Quantum Hydrodynamic Simulation of Hysteresis in the Resonant Tunneling Diode

Zhangxin Chen^∗ Department of Mathematics and Institute for Scientific Computation Texas A&M University, College Station, TX 77843

Bernardo Cockburn^† School of Mathematics University of Minnesota, Minneapolis, MN 55455

Carl L. Gardner^‡ Department of Computer Science and

Department of Mathematics Duke University, Durham, NC 27706

Joseph W. Jerome^§ Department of Mathematics Northwestern University, Evanston, IL 60208

Abstract

Hysteresis in the current-voltage curve of a resonant tunneling diode is simulated and analyzed in the quantum hydrodynamic (QHD) model for semiconductor devices. The simulations are the first to show hysteresis in

∗Research supported in part by the Department of Energy under grant DE-ACOS-840R21400 and by the U.S. Army Research Office under grant DAAL03-89-C-0038 with the University of Minnesota Army High Performance Computing Research Center.

†Research supported in part by the National Science Foundation under grant DMS-9103997. ‡Research supported in part by the U.S. Army Research Office under grant DAAL03-91-G- 0146 and by the National Science Foundation under grant DMS-9204189.

§Research supported in part by the National Science Foundation under grant DMS-9123208.

the QHD equations, and confirm that bistability is an intrinsic property of the resonant tunneling diode.

Hysteresis appears in many settings in fluid dynamics. The simulations presented here show that hysteresis is manifested in the extension of classical fluid dynamics to quantum fluid dynamics.

A finite element method for simulation of the time-dependent QHD model is introduced. The finite element method is based on a Runge-Kutta discontinuous Galerkin method for the QHD conservation laws and a mixed finite element method for Poisson’s equation and the source terms in the QHD conservation laws.

1 Introduction

The quantum hydrodynamic (QHD) model approximates quantum effects in the propagation of electrons in a semiconductor device by adding quantum corrections to the classical hydrodynamic equations. The leading O(h̄^2) quantum corrections have been remarkably successful in simulating the effects of electron tunneling through potential barriers including single [1, 2] and multiple [3] regions of negative differential resistance in the current-voltage curves of resonant tunneling diodes.

There are three major advantages of using the quantum hydrodynamic model over other methods for simulating quantum semiconductor devices. First, the QHD method is much less computationally intensive than the Wigner function [4] or density matrix [5] methods, and includes the same physics if the expansion parameter h̄^2/8mT l^2 is small. Second, the QHD equations are expressed in terms of intuitive classical fluid dynamical quantities (e.g. density, velocity, and temperature). Third, well-understood classical boundary conditions can be imposed in simulating quantum devices.

Intrinsic bistability^1 in the measured current-voltage curves of double barrier resonant tunneling diodes has been reported by various experimental groups (see Ref. [6]). In this investigation, we present QHD simulations of hysteresis in a GaAs/Al_xGa_1�_xAs double barrier resonant tunneling diode at 77 K. These are the first simulations of the QHD equations to show hysteresis. The simulations demonstrate that bistability is an intrinsic property of the resonant tunneling diode, in agreement with simulations of the Wigner-Boltzmann equation [4].

Thus the simulations presented here show that the O(h̄^2) QHD equations reproduce important features of solutions to the full Wigner-Boltzmann equation, and that hysteresis occurs in the extension of classical fluid dynamics to quantum fluid dynamics.

We introduce a finite element method for simulating the time-dependent QHD model, which generalizes a method successfully applied to two-dimensional clas-

1As opposed to extrinsic bistability, which is due to the coupling of the resonant tunneling diode to an external circuit.

sical hydrodynamic simulations of a MESFET [7]. The finite element method is based on a Runge-Kutta discontinuous Galerkin method for the QHD conservation laws and a mixed finite element method for Poisson’s equation and the source terms in the QHD conservation laws.

Points on the current-voltage curve are obtained by integrating the timedependent QHD equations to steady state.

2 The Quantum Hydrodynamic Model

The QHD model has exactly the same structure [2] as the classical hydrodynamic model (electrogasdynamics): ∂n ∂t + ∂ ∂x_i (nu_i) = 0 (1) ∂ ∂t (mnu_j) + ∂ ∂x_i (u_imnu_j − P_{ij} ) = −n ∂V ∂x_j − mnu_j τ_p (2) ∂W ∂t + ∂ ∂x_i (u_iW − u_jP_{ij} + q_i) = −nu_i ∂V ∂x_i − ( W −^3_2 nT_0 ) τ_w (3) ∇· (ϵ∇V ) = e^2(N_D − N_A − n) (4) where n is the electron density, u is the velocity, m is the effective electron mass, P_{ij} is the stress tensor, V = −eϕ is the potential energy, ϕ is the electric potential, e > 0 is the electronic charge, W is the energy density, q is the heat flux, T_0 is the temperature of the semiconductor lattice in energy units (k_B is set equal to 1), ϵ is the dielectric constant, N_D is the density of donors, and N_A is the density of acceptors. Spatial indices i, j equal 1, 2, 3, and repeated indices are summed over. The transport equations (1)–(3) express conservation of electron number, momentum, and energy, respectively, and Eq. (4) is Poisson’s equation. The classical collision terms in Eqs. (2) and (3) are modeled by the relaxation time approximation, with momentum and energy relaxation times τ_p and τ_w. The heat flux is specified by Fourier’s law q = −κ∇T , where T is the electron temperature.

Quantum mechanical effects appear in the stress tensor and the energy density. Ref. [2] derives the stress tensor and the energy density for the O(h̄^2) momentumshifted thermal equilibrium Wigner distribution function [8]: P_{ij} = −nT δ_{ij} + h̄^2n 12m ∂^2 ∂x_i∂x_j log(n) + O(h̄^4) (5)

W = 3 2 nT + 1 2 mnu^2 − h̄^2n 24m ∇^2 log(n) + O(h̄^4). (6)

Ancona, Iafrate, and Tiersten [9, 10] derived expression (5) for the stress tensor. In Ref. [1], Grubin and Kreskovsky formulated a one-dimensional version of the QHD equations.

The expansion parameter in the asymptotic series (5) and (6) is actually h̄^2/8mT l^2, where l is a characteristic length scale of the problem [10, 11]. For the resonant tunneling diode in section 3 with T ≈ T_0 = 77 K and l = 100 Å, the expansion parameter ≈ 0.23.

In one dimension, the QHD model has two Schrödinger modes, one parabolic mode, and one elliptic mode. Thus eight boundary conditions are necessary. Wellposed boundary conditions for the resonant tunneling diode are n = N_D, ∂n/∂x = 0, and ∂T/∂x = 0 at the left and right diode boundaries x_L and x_R, with a bias ΔV across the device: V (x_L) = T log(n/n_i) and V (x_R) = T log(n/n_i) + eΔV , where n_i is the intrinsic electron concentration.

3 Simulations of Hysteresis

To exhibit hysteresis, we simulate a GaAs resonant tunneling diode with double Al_{0.3}Ga_{0.7}As barriers (the barrier height B = 0.209 eV). The doping density N_D = 10^{18} cm�^3 in the n^+ source and drain, and N_D = 5 × 10^{15} cm�^3 in the n channel (see Fig. 1). The channel is 250 Å long, the barriers are 50 Å wide, and the well between the barriers is 50 Å wide. The device has 50 Å spacers between the barriers and the contacts (source and drain) to enhance negative differential resistance.

The barrier height B is incorporated into the QHD transport equations (1)–(3) by replacing V → V + B. Poisson’s equation is not changed.

For the classical momentum and energy relaxation times, we use modified Baccarani-Wordemann models:

τ_p = τ_{p0}

T_0 T (7)

τ_w = τ_p 2 ( 1 + 3 2 T 1 2 mv^2_s ) (8) where the low-energy momentum relaxation time τ_{p0} is set equal to 0.9 picoseconds from the low-field electron mobility in GaAs at 77 K. For lower valley electrons in GaAs at 77 K, the effective electron mass m = 0.063 m_e, where m_e is the electron mass, and the saturation velocity v_s ≈ 2 × 10^7 cm/s. κ_0 is set equal to 0.4 in the Wiedemann-Franz formula for thermal conductivity q = −κ∇T, κ = κ_0τ_{p0}nT_0/m. (9) The dielectric constant ϵ = 12.9 for GaAs.

Figure 1: Doping/10^{18} cm�^3 and location of potential barriers (shaded gray).

The current-voltage curve for the resonant tunneling diode is plotted in Fig. 2 for ΔV increasing from 0 volts to 0.22 volts (upper curve) and decreasing from 0.22 volts to 0 volts (lower curve). Note that hysteresis occurs predominantly in the region of negative differential resistance. The physical mechanism for hysteresis is that electrons “see” a different potential energy due to different accumulated electron charges in the diode when the applied voltage is decreasing than when the applied voltage is increasing [4]. The electron charge per area in the diode is plotted in Fig. 3. The discontinuities in electron charge at the hysteresis points are intriguing—usually the current is discontinuous at the hysteresis points— and reflect a complex underlying mathematical structure; see Golubitsky and Schaeffer [12], pp. 222-225 for a discussion of various possibilities that can occur for a “nondegenerate cubic” bifurcation problem. Fig. 4 shows the electron charge per area in the quantum well, which is also discontinuous at the hysteresis points.

When the applied voltage is decreasing in the hysteresis loop (0.135 volts ≤ ΔV ≤ 0.205 volts), the electron density is slightly lower in the quantum well and substantially higher around the channel/drain junction (see Figs. 5–7). The fact that the electron charge in the well is lower for decreasing voltage implies, through Gauss’ law V (x) = V (x_L) + e ϵ ∫ x x_L Q(s)ds (10) where Q(x) = e ∫ x x_L (N(s) − n(s))ds is the total charge per area between xL and x,

that the effective potential barriers V +B are higher (see Figs. 8–10), thus allowing

Figure 2: Current density in kiloamps/cm^2 vs. voltage for the resonant tunneling diode at 77 K.

Figure 3: Electron charge/(−e) in 10^{13} cm�^2 in the diode vs. voltage.

Figure 4: Electron charge/(−e) in 10^{13} cm�^2 in the quantum well vs. voltage.

less current to flow through the device. In deriving Eq. (10), we have assumed that the electric field d(V/e)/dx vanishes at x_L (see Figs. 8–10.) The densities for increasing (decreasing) applied voltage in the hysteresis loop are almost identical, with a slight increase (decrease) in the density in the quantum well as the voltage increases (decreases).

Note also that for decreasing voltage in the hysteresis loop, the electron temperature is slightly higher in the source and the well (see Figs. 11–13).

4 Numerical Method

We have generalized a finite element method [7], which was successfully applied to two-dimensional classical hydrodynamic simulations of a MESFET, for simulation of the time-dependent QHD model. The finite element method is based on a Runge-Kutta discontinuous Galerkin method for the QHD conservation laws and a mixed finite element method for Poisson’s equation and the source terms in the QHD conservation laws.

We first rewrite the QHD transport equations (1)–(3) in a form which is identical to that of the classical hydrodynamic model with source terms: ∂n ∂t + ∂ ∂x_i (nu_i) = 0 (11)

Figure 5: Log[Density/10^{18} cm�^3] for ΔV = 0.135 volts. In this and subsequent figures, the black curve is the solution for increasing voltage and the grey curve is the solution for decreasing voltage, and x is in 0.1 microns.

Figure 6: Log[Density/10^{18} cm�^3] for ΔV = 0.17 volts.

Figure 7: Log[Density/10^{18} cm�^3] for ΔV = 0.205 volts.

Figure 8: Conduction band energy in eV for ΔV = 0.135 volts.

Figure 9: Conduction band energy in eV for ΔV = 0.17 volts.

Figure 10: Conduction band energy in eV for ΔV = 0.205 volts.

Figure 11: Electron temperature in eV for ΔV = 0.135 volts.

Figure 12: Electron temperature in eV for ΔV = 0.17 volts.

Figure 13: Electron temperature in eV for ΔV = 0.205 volts. ∂ ∂t (mnu_j) + ∂ ∂x_i (u_imnu_j + nT δ_{ij}) = −n ∂V ∂x_j − mnu_j τ_p − n 3 ∂Q ∂x_j (12) ∂W_{cl} ∂t + ∂ ∂x_i (u_i [W_{cl} + nT ]) = −nu_i ∂V ∂x_i − ( W_{cl} −^3_2 nT_0 ) τ_w + ∇· (κ∇T ) + Q_W (13)

where W_{cl} is the classical energy density W_{cl} = 3 2 nT + 1 2 mnu^2 (14)

Q is the quantum potential (see e.g. [13]) Q = − h̄^2 2m 1 √ n ∇^2 √ n (15)

and Q_W is given by

Q_W = h̄^2n 24mτ_w ∇^2 log(n) − h̄^2 24m ∇· (n∇^2u) − n 3 u · ∇Q. (16) The stress tensor is related to the quantum potential through the formula − ∂ ∂x_i P_{ij} = ∂ ∂x_j (nT ) + n 3 ∂Q ∂x_j . (17)

If Q and Q_W are set to zero, Eqs. (11)–(13) are exactly the classical hydrodynamic transport equations.

Eqs. (11)–(13) can be written in conservation law form as ∂w ∂t + ∇· F(w) = R(w) (18) where w = (n, mnu_x, mnu_y, mnu_z, W_{cl})^t. We will briefly describe the Runge-Kutta discontinuous Galerkin (RKDG) method for discretizing the left-hand side of Eq. (18) and then the mixed finite element method for discreting Poisson’s equation and the right-hand side of Eq. (18). Details for the classical hydrodynamic model are given in Ref. [7].

Suppose that Ω is the device domain and T = (0, t_{final}) is the time interval of interest. First, let Π_h be a triangulation of Ω, and set

V_h = {ψ ∈ L1(Ω) : ψ|_R is linear, ∀R ∈ Π_h}. (19)

Then for t ∈ T , each of the components of the approximate solution w_h(t) is taken in V_h, and Eq. (18) is discretized in space using the discontinuous Galerkin method. The semi-discrete equations are written in the following ODE form: dw_h dt = L_h(w_h) + R_h(w_h), w_h(t = 0) = w_{0h} (20)

where each of the components of w_{0h} is taken to be the L^2-projection of the corresponding component of w_0 onto V_h, and Lh is the approximation of −∇· F. Eq. (20) gives an approximation w_h to w which is formally second-order accurate in space. The second-order accurate (in time) Runge-Kutta method is used to discretize the ODE (20). Finally, a local projection ΛΠ_h is applied to the intermediate values of the Runge-Kutta discretization to enforce nonlinear stability (through limiting the slope of the solution).

Let {(t_n, t_{n+1})}^N�^1_{n=0} be a partition of T into subintervals, and set Δt_n = t_{n+1} − t_n. Then the RKDG method is implemented in the following way:

1. Set w^0_h = ΛΠ_h(w_{0h});

2. For n = 0, · · · , N − 1, compute w^{n+1}_h :

(i) Set w^{[0]}_h = w^n_h ;

(ii) Compute w^{[1]}_h and w^{[2]}_h :

w^{[1]}_h = ΛΠ_h ( w^n_h + Δt_nL_h(w^{[0]}_h ) + Δt_nR_h(w^{[0]}_h ) ) ; w_h = w^{[1]}_h + Δt_nL_h(w^{[1]}_h ) + Δt_nR_h(w^{[1]}_h );

w^{[2]}_h = ΛΠ_h

(_1

2 (w^n_h + w_h) ) ; (iii) Set w^{n+1}_h = w^{[2]}_h .

The approximation operator −L_h and the local projection ΛΠ_h are described in Ref. [7].

To discretize Poisson’s equation and the right-hand side of Eq. (18), we use the lowest-order Raviart-Thomas [14] mixed finite element method. We sketch out the details only for Poisson’s equation ∇· E = e ϵ (N_D − N_A − n), E = −∇ϕ in Ω (21)

with Dirichlet or Neumann boundary conditions

ϕ = ϕ_D on ∂Ω_D, E · n = 0 on ∂Ω_N . (22)

Here n is the outward pointing unit normal to ∂Ω, ∂Ω = ∂Ω_D ∪ ∂Ω_N , and ∂Ω_D ∩ ∂Ω_N = ∅.

The mixed finite element method discretization of Eqs. (21) and (22) gives the approximation (E_h, ϕ_h) ∈ U^ϕ_h × W_h as the solution of the weak formulation

(∇· E_h, ξ) = (e ϵ (N_D − N_A − n_h), ξ ) , ∀ξ ∈ W_h (23) (E_h, ξ) − (ϕ_h, ∇· ξ) = − ⟨ϕ_D, ξ · n⟩_{∂ΩD} , ∀ξ ∈ U^ϕ_h (24) where (u, v) = ∫ Ω u v dxdydz, ⟨u, v⟩_{∂ΩD} = ∫ ∂Ω_D u(γ) v(γ) dγ, nh is the approximate

density computed by the RKDG method, and U^ϕ_h ×W_h is the lowest-order Raviart- Thomas mixed finite element space. This space over rectangular parallelepipeds is defined by

U^ϕ_h = { ξ ∈ H(div; Ω) : ξ|_R = ( a^1_R + a^2_Rx, a^3_R + a^4_Ry, a^5_R + a^6_Rz ) , a^i_R ∈ ℜ, ∀R ∈ Π_h; ξ · n|_{∂ΩN} = 0 } (25)

W_h = { ξ ∈ L^2(Ω) : ξ|_R is a constant , ∀R ∈ Π_h } . (26)

Finally, the approximation E_h is used to evaluate the terms in R in Eq. (18) that involve E. The mixed finite element method gives the electric field in the precise form needed by the RKDG method and to a better approximation [14, 15] than more standard finite element and finite difference methods.

5 Conclusion

The existence of intrinsic bistability in the resonant tunneling diode has been confirmed through simulations of the quantum hydrodynamic model. The simulations demonstrate that the O(h̄^2) QHD equations reproduce important features of solutions to the full Wigner-Boltzmann equation.

Hysteresis appears in many settings in fluid dynamics, perhaps most spectacularly in Taylor-Couette flow. In this investigation, we have shown that hysteresis is manifested in the extension of classical fluid dynamics to quantum fluid dynamics. As in the classical case, bifurcation theory can be applied in analyzing the hysteresis points (see Ref. [16] for an analysis of Taylor-Couette hysteresis). In this analysis, the Lyapunov-Schmidt reduction can be applied numerically to the solutions near the hysteresis points.

In semiconductor device simulation, numerical methods must be robust over a wide parameter regime, due to the extreme variations in doping densities in typical devices. In addition, the left-hand side of the QHD equations (18) defines a nonlinear hyperbolic operator, and its hyperbolic modes permit the development of shock waves [17, 18, 19, 20] in the classical hydrodynamic model. The novelty of our finite element method lies in the combination of the RKDG shock-capturing method for the nonlinear transport equations with a mixed finite element method for Poisson’s equation and the right-hand side of Eq. (18). Since the RKDG/mixed finite element method works well for simulating both the classical and quantum hydrodynamic models, a single simulator can be used for modeling both standard and quantum devices.

References

[1] H. L. Grubin and J. P. Kreskovsky, “Quantum moment balance equations and resonant tunnelling structures,” Solid-State Electronics, vol. 32, pp. 1071– 1075, 1989.

[2] C. L. Gardner, “The quantum hydrodynamic model for semiconductor devices,” SIAM Journal on Applied Mathematics, vol. 54, pp. 409–427, 1994.

[3] C. L. Gardner, “Resonant tunneling in the quantum hydrodynamic model,” VLSI Design, to appear, 1995.

[4] N. C. Kluksdahl, A. M. Kriman, D. K. Ferry, and C. Ringhofer, “Selfconsistent study of the resonant-tunneling diode,” Physical Review, vol. B 39, pp. 7720–7735, 1989.

[5] W. R. Frensley, “Simulation of resonant-tunneling heterostructure devices,” Journal of Vacuum Science and Technology, vol. B3, pp. 1261–1266, 1985.

[6] V. J. Goldman, D. C. Tsui, and J. E. Cunningham, “Observation of intrinsic bistability in resonant-tunneling structures,” Physical Review Letters, vol. 58, pp. 1256–1259, 1987; vol. 59, p. 1623, 1987.

[7] Z. Chen, B. Cockburn, J. W. Jerome, and C.-W. Shu, “Mixed-RKDG finite element method for the 2-D hydrodynamic model for semiconductor device simulation,” VLSI Design, to appear, 1995.

[8] E. Wigner, “On the quantum correction for thermodynamic equilibrium,” Physical Review, vol. 40, pp. 749–759, 1932.

[9] M. G. Ancona and H. F. Tiersten, “Macroscopic physics of the silicon inversion layer,” Physical Review, vol. B 35, pp. 7959–7965, 1987.

[10] M. G. Ancona and G. J. Iafrate, “Quantum correction to the equation of state of an electron gas in a semiconductor,” Physical Review, vol. B 39, pp. 9536–9540, 1989.

[11] H. Steinrueck and F. Odeh, “The Wigner function for thermal equilibrium,” ZAMP, vol. 42, pp. 470–487, 1991.

[12] M. Golubitsky and D. G. Schaeffer, Singularities and Groups in Bifurcation Theory, vol. I. New York: Springer-Verlag, 1984.

[13] C. Philippidis, D. Bohm, and R. D. Kaye, “The Aharonov-Bohm effect and the quantum potential,” Il Nuovo Cimento, vol. 71 B, pp. 75–88, 1982.

[14] P. A. Raviart and J. M. Thomas, “A mixed finite element method for second order elliptic problems,” in Mathematical Aspects of the Finite Element Method, vol. 606 of Lecture Notes in Mathematics, pp. 292–315, Berlin: Springer Verlag, 1977.

[15] Z. Chen, “Analysis of mixed methods using conforming and nonconfirming finite element methods,” RAIRO Modélisation Mathématique et Analyse Numérique, vol. 27, pp. 9–34, 1993.

[16] D. G. Schaeffer, “Qualitative analysis of a model for boundary effects in the Taylor problem,” Mathematical Proceedings of the Cambridge Philosophical Society, vol. 87, pp. 307–337, 1980.

[17] C. L. Gardner, J. W. Jerome, and D. J. Rose, “Numerical methods for the hydrodynamic device model: Subsonic flow,” IEEE Transactions on Computer- Aided Design of Integrated Circuits and Systems, vol. 8, pp. 501–507, 1989.

[18] C. L. Gardner, “Numerical simulation of a steady-state electron shock wave in a submicrometer semiconductor device,” IEEE Transactions on Electron Devices, vol. 38, pp. 392–398, 1991.

[19] E. Fatemi, J. W. Jerome, and S. Osher, “Solution of the hydrodynamic device model using high-order non-oscillatory shock capturing algorithms,” IEEE

Transactions on Computer-Aided Design of Integrated Circuits and Systems, vol. 10, pp. 232–244, 1991.

[20] C. L. Gardner, “Hydrodynamic and Monte Carlo simulation of an electron shock wave in a one micrometer n^+ − n − n^+ diode,” IEEE Transactions on Electron Devices, vol. 40, pp. 455–457, 1993.