... x GL,(C) (n times)

Denote by
gr =gl.(C) x...gl"(C) (n times)

its Lie algebra. We define a surjective Lie algebra homomorphism
A (al)) — g
X))~ (X(a1),..., X(ap))
Since A is surjective, the dual map A* : (g")" — (g~[:_) is injective. If we identify
(g™)" = g" by taking traces componentwise, and identify (ﬁ[:) o (g~[r) , we have
0

A*(Y1,...Y,) = i (zn: m-af) Ak (3.1)

k=0 \i=1

Because of the geometric series identity
(oo}
(A=) Y YiafA ™ =2y,
k=0

we will use the notation

(et o

k=0 \i=

We now argue that the map A* is in fact a Poisson map. This follows from the
following more general proposition:

Lemma 3.5 If¢: g — b is a Lie algebra homomorphism, the dual map
o* : h* — g* is a Poisson map with respect to the standard Lie-Poisson
structures on the Poisson manifolds g* and bh*.
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Proof. Given functions F, G defined on g*, we have
{Fo¢",Go¢"Hu) = (u, [d(F 0 ¢")u, d(G 0 ¢7),])
However since ¢ is a linear map, we have

A(F 0 6%), = 6+ dFy

Thus,
= (& - [dF ), dGg)] = (9" 11, [AF g (1), dGop)])
={F,G}o¢"

and we conclude that ¢* is indeed Poisson. O

So in view of the preceding proposition, the fact that A is a homomorphism of Lie
algebras implies that the dual map A* is a Poisson map with respect to the standard

. . . . n\* ~+ * . .
Lie-Poisson structures on the Poisson manifolds (g*)* and (g[r) . Moreover, it is

evident from the explicit formula for A* that its image is adg~[+—invariant, and thus a

Poisson subspace of (j[j ) :

Proposition 3.6 The Poisson map A* is an isomorphism of (g7)" with
the finite-dimensional Poisson subspace

* LEESY. ¢
(7)), = {Z o X cg[,}
=1

Q;
It follows that the restriction of A* to a symplectic leaf of (g7)" is a symplectomorphism
onto a symplectic leaf in (gf,)". But the symplectic leaves of (g7)" are simply the
orbits under coadjoint action of G'. We naturally identify such an orbit as the product
of n GL,(C) coadjoint orbits. So we have realised our goal of describing some finite-
dimensional symplectic leaves of (g[:' )* Explicitly, if

A— ol

then the symplectic leaf Opr(y) through N'(X) is given by
— \giXig; '
@) = . g; € GL.(C
N(X) {; A —a gi € r( )

Applying the AKS theorem, we obtain:

Theorem 3.7 Let F denote the restriction of the ring of Casimir functions
on g~[:i to the symplectic leaf Opr(n) through the point N'(\) € (g[;")*. Then
the ring F Poisson commutes with respect to the Poisson structure on Opr(y),
and if ¢ € F, the Hamiltonian flow for ¢ on Oxr(xy through the point N'(\)
s given by

%N(/\;t) — [(dON (X 1)), N (A 1))

Note that although the intermediate stages of this construction occur in an infinite-
dimensional loop algebra, the resulting Hamiltonian dynamical systems obtained by
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the restriction described above are defined on finite-dimensional symplectic manifolds
isomorphic to coadjoint orbits.

The restriction to a finite-dimensional Poisson submanifold of (g[:' )* also allows us to
recast the Hamiltonian flow above into a convenient form involving matrix polynomials.
Specifically, if N(X) € Opqn), then we can equally well think of V() as a matrix
polynomial A()\) of degree d = n — 1, by writing

AN = A ta(MNN ()

Thus the Hamiltonian flow corresponding to an AKS Hamiltonian ¢ € F is equivalent
to the following matrix polynomial Lax equation:

LA = ([N, A ) (32

The following proposition gives an alternative characterisation of these equations of
motion:

Proposition 3.8 Let A(\;t) be the solution of a Lax equation of the form

%A(/\;t) = [(P(AX ), A7), A1) (3.3)

where P(x,\71) is a formal polynomial in the variables x and \~1. Write

A
At) = ——A(\t
Nt = 55 AR
Then there exists a coadjoint invariant function ¢ € F such that N (\;t)
describes the Hamiltonian flow for ¢ on (g[j)*.

Proof. Observe from considerations of linearity that it suffices to prove the proposition
when P is a monomial P(A(X),A\"1) = A=7 (A(A\))". In this case, equation (3.3) implies

W _ [(A—j (A‘la()\)N(A))k>+ ,N(A;t)}

Therefore we must find a Casimir function ¢ € F such that
dp(X(N)) = A7 Fa" (N X (V)

But recall that the differentials of the AKS Hamiltonians ¢,,, defined in Proposition
3.4 satisfy
dpmn(X (X)) = X" X"1())

Hence it follows that the desired Hamiltonian ¢ can be expressed as a linear combination
of the functions ¢,,,, which proves the proposition. O

In summary, applying the AKS construction in a loop algebra yields Hamiltonian
systems defined on finite-dimensional coadjoint orbits which possess a non-trivial ring
of Poisson-commuting functions. Moreover, Hamilton’s equations for these systems can
be cast in the characteristic Lax form (3.3).
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Example 3.9 (The Neumann model) We show how the methods of this
section can be used to interpret the Neumann model as describing Hamil-
tonian flow on the dual of the positive part of the loop algebra sly (R). Re-
call that the unreduced Neumann phase space is the symplectic manifold
(R?",w), where w = dx Ady is the canonical symplectic form on T*R" = R?"
Following the approach in [26], we will use a moment map to embed this
phase space in sl (R)*. Tt will be useful identify points (x,y) of R?*" with
n-tuples of row vectors, i.e.

(%, ¥) ~ (V1,5 0m) = (21 91), -+ (20 Yn))

= (500)

If ¢ =(&,...,6,) and n = (m,...,nm,) are tangent vectors, then we can
express the symplectic form w as

Define a matrix J by

(& T + 7]
1

w(&m) =

n

DN =

Define a group G by
G :=SLy(R) x ... x SLy(R) (n times)
Denote by sl the Lie algebra of G, noting that
sly 25l (R) x -+ X slp(R) (n times)
The group G acts on R?" by right multiplication: if g = (g1 ...,9n) € G,
g-(v1,...,0,) = (vlgfl,...,vngfl)
This action is Poisson, with equivariant moment map

I:R*™ — (sI)"

r

n
I(vr, o) (X1, Xp) = = > tr(v X Jv))
=1

for (X1,...,X,) € sly. If we identify slI5 ~ (sl3)" by taking traces compo-
nentwise, we can write this as

I(vi,...,v) = (—Jvivr, ..., —Jotvy)

Now [ is a Poisson map, since equivariant moment maps are Poisson with
respect to the Lie-Poisson structure. Let

Y;
/\—Oéi

(Yl,...Yn)HAi
=1
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be the Poisson map defined in equation 3.1. Then the composite 0 = A* o I
defines a Poisson map from R?" to (E:[Q(R)) . Explicitly, we have

n —TiYi —v;

— E A—a A—aoy

U(X7y) =A Ifa $iyai
i=1

)\—Oti /\—Olri
Now observe that for any Y € sly, the element \Y € (glr)o ~ (5:[2) is an

infinitesimal character of <5~[2> . So taking

(0 -
(o)

we consider the Hamiltonian flow on (5[;) generated by the shifted Hamil-
tonian

BXON) = 5t (Y + X)),

The pullback by o of ¢ yields the following Hamiltonian H on R?":
1
H(x,y) = S[(x"x)(y"y) +x" Ax - (x"y)?]

and we recognise this as the Neumann Hamiltonian of Section 2.2.

Although o is not injective, its fibres are simply the orbits of a finite group
of reflections generated by

(i yi) = (=2, =)

Thus, up to a quotient by this group®, the Neumann model is equivalent

to the Hamiltonian flow on (5[; ) generated by the Hamiltonian ¢. The

Hamiltonian flow on (f:[;r) is described by the Lax equation

9N = IV, BV, (3.4)

where

B(A) = (do(N)) 4 (3.5)

Expressed in terms of the Neumann dynamical variables via the Poisson map
o, the matrices A'(\) and B(\) are given by

n —xiYi 1 —Zﬁ

NN =AY A 2 A
— Ty ZiYi
1=

A—ay A—ay
x'x A+yly
B(\) = ( —xT'x —xTx

Writing a(\) = [, (A — a;), define a matrix polynomial A()) by

_ —2a())
D)

A(N) N

3Indeed, the ambiguity can be resolved along the flows by continuity
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Then the Hamiltonian flow (3.6) is equivalent to the Lax equation

dA(N)
dt

= [A(N), B(V)]
Observe that the matrix B(\) can be expressed
B\ = Pz A7)

for the polynomial P(x, \™1) = 2\~

Let us concluding by noting that we can now give an elegant proof of the
fact that the Devaney-Uhlenbeck functions Hj Poisson commute. Indeed,
observe that we can write

Hk = RGS,\:() ( e 1

a(N)detN () )

Since we can express the determinant det/'(\) as a sum of traces of various
powers of N()), it follows that each Hj, is a linear combination of the AKS
conserved quantities ¢;; defined in Proposition 3.4. In the language of Sec-
tion 2.1, the determinant det A/(\) nothing but the rational function A())
used to define the Devaney-Uhlenbeck invariants.
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Chapter 4

Riemann Surfaces

In this chapter, we present the elements of the theory of Riemann surfaces that we will
use to study Lax equations with a spectral parameter. Just as in the case of Hamiltonian
mechanics, this is an enormous subject that has been studied in the literature from
almost every angle imaginable'. Our treatment is necessarily cursory, and we shall
omit the proofs of most results. Of the many excellent references on Riemann surfaces,
the author particularly recommends Gunning’s three volumes [14],[16],[15] as well as
Miranda’s book [25].

4.1 Basic Definitions

Suppose that M is a 2-dimensional topological manifold with an atlas of coordinate
charts A = {U,, 2o}, where each map z, is a bijection of an (open) subset U, C M with
an open subset z,(U,) C R2. Making the identification of R? with the complex line C,
the coordinate transition functions

fagzzaozglzzg(UaﬂUg) C R? ~C—2,(UsnUg) CC

can be thought of as continuous complex-valued functions defined on various open sub-
sets of C.

Definition 4.1 (Riemann surface) Let M be a 2-dimensional smooth
manifold with an atlas of coordinate charts A = {Uy,24}. The atlas A is
called a complex analytic atlas for M if the coordinate transition functions
Za O 251 are all holomorphic functions. Two complex analytic atlases on M
are equivalent if their union is also a compler analytic atlas, and an equiv-
alence class of complex analytic atlas is called a complex analytic structure
on M. The pair (M, A) where A is a complex analytic structure is called a
Riemann surface.

Remark: In a similar spirit, we can identify the target spaces of the coordinate charts
on a smooth manifold M of dimension 2n with the complex space C™, leading to
an analogous definition of an n-dimensional complex manifold.

I Note the title of Jost’s book [20]
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Simple examples of Riemann surfaces are given by the complex line C and its open
subsets. For us, however, the compact Riemann surfaces will be the main objects of
interest. Notice that a Riemann surface is always orientable: an orientation is induced
by the holomorphic transition functions in its complex analytic atlas. So by the clas-
sification of surfaces, it follows that any compact and connected Riemann surface is
homeomorphic to a surface of genus g. The simplest example of a compact Riemann
surface is the Riemann sphere P!, which is the 2-sphere endowed with a complex ana-
lytic structure. This complex analytic structure be described as follows: take the unit
sphere S? C R3, and project stereographically from the north pole N onto the sphere’s
equatorial plane, which we identify with the complex line C. This defines a bijection

0:5%—{N} — R? ~ C. Similarly, projecting from the south pole onto the equatorial
plane yields z; : S? — {S} — C. Examining the geometry of the situation, we check
that the transition map z; 0 z5 " :— C — {0} — C — {0} is given by 2 — % and is thus
holomorphic, making S? into a compact Riemann surface called the Riemann sphere.
Since every point except for the north pole N is contained in the chart zg, it is useful
to think of the Riemann sphere as the complex line of the variable zy together with an
extra point, co. We will use the notation P! for the Riemann sphere. The reason for
this is that one obtains the same Riemann surface by considering the complex projec-
tive space CP! of lines in C2. As a set, CP' can be described as the quotient space of
C? — {0} = {[v1,va] # (0,0) € C?} under the relation

[’Ul,’Ug] ~ [)\1}1, /\UQ], AeC*
where C* = C — {0}. Thus CP' can be covered by the sets
U():{[’Ul,UQ} I’U1¢0}, Ulz{[’l)l,’l)g] 2’02750}

and the maps
V2
z0:Up — C, [v1,v2] — —
vy
U1
z1: U1 = C, v, v2] — —
Vg
define bijections of U; and Us respectively with C. Evidently, the transition map 2; o
25" :C — {0} — C — {0} is given by z — 1, and so we see that CP" and the Riemann
sphere share the same complex analytic structure.
We now consider some further examples of Riemann surfaces:

Example 4.2 (Graphs of holomorphic functions) If VV C C is an open
connected subset of the complex line and f is a holomorphic function defined
on V, then the graph

I = {(z,f(z)) cC?lze V}

has the structure of a Riemann surface: it has a complex analytic atlas
composed of a single chart, the whole set I', together with the projection
map 7: ' = V,(z, f(2)) — 2.

Example 4.3 (Smooth affine plane curves) Suppose that f € C[z, w]
is a polynomial, and let

X = {(z,w) € C*|f(z,w) = 0}
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be the zero set of f. The set X C C?2 is called an affine plane curve. In
order to give X the structure of a Riemann surface, it will be necessary
to impose an extra condition on the polynomial f, which is related to the
holomorphic implicit function theorem:

Theorem 4.4 (Holomorphic Implicit Function Theorem)

Let f(z,w) € C? be a polynomial, let X = {(z,w) € C?|f(z,w) =0}
be its zero set, and let p be a point of X. Then if g—i(p) # 0 there

exists a holomorphic function g(z) defined in an open neighbour-

hood of zy such that, near p, X is equal to the graph {w = g(z)} C

c2.

For a proof of the holomorphic implicit function theorem, see [13]. In view of
this result, we say that the algebraic plane curve X = {(z,w) € C?|f(z,w) =0}

is smooth if at all points p € X, at least one of the partial derivatives g—q{)(p)
and %(p) is non-zero. By the holomorphic implicit function theorem, it fol-
lows that each point of X has an open neighbourhood which is the graph of a
holomorphic function, and we can take the union of these neighbourhoods to
obtain a complex analytic atlas on X. Thus smooth affine plane curves are
examples of Riemann surfaces. We shall say that an affine plane curve is ir-
reducible if its defining polynomial f(z,w) is irreducible. It can be shown?
that an irreducible affine plane curve is a connected subset of C2. Moreover,
given irreducible affine plane curve X, there is a unique® compact Riemann
surface Mx and an inclusion X — Mx such that X and Mx coincide except
for a finite number of points: that is, there exist two finite subsets £ C X
and F C Mx with X — F = Mx — F. We say that the compact Riemann
surface Mx is the completion of the affine plane curve X.

Example 4.5 (Complex tori) We now come to an example of complex
analytic manifolds of dimension greater than 1. Any n-dimensional com-
plex vector space C" can also be considered as a 2n-dimensional real vector
space R?". Recall from our discussion of the Liouville-Arnold theorem that
a lattice subgroup of the real vector space R?" is an additive subgroup
ZF c R?™ generated by k vectors eq,...,e, which are linearly independent
over R. We define a lattice in a complex vector space C" to be a lattice
subgroup of the associated real vector space R?®. Now let A = Z2" be a
lattice in C™ of maximal dimension 2n. Then as a smooth manifold, the
quotient space C"/A = R?"/A is diffeomorphic to a 2n-dimensional torus
T?". Moreover, we can use the orbit projection 7 : R?" ~ C" — T2" to
define a complex analytic structure on the quotient space T2": to obtain
a complex analytic chart containing a point in 72", we simply restrict to
sufficiently small open neighbourhood so that the restriction of the covering
projection is a bijection.

Now if A and A’ are two maximal lattices in C", the tori R?"/A and R?" /A’
are always diffeomorphic as smooth manifolds. In general, however, they are
not isomorphic as complex manifolds. For an introduction to the surprisingly
subtle geometry of complex tori, the reader is directed to [14].

2See [13]
3Up to holomorphic isomorphism
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Figure 4.1: A maximal lattice in C = R2.

A complex analytic structure on a 2-dimensional manifold M allows us to define the
notion of a holomorphic function on M:

Definition 4.6 (Holomorphic functions) Let M be a Riemann surface
with complex analytic atlas {Uy, 2o }. If V. C M is an open subset of M, a
map f: M — C is called a holomorphic function on V if for each nonempty
intersection V N U, the function

fozl:2,(VNU,) CcC—C

is a holomorphic. We say that a function f : M — C is holomorphic at a
point p € M if there exists an open set V. C M containing p such that f is
holomorphic on V.

It turns out that the theory of holomorphic functions on compact Riemann surfaces
is rather poor:

Proposition 4.7 If M is a compact, connected Riemann surface, every
holomorphic function defined on M is constant.

Proof. Since M is compact, the continuous function |f| attains its maximum at a point
p € M. So in a coordinate chart (U,, z,) containing p, the modulus of the holomorphic
function f o z;! has an interior maximum. By the maximum modulus principle, we
see that f is locally constant on the neighborhood U,. Then by the identity theorem
together with the connectedness of M it follows that f must be constant on all of M. [

Thus the ring of holomorphic functions on a compact connected Riemann surface is
an object of little interest. However since Riemann surfaces are locally isomorphic to
the complex line C, it makes sense to generalize the idea of holomorphic functions to
holomorphic maps between Riemann surfaces:
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Definition 4.8 (Holomorphic maps) A map f : M — M between two
Riemann surfaces M and M is called holomorphic if for each point p € M
there exist coordinate charts %, : Uy — C and zg : Ug — C such that p € U,
and f(p) € Ug , and the map zgo f o Z. 1 is holomorphic in some open
neighbourhood of Z,(p) € C.

Suppose that f is a meromorphic function defined on an open subset D of the complex
line. At points where f(z) has a pole, the function ﬁ is holomorphic. So thinking of

the Riemann sphere as P! = C U oo, we can define a holomorphic map F : D — P! by

F(z) = f(2) %f 2 ?S not a pole of f,
00 if z is a pole of f.

Thus meromorphic functions on domains in C can be interpreted as holomorphic maps
to P'. We can generalise this example to define meromorphic functions on arbitrary
Riemann surfaces:

Definition 4.9 (Meromorphic functions) A meromorphic function on
a Riemann surface M is a holomorphic map F : M — PL.

We now present some basic properties of holomorphic maps between Riemann sur-
faces. Proofs can be found in [25]. The first of these is another illustration of the rigidity
of holomorphic maps defined on compact Riemann surfaces:

Proposition 4.10 Let M be a compact Riemann surface. If there exists a
non-constant holomorphic map F : M — N from M to a Riemann surface
N, then N must be compact, and F' is surjective

Together with the fact that the zeroes of a holomorphic function form a discrete set,
this implies:

Proposition 4.11 Let F: M — N be a non-constant holomorphic map
between compact Riemann surfaces. Then for each point ¢ € N, the preimage
F~Y(q) C M is a non-empty finite set.

Another useful result is the following:

Proposition 4.12 (Local normal form of a holomorphic map) Let
F : M — N be a non-constant holomorphic map between Riemann surfaces.
Then for each point p € M there is a unique natural number m € N such
that the following property holds: for every chart zo : Uy — C on N centered
at F(p) there exists a chart z; : Uy — C on M centered at p such that

m

230 F oz (p) = 21(p)

The proof, which is based on the holomorphic implicit function theorem, can be found
on page 44 of [25]. The integer m, that describes the normal form of F': M — N at
p € M is called the multiplicity of F' at p. A point p € M is called a ramification
point of F' if m;, > 1. The ramification index of F' at p is the integer e, = m, — 1.
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The image in N of a ramification point under F' is called a branch point of F. The
ramification points of F' correspond to points where the the derivative of F' vanishes in
local coordinates. So by the results above, the ramification points and branch points of
a holomorphic map between compact Riemann surfaces are finite sets. It is possible to
show (see [25], p.47) that the sum of the multiplicities of a holomorphic map F over the
point in a fibre of F' is an invariant:

Proposition 4.13 Let F' : M — N be a nonconstant holomorphic map
between compact Riemann surfaces. Then the integer

dy(F)= Y my(F)

PEF~1(q)

is a constant independent of the point q, called the degree of the map F'.

Example 4.14 (Affine plane curves) Consider a smooth affine plane
curve X = {(z,w) € C?|f(z,w) = 0} equipped with the holomorphic pro-
jection map 7 : C — C,7(z,w) = z. A point p € C is a ramification point
of 7 if and only if %(p) = 0. Indeed, if %(p) # 0, then in a neighbour-
hood of p the map 7 defines a chart on C, and hence 7 is a bijection and
has multiplicity one at p. Conversely, suppose that g—w(p) = 0. Since C is
smooth, we must have %(p) # 0, so the coordinate w defines a chart on
C in a neighbourhood of p. By the holomorphic implicit function theorem,
in this neighbourhood C' is the graph of a holomorphic function g(w), and
in this chart the map = is given by w — g(w). Differentiating the relation
f(g(w),w) = 0 with respect to w at p, we obtain
& )y (wo) + 9L ) = 0

Since %(p) # 0 and %(p) = 0, it follows that ¢'(wg) = 0, and hence 7 is
ramified at p. Similarly, a point p € C is a ramification point of the map
(z,w) — w if and only if %(p) =0.

Recall that a non-constant meromorphic function on a compact Riemann surface M is
equivalent to a non-constant holomorphic map F : M — P!. In view of Proposition 4.12,
we say that such a map F' of degree r exhibits M as an r-sheeted branched covering of
P!. Knowledge of the ramification points of the map F allows us to compute the genus of
M. Let Q denote the set of ramification points of F. Choose a triangulation? of P! with v
vertices, e edges and f faces, such that each branch point of F' is a vertex. This is always
possible since the branch points of F' form a finite set. Since the Euler characteristic
of the sphere is 2, we have v — e + f = 2. Now via the map F this triangulation lifts
to a triangulation of M which also has rf faces and re edges. However since every
ramification point F' is a vertex in the lifted triangulation, the number of vertices in the
lifted triangulation will be given by

/— j—
v =1rv E €q

9€Q

4A triangulation of M is a decomposition of M into disjoint closed subsets, each homeomorphic to
a triangle, such that any two triangles are either disjoint, intersect only at single vertex, or intersect
along a single edge. The existence of triangulations is a standard result; see [25]
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where e, is the ramification index of F' at q. Now recall that the genus of a surface is
related to its Euler characteristic y by the formula

X=2-2g
Since the genus of the Riemann sphere is 0, we conclude that the genus of M determined
by the relation
2—29:rf—re+rv—26q:2r—z:eq
qeQ q€Q
This is known as the Riemann-Hurwitz formula.

4.2 Complex Line Bundles

As we have emphasised, the requirement that a function on a compact Riemann surface
be globally holomorphic is a rigid one. In order to obtain a greater variety of maps which
still respect the complex analytic structure, we defined meromorphic functions and more
generally holomorphic maps between Riemann surfaces. It turns out that we can make
a slightly more subtle generalisation by allowing the target spaces of our functions to
vary from point to point. This leads to the concept of a complex line bundle.

Definition 4.15 (Holomorphic line bundles) A holomorphic line bun-
dle over a Riemann surface M is a pair (L, ) where L is a complex manifold
and 7 18 a surjective holomorphic map ©: L — M such that

1. For every point p on M, the fibre 7=1(p) is a one-dimensional complex
vector space

2. There exists an open covering {Us} of M and homeomorphisms ¢, :
7 Y (Uy) — Uy xC such that projcop, = m, where projc is the canonical
projection projc : Uy, x C —=U,, and,

3. The maps pgopyt : Uy xC — UgxC take the form (p,v) —(p, fsa (p)v),
where fzq(p) is a non-vanishing holomorphic function defined on Uy N
Us.

We will also wish to consider bundles whose standard fibre is not the complex line
C, but rather some higher dimensional complex vector space:

Definition 4.16 (Holomorphic vector bundles) A holomorphic vector
bundle of rank n over a Riemann surface M is a pair (E,w) where complex
manifold E and 7 is a surjective holomorphic map w:V — M such that

1. For every point p on M, the fibre 7=1(p) has the structure of an n
dimensional complex vector space, called the standard fibre.

2. There exists an open covering {Uys} of M and homeomorphisms ¢, :
7 Y Uy) — Uy x C™ such that prop, = m, where proj is the canonical
projection projc : Uy, x C" — U, and,

3. The maps g o o5t + Uy x C* — Ug x C™ take the form (p,v) —
(D, faa (D)V), where fgo : Uy NUg — GL,(C) is a holomorphic map
defined from U, NUg into the space of invertible n x n complez-valued
matrices.

The maps ¢, in the definitions above are called local trivializations of a bundle,
since they guarantee that the bundle is locally isomorphic to a trivial bundle. We call
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the maps f,3 the transition functions of the bundle. Since f,3 = o © @El, we see
that
f,@oz:fgala fa,@-fﬁ“/‘f'yazl

This second identity is known as the cocycle condition. Let us note that given an
open cover {U,} of M and holomorphic maps fas : Uy N Us — GL,(C) satisfying the
two conditions above, we can define a rank n vector bundle by gluing together the trivial
bundles U, x C" using the f,3. More precisely, we take the disjoint union of all the
U, x C™, and then quotient by the following equivalence relation: if (m,v) € U, x C"
and (m',v') € Ug x C* | (m,v) ~ (m/,v’) if and only if m = m’ and v' = fg, (p)v.
The cocycle condition guarantees that this is indeed an equivalence relation, and we
denote an equivalence class by [(p,v)]. It is a straightforward matter (see [22]) to check
that that the space obtained from this construction together with the projection map
7 defined by 7([p,v]) = p, does indeed have the structure of a holomorphic line bundle
over M.

For the moment, let us restrict our attention to holomorphic line bundles. The sim-
plest example of a holomorphic line bundle is just the Cartesian product M x C of a
Riemann surface with the complex line. The projection map is just the canonical pro-
jection into the first factor of the product. This is known as the trivial line bundle over
M. The following are some non-trivial examples of holomorphic line bundles:

Example 4.17 (Point bundles) Let p be a point on a compact Riemann
surface M, and let (Up, z) be a coordinate chart with local analytic parameter
z containing p such that z(p) = 0. Define another open set Uy on M by U; =
M —{p}. Then since the function z(p) does not vanish on UyNU; = Uy —{p},
we define a line bundle over M with a single® transition function fo; = 2.
This is called the point bundle associated to the point p € M, and is often
denoted L.

Example 4.18 (The line bundle O(n)) Let P! be the Riemann sphere and
let Uy be the chart with analytic coordinate z(p) obtained by stereographic
projection from the north pole. Let U; be the chart obtained from projection
from the south pole. Then on Uy NU; & C*, the functions z™(p), n € Z are
holomorphic and non-vanishing, so we can use them as a transition functions
to define line bundles over the sphere. We shall denote these bundles by O(n).
Note that O(1) = Lg, where S is the south pole.

Example 4.19 (Canonical bundle) Let {U,, 2.} be a complex analytic
atlas of a Riemann surface M. Then on each non-empty intersection U, NUg,
the coordinate z3 can be expressed as an analytic function of z,. Since the
transition maps in the complex analytic atlas are invertible, the functions
fap = gzii are non-vanishing and holomorphic. Moreover, the chain rule
implies that the f,g satisfy the cocycle condition fus.f3y.fva = 1, and so
they define a holomorphic line bundle over M. This line bundle is called the
canonical bundle, or holomorphic cotangent bundle, of M.

5Note that the cocycle condition is automatically satisfied whenever an open cover consists of only
two open sets
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We now explain what is meant by a morphism in the category of holomorphic vector
bundles over a Riemann surface M:

Definition 4.20 (Vector bundle morphisms) A morphism between
holomorphic vector bundles m : E — M and @ : E — M over the same
Riemann surface M is a holomorphic map U : E — E such that # o U = m,
and the map from w=*(p) to = (p) given by the restriction of ¥ to a fibre
18 a linear map between complex vector spaces.

Let us again return to the rank 1 case of holomorphic line bundles. If we think of line
bundles of being built from their transition functions, it is important to know when two
sets of transition functions define the isomorphic line bundles over M. Firstly, notice that
if L is a line bundle with local trivialisations (Uy, ¢,) and V = {V,,} is any refinement
of the open cover U = {U,}, then the pairs (V,, palv, ) also define local trivialisations
of L.

Thus if we have two bundles over M defined via transition functions over different
open coverings of M, by passing to a common refinement we may assume that the
bundles are trivialised with respect to the same open cover of M.

Suppose now that the holomorphic line bundles 7 : L — M and # : L — M are
isomorphic. This means that there is a bijective holomorphic map I : L — L satisfying
7ol =7, and such that the restriction of I to each fibre is a linear isomorphism. If L
and L are have local trivialisations {Us, ¢o} and {Us,, ¥4} by refining again if necessary,
we may assume that

I(n™(Ua)) = (%)~ (Ua)
Observe that we can define holomorphic maps A, : U, — C* by

Aa(p) = proje(ta o I ot )(p)

Then if {f,s} are the transition functions of L and {f,s} are the transition functions
of L, on the intersection U, N Ug we find that

fap = XafapAs' (4.1)

Now suppose conversely that the we begin with two line bundles L, L on M defined
by transition functions f,g, fag respectively with respect to an open cover {U,} of M.
Suppose further that for each U, there exists a holomorphic map A, : U, — C* such
that on each intersection U, N Ug

faﬁ = )\afaﬂ)\gl

Then if we think of points of L as being the equivalence classes [p,v] in the quotient
construction of the line bundle L, and points of L as equivalence classes {p,v}, then
the map I : L — L sending [p,v] to {p,v} defines an isomorphism of holomorphic line
bundles. Thus, we see that two line bundles are isomorphic if and only if they admit
local trivialisations satisfying the condition (4.1) for some collection of nonvanishing
holomorphic maps A, defined on each open set U,,.

Given vector spaces V and W, we can form the direct sum V @ W, or their tensor

product V @ W or their consider their dual spaces V* and W*. We can adapt these
constructions to vector bundles over a fixed Riemann surface in straightforward ways by
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performing suitable operations on transition functions. For instance, the tensor prod-
uct of bundles E and F is defined as follows: if eqs : Uy — GL,(C) and f.p are the
transition functions for E and F' respectively, then the transition functions for F ® F
are given by tog = €qg ® fop. Similarly, given a vector bundle F with standard fibre V'
and transition functions t,g, we can build the dual bundle £*, whose standard fiber is
V* and whose transition functions are given by (t1;)~!, where t}; the transpose of the
matrix to3. In the case of a line bundle L with non-vanishing holomorphic transition
functions f,s, the dual bundle L* has transition functions ﬁ. For this reason, it is

sometimes called the inverse bundle to L.

Given a rank m vector bundle V over a Riemann surface M, we can build a line
bundle det V over M called the determinant bundle of V. If the transition maps of V'
are given by m x m invertible matrices g, defined over U, N Ug, then the determinant
bundle is the holomorphic line bundle with transition functions given by det goz. It
follows from the basic properties of matrix determinants that these transition functions
obey the cocycle conditions and hence define a holomorphic line bundle over M.

Finally, suppose that f: M — N is a holomorphic map between compact Riemann
surfaces that exhibits M as an r-sheeted branched covering of N. If L is a line bundle
over N, then the map f induces a line bundle f*L over M called the pullback bundle
of L by f, defined as follows: if U, is an open cover of N and L is defined by transition
functions {U,, gas}, then f*L is defined by the transition functions gng o f with respect
to the open cover {f~1(U,)} of M. Categorically speaking, as a complex manifold f*L
is the fibre product

[fL={(r,q) € Lx M :7(z) = f(q)}

4.3 Sections of Holomorphic Line Bundles

Definition 4.21 (Holomorphic sections) A holomorphic section s of a
holomorphic line bundle w : L — M 1is a holomorphic map s : M — L such
that mo s =1id)y

When a section is restricted to a local trivialization ¢, : w‘l(Ua) — Uy x C, it is repre-
sented by a holomorphic function s, such that ¢, 0 s = (idy,, So). In the trivialization
@ we also have pgos = (idy,, sg), so on the overlap U, NUp, we must have s, = fos5s-
Hence we can also think of a section of a line bundle as a collection of locally defined
holomorphic functions s, which patch together via the bundle’s transition functions.
We define a zero of a holomorphic section to be any point p € M such that in a local
trivialization ¢, around p, the local function s, satisfies s,(p) = 0. Notice that since
the bundle’s transition functions are non-vanishing, the notion of a zero of a section is
well-defined and independent of the local trivialization we chose to examine. Since we
can add sections pointwise and multiply them by complex numbers, the set of all holo-
morphic sections of a line bundle forms forms a complex vector space. Any holomorphic
line bundle has a holomorphic section called the zero section, which is identically zero in
each local trivialization. We now look at some more interesting examples of holomorphic
sections:

Example 4.22 (Sections of the trivial bundle) If M x C is the trivial
bundle over M, then a holomorphic section of M is simply a holomorphic
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function f : M — C. So by Proposition 4.7, we see that the sections of a
trivial bundle must all be constant. Also, observe that if a line bundle L over
a Riemann surface M has a non-vanishing, holomorphic section s, then L is
isomorphic to the trivial bundle via the following map:

U:MxC—L, (pv)—uv.s(p)

Example 4.23 (Sections of point bundles) If L, is the point bundle
associated to the point p on a Riemann surface M, then we can define a non-
trivial section as follows. Using the cover M = Uy UU; from the definition of
L,, we define a section s by the pair of local functions sy = z, s; = 1, where
z is the local analytic coordinate centered at p on Uy. Since fg; = 2, we see
that this indeed defines a section of L.

Example 4.24 (Sections of O(n)) In the case of the bundle O(n) over P!,
we can give a very concrete description of the vector space of holomorphic
sections. In the chart Uy with local coordinate z, a section is represented by
a holomorphic function sy defined on Uy, with Taylor series so = Z:O:O apz”.
On U; with local parameter w, we have s; = Z?:O brw®. On the intersection
Uy NUp, we have z = i, and sg = fo151 = 2"s1. That is,

o0 o0 oo
E apz® = 2" E bpw® = E b2k
k=0 k=0 k=0

Equating coefficients and requiring both sides to be holomorphic tells us that
ar =0 for k > n, and a = b,_j for 0 < k < n. So any section is described
by the n 4+ 1 non-zero coefficients of its Taylor series, and hence the space of
holomorphic sections of O(n) is of dimension n + 1.

Example 4.25 (Sections of the canonical bundle) Let K be the canon-
ical bundle over a Riemann surface M. A global section of K is a collection
of holomorphic functions s, defined on a coordinate covering (Uy, z,) of M
which satisty s, = Z%islg on each non-empty intersection U, N Ug. Given
the form of these transition functions, we can interpret such a section as a
globally defined complex valued holomorphic 1-form on M. The transition
functions of K are equivalent to the consistency requirement that

S5adzq = 53dzg

Suppose now that {U,} is an open cover of a Riemann surface M and L is a holo-

morphic line bundle over M defined by transition functions f,g. If s4 is a collection of
meromorphic functions defined on each open set U, which satisfies s, = fo353 on each
non-empty intersection U, N Upg, then we say the {s,} define a meromorphic section
s of L. A holomorphic section ¢t = {t,} of a line bundle L gives rise to a meromorphic
section ¢! of the line bundle L*, where t~! is defined by the collection of locally defined

1

meromorphic functions --. Similarly, given a holomorphic section 7 of a line bundle L

t
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defined by local holomorphic functions r,, we can define a the product of ¢t and r to be
a section t - 7 of L ® L which is defined by the local functions t,r,. Note that the ratio
of two sections r and s of a holomorphic line bundle L defines a meromorphic section of
the trivial bundle, that is, a meromorphic function on M.

The divisor of a holomorphic section is its set of zeroes, counted with multiplicity. It
is traditional to represent divisors as weighted sums of points. For instance, if a section
s has a simple zero at p; and a zero of order 3 at ps, then the divisor of s is written
D(s) = p1 + 3p2. The divisors of holomorphic sections of a line bundle actually reveal
a great deal of information about the bundle itself. For instance, suppose that a line
bundle L has a non-trivial holomorphic section s which has zeroes at points py, ..., pn,
with the zero at py having multiplicity my. Let L,;™ denote the tensor product of m
copies of the dual of the point bundle L,, assomated to p € M, and let s, be the product
of m copies of the meromorphic sectlon sp , where s, is a section of L, with a simple
zero at p. Then the line bundle L& L™ ®---®@ L, ™" has a non—vanlshlng holomorphic
section s- s, ™ - ;kmk This 1mphes that the bundle L®L,™ ®---®L,™ is trivial,
and so we find that L is isomorphic to L' ®---®@ L', In other WOI‘db We have shown
that if a holomorphic line bundle admlts a non- tr1v1a1 holomorphic section, then it is
isomorphic to a tensor product of point bundles.

4.4 Sheaves

Many fundamental objects in topology and geometry, such as manifolds and vector
bundles, are required to be locally ‘standard’. In the case of holomorphic line bundles, we
were able to use the bundle’s local structure to describe global sections as a collections of
functions defined on open sets obeying certain transformation laws on their intersections.
The technology of sheaves gives us a systematic way to understand the interaction
between this sort of local data and the corresponding global objects.

Definition 4.26  (Presheaf) Let M be a topological space and let C be
a category. A presheaf F on M with values in the category C associates
to each open set U C M an object F(U) € Obj(C), and to each inclusion
U CV of open sets U and V' a restriction morphism ryy : F(V) — F(U) €
Morc(F(V), F(U) such that the following conditions hold:

1. TUU:id
2. ifUCV CW, then ryy oryw = ryw -

Remark: Observe that if Openy is the category whose objects are the open sets of M
and whose morphisms are inclusions of open sets, then a presheaf is a contravariant
functor from Openy to the category C.

Notice that in the setting of presheaves, we do not yet have a means of ‘gluing’
together local data. This motivates the next definition, that of a sheaf:

Definition 4.27  (Sheaf) A presheaf F over M is called a sheaf if the
following condition (the sheaf axiom) is satisfied whenever we can write an
open set U C M as U =, Uq for some collection of open sets {Uy}:
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Given a collection of elements s, € F(Uy) such that for each pair of open
sets Ua, U , TU.nUsUL (8a) = TULnUsU,(58), there exists a unique s € F(U)
such that ry_ u(s) = sq for all a.

Example 4.28 (Some examples of sheaves)

1. If M is a Riemann surface, we can define a presheaf of abelian groups
Opr which associates to each open subset U C M the abelian group
of holomorphic functions defined on U, the group multiplication being
pointwise addition of functions. The restriction homomorphisms are
the natural ones obtained by restricting the domain of a function. The
sheaf axiom is easily seen to hold®, so that Oy, defines a sheaf of abelian
groups.

2. We can also define a sheaf O3, which associates to each U the abelian
group of non-vanishing holomorphic functions on U, where we take the
group operation to be pointwise multiplication of functions, equipped
with the natural restriction homomorphisms.

3. Let G be an abelian group, and let p be a point of M. The skyscraper
sheaf G, is defined by

G,(U) =
»(U) 0 otherwise

{G ifpeU,

4. The constant sheaves C and Z associate to U the locally constant func-
tions over U taking values in C or Z, again with the natural restriction
homomorphisms.

5. If 7 : L — M is a holomorphic line(or vector) bundle over a Riemann
surface M, then we can form a sheaf O(L) which associates to an open
set U € M the space of holomorphic sections of the restricted bundle
7 1(U) over U. Note that if L is the trivial line bundle its sections are
just holomorphic functions, and so O(L) = Ops. Also note that in the
case of the canonical bundle, we obtain a sheaf 2}, which associates to
each open set U the holomorphic one-forms defined over U.

Although the sheaf axiom was easily seen to hold in the examples above, it is important
to realise that there do exist presheaves which are not sheaves:

Example 4.29 (Failure of the sheaf axiom) Let M be a topological
space and G be an abelian group. Observe that we can define a presheaf GM
by associating to each open set U C M the constant functions from U to G,
and using the natural restriction maps. However, considering an open set
with multiple connected components, we observe that the sheaf axiom does
not hold for the presheaf GM.

Our next task is to define a morphism in the category of sheaves:

6 As it will for any presheaf of functions satisfying a ‘local’ property such as continuity or smoothness,
equipped with the natural restriction maps.
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Definition 4.30 (Morphism of sheaves) A morphism or sheaf map
¢ :S — T between sheaves S and T over a Riemann surface M is a collection
of homomorphisms ¢y : S — T for each open set U C M , such that for all
open subsets V. C U, the ¢y commute with the restriction homomorphisms
of S and T :

S(U) s T(U)

’
”‘VU\L TVU\L

S(V) -2 T(V)

Example 4.31 The identity sheaf map Ids : S — S assigns to each abelian
group S(U) the identity homomorphism ¢y = ids . Clearly the ¢y com-
mute with the restriction homomorphisms of S, so Id is indeed a sheaf map.

In order to extract very local information about a sheaf, it is useful to introduce the
concept of a stalk.

Definition 4.32 (Stalk) If S is a sheaf of abelian groups on a topological
space M, then the stalk S, of S at the point p € M is the abelian group
defined as the direct limit

Sp:liin{S(U) :peU}

The direct limit in the definition above is perhaps best spelled out in words: the
stalk at p is the set of all pairs (U, s) where U is an open set containing p, modulo the
equivalence relation (U, s) ~ (V,t) if and only if there exits an open subset W C U NV
such that ry vt = riyys. The stalk has the structure of an abelian group, with addition
defined by

(U, )]+ [(V,0)] = [UNV,runvus + ruavy)]

If U is an open set containing the point p, and s € S(U), then we denote by s, the
equivalence class of s in the stalk S,. An element s, € S, is called the germ of s at p.

Example 4.33 Let M be a Riemann surface and let Oy; be the sheaf of
holomorphic functions on M. At a point p € M, let z a local analytic coor-
dinate on M centered at p. Then the stalk (Oyy) p 1s given by the convergent
power series in z. If S, is the skyscraper sheaf considered previously, then
the stalk of S, is G' at p and the trivial group everywhere else.

We observe that a sheaf map ¢ : S — 7 naturally induces homomorphisms of stalks
¢p : Sp — T, for all p € M as follows:

¢p - (U 5)] = [(U, ¢ (s))]

At this point we must mention a somewhat technical point concerning sheaves and
presheaves. Recall from Example 4.29 that it is possible that a presheaf over a topological
space may not satisfy the sheaf axiom. However, it can be shown (see Chapter 1 of [14])
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that given any presheaf S over a space M one naturally associate a sheaf S to S called
the sheafification of S whose stalks will be isomorphic to those of the presheaf S. If S
is already a sheaf, then the sheafification of S is simply S itself. For the details of this
construction, the reader is referred to [14].

The following Proposition, whose proof can be found on page 287 of [25], clarifies
the notions of injectivity and surjectivity for sheaf maps.

Lemma 4.34 Let ¢ : Q — R be a sheaf map. Then the following are
equivalent:

1. For each open subset U C M, the map ¢y : Q(U) — R(U) is injective
(respectively, bijective)
2. Each map of stalks induced by ¢ is injective (respectively, bijective).
Crucially, this lemma is false if we replace the words ‘injective’ or ‘bijective’ with
‘surjective’. Indeed, let X = C — {0}, and let Oy be the sheaf of holomorphic functions
on M. Then the sheaf map defined by ¢y (f) = exp(2nif) can be easily seen to be
surjective on each stalk (Oar)p: one simply considers a open neighbourhood of p small
enough that a single-valued complex logarithm may be locally defined. Since there is no
continuous, let alone holomorphic, logarithm defined C — {0}, however, we see that the

map ¢y, fails to be surjective.
With Lemma 4.35 in mind, we define an exact sequence of sheaves as follows:

Definition 4.35 (Exact sequence of sheaves) The sequence

e T 8 —Q — -
is said to be exact at S if the sequence of stalks

e T, Sy —— Q-
is exact for all p € M.

The following are examples of short exact sequences of sheaves:

Example 4.36 (Exponential sheaf sequence) On a Riemann surface
M, the exponential sheaf sequence is

exp

0 Y/ Onm Oy 0

where the map Z — Q) is the natural inclusion, and the exponentiation
map exp is defined by expy : Op(U) — O3,(U), f — exp(2wif). The
sequence is exact, since the kernel of the map exp;; is precisely the locally
constant integer-valued functions over U. And the exponentiation map from
O to O3 is surjective, since when restricted to a sufficiently small simply
connected open set U, every non-vanishing holomorphic function has a well-
defined complex logarithm.
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Example 4.37 If we let K denote the canonical bundle of holomorphic
1-forms on a Riemann surface M, and O(K) denote its sheaf of holomorphic
sections, we have the following exact sequence of sheaves:

d

0 C Owm O(K) 0

where d denotes the sheaf map Oy (U) — O(K)(U), f(za) — %fadza cor-
responding to taking the differential of a holomorphic function to obtain a
holomorphic 1-form. That this sequence is exact follows from the Poincare

lemma’.

Example 4.38 Let L be a holomorphic line bundle over a Riemann surface
M, and let L, be the point bundle associated to a point p € M. Let L™ be
the tensor product of n copies of the dual bundle L7, and let s;; be a section
of L, which has a zero of order n at p and no other zeroes. Then there is a
short exact sequence of sheaves

"

0——=O(L®L;") 2 O(L) o) 0

where the sheaf map s, is given by multiplication by the section s,, and
where Q is the skyscraper sheaf

o) = {C" irey.
0 otherwise

To see this, note that the stalk of Q at any point ¢ # p must be zero, since for
a sufficiently small open set U containing ¢, multiplication by s} establishes
an isomorphism of O(L ® L;™)(U) with O(L)(U). The stalk of Q at p is the
quotient of the space of germs of sections of L at p by the subspace consisting
germs of sections of L vanishing to order n at p. Using the description of
germs of holomorphic sections in terms of convergent power series, we see
that a section of L vanishing to order n at p is represented by a series of the
form ", <, ar2"~*. Hence the stalk Q,, is isomorphic to C", the isomorphism
being given by associating to any germ Y, ay2" the n-tuple (ao,...,a,)

In order to study the sheaves of sections of holomorphic vector bundles in more detail,
it will be necessary to introduce a further concept, that of locally free sheaves.

Definition 4.39 (Ringed space) A ringed space is a topological space M
together with a sheaf of commutative rings Opy on M.

For us, the most important example of a ringed space is a compact Riemann surface M
together with the sheaf of holomorphic functions on M, Op;. On a locally ringed space,
it is possible to define sheaves of modules:

"See [14], p.68.
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Definition 4.40 (Sheaf of modules) A sheaf of abelian groups S on a
ringed space (M, Oypr) is called a sheaf of Opr-modules if for each open set
U C M, the abelian group S(U) has the structure of an Op (U)-module, and
the restriction maps of S are compatible with the module structures induced
by the restriction maps of Oy .

Observe that the stalk S, of a sheaf S of Oj-modules naturally inherits the structure of
an (O )p-module. A sheaf of Op-modules S is called locally free of rank m if for all
p € M, the stalk S, is a free (Opr)p-module of rank m. The prototypical example of a
locally free sheaf on a compact Riemann surface M is the sheaf of holomorphic sections
of a vector bundle on M. Indeed, it can be shown (see [16], page 14) that the functor
associating to a holomorphic vector bundle E its sheaf of holomorphic sections O(E) is
an equivalence of categories, so that every locally free sheaf of O)/-modules arises as the
sheaf of sections of a holomorphic vector bundle. Because of this correspondence, the
terms ‘holomorphic vector bundle’ and ‘locally free sheaf of Op;-modules’ are often used
interchangeably. Locally free sheaves of rank 1, which correspond to sheaves of sections
of holomorphic line bundles, are also referred to as invertible sheaves®.

Given sheaves of Oj; modules, we can consider their direct sums and tensor prod-
ucts: for instance, if Sy, Ss are two sheaves of Oj-modules over M, then their tensor
product is defined as the sheafification of the presheaf {S2(U) ®0,, ) S2(U)}.

Finally, we want to understand how locally free sheaves behave under holomorphic
maps bewteen Riemann surfaces. Suppose that M and N are two compact Riemann
surfaces and f : M — N is a holomorphic map. Given a sheaf F of Oy-modules over
N, there exists an induced sheaf f*S of Ojs-modules called the inverse image sheaf of
F over M which is defined as follows.

Firstly, given any sheaf of abelian groups S over N, we define a sheaf f~!(S) of
abelian groups over M as the sheafification of the presheaf of abelian groups on M
which associates to an open set U C M the abelian group S(f(U)). Observe that
in the case of our sheaf of Ox-modules F, the sheaf f~!(F) has the structure of an
f71(On)-module. Now since the sheaf of rings f~1(Ox) can be naturally identified
with a subsheaf of Oy, we can view Oy as a sheaf of modules over f~1(Ox). So we
define the inverse image sheaf f*S of Oy, by

*S:=0nm ®f-1(0n) fﬁl(f)

The reader is invited to check that if O(L) is the sheaf of holomorphic sections of a line
bundle L over N, then the inverse image f*(O(L)) can be identified with the sheaf of
holomorphic sections of the pullback bundle f*L over M.

Given a sheaf S abelian groups over M, we can also define an induced sheaf of abelian
groups f.(S) over N, called the direct image sheaf, as the presheaf’ that associates
to an open set U C N the group S(f~1(U)). Observe that the sheaf of rings Oy is
naturally identified as a subsheaf!? of Oy;. Therefore if F is a sheaf of Oys-modules,
the direct image sheaf f,(S) can be considered as a sheaf of On-modules over N.

The following Proposition summarises some of the key properties of inverse image
and direct image sheaves. The proof can be found in [16], page 54.

8Inversion corresponds to passing to the sheaf of sections of the dual bundle
9Note that this presheaf is indeed a sheaf, and thus requires no sheafification.
10via the embedding h + ho f of f.(Oypr) for h € On(U)).
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Proposition 4.41 (Induced mappings of locally free sheaves) Let
f M — N be a complex analytic mapping between compact Riemann surfaces
which exhibits M as an r-sheeted branched covering of N, let L be a line
bundle over M, and let O(L) be its sheaf of sections, which is a rank 1
locally free sheaf of Opr-modules over M. Then:

1. The direct image f.(O(L)) is a locally free sheaf of On-modules of rank
T.

2. (Projection formula) For any locally free sheaf B of rank 1 over N,

[ (f7O(B) ®o,, L) = O(B) ®oy f+(O(L)) (4.2)

Proof. For the proof of the projection formula, which is an exercise in applying the
definitions of tensor products and inverse images, we refer the reader to [16], page 54.
The proof of item 1, however, is quite instructive. To show that f.(O(L)) is a locally free
sheaf of On-modules of rank r, we must show that each point p € N has a neighbourhood
U on which

f(OL)U)=ZONU)® - & ONn(U) r times

If p is not a branch point of the covering map f, then the preimage f~*(U) of a sufficiently
small neighbourhood U of p will consist of r disjoint open sets V; such that the restriction
of f to each V; is a holomorphic bijection of V; with U. So by definition of the direct
image, we have

FOL)(U) = O(L)(f7H(V)) = @ On (Vi)

as required. If p is a branch point, so that the fibre f~1(p) contains a ramification point
q, the situation is slightly different. In a local coordinate patch (V,z) on M centered at
¢, the Local Normal Form theorem 4.12 implies f takes the form z — z* for some integer
k > 1, so that w = z* gives a local coordinate on f(V'). Assuming that V is sufficiently
small, the holomorphic sections of L over V' correspond to power series in the variable z
convergent on V. Now observe that for suitable power series hg(w),. .., hg—1(w) in the
variable w, any convergent power series H(z) in the coordinate z can be written

H(z) = ho(w) + zhy(w) + - + 2" hy 1 (w)

Thus, O(L)(V) is isomorphic to the direct sum of k copies of the space of holomorphic

functions on f(V):
k—1

O(L)(V) =P =" On(F(V))
i=0
Since the map f has degree r, by applying this reasoning to each point in the fibre
f~1(p) we can obtain an neighbourhood U of p on which f,(O(L)) is again isomorphic
to the direct sum of r copies of On(U). We conclude that f.(O(L))) is a locally free
sheaf of Oy-modules of rank r. O

In view of the fact proved above, given a degree r holomorphic map F': M — N we
can consider the direct image construction as an operation which converts a line bundle
L over M to rank r vector bundle f,L over N.
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4.5 Sheaf Cohomology

Although the language of sheaves makes many local statements easy to formulate, we
would like to be able to draw global conclusions. We now introduce the fundamentals
of the theory of sheaf cohomology, which allows us to define groups which reflect the
global structure of a sheaf.

We begin by defining the cohomology of a sheaf with respect to an open cover. Let M
be a topological space, and let U = {U,} be a locally finite open cover of M. We can
use this data to define a simplicial complex N (Uf), called the nerve of U, as follows.
For the vertices of N(U), we simply take the entire collection of open sets U, of the
covering. If (Uyy, ..., Ua,) is a collection of p + 1 open sets in U with Uy, N...N Uy, #
¢, we say that Uy,,...,Uy, span a p-simplex o = (Us,,...,Us,). The intersection
lo| = Uqy N...N Uy, is called the support of 0. Now suppose that S is a sheaf of
abelian groups on M. A p-cochain of the cover I/ with coefficients in the sheaf
S is a function f which assigns to each p-simplex o € N(N) an element f(o) € S(|o]).
We denote the set of all p-cochains by CP(U,S). Observe that C?(U,S) has a natural
abelian group structure: if f,g € CP(U,S), we define (f + g)(o) := f(o) + g(o). For
brevity, if ¢ = (Uay, - - -, Ua, ), we shall often write fo,,....a, := f(0). Now we can define
boundary homomorphisms 47 : C? — CP+! as follows:

p+1

{6p(f)}a0....ap+l = Z<_1)iri(fao...&i...ap+1)

=0

where r; denotes the restriction homomorphism from S(Us, N -+ N Uai N---NUa,,)
to S(Uay N-+- N Ug,,,). To illustrate the definition of these maps, if f € CY, (6° -
Das =f3 — fa- And if h € CY, (6* - h)apy = fay — fay + fap. A simple calculation
shows that dP*! o 6?=0, allowing us to define the pth cohomology group of S relative to
the cover U, by
ker (6P +1)

im(6P)

In order to remove the dependence of these groups on the choice of covering, one takes
the direct limit of these groups over all locally finite open coverings of M, with respect
to the partial order on coverings given by one covering being a refinement of another.
As a result of this process we obtain sequence of groups HP(M,S). However for almost
all practical purposes, this definition proves extremely cumbersome. Fortunately, we are
able to appeal to the following useful result:

HP({Ua},S) =

Theorem 4.42 (Leray’s theorem) Let M be a topological space and S a
sheaf of abelian groups on M. Let U = {U,} be a locally finite open covering
of M such that for every q-fold intersection 0 = UyyN...NU,, , H1(0,8) =0
forq>1. Then HP(U,S) = HP(M,S) for all p.

For a proof, see [14]. An open cover satisfying the hypotheses of Leray’s theorem for a
sheaf S is called Leray open cover with respect to S.

Although their definitions may seem complicated, many sheaf cohomology groups have
very natural geometric interpretations. If 7 : L — M is a holomorphic line bundle over
a Riemann surface M, and O(L) is its sheaf of holomorphic sections, then we can think
of an element of H°(M,O(L)) as a collection of local sections f,, defined over each open
set U, in a Leray cover of M, such that on an intersection Uy, NUpg, do - f = fg— fa = 0.
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But this is precisely the condition for our local sections f, to patch together consis-
tently to give us a well-defined global section of L. Hence the group H°(M,O(L)) is
identified with the space of global holomorphic sections of the line bundle L. We shall
sometimes abbreviate the notation for this group to simply HY(M, L). Similarly, the
group HY(M, Oyy) is identified with the globally defined holomorphic functions on M.

Another important sheaf cohomology group, which we have actually already consid-
ered, is the group H'(M,O%,), where M is a Riemann surface and O3, is the sheaf
of non-vanishing holomorphic functions on M. To interpret this group, recall that an
element f of ker (61 :Cl — C’Q) assigns to each non-empty intersection of open sets
Us NUg in a Leray cover of M a non-vanishing holomorphic function f,g such that
(01 flapy = fap-fay-fva = 1. But recall that this is precisely the condition required
for the collection of functions f,s to define the transition functions for a holomorphic
line bundle L over M. Moreover, we've already seen that two sets of transition func-
tions fos and g.p define the same holomorphic line bundle if and only if we can write
fap = Z—; - gap for some nonvanishing holomorphic functions h, and hg defined on
U, and Upg respectively. We can think of the functions h, as representing a 0-cochain
h € C°. But by definition of the coboundary map, Z—‘; = (0o - h)ap. So we see that we
can identify the group

ker ((51 (Ot — 02)
1 * _
H (M, On) = im (6 : C0 — C1)

with the space of isomorphism classes of holomorphic line bundles over the Riemann
surface M.

We now present, without proof, some fundamental technical results from the theory
of sheaf cohomology. The proofs can be found in Chapter 3 of [14]. We begin with
some important finiteness theorems. For brevity, if O(L) is the sheaf of holomorphic
sections of a holomorphic line bundle over M, we shall write HP (M, L) for the p-th sheaf
cohomology group of O(L).

Theorem 4.43 If M is a compact Riemann surface, and L is a holomorphic
line bundle over M, then the cohomology groups HP(M,O(L)) vanish for
p > 2. Moreover, the cohomology groups HP(M,Z) and HP(M,C) vanish
forp > 3.

This last assertion follows from the fact that the sheaf cohomology groups H? (M, Z) are
isomorphic to the usual singular cohomology groups of M. We also have:

Theorem 4.44 If M is a compact Riemann surface, and L is a holomorphic
line bundle over M, then the cohomology groups HP(M,O(L)) are finite
dimensional complex vector spaces for p =0, 1.

Following the general pattern of a cohomology theory, sheaf maps induce homomorphims
of the cochain groups which commute with the coboundary maps, and a short exact
sequence

0—7 —5§—9—0

of sheaves over M induces a long exact sequence of sheaf cohomology groups:

0— H'(M,T)— H°(M,S) — H(M,Q) — H"(M,T) —
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HHI(Mv‘S.) *)HI(M7Q) *)Hz(MvT) —

The connecting homomorphism A from HP(M, Q) to HPY(M,T) is obtained by the
usual diagram chasing: if f € CP(Q) represents a class in H?(M, Q), then by the short
exact sequence of sheaves, there exists'! an element h € CP(S) such that h — f under
the induced mapping of cochain groups . Since these induced homomorphisms commute
with coboundary maps, we see that the element §, - h of CPT1(S) lies in the kernel of
the induced map from CP+1(S) — CPT1(Q), so again using the short exact sequence, we
can identify h with a unique element t € CPT1(Q). It is straightforward to check that
dp+1-t =0, and that ¢ does not depend on our arbitrary choice of element h € C?(S), so
we can define A([f]) = [t], where the square brackets denote taking cohomology classes.

Let us look at some applications of the long exact sequence of sheaf cohomology groups.
Recall the exponential exact sequence for a compact, connected Riemann surface M:

exp

0 z Om On 0
The corresponding long exact sequence reads
0— H°(M,Z) — H°(M,Oy) — H(M,0%;) — HY(M,Z) — (4.3)

— HY(M,0y) — HY (M, 0%)) — H*(M,Z) — 0

Now since M is connected, H°(M,Z) = 7, and since M is topologically a compact
orientable surface of genus g, H'(M,Z) = 7Z?9 and H?(M,Z) = 7. Further, since the
only holomorphic functions on a compact Riemann surface are the constants, we have
that HO(M,Oy) = C, and HO(M,0%,) = C". We also know that the exponentiation
map from C to C* is surjective. So by exactness, we see that H'(M,Z) = Z?9 injects
into H'(M,O)y). Hence we can write the interesting part of our long exact sequence as

HY (M, Oyr)

79 — HY(M,0%) —Z — 0 (4.4)

0—
Now recall that we can interpret the space H!(M, O3%,) as the space of holomorphic
isomorphism classes of holomorphic line bundles over M. The coboundary homomor-
phism ¢ : H'(M,O0%;) — H?(M,Z) in the sequence above is called the characteristic
homomorphism, and if L € H'(M, 0},) represents an such an isomorphism class, the
image c(L) is called the Chern class of L. The class ¢(L) € H?(M,Z) measures the
topological properties of L. Indeed, it can be shown!'? that c¢(L) = C(E) if and only
if there is a C*° line bundle isomorphism [ & L. Tt is important to note that this
isomorphism need not be holomorphic, however: on Riemann surfaces of genus g > 0
there exist holomorphic line bundles with equal Chern class which are not holomorphi-
cally isomorphic. Now since a compact Riemann surface M is a compact, orientable
2-manifold, it follows that H?(M,Z) = Z. Thus, an isomorphism H?(M,Z) = Z allows
us to consider ¢(L) as an integer, which we call the degree of L, and denote deg(L). For
more details regarding this identification, the reader is directed to [14], page 101.

We now present a few basic facts about the degree of a holomorphic line bundle. Firstly,
since the trivial bundle is represented by identity element of H*(M, O%,) and the char-
acteristic map is a homomorphism, the degree of the trivial line bundle is zero. Further,

HNote that h may not be unique
123ee[14] page 99
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since the tensor product of line bundles corresponds to multiplication of transition func-
tions, we have that deg(L@ﬂ) = deg L+deg L. One can also show'? that if a line bundle
L over M has a holomorphic section s with zeroes at points p1, ..., pn, with the zero at
pr having multiplicity my, then deg L = 3", my,.

Returning to the exact sequence 4.2, it can be shown # that the image of H*(M, Z) =729
in HY(M,O)r) = CY is a lattice subgroup. Hence it follows that the space of isomorphism
classes of degree 0 line bundles on M has the structure of a g-dimensional complex torus
C9/Z29. This complex torus is called the Jacobian'® of the Riemann surface I', which
we shall denote Jac(M). Observe that via the bijective map given by tensoring with any
fixed line bundle of degree d, we can also regard the space of isomorphism classes of line
bundles of degree d over M as a complex torus isomorphic to Jac(M). Consequently,
we shall write J acd(M ) for this latter space. A complex torus that is isomorphic to the
Jacobian of some compact Riemann surface is called an abelian variety!6.

In Chapter 5, we will consider a Riemann surface M of genus g and the space Jac? (M)
of isomorphism classes of degree g — 1 holomorphic line bundles over M. The theta
divisor © C Jac?" (M) is the subset of Jac? ™' (M) defined by

0= {LEJacg_l(M)|L%Lp1 o- Ly, , for some pi,...,pg-1 EM}

In words, a degree g — 1 line bundle represents a point of the theta divisor if and only if
it is isomorphic to a product of point bundles over M. Equivalently, a line bundle repre-
sents a point of the theta divisor if and only if it admits a non-trivial holomorphic section.
The complement of the theta divisor in Jac?™! (M) is called the affine Jacobian'” of M.

We now state a useful analytic result, the Serre duality theorem, which enables us
to efficiently count the dimensions of sheaf cohomology groups:

Theorem 4.45 (Serre Duality) Let M be a Riemann surface, L be a
line bundle over M, and K be the canonical bundle of M. Then there is an
non-degenerate, bilinear pairing of finite dimensional complex vector spaces

Q:H'M,L)x H*(M,K ® L*) — C
which induces an isomorphism of complex vector spaces

HY(M,L) = H*(M,K ® L*)*

For a self-contained proof of Serre’s duality theorem, the reader is directed to chapter 6
of [14].

Let us apply Serre duality to the long exact sequence of cohomology groups arising
from the following short exact sequence of sheaves over a compact connected Riemann
surface M of genus g:

13See [14], page 103

Msee [14], p.136

I5There are other possible definitions of the Jacobian of a compact Riemann surface, but all describe
isomorphic complex tori

16For an explanation of the terminology, see [13]

17Tt can be identified with an affine algebraic variety; again see [13]
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If we let K denote the canonical bundle on M, we obtain the following long exact
sequence of complex vector spaces:

0— H°(M,C) — H*(M,0y) — H*(M,K) — H'(M,C) —

— HY(M,0y) — HY(M,K) — H*(M,C) — 0

Now as usual we know that H%(M, Oy;) = C, and the connectedness, compactness and
orientability of M ensure that H°(M,C) =2 C = H?(M,C). And since M has genus g,
we have H(M,C) = C?9. Moreover, by the Serre duality theorem, we have

dim H' (M, 0y) = dim H' (M, M x C) = dim H*(M, K)* = dim H°(M, K)
where M x C is the trivial line bundle over M. Using Serre duality again yields
dim H(M, K) = dim H°(M, K ® K*) = dim H°(M,Oy;) =1

We now appeal to the fact that in an exact sequence of vector spaces beginning and
ending with the trivial space 0, the alternating sum of the dimensions of the spaces in
the sequence vanishes'®. Summing dimensions in the cohomology long exact sequence,
we obtain

1-1+dimH°(M,K) — 29+ dimH*(M,K) —1+1=0

Hence dim H°(M, K) = g: that is, the dimension of the space of holomorphic 1-forms on
M is equal to the topological genus of M. This is an example of the interplay between
analytic and topological invariants in the theory of Riemann surfaces which foreshadows
the nature of the powerful Riemann-Roch theorem.

Let us now make some brief remarks about the classification of holomorphic line
bundles and vector bundles over the Riemann sphere P!. Returning to the exact sequence
(4.4) and setting M = P!, we obtain

0—-0— H\(PLO*) -Z—0

Thus there is exactly one isomorphism class of holomorphic line bundles on P! of each
degree d € Z. So two line bundles over P! are isomorphic if and only if they have the
same degree. There is also a very simple classification of the rank n holomorphic vector
bundles over P! which we will use in Chapter 5.

Theorem 4.46 (Birkhoff-Grothendieck) If E is a rank n holomorphic
vector bundle over P!, then

E=0(a1) & O(ay)
for some integers ay,...,a, € Z.

Although the Birkhoff-Grothendieck theorem can be proved using the technology
developed in this chapter, for reasons of space we refer the reader to the proof on page
30 of [18]. We often encounter Riemann surfaces exhibited as n-sheeted branched covers
of P1. Via the direct image construction, we can transform the problem of studying a
line bundle over such a Riemann surface to the study of a rank n vector bundle on P!,
and these bundles are classified by the Birkhoff-Grothendieck theorem.

18This is easy to prove by induction on the length of the sequence
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4.6 The Riemann-Roch Theorem

We now state a fundamental theorem in the theory of Riemann surfaces, the Riemann-
Roch theorem. Given a holomorphic line bundle L over a compact Riemann surface
M, Riemann-Roch relates the bundle’s analytic data (the dimensions of the cohomology
groups of its sheaf of holomorphic sections) to its topological data (the Chern class of L
and the genus of M).

Theorem 4.47 (Riemann-Roch) Let L be a holomorphic line bundle
over a compact, connected Riemann surface M of genus g. Then

dim H*(M, L) — dim H*(M,L) = deg L +1 — g (4.5)

Proof. We begin by noting that for the trivial line bundle L = M x C, dim H°(M, L) =
dim H°(M,Oys) = 1, and by Serre duality, dim H!(M, L) = dim H°(M, K) = g. Since
the trivial bundle has degree zero, we see that indeed

dim H(M, L) — dim H'(M,L) =1—-g=04+1-(1 — g)

So the Riemann-Roch formula holds for the trivial line bundle. We now proceed induc-
tively: assuming that the formula holds for a bundle L, we show that it holds for the
bundle L® L, where L, is the point bundle associated to p € M. Consider the following
short exact sequence of sheaves, discussed in Example 4.38:

0—OL®L,) — O(L) — Q—0
This induces the following long exact sequence of cohomology groups:
0—H'(M,L® L)) — H*(M,L) — H*(M,Q) — H'(M,L® L}) —

— HYM,L) — HY(M,Q) — 0

Since the sheaf Q is a skyscraper sheaf with stalk C at p, we have that H°(M, Q) = C
and H'(M,Q) = 0. Now since in an exact sequence of vector spaces beginning and
ending with {0}, the alternating sum of the dimensions of the spaces in the sequence
vanishes, we have

dim H*(M,L ® L}) — dim H' (M, L ® L}) = dim H’(M, L) — dim H' (M, L) — 1

Now since the characteristic map is a homomorphism and deg L; = —1, we have that
deg(L ® L;) = deg L — 1. From this, and our assumption that

dim H°(M, L) — dim H*(M, L) = deg L + (1 — g) (4.6)
we see that
dim H*(M,L® L)) —dim H'(M,L® L;) = deg(L® L;) + 1 — g

so if the formula holds for L, then it also holds for L ® Ly for any p € M. An analogous
argument shows that if the formula holds for L, then it also holds for L ® L.

In order to prove the theorem for a general line bundle, we show that any holomorphic
line bundle L is isomorphic to the tensor product of a finite number of point bundles and
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their inverses. To this end, let s, be a holomorphic section of L, with a single simple
zero at ¢, and consider the short exact sequence of sheaves

O—>O(L)—>O(L®L2)—>R—>O

where the map from O(L) — O(L ® Ly) is given by multiplication by the section s of
Ly . Recall that the sheaf R is a skyscraper sheaf whose only non-zero stalk is R, = C".
Hence, H°(M,R) = C" and HP(M,R) = 0 for p > 1. Summing dimensions in the
corresponding long exact sequence of cohomology spaces yields

dim H*(M,L ® L}) = dim H'(M,L ® L}) + dim H*(M, L) — dim H' (M, L) + n

> dim H(M, L) — dim H' (M, L) +n

Now since all the vector spaces above are finite dimensional, we can choose n sufficiently
large that the right hand side is strictly positive. Hence for such n, dim H°(M, LeLy) >
0, so L ® Ly has a non-trivial holomorphic section o, which has some finite number of
zeroes at points p1, ..., pg, each having multiplicity my, ..., my. Consequently, the bundle
LeLy®L,™ ®---L,™ has a nowhere vanishing holomorphic section, and is thus
trivial. Therefore L = L™ ® L' @ --- L%, so we see that we can indeed write an
arbitrary holomorphic line bundle as tensor product of finitely of point bundles and
their inverses. But the Riemann-Roch theorem was shown to hold for the trivial bundle,
and we have also shown that if it holds for L, it must also hold for Lj and L,. It
therefore follows that the Riemann-Roch theorem holds for any holomorphic line bundle
L. O

Remark: The Riemann-Roch formula can also be shown to hold for a rank m vector
bundle V' over a Riemann surface M. We refer the reader to [18] for the proof,
which proceeds by induction on the rank of the bundle.

We conclude our discussion of Riemann surfaces by mentioning a consequence of the
Riemann-Roch theorem that will prove useful in Chapter 5.

Proposition 4.48 Let M and N be Riemann surfaces, and let m : M — N
be a holomorphic map that exhibits M as an r-fold branched covering of N.
If V is a rank n-vector bundle M, g and g are the genera of N and M
respectively, and d,d the degrees of V and 7w,V respectively, then following
relationship holds

d—r(G—1)=d—n(g—1)
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Chapter 5

Lax equations and Riemann
surfaces

We shall now apply the machinery assembled in Chapter 4 to give a geometric interpre-
tation of Lax equations with a spectral parameter. We shall see that for the Lax pairs
A= [A, B] arising from the AKS construction, we can interpret the differential equation
as describing the linear motion of a point on a complex torus which is the Jacobian of a
compact Riemann surface. The treatment given here is based on the articles [26],[28] as
well as the survey [31]. The proof of the linearization theorem that we present follows
closely Hitchin’s treatment in [18]. A proof can also be found in the Griffiths’ paper
[13]. Other useful references on the subject include Chapter 5 of Babelon’s book [7], as
well as the article [3] by Adler and van Moerbeke. The specific example of the Neumann

model is treated extensively in Harnad’s lecture notes [17]

5.1 Matrix Polynomials and Spectral Curves

Let M(r,d) be the set of all degree d polynomials with coefficients in the space of r x r
complex matrices:

M(r,d) = {Agz"+ Ag_129 " + ...+ Ag 1 A; € g1,(C)}

If A(z) € M(r,d) is such a matrix polynomial, its characteristic equation defines an
element P(z,w) of the polynomial ring C[z, w]:

P(z,w) = det(A(2) —wl) = w" 4+ ay (2)w" ™' + ... +a.(2)
Observe that each a; € C[z] satisfies deg(a;) < id.

Definition 5.1  The affine spectral curve of a matriz polynomial A(z) €
M(r,d) is the affine plane curve

Co = {(z,w) € C*: P(z,w) =0}

Consider the complex projective line P! with its standard covering by two affine
coordinate charts (Up, z) and (U, Z). At a point p in the intersection Uy N U; = C*
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these coordinates are related by Z(p) = 1/z(p). Recall that with respect to this covering
of PL, the line bundle O(d) is defined by the transition function

tor : Ug N Uy — C* ,p— 2%(p)

Let T be the total space of the line bundle O(d), and p : T — P! the bundle projection.
Given a matrix polynomial A(z), we will construct the completion of its affine spectral
curve inside the complex manifold 7. We can cover T' by two open sets, Wy = p~1(Up)
and Wy = p~1(U;). Since the restriction of O(d) to each U; is trivial, both Wy and W
are isomorphic to C2. Take! (z,w) to be analytic coordinates on Wy and (Z,w) to be
analytic coordinates on W;. On the intersection Wy N W1, these coordinates are related
by

z =

ER N

w = P
Let us now consider the line bundle p*O(rd) over T. With respect to the cover
T = Wy U W1, this line bundle is defined by the transition function

To1: Wo N Wi — C*, p s 2" (p)

Let A(z) € M(r,d) be a matrix polynomial with characteristic polynomial P(z,w).
We define a section P(A) of p*O(rd) by the following pair of locally defined functions

P(A)w, : Wy — C, (z,w) — P(z,w)

P(Aw, : Wy — C, (3,0) — 2Pz, 27%0)

Definition 5.2 (Spectral curve of a matrix polynomial) The spectral
curve C of a matriz polynomial A(z) € M(r,d) is the zero set of the section
P(A):

C={peT:P(A)(p) =0}

Suppose that A(z) has characteristic polynomial
P(z,w) = det(A(2) —wl) = w" 4+ ay (2)w" ' + ... + a.(2)

Then
F9p(z i) = 0" 4 a (2" + .+ an(3)

where a; is a polynomial in Z of degree less than or equal to ir. Since for any fixed
value of z or Z the coefficients of w” in P(z,w) and @" in 2"¢P(Z,%) never vanish,
the map m = p|c exhibits C as an 7-fold branched cover of P!. Hence the spectral
curve is a (possibly singular) curve C' embedded in the complex surface T', whose ‘affine
part’ C' N Wy is exactly the affine spectral curve we defined previously. From now on
we shall assume that all spectral curves are smooth and all characteristic polynomials
are irreducible. Under these assumptions, the spectral curve C' associated to a matrix
polynomial A(z) € M(r,d) defines a compact, connected Riemann surface. Note that a
branch point z € P! of the covering map « : C — P! corresponds to the matrix A(z)
having fewer than r distinct eigenvalues, while a branch point at z = oo corresponds to
the leading coefficient Ay of A(z) having fewer than r distinct eigenvalues.

1We think of z as the base coordinate and w as the fibre coordinate.
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Example 5.3 An affine hyperelliptic curve Cj is the locus of points
Co = {(z,w) € C?: w? = P(2)}

where
Pz)=(z—a)(z—a2) (2 —an)

is a polynomial with n distinct roots aj, ..., a,, € C. Following Mumford in
[29], we consider matrices of the form

w0=(v 50

where U(z) and W(z) are monic polynomials of degree d — 1 and d respec-
tively, and V(z) is of degree < d — 2 for some fixed positive integer d. The
characteristic polynomial of A(z) is given by

P(z,w) = w? — (V2 4+ UW)(2) =: w® — F(z)

Assume that the polynomials U, W,V are generic in the sense that F(z) has
no repeated roots:

2d—1

F(z) = H(z—ozi), sop #Fay it i#£ g

=1

In this case, the affine spectral curve of A(z) is hyperelliptic. Following the
method outlined above, we think of

2d—1

P(z,w) = w? — H (2 — i)

i=1

as being the local representative of a global section of p*O(2d) in the local
trivialization (z,w) € V; x C. It follows that in the other trivialization
(Z,W) € V5 x C, this section is represented by the local function

2d—1
P(zw) =w” -2 [ (1 - 2)
1=1

The spectral curve C of A(z) is the zero set in O(d) of this section. We
observe that there is only one ’point at infinity’, the point (£ = 0,% = 0).
This is readily seen to be a smooth point. It is, however, an order 2 branch
point of the covering # : C — P'. We also note that 7 : C — P! has
2d — 1 order 2 branch points {(z = o, w = 0)}247! at finite distance. Hence
7 : C — P! has 2d branch points of order 2, and thus by the Riemann-
Hurwitz formula we compute its genus g to be

g=d—-1
We now study some general properties of spectral curves. Let T = Wy U W7 be the

open cover of the total space of the line bundle O(n) we defined previously. We begin
by making an important observation about this cover:

Lemma 5.4 The cover T = Wy U W7 is a Leray open cover with respect to
any coherent analytic sheaf F over T.
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Proof. We have seen that both W, and W3 are isomorphic to C x C. So Wy, W is a
cover of T' by Stein manifolds. By Cartan’s Theorem B, such a covering is a Leray cover
with respect to any coherent analytic sheaf on T O

We will exploit this fact to give explicit descriptions of the cohomology groups of
sheaves on T'. In particular, if O denotes the sheaf of holomorphic functions on T, we
can compute H(T,Or). By definition, an element of H!(T,O7) is represented by a
holomorphic function defined on Uy NU; = C* x C, given by a Laurent series of the form

o0 o0
> S wut
j=—00 k=0
modulo the functions which extend holomorphically to Uy, which have the form
o0 o0
DD bilu
§=0 k=0
and modulo those which extend to Uy, which are of the form
oo o0
DI
§=0 k=0

Hence we find that

Proposition 5.5 H(T,0O7) is spanned by the monomials
{w'2 |, i>0,id<j<0}

By definition of the spectral curve C' associated to A(z), multiplication by the defining
section P(A) gives a short exact sequence of sheaves

0— p*O(—rd) — Op - Oc — 0

where we identify the quotient sheaf with Oc¢, the sheaf of holomorphic functions on C'.
Consider the following portion of the corresponding long exact sequence in cohomology:

HYT,0r) — HY(C,0r) — H*(T, p*O(—rd))

Since there is Leray cover for T with respect to p*O(—rd) which has only two open sets,
it follows that H?(T, p*O(—rd)) = 0. Hence the map from H*(T,Or) to H'(C,O¢) is
surjective. So any element of H'(C,O¢) can be described as an element of H(T,Or)
modulo the relation det(A(z) —wl) = 0 defining the spectral curve. Since we can use this
relation to eliminate any powers of w higher than w"~!, we observe that the monomials
wizd , 0<i<r—1,id <j <0 form a basis for H*(C,O¢). Noting that

(d—1)+(2d—1)+~~+(r71)(d71):%(rfl)(dr—2)

we have:
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Proposition 5.6 Let C be the spectral curve associated to the matrix
polynomial A(z) € M(r,d). If C is smooth, ils genus is given by g =
%(r—l)(dr -2)

We will be also be interested pullback bundle 7*O(d) over the spectral curve C.
With respect to the covering of C' by the two charts V; = CNU; and Vo = C' N Us,
then this bundle is defined by the transition function ¢12 = 2™(p), p € Vo N Vi. We can
define a section w of this bundle by the two functions wy, = w, wy, = w. This section
contains the data of the eigenvalues of the matrix polynomial A(z). Of course, these
eigenvalues cannot be expressed as single-valued functions of a parameter on P': there
are, after all, generically r eigenvalues corresponding to each value of z. However on the
r-fold cover of P! given by the spectral curve, we find that we can indeed represent the
eigenvalues as a single-valued global section of the line bundle 7*O(n).

We conclude our discussion of spectral curves by noting a consequence of the smoothness
assumption:

Definition 5.7 (Regular matriz) A matric M € GL,.(C) is reqular if
the following equivalent conditions hold:

1. The minimal polynomial of M is equal to its characteristic polynomial
2. The conjugacy class of M in GL,(C) is of marimal dimension 1> —r
3. There exists a vector v € C" such that v, Mv, M?v, ... span C"

4. All the eigenspaces of M are of dimension 1

Proposition 5.8 Let A(z) € M(r,d) be a matriz polynomial with smooth
spectral curve X. Then for all fited a € P!, the matriz A(a) is regular (for
z = 00, this means the leading matriz Aq is regular).

Proof. As usual, we write
A(Z) = AdZd + Ad,lzd_l +...+ AO

Now suppose that at zg € C the matrix A(zp) is not regular. Then there exists wy
such that (zg,wo) € Cp and rank (A(zp) — wo.1) < r — 2. Let A;;(z,w) be the (4, j)-th
minor of the matrix A(z) — wl. Since A(zp) is of rank < r —2, A;; =0 for all 4, 5. Set
Aij(z) == (A(2));;- Then computing the partial derivatives

0w P (2, w)|(20, wo) = Z Aji(z0, wo) =0
i=1

—~ 04
0. P(z,w)|(z0,wp) = Z J

ij=1

shows that zg,wq is a singular point of C'. Applying similar considerations to

zrip(z71, 27 4p) = det (sz (1) — w)
z

244 <1>
z zZ=0

we see that if Ay fails to be regular, then there exists wo such that (£, w) = (0, @) is a
singular point of C. This proves the proposition. O

and noting that
= Ad
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5.2 The Eigenvector Bundle

Suppose that A(z) € M(r,d) is a matrix polynomial whose spectral curve C' is smooth.

By Proposition 5.8, we know that for all z € P!, the eigenspaces of A(z) are one-
dimensional. We will now study these eigenspaces in more detail. Let U(p) =(¢1(p), - .., ¥r(p))
be an eigenvector associated to the point p € C: if p = (z,w), then ¥(p) is an eigen-
vector of the matrix A(z) with eigenvalue w. Let ey, ..., e, be the standard basis for

C" and (,) the inner product defined by declaring the e; an orthonormal basis. Define

r open subsets of C by

U;={peC:3veker(A(z) — wl) such that (v,e;) # 0}

Let us choose to normalize the eigenvector ¥(p) by setting 1)1 = 1. This defines r
functions ¥ = 1,9, ..., on the open set Uj.

Proposition 5.9 The components (11,a, ...1,) of the normalized eigen-
vector U (p) define meromorphic functions on the spectral curve C

Proof. At each point p € U; there is a unique eigenvector ¥ of A normalized by ¢ = 1.
The unnormalized components of this eigenvector will be suitable minors of the matrix
A(z) — wl and hence will depend polynomially on the two meromorphic functions z, w
on C'. After dividing by the first component of this vector, all other components depend
rationally on z and w and are thus define meromorphic functions on C. O

We will use this set of meromorphic functions to construct a line bundle over C' which
encodes the data of the eigenspaces of A(z):

Proposition 5.10  Suppose that A(z) € M(r,d) is a matriz polynomial
whose spectral curve C is smooth. Then there exists a unique line bundle L
over C, embedded as a subbundle of C x C™, whose fibre over the pointp € C
is the one-dimensional eigenspace of the matriz A(z(p)) corresponding to the
eigenvalue w(p).

Proof. When restricted to the set Uy C C the r functions (1, s, ... 1,.) are holomorphic.
Hence they define a holomorphic map

T:U —-P 7! psliahy:- ]

This map can be extended to a holomorphic map ¥ : C' — P"~! as follows. Let p be a
point where at least one of the v; has a pole. Denote by k the maximum of the orders of
the poles of the v; at p; by assumption & > 1. Let (V,z) be a local analytic coordinate
chart on C centered at p. Then we define a holomorphic map V — P!

x— [P akapy 2Ry,

By definition of the homogeneous coordinates on P! this map agrees with the map ¥ on
V nU;. Applying this procedure at each point p € C' — U; defines a unique extension
of ¥ to a holomorphic map ¥ : C' — P"~!. Now let 7 be the tautological bundle over
P~ that is, the subbundle of P! x C™ whose fiber over the point p € P! is the
one-dimensional subspace of C™ represented by p. Our line bundle £ is then simply
U*7T  the pullback by ¥ of the tautological bundle. O
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It is in fact the dual bundle to £ that will play a fundamental role in our discussion:

Definition 5.11 (FEigenvector bundle) Let A(z) € M(r,d) be a matriz
polynomial with smooth spectral curve C and let L be the line bundle con-
structed in Proposition 5.10. The eigenvector bundle associated to A(z) is
the line bundle L = L*.

We will now give a description of the line bundles £ and L in terms of local trivi-
alizations and transition functions. Since p : £ — C is a subbundle of C' x C", points
x € o~ 1(p) determine vectors in C™. We define local trivializations ¢; : 0~(U;) — U; xC

as follows:
vi(r) = (o(z), (T, €:))

The map ¢ is evidently analytic and fibrewise linear, and since (z,e;) # 0 for
m(x) €U;, o is a bijection and hence defines a local trivialization of £ over U;.
We obtain transition functions t;; on each intersection U; N U; by

tij = piop; "
Explicitly, if p € C' we have

(v, €;)
tij(p) = (v,e5)

_ Y

vj
Note that these functions are well-defined: they are independent of the choice of vector

v(z) in the eigenspace o~!(x). By definition, the dual bundle L is described by the
transition functions

, veE o p)

1
fig(@) =
9 ( ) tij (37)
The eigenvector bundle L has r natural holomorphic sections si, ..., s, which corre-

spond to projection onto the linear coordinates of C". With respect to the trivialization
of L we have constructed, the section sj is represented by the following collection of
holomorphic functions defined on the U;

_ Y
YTy,

where the 9; are suitable restrictions of the meromorphic normalized eigenvector compo-
nents we constructed previously. Since for all but finitely many z € P! the eigenvectors
of A(z) span C™, the sections s; are linearly independent. By their construction in in
terms of components of eigenvectors, the sections s; have the property :

Sk

Lemma 5.12

The standard basis sections s; and the meromorphic function w on C' satisfy
.
ws; = ZAij(Z)Sj
j=1

We now determine some basic properties of the line bundle L. We will use the
abbreviation
Lk)=Len"0Ok), keZ
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Proposition 5.13  Suppose that A(z) € M(r,d) is a matriz polynomial
whose spectral curve C' is smooth and has r distinct points above z = 0.
Then the eigenvector bundle L corresponding to A(z) satisfies dim H°(C, L(—1)) =
0.

Proof. Let Poy = (P1,...,P.) be the r distinct points above z = oo, and write Cy =
C —{Py,... P} for the affine spectral curve. Recall that Cj is the affine variety corre-
sponding to the ideal in C[z,w] generated by the characteristic polynomial P(z,w). Let
Ry = C[z,w]/(P(z,w)) be the coordinate ring of the affine variety Cy, and denote by R
the polynomial ring C[z]. Let V be the subspace of H°(C, L) generated by the sections
51,...,8.. We begin the proof with a simple observation: if v € V and zv € H(C, L),
then v = 0. Indeed if zv € H°(C, L), then v must vanish at each point over infinity. But
since the eigenspaces at these points span C”, this implies v = 0.

Let M be the space of meromorphic sections of I whose restrictions to Cy are
holomorphic. Since polynomials in z are holomorphic on Cy, M has the structure of an
Rg-module. We claim that the natural map r : VR — M given by multiplication of sec-
tions by functions is surjective. Observe that by Lemma 5.12, #(V ® R) is an Rp-module,
since the collection of linear coordinates (s1,...,s,) satisfy ws; = 375, A;;(2)s;. Now
suppose for a contradiction that (V' ® R) is a proper Ry submodule of M. Then there
exists a maximal ideal m in Ry such that (V' ® R) C mM. Associated to any maximal
ideal in the coordinate ring Ry is a point p € Cy such that m = {g € Ry : g(p) = 0}.
Therefore every element of r(V @ R) vanishes at p. This is absurd, since there must
exist a linear coordinate which does not vanish on the eigenspace of A(z) corresponding
to the point p = (z,w). Thus we see that r is indeed surjective.

We conclude the argument by showing that H°(C, L) = V. By the surjectivity of r, any
element of M, and thus any element ¢t € H°(C, L), may be written ¢t = >t v;2'. Sup-
pose that v,, > 0. Then v,,z = sz' ™™ — Zi<0 vi+m,1zi. Note that the right hand side
of this expression is manifestly holomorphic at z = oo. Consequently v,z € H(C, L),
which shows v,, = 0. Thus H°(C,L) = V as claimed. It now follows readily that
H(C, L(—-1)) = {0}, since any non-trivial section of L(—1) would give rise to a section
of L vanishing at each point P; over infinity.

O

Corollary 5.14 Under the assumptions of Proposition 5.13, the dimension
of the space of holomorphic sections of L is dim HY(C,L) = r.

Proof. Suppose that p € P! is not a branch point of the r-fold covering m : C — P*,
and let s, be a section of the bundle O(1) over P! with a single simple zero at p. Then
the composite s, o 7 defines a section of the pullback bundle 7*O(1) over C' which has
r distinct zeroes. Now consider the short exact sequence of sheaves

0—O(L(-1)) - O(L) - Q—0

where the map from O(L(—1)) to O(L) is multiplication by the section s, o w. The
corresponding long exact sequence in cohomology reads

0— H°(C,L(-1)) — H*(C,L) - C" — H'(C,L(-1)) — H'(C,L) — 0 (5.1)
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By Proposition 5.13, dim H°(C, L(—1)) = 0, so that H°(C, L) injects into C". Thus
dim H°(C, L) < r. But we have already explicitly constructed r linearly independent
elements of HY(C, L), the sections {s;}. Hence dim H(C, L) = r, and the {s;} form a
basis. O

We will refer to the basis s; as the standard basis for H°(C, L). We can also compute
the degree of such an eigenvector bundle:

Proposition 5.15 Under the assumptions of Proposition 5.13, the degree
of the eigenvector bundle over a spectral curve C' of genus g is given by

degL=r+g—-1

Proof. Counting dimensions in the long exact sequence (5.1), we observe that
dim H'(C, L(-1)) = dim H'(C, L)
. By Serre duality, we have
HYC,L(-1)) 2 H'(C,K(1)L™Y*, HYC,L)= H(C,KL™")*

We claim that dim H*(C, L) = dim H°(C, KL=1) = 0. Consider the injective maps from
H°(C,KL™') to H°(C, K(1)L™1) given by multiplication by some non-trivial section of
the pullback bundle 7*O(1). Observe that given any point p € C, there exists a section
of 7*O(1) which vanishes at p; this is a consequence of the fact that any two point
bundles on P! are isomorphic. Since

dim H°(C, KL™1) = dim H*(C, K(1)L™")

any injective map between these spaces is also surjective. But this means that every
section of K (1)L~! vanishes at each point p € C, which implies

dim H*(C, K(1)L™") =0 =dim H*(C, KL™') = H'(C, L)
So applying the Riemann-Roch theorem to L,
dim H°(C, L) —dim H*(C,L) =r —0=degL+1—g

We conclude that deg(L) = r + g — 1 as claimed. O

5.3 The Jacobian of a Spectral Curve

Suppose that C' is a spectral curve of genus g with r distinct points above z = oo.
Denote by Mp the subset of M(r,d) consisting of matrix polynomials whose spectral
curve is C. Let Jacgfl(C) be the space of isomorphism classes of holomorphic line
bundles on C of degree g — 1. Recall from Chapter 4 that Jac? _I(C) has the structure
of a g-dimensional complex torus which is isomorphic to the Jacobian of C. From now
on, we will refer to Jac?”*(C) simply as the Jacobian of C. We also recall that the theta
divisor © C Jac? !(C) is the subset of the Jacobian consisting of line bundles admitting
a non-trivial holomorphic section:

©={BeJ}(C): H(C,B) # 0}
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Given a matrix polynomial A(z) € Mp, by Proposition 5.13 its eigenvector bundle L
has degree © + g — 1 and satisfies dim H°(C,L(—1)) = 0. Since the pullback bundle
7*O(1) has a section with r distinct simple zeroes, it has degree r, which implies that
the bundle L(—1) must have degree g — 1. Therefore the construction of the eigenvector
bundle L from a matrix A(z) € Mp defines a map

l: Mp — J97YC)—©, A(z)+ L(-1)

Using the direct image construction, we can also obtain matrix polynomials from a
line bundle B € Jac/"!(C) — ©.

Proposition 5.16 Let A(z), A(z) € Mp, and let L, L be the corresponding
eigenvector bundles. Suppose there exists a constant matriz P € GL.(C)
such that A(z) = PA(z)P~'. Then L~ L.

Proof. Let s; be the standard basis for H°(C, L) and let t; be the corresponding basis
for HO(C,L). Consider the section o = > Prjtj of L. We claim the divisor of o is
the same of that of the section s; of L. Let p € C' be contained in a local trivialization
U. Denote by s the vector (s1|y,...Sr|u) where s;|y is the local holomorphic function
representing the section s; in the trivialization U; define a vector t similarly. Since the
eigenspaces of A(z) are one-dimensional for each p there exists a function k(p) such that
s = k(p) - Pt, that is,

silu = k(p) ZPijtj|U
J

By definition of the bases s;,¢; in terms of the components of normalized eigenvectors,
k(p) must be a non-vanishing holomorphic function. But then since s1 = k(p)o, we see
that the holomorphic sections ¢ and s; have the same divisor, from which it follows that
L~L.

O

Proposition 5.17 Let L be a holomorphic line bundle over C' such that
L(-1) € J971(C)—©. Then the direct image . L is isomorphic to the trivial
rank r vector bundle E over P!,

Proof. Since L(—1) € J971(C) -0, we have deg(L(—1)) = g—1 and H°(C, L(—1)) = 0.
It follows that deg L = r +d — 1. By Proposition 4.41, we can identify the direct image
m.L with a rank r vector bundle E over P!. Recall that from Proposition 4.48 that if
m: M — N is an r-fold branched covering and V is a rank n-vector bundle over M,
then ~

d—m(g—1)=d—-n(g—1)

where g and § are the genera of N and M respectively, and d,d the degrees of V and
7.V respectively. In our case this formula yields deg m.L(—1) = 0. So by the Birkhoff-
Grothendieck theorem,

W*L(—l) =F= (’)(al) D---D (’)(ak)
with >, a; = 0. However, by the projection formula in Proposition 4.41, we have

L2 ERO0(-1)20(a;-1)® - @ O(a, — 1)
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By definition of the direct image, H°(C,L) = H°(P! m.L) = 0. Hence each a; must
satisfy a; < 0. Since ), a; = 0 this implies a; = 0 for all ¢, and thus E is isomorphic to
the trivial bundle over P*. O

Observe that by the projection formula, this proposition implies that 7. L(d) & E(d),
where E(d) = E ® O(d).

Recall from our discussion of spectral curves in Section 5.1 that with respect to the
cover C' = V; U Va, the line bundle 7*O(d) can be described by the cocycle z?. This
bundle has a canonical section w, which is described by the pair of local holomorphic
functions (w,w). Multiplication by w defines a map W : H%(C, L) — H°(C, L(d)). So
by definition of the direct image, W induces a map W : H°(P', E) — HO(P', E(d)).

Now recall that HY(P!, E) = C™. Let us fix a specific isomorphism by choosing a
basis (e1,...,ey) for H(PL, E). Recall that H°(P',O(d)) can be identified with the
space of polynomials of degree less than or equal to d. Therefore our choice of basis for
HO(P!, E) determines a basis for H°(P!, E(d)) of the form

B:{ei®zk:1§i§r,0§k§d}
Thus W defines a matrix A(z) € M(r,d):

r

Wi(e) = Aij(z) @e;

j=1

Observe that passing to a different choice of basis for H°(P!, E') corresponds to conju-
gation of A(z) by a matrix P € GL,(C). Now by definition of the section w, the matrix
A(z) satisfies P(z, A(z)) = 0. Since the spectral polynomial P(z,w) was assumed to be
irreducible, the Cayley-Hamilton theorem implies that the characteristic polynomial of
A(z) is equal to P(z,w), so that A(z) € Mp.

Hence we have defined a map from J971(C) — © to the set of conjugacy classes of
matrix polynomials with spectral curve C. We claim that this map is an inverse to the
eigenvector mapping:

Theorem 5.18 (Beauville) Suppose that the spectral curve associated to
P is smooth with r distinct points above z = co. Then the group GL,(C) acts
on Mp by conjugation, and there is a bijection between the quotient space
and the affine Jacobian J9~1(C) — © of C.

Proof. Let A(z) represent a conjugacy class in Mp, and let L be the image of this
conjugacy class under the eigenvector mapping. Let {s;} be the standard basis of sections
of L. The bundle L4 can be described by the two local trivialisations V3 x C and V5 x C
which are related by a transition function fi : V3 NVo — C*. In these trivialisations,
the basis s; of H(C, L) is represented by pairs (bi,l;i) where b; : V; — C,b; : Vo — C
and b; = flgl;i. By Lemma 5.12, we have that

wbi = Z Aij(z)bj
J

’LZIINJZ = Z édAij(Z)lN)j
j=1

Hence we recover the matrix A(z) as the matrix with respect to the basis s; of the
map H(P!, E) — H°(P!, E(d)) induced by multiplication by the section w.
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Conversely, suppose we begin with a line bundle B € J9~! — ©. Denote £ = B(1),
and let us assume again that £ is trivialized over the two sets V1, V5. A choice of basis
of HY(C, L) is represented by r sets of pairs (b,-,l;,-) where b; : Vi — (C,INJZ- Vo = C
and b, = flgl;i. The matrix associated to £ and this choice of basis is defined by
wb; =3 ; Aj(2)bj. Observe that since 7. (L) is trivial, at each point p € C' at least one
b; satisfies b;(p) # 0. Now let L 4 be the eigenvector bundle corresponding to the matrix
A(z), and let s; be the usual canonical basis of sections. By an identical argument to
the one used in the proof of Proposition 5.17, we conclude that the divisors of b; and s;
are equal. Hence £ = L 4, which proves that the maps are indeed mutual inverses.

O
5.4 Geometric Interpretation of Lax Equations
Let A(z) and B(z) be matrix polynomials, and consider the Lax equation
dA(z;t
1) _ a0, B0, A:0) = 40 (5.2

Recall from Proposition 0.1 in the Introduction that the coefficients of the characteristic
polynomial of A(z) are preserved by the time evolution of this system. In particular,
this means that if we fix an initial condition A(z;0) corresponding to a characteristic
polynomial P and spectral curve C, the Lax equation (5.2) describes a dynamical system
on Mp, the subset of M (r,d) consisting of matrix polynomials whose spectral curve is
C. Thus, we can use the machinery assembled in this chapter to study the system’s
time evolution. By Beauville’s theorem, we can identify Mp with the affine Jacobian
J971(C) — © of C. Hence the Lax equation (5.2) describes a dynamical system on an
open subset of the complex torus

H'(C,0¢) ., C°
H(C,Z) ~ 7%

Il

Jac?™1(C)

We say that a curve c¢(t) in Jac? *(C) represents linear motion on the Jacobian if
c(t) is the image of a line t — By +t8 in H'(C,O¢) under the covering map exp :
HY(C,00) —Jac? 1 (C).

Remarkably, for a familiar form of the matrix B(z), we shall see that the Lax equation
(5.2) describes linear motion on Jac?™*(C).
As we saw in Section 3.3, applying the AKS construction to the loop algebra g~[m((C)
yields Hamiltonian dynamical systems whose equations of motion take the form

LA = [(QAGR),=) A ) (53)

where A(z) is an m x m matrix polynomial, Q(x,z2) is a polynomial in z and 27!,
and the subscript + denotes taking the holomorphic part of the matrix Laurent series
Q(A(2),271). Now let C be the invariant spectral curve of the matrix polynomial
A(z;t) corresponding to some fixed initial condition A(z;0). Recall from our discussion
of spectral curves that H'(C,O¢) can be explicitly described as the complex vector
space spanned by the monomials

{w'2? | i>0,id<j<0}

As we will see, the matrix polynomial B(z) = (Q(A(z),z_l))+ is related to a coho-

mology class 3(z,w) € H*(C,O(C)), which determines the direction of a linear flow on
Jac?™}(C) — ©:
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Figure 5.1: Linear motion on a 1 dimensional complex torus.
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Theorem 5.19 (Linearization of flows) Let 3(z,w) be an element of
HY(C,0¢), and let

B(z) = (B(z, A(2)))+
be the holomorphic part of the matriz Laurent series 3 (z, A(z)). Then the
image of a solution A(z;t) of the Lax equation

dA(z;t)
dt

under the eigenvector map | : Mp — J9=1(C)—O is a line bundle L(t) defined
by the cocycle cexp(tB) € H'(C,0F), where L(0) =1 (A(z;0)). Hence L(t)
evolves linearly in Jac? ™ (C).

= [A(2;t), B(2;1)] , A(2;0) = Ao (5.4)

Proof. In view of the Beauville correspondence, the strategy is to study the linear flow of
L(t) on J971(C) — © in the direction 3(z,w) and show that we can find representatives
fl(z; t) of the corresponding conjugacy classes of matrix polynomials such that equation
(5.4) is satisfied. Consider the line bundle L(t) with transition function cexp(tG(z, w)).
Let si(t) denote the standard basis for the space of holomorphic sections of L(t). In
the C' N U trivialization, these sections are represented by locally defined holomorphic
functions which we shall also denote si(t). We denote their representatives in the CNV;

trivialization by §x(t). On the intersection V; N V3, we have
su(t) = cexp(tB(z,w)) - 54(t)
Differentiating with respect to time yields

% = B(z,w) - sx(t) + cexp(tB(z,w)) -

Using Lemma 5.12, we have that

g (5.5)

wsk(t) = Z Agj(2)s;(t) (5.6)

Hence we can write equation (5.5) as

= S0 AN - s5(0) + cexp(tBz,w)) - S

J

dst.
dt

Also note that since the spectrum of A(z) is constant in time, differentiating (5.6) gives

dsk - u dAkj ) ) de

Now consider the matrix-valued Laurent series ((z, A(z)). We can split it into two
terms: one, B4, which contains powers of z greater than or equal to 0, and another, 5_,
containing strictly negative powers of z. We then have

dsk d§k

T Z[ﬂ+]kj -s;(t) = Z[ﬂ_]kj - 5;(t) + cexp(tB(z,w)) - =

o ds
= cexp(tB(z,w)) Z[ﬁ—]kjsj(t) + at

J

94



By our splitting of the powers of z in 3(z, A(z)), we see that this defines a set of global
holomorphic sections 7% of L(t). We can write these sections as a complex linear
combination of the standard basis sections s;(t)of L(¢):

T8 =" Crisi(t)
i=1

In this fashion we obtain a new time-dependent matrix C(t). In the C'NV; trivialization,

this statement reads .

% - Z[ﬁ-{- ki * Sz Zokzsz

i=1

Now, substituting this expression into (5.7) yields:

wd—tk = Z ( dtkj S; + Ak] J) Z ( kj s; + ZAkj(Cji + [ﬂJr]ji) . Sz)
i=1 i=1

Jj=1

However, we can also write

dsk

’LUZ ﬂ+ ki * 51+Ck7, z)
i=1

Z AJ'L ﬂ+ ki +Ck])

7,7=1
Comparing these expressions, we have

dA %
Z Aji ([B+]ik + Cj) s Z ( Zsj+ > Aw(Chi+ [Byliy) - 5z>
1 =1

7,7=1 j=1

Equating coefficients of the basis section s; yields

%Akl D (Chi+ (By)y) Au — ZAky (Cil+(ﬁ+)jl>

%

Hence we find that
dA

P [A, B+ + C(1)]

We want to eliminate the explicitly time-dependent term C(t) from this equation. In
order to accomplish this, we consider the conjugate A(z) = PA(z)P~! of A(z), where
P is a time-dependent(but not z-dependent) invertible matrix satisfying

dP
— = P1C()

Then we find that we can express the time evolution of A(z) as

dA
o = (4,64 (2, A(2))

where (1 (z, A(z)) = PB4 (z, A(z))P~L. O

Let us once again emphasise the meaning of this result: it tells us that any Lax pair
with a spectral parameter obtained by applying the AKS construction in a loop algebra
describes the linear motion of a point in a Jacobian.
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Remark: Observe that if Q(z, A(z)) is a polynomial in z and A(z), making the trans-
formation

B(2) = B(z) + Q(2, A(2))

has no effect on the form of the Lax equation. This is a reflection of the cohomo-
logical nature of B(z) we have just described.

Remark: As we have seen, we can interpret the Lax equation (5.2) as describing linear
flow on Jac?"*(C) — ©. The solution A(z;t) of the equation must develop a
singularity when this flow meets the theta divisor.

Example 5.20 (Nahm'’s equations) Following Hitchin in [18], we consider
Nahm’s equations, a set of 3 coupled nonlinear matrix ODE’s which arise
as a dimensional reduction of the self-dual Yang-Mills equations: for 2 x 2
matrices Ty (t), Ta(t), T5(t) € gly(C), they read

dT;
T; = [T5, T3]
dT:
7; = [T3,T1]
dT:
dit3 = [TlaTQ]

Setting
A(2) = (Ty +iTs) + 2Tz — (Ty — iT3)2

we compute

dA
dt
= [A, —iT3 + Z(Tl — ZTQ)Z}

[TQ — 17, Tg] + 2[T1, TQ]Z - [TQ + 417, Tg,]ZQ
and we see that the dynamics can be expressed in Lax form. From Proposi-
tion 5.6, we see that a generic (i.e. smooth) spectral curve has genus
1
g:§(2—1)(2-2—2)=1

Moreover, we note that the matrix B(z) may be written

- -i(4)

Hence Nahm’s equations can be interpreted as describing a linear flow on
the Jacobian of C, in the direction described by the cocycle



0 -1
T3:U3(1 0 >

then we recover the Lax equation for the rigid body discussed in example
0.3.

Example 5.21 (The Neumann model revisited) The Neumann model
also fits into this geometric framework as follows. Let A (z) be the matrix-
valued rational function described in Section 3.3:

n —riys 1 _ _y?

— — zZ—y 2 zZ—ay

N(z)—/\/’(z)—zg 5 o
i=1 Z—a; Z—a

Writing a(z) = [, (z — @), and setting

—2a(z) V() Uz)
Az) = — =N = ( W(z) -V(2) )

we recognise that the matrix A(z) is of the ‘Mumford’ type considered in
example 5.3: U is monic of degree n, while W,V are monic of degree n — 1.
Hence the spectral curve C' is generically smooth and hyperelliptic of genus
g = n — 1. Recall that the dynamics can be written

dA
= AG), BE))

where

—Ti T

B(z) = <xzy£ Z+yi )
=1
The matrix B(z) can be expressed as

B(z) = (P(2,A(2))) 4

where P(z,w) = (wz'="). Hence the flow of the Neumann model is seen to
linearize on the affine hyperelliptic Jacobian Jac?™*(C') —© and the direction
of the linear flow is represented by the cohomology class 3(z,w) = wz'=".
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Chapter 6

Conclusion

6.1 Summary

Our discussion of classical integrable systems began within the framework of Hamilto-
nian mechanics. As we explained in Chapter 2, the Liouville-Arnold theorem guarantees
that the flow of a Hamiltonian system with sufficiently many Poisson commuting con-
served quantities is linearized on the common level sets of these quantitites. Moreover,
provided these level sets are compact and connected, they are diffeomorphic to tori.
The Adler-Kostant-Symes method was used to give a systematic construction of Hamil-
tonian systems with non-trivial rings of Poisson commuting functions. We showed in
Chapter 3 that the equations of motion for these systems can be cast in the form of Lax
equations involving matrix polynomials. In Chapter 5, we studied these Lax equations
in detail. From the data of a matrix polynomial A(z), we explained how to construct a
compact Riemann surface C' and a holomorphic line bundle L over C. Crucially, since
the solutions A(z;t) of a Lax equation with spectral parameter have the same character-
istic polynomial, the Riemann surface C' was seen to be invariant under time evolution.
As explained in Chapter 4, if C' has genus g, the set of isomorphism classes of holomor-
phic line bundles of fixed degree over C' has the structure of a g-dimensional complex
torus called the Jacobian of C'. For the Lax equations corresponding to the equations
of motion for an AKS Hamiltonian system, it was shown that the image of the solution
A(z;t) evolves linearly in this Jacobian.

6.2 Further Developments

The algebraic-geometric machinery developed in Chapter 5 has a wide range of applica-
tions in the theory of integrable systems, as well as in broader areas of mathematics. In
[6], Audin uses the map associating a matrix polynomial A(z) to its eigenvector bundle
to obtain further topological information about Liouville integrable Hamiltonian sys-
tems. In particular, Audin’s methods allow her to elegantly determine which level sets
of a system’s conserved quantities are regular, as well as to study the behaviour of the
Liouville tori as one passes through a critical value.

The connection between Liouville integrability and Lax equations is further devel-
oped in [27]. Adams, Harnad and Hurtubise study Liouville integrable Hamiltonian
systems on a symplectic manifold M, and give an expression for the symplectic form on
M in terms of ‘spectral Darboux coordinates’ associated to line bundles over a family
of spectral curves embedded in a two-dimensional complex manifold. They show that
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their construction is equivalent to the classical separation of variables technique used to
construct a system’s action-angle coordinates. This is applied to a range of examples,
including the Neumann model.

The Neumann model itself also has important applications. In particular, the quasi-
periodic ‘finite-gap’ solutions of the famous KdV equation can be studied as solutions
of the Neumann model. The reader interested in further details is referred to [12].

Finally, we mention a remarkable generalisation, due to Hitchin, of the algebraic-
geometric ideas explained in Chapter 5. One begins by fixing a compact Riemann surface
¥ of genus g. The space of isomorphism classes of stable! vector bundles of degree d
and rank r over ¥ has the structure of a complex manifold M, and the holomorphic
cotangent bundle of M is a complex symplectic manifold: that is, a complex manifold
equipped with a closed holomorphic 2-form. The definition of Liouville integrability can
be generalised to complex symplectic manifolds as follows: we say that a Hamiltonian
system on a complex symplectic manifold N of complex dimension 2n is algebraically
completely integrable if there exist n Poisson commuting holomorphic functions on NV
whose generic common level set is isomorphic to an open subset of an abelian variety on
which the Hamiltonian vector fields of these functions are linear. In [19], Hitchin shows
that the cotangent bundle of M supports a natural algebraically completely integrable
system. In the case ¥ = P!, we recover the Lax formalism discussed in Chapter 5.
When ¥ is of higher genus, it becomes more difficult to explicitly obtain the form of the
equations of motion of Hitchin’s integrable system. In [7], however, it is explained that
the genus 1 case corresponds to a well-known classical integrable model, the Calogero-
Moser system.

LFor a definition, see [19]
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