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ABSTRACT. In this article, we study propagation of defect measures for Schrédinger
operators, —h*A, + V, on a Riemannian manifold (M, g) of dimension n with V
having conormal singularities along a hypersurface Y in the sense that derivatives
along vector fields tangent to Y preserve the regularity of V. We show that the
standard propagation theorem holds for bicharacteristics travelling transversally
to the surface Y whenever the potential is absolutely continuous. Furthermore,
even when bicharacteristics are tangent to Y at exactly first order, as long as
the potential has an absolutely continuous first derivative, standard propagation
continues to hold.

1. INTRODUCTION

Let (M, g) be a smooth Riemannian manifold and Y C M be a smooth hyper-
surface. Let V be real valued and smooth away from Y, with conormal singularities
to Y in the sense that derivatives along vector fields tangent to Y preserve the reg-
ularity of V. In this article, we study propagation of singularities, as measured by
semiclassical defect measures, for the Schrédinger operator

Pi=—h’A,+ V.

Let p = |€ \3 + V denote the semiclassical principal symbol of P and H,, the
Hamiltonian vector field associated to p. Recall that a sequence of functions u; with
h | 0 has a (not necessarily unique) defect measure p if along some subsequence
h; 10

(Op(a)un,, un;) L2 (nr) = adp
T*M
for all a € C°(T*M). The standard propagation theorem for defect measures is
that, if V€ C*°(M;R),

(=h*Ag+Vyu=o(h)r2,  |ullp2 =1,

and u has defect measure pu, then p is supported in the characteristic set of p and
is invariant under the Hamiltonian flow for p. On the other hand, if V is not
continuous along Y e.g. has a jump singularity along Y, it can be shown that a
positive proportion of the energy may reflect off of YV (see [1], [7, Section 1.2], [5]).
In contrast, Theorem below shows that, as long as V is absolutely continuous
at Y, there is no reflection along bicharacteristics transverse to Y.
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Before stating our results we introduce some classes of conormal potentials.

Definition 1.1. Let B denote a Banach space of functions on M. We say that
V e IB(Y) if for all k and X3, ..., X smooth vector fields tangent to Y, we have

V e B, Xi...XV eB.

In this paper, we will mainly focus on the cases B = W*P for k = 1,2 and
p = 1,00. Note that we phrase the hypotheses here in terms of conormal spaces,
the real hypotheses of our main results can be expressed in a weaker formulation in
terms of Fermi normal coordinates with respect to the hypersurface Y: Let (z,y)
be Fermi normal coordinates near Y with = the signed distance to Y. We usually
need only that V is smooth outside a Fermi neighborhood of Y and, for B a Banach
space of functions on R,

V € B(Ry; C(Ry ).

In our initial formulations, we will give the coordinate-invariant versions of our
theorems using conormal spaces; the weaker hypotheses under which we in fact
prove these results are discussed near the end of this section.

We begin with a discussion of the existence of a bicharacteristic flow with low
regularity assumptions. Here we use heavily the structured nature of the potential;
note that there are recent very strong results in the case of unstructured singular
coefficients in [2].

Let f denote a defining function for the hypersurface Y, = denote the projection
map 7w : T*M — M, and let H C T*M denote the hyperbolic set

H={p=0}n{f#0}U{Hpm"f #0}),
containing points off Y as well as those points over Y where the bicharacteristic flow
is transverse to Y. Let

Go ={p=0yN{f = Hyr"f =0, Hym"f # 0}
denote the points over Y where the flow is “glancing to exactly second order.”

Theorem 1.1. If V € IWY!, then through every point in H there exists a unique
maximal integral curve of H, in H. IfV € IW?21 then through every point in HUGo
there exists a unique maximal integral curve of H, in H U Gs.

The integral curves in the hyperbolic region over Y in general satisfy an ODE
with merely L' coefficients; the solution is an absolutely continuous function of ¢ and
the equation is satisfied weakly. Note that this level of coefficient regularity (L') is
below that required by the Peano existence theorem (continuity) hence the existence
depends on the structure of the singularities. Once we reach ITW?! regularity for V,
by contrast, the coefficients of the Hamilton vector field are absolutely continuous
hence we have existence by the Peano theorem, but not uniqueness; here again
uniqueness is recovered from the particularities of the singularity structure.

We let () denote the Hamilton flow on either H or on H UG, according to the
regularity of V.
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We now turn to results on propagation of defect measure. We begin with a general
low-regularity propagation result that holds for unstructured singular potentials
(i.e., not yet employing the notion of conormality used above). Note that this result
is also obtainable from the (stronger) results of [2]; we include it here for the sake
of completeness rather than novelty.

Theorem 1.2. Suppose that V € C1(M) is real valued and u satisfies

I(=h*Ag + V)ul 2 = o(h), |l <C,
and has defect measure p. Then supppu C {p = 0} and for all a € C(T*M),
p(Hp(a)) = 0.

Note that at this level of coefficient regularity (continuous), bicharacteristics exist
but may fail to be unique in general, hence our conclusion concerns H,(a) but
does not address the question of propagation along individual bicharacteristics or
invariance under the (undefined) flow. (In [2], it is shown as a corollary that the
support of g must indeed be a union of the (non-unique) integral curves.)

In regions of T*M where the flow is well defined, Theorem yields flow-
invariance of the defect measure; in particular, coupled with Theorem it yields
the following result at hyperbolic points and second-order glancing points; here the
strengthened regularity hypothesis on V' gives us existence of the flow:

Corollary 1.2. Suppose that V € IW?*(Y) is real valued and u satisfies
I(=h*Ag + Vullz = o(h),  ull2 < C,
and has defect measure p. If B C {p = 0} is Borel and

Lt R Do)+ Hy( P o) + 5 F (o) > 0,
Sts1,pe

then
u(B) = p(er(B)).

As with the existence theory for integral curves, we can reduce the regularity as-
sumptions for propagation of singularities to WW1! by assuming that the singularities
of V have the structure of a conormal distribution with respect to a hypersurface
and that we restrict our attention to H C T*M.

Theorem 1.3. Suppose V € IWLH(Y) be real valued and u satisfies
I(=h*Ag +V)ullr2 = o(h),  lullz2 < C,

and has defect measure . Then supp u C {p = 0} and for all B C {p = 0} Borel
and T > 0 such that

st H (5 F) @)+ 5 Fe(0)] > 0

we have
w(B) = p(er(B)).
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Recall that the flow ¢; := exp(tH,) : B — T*M is well defined for ¢ € [0,T] by
Theorem [L1]

As noted above, the results of this paper are established with weaker hypotheses
on V than the conormal ones stated above. The conormality hypotheses employed
in the statements of the main theorems have the virtue of making invariant sense on
a manifold (independent of metric) and of making contact with the hypotheses of
the prior work [7], where conormality plays an essential role. Here, however, we can
in fact get away with weaker hypotheses as follows (stated locally near Y = {z = 0}
as the theorems are local in nature). Theorem holds under the hypothesis that
Ve WH (R, C®(RITY) or W2(Ry;C°(RITY)) at H and H U Gy respectively.
Corollarythen likewise requires only W21(R,; C>® (Rg_l)). Finally, Theorem |1.3
requires only V' € Wl’l(Rx;COO(RZ_l)).

The organization of this paper is as follows (note that it somewhat diverges from
the order in which the results are stated above). Theorem is proved in Section
below, with the hyperbolic and glancing versions of the theorem being respectively
Lemma [3.I] and Lemma [3.3] Theorem which differs from the other main re-
sults presented here in having unstructured hypotheses on V', follows from the very
general elliptic estimate Lemma (to obtain supppu C {p = 0}) together with
the propagation result Lemma from the last section of the paper. Finally, The-
orem dealing with hyperbolic propagation, follows from the elliptic estimate,
Lemma coupled with the hyperbolic propagation estimate, Lemma [7.3]

Propagation of singularities for operators with conormal singularities has been
studied both for wave equations [4] and in the semiclassical case [7]. In [7], Gannot
and the second author quantify the level (in terms of powers of i) at which singu-
larities do not diffract off of ¥ under stronger assumptions on the potential V' using
sophisticated techniques from microlocal analysis. In contrast, the methods used in
this article use only basic pseudodifferential calculus. We believe that the methods
in this paper could also give the more refined estimates under less restrictive as-
sumptions on V' than those in [7], but we do not pursue this here; instead aiming
to give a relatively simple and accessible proof.

Propagation of singularities for rough metrics without structure assumptions has
recently been investigated in [2], where the authors study the question of null-
controllability of the wave equation for C! metrics.
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2. CONORMAL DISTRIBUTIONS

We begin by clarifying our hypotheses on conormal regularity of V. As above,
let Y C M be a smooth, embedded hypersurface and let n = dim M. Following

Hormander [9, Section 18.2], we recall the definition of conormal distributions u €
I'"™(M,Y) if for all N € N and all smooth vector fields Ly,... Ly tangent to Y,

Li...Lyu € OOH%ng_n/AL)(M)'

We will not be concerned here with the specifics of the Besov space H°° (M);

(=m—n/4)
rather, we note the equivalent definition (Theorem 18.2.8 of [9]) that u should be
smooth away from Y and that locally near Y, in coordinates x,y in a collar neigh-
borhood of Y with « a boundary defining function,

u= [ oy,
R
where
= Sm+n/4_1/2(RZ,y % R{)
is a Kohn—-Nirenberg symbol i.e.,
a€S™MRE, x Re) <= 102, 07 a(x,8)] < Caple)™ V.

We now connect this well-known scale of spaces to the spaces of distributions arising
in our hypotheses.

Lemma 2.1. Let k € N. Then for all € > 0,
(21) Ifn/4+1/27k7€(M7 Y) C Iwk,l(y) C I*TL/4+1/27]€(M’ Y)
Proof. All spaces of distributions above coincide with C*° (M) locally away from Y,

hence we work near Y in local coordinates (z,y). Given u(z,y) let @(,y) denote
the partial Fourier transform in the x variable. Then

uwe IWHH(Y) = (€0¢)00¢"u € L®(R}, x Re) forall { < k, j € Nae N"" 1,
Thus,
uwe IWP(Y) = a e STFR" x R),
yielding the second inclusion in ({2.1]).
To get the first inclusion, note that for I—"/4+1/2=k—¢(pf, Y),
F N 20,) 0005 ju € STRHPI=
for all j, «, B, hence if || < k

(@0, 3507 ju(a.y) = [ bl ) de
for some b € S~¢. It now suffices to show the RHS is in L'. To this end, we make
a splitting

/elmgb(;p’y’é) d{ = ew&b(x,y,ﬁ) d£+/ e’mgb(mvyvé.) dé. = W<+W>

SR [P
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Then |W| < Clz|"'7¢ since the integrand is bounded; this term is thus in L.
Integration by parts in W using the vector field m*1D§ yields a boundary term

O(|z|71+5179)) (also in L') plus an integral

2! / Y de¢
l&|> [ <

with ¥ € S~17¢. This latter term is bounded by

Cz™! /5 i 3
>|x

again yielding a term in L'. This establishes the first inclusion in (2.1)).
O

Note that the spaces of conormal distributions IW*1 defined via testing by
vector fields, have the virtue of being manifestly coordinate invariant; the spaces
WH1((=6,8);C>®(Y)), defined locally in normal coordinates, are bigger, and gener-
ally suffice for our needs, but are not defined invariantly in the absence of a metric,
nor globally away from Y.

Lemma 2.2. The inclusion IWEY(M,Y) € Wh1((—6,6);C>®(Y)) holds and is con-
tinuous.

Proof. Let u € IW*'(Y). Since u is smooth away from Y, we need only work locally
near Y. Let (x,y) be Fermi coordinates near Y and u € IW*!(Y). Then, for each
fixed 2 and for each j < k, and 8 € N*~!, the Sobolev emdedding in the y variables
yields

1020, u(z, )| g < 10205 ulw, iy + Y 105020 u(x, )| s,

laf=n
Integrating in x, we obtain
10205 ull L ree < 1090 ull Lrary + D 105040, ull L ary < o0,

|laj=n

where the finiteness of the right-hand side follows from u € ITW*(M,Y). Since f3
is arbitrary and |j| < k is arbitrary, this implies the lemma. O

3. ON THE BICHARACTERISTIC FLOW

In this section, we establish lemmas on the bicharacteristic flow that combine to
prove Theorem
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3.1. The bicharacteristic flow in the hyperbolic set. We first consider the
bicharacteristic flow along trajectories which pass through the hypersurface, Y,
transversally. To do this, we employ normal coordinates with respect to the hy-
persurface Y, with z denoting the signed distance to Y and y = (y1,...,yq—1) tan-
gential variables, so that the metric (which we recall is, by hypothesis, everywhere
C* and nondegenerate) takes the form

(3.1) g = dz* + h(z,y,dy) = do® + hy(z,y)dy'dy’,

with h(z,y,dy) a smooth family in = of metrics on Y. The metric induces a dual
metric on T*M given by

with A**® the inverse of h in (3.1) and using coordinates in which the canonical
one-form is

&dx +n - dy.
Then
on(~h*Ag) = € + h (z,y)min;
and
p=on(P) = —r
with
(3.2) r= -V —hnn;.

Hamilton’s equations of motion now read

= 2¢
. Or
$= o
(3.3) . or
o

Lemma 3.1. Suppose that V € WH(R,; COO(RZ_I)) and let (z9, o, yo,M0) € R? x

R24=1) with &y # 0. Then there are unique absolutely continuous functions (x(t), &(t), y(t), n(t))
solving (3.3)) for almost everyt in a neighborhood of t = 0 with initial data (zo, o, Yo, Mo)-

Proof. We start by solving an auxiliary system of equations using the Carathéodory
theory of ODEs. We will use x as the independent variable since & = 2§ # 0 in a
neighborhood of ¢ = 0. Consider absolutely continuous functions (x(t), £(t), y(t), n(t))
solving the equation for almost every ¢ with initial data satisfying £ £ 0. As
long as £ # 0, & = 2¢ # 0, with z(t) € C'. We may change the independent variable
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from ¢ to x and equivalently solve

dt/dx = (26)7*

et 9r
3.4 B _,0r
dy/dx = —(2§) o

o191

dn/dx = (2€) o

Since V' € Wl’l(Rx;Coo(Rg_l)), and g € C*, Or/0y and Or/0dn are both in

WLL(R,; C(RET 1)) while 0r/0z € L (Ry; C(RZS V). Tn particular,

100,507/ 02l 11, < Cp.

Y1)

Hence, the mean value theorem yields the estimate

|07 (2, y0,m0) — Opr(z,y1,m)| < C suepg\vymaxr(x,y,nﬂ € LI(RI)
Y.
for all pairs (yo,70), (y1,71) in a fixed neighborhood 2 of a given (7,7). A fortiori
the same estimates (indeed, better ones) hold for dyr, 0,r. Hence the hypotheses of
the existence and uniqueness theorem of Carathéodory hold (see [8, Theorem 5.3])
and this theorem shows that there exists a unique solution to the equation with
initial data in (—¢,¢), x € and that the data-to-solution map is continuous.

Now, we simply define x : (—0,0); — R by the inverse function of #(x), which
exists since t is absolutely continuous with derivative bounded away from zero. Then

the unique solution of is given by (z(t),&(x(t)), y(x(t)), n(x(t))). O

3.2. The bicharacteristic flow near glancing. We now focus on trajectories
which encounter Y tangentially. In order to handle the flow in this setting, we will
make some additional assumptions on the potential V' and the surface Y. Indeed,
we assume that V' € W21 (R,; C*°(R?™1)) and the surface Y is (locally) such that
for any defining function f: M — R for Y,

(35) {p =0, f =0, Hpﬂ*f =0, Hzﬂ*f - 0} = (2)7

where 7w : T*M — M is the canonical projection. The assumption itself deserves a
small comment since a priori Hg is not well defined. However, since 7* f depends

only on the position variables in M, Hy f = 0 and we interpret Hgﬂ'* f as
2 _xp *
Hym* f = (Hjgiz + Hy ) (Hjg2m" f),

which is well defined.

We include here an alternate characterization of the condition (3.5) in terms of
the Riemannian geometry of Y.
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Proposition 3.2. The curvature condition (3.5) is equivalent to the condition
(3.6) VNV & conv(2Vky,...2Vkq_1)

where N denotes a choice of unit normal to Y, k;j are the principal curvatures of Y,
and conv denotes convexr hull.

Note that a change of orientation of Y changes the signs of both N and of the
principal curvatures, so that the condition (3.6)) is independent of orientation.

Proof. The condition (3.5)) is equivalent to the condition that along the projection
to M of the Hamilton flow on the energy surface, we never have xt = 0, £ = 0, & = 0.

As the Legendre transform of our Hamiltonian is L(z, 2) = (1/4) |2|§ —V(z), the
equations of motion in the base read (with V denoting the Levi-Civita connection)
Vi = =2VV.

Thus if v(0) € Y with 4(0) = v € TY (i.e., £ = 0), then (with N = Vz denoting
the oriented unit normal vector field)
&= V,u(¥,N)

= (V,%, N) + (v, V,N)

= (—=2VV,N) — (I(v,v), N),
where we have used the equation of motion (and the fact that v = 4) in the final
equality, and where II denotes the second fundamental form.

Thus, the condition (3.5 is now equivalent to
(3.7) (I(v,v) + 2VV,N) # 0
for v =4 € TY. Now owing to conservation of the Hamiltonian, we have |U\§ =
—4V, hence the equation (3.7) is equivalent to
(2VI(v,0) — VV,N) #0

where ¢ is the unit vector in direction v. The range of (Il(e,®), N) on the unit

tangent space is the convex hull of the principal curvatures, hence the condition is
that (VV, N) not lie in the convex hull of 2V times these values. O

Lemma 3.3. Suppose that V € W2L(Ry; C"O(RZ—I)) and po = (z0,&0, Yo, Mo) satis-
fies

20 =0, =0,  (Hyz)(po) = (Hypt)(po) # 0,
then there is a neighborhood of t = 0 such that the solution to (3.3|) with initial
condition (xo, o, Yo,M0) exists and is unique.

Proof. First, notice that
(Hp&)(po) = 0x1(po) # 0.
For t > 0, define

2|1027(po)|t? )
Ri(t) = / sup(|82r (s, y, m)|)ds + |¢].
—2]0z7(po)|t? Y
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Observe that since r € W21,
(3.8) lim R;(t) = 0.
t—0
Also note that R (t) is increasing and strictly positive for ¢ > 0.

Since the right-hand side of (3.3)) is continuous, absolutely continuous solutions
to (3.3)) exist; it remains to prove uniqueness.

Suppose that p(t) := (p/(t),&(t)) Wlth p'(t) = (x(t),y(t),n(t)) is an absolutely
continuous solution of (3.3) with (z(0),£(0),(0),7(0)) = (0,0,y0,m0) =: po. Then
we claim that p/(t) € C%, £(t) € C1, and

z(t) = O, (po)t” + O(* Ry (1)),

§(t) = Bz (po)t + O(tR1 (1))
2

B9 y(t) = yo - (oot + %(aQ r(p0);r(p0) = 3;r(p0)dyr(p0) + O(E R (1),

n(t) = no + Byr(po)t + = (a 7 (00)8y7(p0) — 2r(p0)dyr(po)) + O(£* Ra(t)).
First, observe that .
plt) = p(0)+ [ Flo()as

with I € W, Therefore, since p is continuous p € C°, and hence p € C'. Next,
observe that since ¢ € C?,

£(t) = Bur(po)t + o(1),

Next, we consider z(t). First observe that

() = /0 26(5)ds = Byr(po)t2 + o(t2),

and, since ¢ € Ct, z(t) € C2.
We now prove the error estimates in (3.9). Start by observing that

(t) = /O By (p(w))dw

— 10,7(p0) + /0 /0 C (90, (2(s), y(x).n(s)), p(s)) ds du
— 10,7 (po) + /0 /0 Ve (@(5),9(), 1(5)), (5(5). i(s)) ds duw

—l—/o/o 8:%7"(:16(5),?;(3),77(8))33(5)dsdw

— 1,r(po) + /0 /0 (¥ (g P (@(5), 5(5), 7()), (9(5), 1(s)) sl
t rx(w)
27‘ zZ S\Z S\Z Z aw.
+/0/0 (=, y(s(2)), n(s(2))) d= d
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Here s : [0,2(t)] — [0,t] is the inverse of the map x : [0,t] — [0, z(¢)]. Therefore, for
|t| small enough, since p € C! and |x(w)| = |07 (po)|w? + o(w?),

(3.10) |£(t) — tur(po)| < CtRy(2).

Furthermore,

t s
x(t) = / 2/ 0. (p(w))dwds
0 0
t s w
—2our(pn) + [ 2 [ [ (V0 als)u(s)n(s). o) o,
0 0 JO

Therefore, arguing as above and using again that p € C!,
|2(t) — 20,7 (po)| < C* Ry (t)

For y(t) we write
) == [ dur(o(s))ds

— yo — Byr(po)t + /0 /0 " 02 (o)) (p(s)) — 2, (p(5))26(5) — D2 (o)), (p(s)) ds duw.

As Oyr, Oy, 85777“, 87277“ el 8323,77‘ € C% ¢ € C', one then easily checks that y € C?,
and that the equation for y(¢) in (3.9) holds. The argument for 7(t) is identical.

We are now in a position prove the uniqueness of our solution. Suppose that

pi(t) = (pi(t),&1(t)) and pa(t) = (p(t),&2(t)) solve with p1(0) = p2(0) =
Eg, iyf) 10, 0), Then

61— &l (1) < [02r (01 (£)) — Dur (P (1))]
1
< / 0zr(p1(1)s + (1 — s)pa(1)) (w1(t) — x2(t))ds
0
1
+ /0 (Vi 0er(p1(t)s + (1 = 8)p5(1)), (y1, m)(8) — (y2,m2)(¢))ds
1
< ([ 1220005+ (1= b (0)lds + C) 1k 0) = )
Next, observe that, since |9(9yr, Opr)| < C,

161(8) = pa(t)] < 2061(8) = &a(B)] + [(Dyr, Oyr) (P (£)) — (Dyr, Dyr) (P (1))
< 26 () — &) + Cloh () — P (H)]-
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In particular, for 0 <t < 1,
(3.12)

101 (t) — py(t)] e

<2/ e=C51€1(s) — Ea(s)]ds

<2 / // \62 w)s' + ph(w )(1—3’))\+C)\pg(w)—pg(w)\ds'dwds
< [ [ [ (192t + s ><1—s'm+c)\pa<w>—pa<w>\w*2R;1<w>w2Rl<w>dwdsdsf
< CUAC) = OIOR Ol [ [ [ (02 + ()t = )]+ C)uRawhaw dsas

for the final inequality, note that (3.9) implies that |||} (-)—p5(-)[(-) 2R () zeo(0,8) <

C < 0o. Now change variables, replacing w by z = s'z1(w) + (1 — §)xz(w); let w(z)_
denote the inverse map. We further split p’ = (x, p”), i.e., p” = (y,n). Since
inf |s'@1(w) + (1 — §')ia(w)| > clwl,
s'€[0,1]

we obtain

/ / (12 ()’ + ph(w)(1 — D[Ry () dw ds
(=) 2R (w(2))

/ / (102( zpa'<w<z>>s'+pg<w<z>><1—8’>>’\sf¢1<w<z>>+<1—s'>¢2<w<z>>r

< CIR(t / / 1021 (2.l (w(2))s' + pl(w(2))(1 — )| dz ds
< CH[Ry(1)]%

dzds

Using this in (3.12)) shows that for 0 <t < 1,
(3:13)  |pi(t) = Pt >Ry (1) < Colllpy (4) = ph () ) 2Ry ()l Low 0,0 Ra (8)-
Hence (3.13) and (3.8)) implies that
(3.14) lim, |6} (£) — ph(B)lt2R; (1) = 0.
t—0+
Let
=inf{t >0 : Ri(t) > C;'},

and suppose there is 0 < t. < to, with |p] (t.) — ph(t<)| > 0 (to < oo by (3.8)). Then,
since p), pl, are continuous and (3.14)) holds, there is 0 < ¢,,, < t, such that

0 < [[1p1() = PN 2R Ol oo 0,y = 101 (En) = P () [t By (tn)
< Colllph () = PO 2Ry ()l oo 0,6 B (Em)
< Colllph () = PO R Ol poe 0,0y R (t).
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Dividing by [|p(-) = p5()|(-) >Ry " ()|l e(0.1.), We obtain
1 < CoRy(ty),

which is a contradiction since Ry (t.) < Cj .

Thus, p)(t) = ph(t) on [0,%p] and hence, from (3.11)), we have p;(t) = pa(t) for
t € [0,t0]. An identical argument applies for ¢ € [—t, 0].

O

4. SEMICLASSICAL PRELIMINARIES

4.1. Defect measures. We recall here the notion of a defect measure. Let h,, — 0
and {u(h,)}>%,; C L?(M). For a Radon measure y on T*M, we say that u is a
defect measure for the family {u(hy)} if there exists a subsequence h,, such that
for all a € C°(T*M),

(4.1) i (Op(@)ulln, ) ulhn )} 2y = [ adh
We now recall the following fact about existence of defect measures (See [10),
Theorem 5.2]).

Lemma 4.1. Suppose that sup,, ||u(hy)| 2 < co. Then there is a subsequence ny —
oo and a positive Radon measure j1 such that u(hy,) has defect measure p.

Remark 4.2. By Lemma[4.1] defect measures exist for bounded families; they have
no reason in general to be unique, however. Our results are formulated to apply to
any defect measure associated to a family of solutions to the Schrédinger equation.
By Lemma though, we may as well pass to a subsequence which is pure in the
sense that holds. We will do this freely from now on, henceforth restricting
our attention to the pure subsequence.

Moreover, to ease notation below, we will often go further and drop the sequence
notation entirely to simply say that u has defect measure p, leaving the sequence
implicit.

4.2. Tangential operators. When analyzing our operators in the hyperbolic re-
gion, we will have cause to use a family of tangential pseudodifferential operators
which we define here. For a concise treatment of semiclassical pseudodifferential
operators, semiclassical wavefront set, and microsupport, we refer the reader to [0,
Appendix EJ.

Definition 4.3. Given W a normed space of functions on R, we write
MU= V(R O (R}

We let U™ denote those families A(z) where WFy,(A(z)) lies in a fixed compact
subset of T*R,, for all x.
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For symbols a € W(R; §™(R>4~1), let

1 Dl
(27rh)dl/eh<y V' a(z,y,n)u(e,y)dndy.

Op' (a)u(z,y) =
We also define the symbol map o7 : W\I/? — W(R; Sm(RQ(d—l))) by
o1(A)(x,y,n) = o(A(x))(y,n).

We will require the following result about composing tangential operators with
ordinary semiclassical pseudodifferential operators with compactly supported sym-
bols.

Lemma 4.4. Let a € C°((—¢,¢); C(T*RI¥1)) and x € C°(T*M). Then
Op' (a) Op(x) € ¥

and this operator has principal symbol ax.

Proof. This result follows from writing

Op'(a) = Op(a(z,y,n))

where we view a as a constant symbol in the £ variable (dual to ). The composition
is then an ordinary composition of pseudodifferential operators with symbols in S(1)
as in [10, Section 4.4]. O

5. TECHNICAL ESTIMATES

5.1. Elliptic Estimates. We start by giving elliptic estimates when the potential
V' is only continuous.

Lemma 5.1. Let P = —h*Ag+V with V € C°, and p = |£[2 + V. Then for all
A € V3(M) with WFL(A) C {p # 0}, there is C > 0 such that for all u € L*(M)
with lim supy,_,q ||ul| 2 < oo,

limsup ||Au||2 < Climsup || Pul|z2.
h—0 h—0

Proof. Since V € C, there is V. € C™ such that

Tim [V = Vieo =0.

Indeed, one can construct Vz locally as follows. Let {x;}., C C°(M) be a partition
of unity on M with supp x; C U; and (v; : U; — R? U;) a coordinate system on M.
Then, let ¢ € C°(RY) with [ ¢ =1, define ¢.(z) := e 9¢(c~'z), and put

Vo= [0aV) ot ¢ oy

1
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Now, let P. = —h?A, + V.. Then, for A with WF,(A) C {p # 0}, we have for
e small enough WFy(A) C {[pc| = [|¢]2 + Vz| > ¢ > 0} and hence, by the standard
elliptic estimate [6, Theorem E33],

limsup [|Aul|;2 < Climsup || Peul| 72
h—0 h—0

< Climsup ||Pul|z2z + Climsup |[(V — Vo)u||r2
h—0 h—0

< Climsup ||Pul|p2 + C||V — V,||co lim sup ||u| z2.
h—0 h—0

Since the left-hand side is independent of € > 0, this implies the lemma after sending
e —=0.

O

Before stating our next lemma, we recall that a pure sequence is one along which
(Op aup, up) converges to p(a) for a unique defect measure.

Lemma 5.2. Suppose that V € CY, |lul|z2 < C and Pu= (—h?Ay+ V)u = o(1) .
Then there is x € C°(T*M) such that

(5.1) 10p(1 = X)ull gz = o(1).

Furthermore, if up, is a pure sequence with defect measure p, then supp u C {p =0}
and

p({p = 0}) = lim [lu][..

Proof. Let x = 1 near {p = 0}. Then, we apply Lemmawith A= O0p({&)?(1—x))
to obtain ([5.1)).

To see that suppu C {p = 0}, let a € C°(T*M) with suppa C {p # 0}. Then,
by Lemma [5.1

10p(a)ull 2 < CllPul|r2 +o(1) = o(1).

In particular,

u(@)| = | lim (Op(a)u, )| < Climsup | Op(a)ul| 2 = 0.
h—0 h—0

Finally, to see that u({p = 0}) = lim_,¢ ||u|| 2, observe that, by (5.1)

lim sup [|u||32 = limsup(u, u) = limsup(Op(x)u, u) = p(x).

h—0 h—0 h—0
Similarly,

imin lullz2 = u(x)

and hence, limy_o ||ul|2, = p(x) which implies the final claim. O
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5.2. L®L? estimates. In this section and the following, we discuss the factoriza-
tion of semiclassical operators in the hyperbolic set near the interface Y and its
consequences; for related computations we also refer the reader to [3, Section 2.

To begin, we explore the consequences for energy estimates of having any operator
in factorized form. In this section, we consider two (potentially different) factorized
operators Y 4:

T+ == (h,Dx - AO)(hDg; + AO) + hE+,

5.2
(5:2) Y_ = (hD, + Ag)(hDy — Ao) + hE_,

where E_ | FE, € Ll\IJ%, and Ag € LW\IIIT with real valued principal symbol. In
practice, the operators Y4 will be nearly equal.

Lemma 5.3. Suppose that Ag(x) is elliptic on WFy(u(x)) for all x € (—2¢,2¢).
Then there is C > 0 such that

1h Dol poo (< e)0yp2 + Il ((—eeryzz < Clllullgy + b7 1Tl g2 + [ T—ul 2)).

Proof. Suppose that TLu = fi and put
(5.3) vy = (hDy £+ Ag)u
so that
(hDy F Ao)vy = f+ — hEyu.
For x € C°((—2¢,2¢)), equal to 1 on (—¢,¢),
(hDz F Ao)x(z)ve = xfx + [ADy, X]Jve — hxEiu.

Therefore,

o
HM@%@W%:MA/ hDs|[x(s)vs(s) |72 ds

_ -l /oo 2 Tm (Ao x (5)v2(5), x(5)vs(5)) 2 + 2Im (xS (5), X(s)01 () 12
+2Im (i~ ! (s)v (s), X(s)ve(s)) — 2Im(hx(s) Bxu(s), x(s)vx(s)) pzds

< Cllosllzs + CR2I N7z + C/ 9(s)(Ix(s)v($)Il72 + Ix(s)u(s) s ),

where g(s) € Llloc, and where we have used the fact that Ag has real principal symbol

in our estimate of the corresponding term above. Considering vy — v— and using
ellipticity of Ag on WFy,(u(z)), we have

Ix@u@)g < Clx@vs @7z + Ix@v- @)l +O(h>)u(=)llz)
< C(lloellze + llo-ll72 + O) ull gy + Ch2 (I f+ 112 + 1/~ l1Z2

0 [T g6 + s () + Iz s
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So, since ||v4|| 2 < C’HuHH}L, all together, we have
Ie@yu@)ll; + [x@)or (@)I17z + [(@)o- ()17
< Clllullfy + CR2 (1172 + 1F-11Z2)

+ 0/ $)(Ix(s)v()lIZ2 + Ix(s)v—(s)lIZ + IIX(S)U(S)H?I;Ly)dS-
Hence, by Grénwall’s inequality, for all z,
”X(@u(fﬁ)”?{i’y‘f'HX(x)U—F(x)H%g"‘HX(w)U—(QU)”%g < C(\IUII?{;LJrh”(Hij||%2+Hf—Hiz))ec”g”“7

and we obtain the desired pointwise estimate on u for x € (—¢,¢), where y = 1.

The estimate on hD,u now follows since
[hDu(@) 2z < Clu@lgy + o @)lzz). O

6. ESTIMATES FOR THE SCHRODINGER EQUATION

We now consider defect measures for solutions to Schrédinger equations with low
regularity, conormal potentials. In particular, we assume that V € Whl((—2¢,2¢);C®(Y))
and use Fermi normal coordinates relative to {z = 0} so that in the notation of (3.2)),

P = (hDy)* — r(z,y,hDy) + h(a(z,y)hDy + 7' (z,y, hDy)),

with r € IW 1({37 = 0}; S2(T*RI1)), v’ € C®°(Ry; SHT*R41)), and a € C*®°. Now
conjugate by e2 3 Jo alsv)ds ¢4 obtain

T = e3 Jo a(s:9)ds pe—3 Jg a(sy)ds — = (hD;)* = r(z,y,hDy) + ha(z,y, hD,),
with @ € C*®(Ry; Sl(T*Rd—l)).

Lemma 6.1. Let V € Wh1((—2¢,2¢);C>®(Y)). Suppose that x € C°((—2¢,2¢); OX(T*RI™1))
with supp(x) C {r > 0}. Then there is A € WI’I\II% satisfying

Y Op'(x) = (hDy = A)(hDq + A) Op (x) + hE4 OpT (x) + O(h™) 1.1y
= (hDy + A)(hDy — A) Op™ (xX) + hE- OpT (x) + O(h™) w1y,
with By € LUt and the symbol A satisfying
o(M)x = Vr(z,y,mx(@,y,n).

Proof. Let ¥ € C°((—2¢,2¢); C®(T*R¥1)) with ¥ = 1 on supp x and supp X C

{r >0}. Put A=Op"(V7X) € Wl’l\Ilfromp. Then,

(hDyp—A)(hDy4-A) = ((hD2)?>—A*>+[hD,, A]) = (th)2—opT(r5<2)+0(h)wl,1@$,mp+[th, Al.
Now, since A € Wl’l‘l/lT,

[hDy,A] € KWk
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Next, observe that, since x = 1 on supp ¥,
TOpT(x) = [(AD2)? ~ Op" ()] O () + O(h*) iy =
In particular,

YOp'(x) = (hDy — A)(hDa +A) Op™ (x) + hE1 OpT (x) + O(h™)w1y o,

with B, € 'wl.
An identical argument shows that
T Op' (x) = (hDa + A)(hDa — A) Op' (x) + hE-Op (x) + O(h™) w11y, o,
with F_ as claimed. N
Lemma 6.2. Suppose that X € WY with WF,(X) C {r > 0}. Then
1A De Xu|| oo ((—e0)0 23 + I XUl oo (e )y mp , < Clllullz2 + h=Y [ Pul2).
Proof. First, observe that o(Y) = &2 — r(z,y,n) is elliptic for |(£,7)| large enough.
Therefore, by Lemma there is xy € C2°(T*R?) such that
10p(1 = x)vllgz < Cllvll2 + [ Tull2).
In particular,

(6.1) [ollgz < C(l[vllz + [[Toll2 + [1OpOO) vl g2) < C(llvllz + [ Tvllz2)-

Now, let X = e Jo alswds x =3 [5 alsy)ds ¢ C*WY and observe that WFL(X) =
WFL(X) C {r > 0} C ell(A), hence, there is x € CZ°((—2e, 2¢); C°(T*RI1)) with
X =1 on WF(X) and supp x C {r > 0}. In particular,

Xv=0p"(x)Xv+ O(hoo)cooqj;oov.
Consequently, Lemma now implies that X satisfies equations

TXv = (hD, — A)(hDy + A)Xv+ hELXv — Ryv
= (hDy 4+ A)(hDy — M) Xv+hE_Xv— R_v.

with
Ri = O(hOO)WI,I\I,_Foo'
Now let
Y, = (hD, —A)(hD, + A)+ hEy,
Y_ = (hD,+ A)(hD, —A)+hE_.
Thus

Ti(Xv) = T(Xv) + Ryv,
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hence Lemma, [5.3] implies that for all N € N,
||XU||L;;OH}1L’1J < C(HXUHH}L +h7 Y X0 g2 + AN 0] 2)
< C(llollap + hH X Yol|2)
< C([vllg2 + b To] 12).
Put v = e3do 4694y 5o that Tv = e3Jo 999 Py and note that, since a €
LY ((—¢e,e); C>=(RI1)),
[Xullpgomy < CHXUHLgOH}W < C([vllzz + Ch7Y Yol 12)
< C(||lullpz + Ch™ Y| Pul|2).
In addition, since a € L>°((—2¢, 2¢); Coo(Rd_l)),
HthXu”LgOH}L < C(HthX'U”LgOH}L + h||XUHLgoH}L )
»Y »Y »Y
< C(|lvllgz + ChH Yol 2)
< C(|lullpz + Ch™Y|Pul|12).

7. DEFECT MEASURES FOR THE SCHRODINGER EQUATION

In this section we continue to assume V € Whl((—2¢,2¢);C>®(Y)). Our main
result here is Lemma [7.3] which, together with the elliptic estimate in Lemma |5.2
establishes Theorem [1.3]

We now suppose that Pu = o(h)r2, ||ul|r2 < C and study defect measures for w.
Recall again that a pure sequence is one along which (Op aup, up,) converges to u(a)
for a unique defect measure.

Lemma 7.1. Suppose that ||u|| 2 < C, Pu= O(h)2, and uy, is a pure sequence with
defect measure p. Then, for a € L'((—¢,¢); C(T*R41Y)), with suppa C {r > 0},

(7.1) 11121 sup (OpT (a)u, u)| + [(OP" ()hDyu, u)| < Cllal| L1 es -
—

In addition, for a € L'((—¢,e); C(T*R4™Y)) with suppa C {r > 0},

}{ig})(OpT(a)u,m — p(a), (Op" (a)hDyu,u) — u(af).

lim
h—0

In particular, if a € LyLy% and suppa C {r > 0} then a, af € L'(p).

Proof. We start by proving (7.1)). Let a € L'((—¢,¢); O®(T*R?!) with suppa C
{r > 0}. Fix x € C®((—¢,¢); O®(T*R?1) equal to 1 on suppa and supported in
{r > 0}; thus Op' (x)* Op"(a) Op' (x) = Op'(a) +O(h°°)L1\I,;OO. Using Lemma
to estimate Op' (x)u, and Lemma [5.2 to estimate Hu||H}%, we have
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lim sup [{Op” (a)u, u)|

h—0

<timsup | (00T ()" OpT(@) OpT (V) ) u(e) 3| + Lwsup O ul .
h—0 h—0 y

— tiwsup | (05" (@) 05" (x)u)(2), (OB ()2 s3] + lmnsup O 3
h—0 h—0 h

<timsup [ [ Op™(@)(o)]13-13 (OB (x)u) (o)l

< timsup | OpT (x)ul2.e 1 / 06" (@)@l 3. 2l
h—0 vy

< timsup(fulfs + ™2 Pulf) [ OB (@)(@)]13 50
_>

< Climsup [ 09" (@)(@)]13- 30

< C’/sup|a (x,y,n)|dz
< Cllo(a)llyrzs-
Here we have crucially used Lemma to estimate Op' (x)u in terms of u and

Pu.

By the same line of argument (again using Lemmal[6.2] as well as the O(h) bounds
on commutators)

limsup [(Op ' (a)hDyu, u)|
h—0

—timsup | [ ((0p™()" 05" (@) OpT (0D ) (o). ule))
+hmsupo<h°°>uu||LgOLg||thuHLgOL5
h—0

<timsup| [ (OpT (@D, OB (x)u)(2). OpT (V) ]

h—0

+] [1OBT @IOBT (0. D,1u) @), OB () u(w) ]

+ lim sup O(hoo)HuHHz
h—0

— tiwsup | [ (0" (@)" OB ()u)(w). (D OpT () ) 1]

h—0
+ hm sup ChHuHLooLz

< limsup / 1 Op™ (@)" (@)1 12 12 | (hD OPT () ) (@) ] 22 | (OPT () ) | 2 e
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< limsup D Op” ()1 1201 O (vl 515 / | Op™ ()" (@)l 12 12 da
_>

< timsup(Julfs + 12 Pulte) [ 100" (@) @)1z 30
H
< Cllo(@)lsy 5,

This completes the proof of (|7.1)).

We now prove the rest of the Lemma. By Lemma there is x € C°(T*M)
such that (1 — Op(x))u = O(h)HfL and hence for a € C2°((—¢,¢); O (T*RI1)), by

Lemma [1.4]

(72) (Op"(a)u, u) = (Op" (a) Op(x)u, u) + O(h) — p(ax) = p(a),

(OpT (a)hDyu,u) = (Op' (a)hD; Op(x)u, u) + O(h) — p(ax) = p(a).

Therefore, by ([7.1),
[u(a)| + [n(ag)| < Cllallpy oo

In particular, by density, if a € LiL;’% with suppa C {r > 0}, then a, af € L' (u).

Now, let 1 € C((—1,1)) with [(x)dz = 1, and define ¢.(z) := e~ 1p(e~ a),
and let a € L'((—¢,¢); O®(T*RI1)) with suppa C {r > 0}. Define a. := 1. * a
so that a. — a in L'((—¢,¢); C°(T*R4!) and, for £ > 0 small enough, suppa. C
{r > 0}.

Then, by (7-1)

Jimp Jim sup {(Op" (ac) — Op' (a))u,w)| + [{(Op" (ac) — Op' (a))hDyu, u)| = 0

and by (7.2)
lim (Op " (az)u, u) = p(ae), lim (Op ' (az)hDyu, u) = p(a:f).
h—0 h—0

Therefore, since

{a e L}ELZ‘,D7 : suppa C {r > 0}} C L' (p),

we have

lim (Op " (a)u, u) = lim pu(az) = p(a),

Jim (OpT (@) Dy, u) = lim (<€) = pu(a).

lim
h—0
]

We now compute p(Hpya) for certain special test operators a.

Lemma 7.2. Suppose that ||u||z2 < C, Pu= o(h)r2, and uy, is a pure sequence with
defect measure ju. Then for a; € C°((—¢,¢e); C°(T*R4™1)) with suppa; C {r > 0},

,LL(Hp(ao +a1€)) =0.
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Proof. First, observe that since, by Lemma ||l m <C,
|{[P,Op (o) + Op (a1)hDyu, u))|
< [{(Op (ag) + Op™ (a1)hDyy )u, Pu)| + [((OpT (ag) + Op' (a1)h Dy, ) Pu, u)|
< Cllull g [[Pull 2 = o(h).
Now, for a € C®((—¢,¢); CX(T*RI 1))
ih™![P,0p' (a)] = 20p" (9xa)hDy — Op' ({r,a}) + hOp' (e1) + O(h™) w11y
ih™![P,hDqg] = Op" (9zr) + hODT (e2)h Dy + O(h™ )ity o
for some e; € Whi((—¢,¢); CSO(T*Rd_l)) with supp e; C suppa. Consequently,
ik ([P, 0p" (ap) + Op" (a1)hDg]u, u)
= ih ([P, Op" (ag)] + [P,Op" (a1)]hD, + Op" (ay)[P, hD,))u, u)
= <(2 OpT(&L«ao)th — OpT({T, ag}))u, u>
+{(((20p"(8a1)hDy — Op" ({r,a1}))h Dy + Op" (a1) Op" (9z7)) u, u)
+ h{(Op" (bo) + Op" (b1)hDy)u, u)
=((2 Op" (0za0)hD, — Op' ({r, ao}))u, u)
+ <((— OpT({r, a1 }))hD, + OpT(al) OpT(amr))u, u> + <2 OpT(Ozal)(P + OpT(T))u, u>
+h((Op" (bo) + Op" (b2)h Dy )u, w)
with b; € L((—¢,¢); C(T*RI1)) and supp b; C {r > 0}.
Using Lemma together with the fact that ||uHH}11 < C, we obtain
0= lim ih ™ ([P, Op ' (ap) + Op' (a1)hD,|u, u)

= (20,008 — {r, a0} — {r, a1} + a10,7 + 20,a1(p + 1))
- M(Hp(ao + alg))a

and the lemma is proved. O

Finally, we extend the previous lemma to any test function a € C°(T*M).

Lemma 7.3. Suppose that ||u||;2 < C, ||Pul|z2 = o(h), and u has defect measure
w. Then for all a € C°(T*M) supported close enough to {x = 0} with suppa C
{r >0},

p(Hpa) = 0.

Proof. Define
Qe = %(a(x7 57 Y, 77) =+ a(:):, _57 Y, 77))7 Qo 1= Tlé‘(a($> fa Y, 77) - a(x, _57 Y, 77))
Then ae, a, € C°(T*M) and both are even in £. Moreover,

a = ae + ay€.
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Since ae, a, are even in &, there are a., a, € C2°(T* M) such that

e/o(T, &, Y,m) = Gesolz, £, y,m).
Finally, put
beso(T,y,m) = deso(z, (2,9, M), Y, 1)
Then, b./, € WH((—¢,€); CSO(REZT;)) and b, /, = @/, on {p = 0}.
Now note that by Taylor’s theorem (initially treating r as an independent vari-
able),
o, €%, y,1) = Gejo(, (2,9, 1), y,m) + (67 — 7(2, 4, 1)) gejo (2, €%, y, 1, (2, 9,m))
= beso(®,y,m) + (€2 = r(2,4,1))9e 0(, v, 0, 7 (2,y,7))

with g./, smooth in all its arguments. Hence
a = ac(w, &y, m)+Eao(x, €, y,m) = be(@,y, 1) +Ebo(x, y, n)+pg(, €, y,n, (2, y,7)),

Hence, we have
Hpalp=0 = [Hp(be + bof)][p=0-

Therefore, since supp p C {p = 0} by Lemma this implies

p(Hpa) = p(Hy(be + bof)),
and hence the lemma follows from Lemma O

8. PROPAGATION FOR C! POTENTIALS

We now focus on the simpler case when V € C'. In this case, it is not neces-
sary to use special factorization structure, and one can apply directly the standard
arguments for invariance of defect measures. Although the results in this section
can be obtained from [2], we give a simple self contained proof in the semiclassical
setting. This, in conjunction with the elliptic estimate of Lemma will establish
the propagation estimate of Theorem

Lemma 8.1. Suppose that a € C°(T*M). Then there is C > 0 such that for all
Ve whee,
1[Op(a), V]llz2r2 < ChV |lwre.

Proof. First, observe that we may work locally since for y,¢ € C°(M), with
supp x Nsupp ¢ = 0, for any N, there is Cy > 0 such that

Ix Op(a)y| 212 < CNRY,
and hence
[[xOp(a)y, Vlllp2op2 < Chl|V| Lo < CR|[V[ppr1.00.

Therefore, after decomposing using a partition of unity we may replace a by x Op(a)x
for some x, x € C°(M) with supp x Nsupp(l — x) = 0, and ¥ supported in a coor-
dinate patch.
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In local coordinates, the kernel of [x Op(a)x, V] is given in local coordinates by

1 g€~ N\~
K(oy) = pa [ 9% Ox)(V(0) - V)de,
(27h)
for some @ € C°(T*R%). Then, integrating by parts once in &, we obtain
1 A <y_xah8§d(xa€)> ~
K = (z—y.8) _ .
(@) = g [ ¢ e ) (V ) — V() de
. . - . h+{z—y,Dy¢) .
Then, integrating by parts with L := PR =Tlo—y[2> WO obtain
1 O h+ (y—x,De)\N (y — x, hOza(x,€)) _
K = (z=y,6) — dg.
(@) = g [ 9 () e R @) (V () -V ()i

In particular,

K (2,9)| < Ch=4h e — ) ¥ VO V@] oprmag—tjp oy =Ny

|z =yl

So that

sup [ 11 +sup [ 1K G@.9)| < CHIV
The Schur test for L? boundedness then implies the lemma. O
Lemma 8.2. Let V € C'. Then if u € L?>(M) solves

I(=r*Ag + V)ulzz = o(h)2,  lullz2 < C <o,
and has defect measure p. Then for all a € C°(T*M),

p(Hpa) = 0.

Proof. Let {x;}}¥,, C C2°(M) be a partition of unity on M with suppx; C U; and
(¢; : Ui — R4, U;) a coordinate system on M. Then, let ¢ € C2°(R?) with [o=1,
define ¢.(z) := e~4p(¢"12), and put

Vo= [(aV) o % o] o4

Then,
[Veller <C, lim ||Ve — Ve = 0.
e—0

Let p. = |€]2 + V.. Then for a € C°(T*M) real valued, we have
0 = lim 2A~ ! Im(Pu, Op(a)u)

h—0

= lim —ih "' ((Op(a)* Pu,u) — (P Op(a)u, u)
h—0

= lim —ih "' ((Op(a) Pu, u) — (P Op(a)u, u)
h—0

= lim ih ™ ([P, Op(a)]u, u)
h—0

= lim lim ih = ([~h?A, + Vz, Op(a)]u, u) + ih " ([V — V&, Op(a)|u, u).

e—0h—0
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Notice that

N ) T _
lim i~} (28, + V., Op(a)]u, u) = lim (Op(H, Ju, u) = u(Hy, )

For the second term, observe that by Lemma (8.1
[ih™H{[V = Ve, Op(a)lu, u)| < OV — Vel
and hence
lim lim ih~ [V — VL, Op(a)]u, u) = 0.
e—=0 h—0
All together, we have shown that
0 = lim p(Hp. a)

e—0

On the other hand, by dominated convergence,
li H = u(H,
S u(Hp.a) = p(Hpa),
which completes the proof. ]
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