ERGODIC AVERAGES AND THE LARGE INTERSECTION
PROPERTY ALONG IP SETS.

BRYNA KRA AND OR SHALOM

ABsTrRACT. We study multiple ergodic averages along IP sets, meaning
we restrict iterates in the averages to all finite sums of some infinite se-
quence of natural numbers. We give criteria for convergence and diver-
gence in mean of these multiple averages and derive sufficient conditions
for convergence to the projection onto the space of invariant functions.
For a class of sequences that, roughly speaking, only have rational ob-
structions to such a limit, we show that the behavior is controlled by
nilsystems. We also consider pointwise convergence, obtaining conver-
gence and a formula for a set of functions on nilsystems that are dense
in L?. Finally, we show that certain correlations have optimally large
intersections along an IP set.

1. INTRODUCTION

1.1. IP convergence. Since Furstenberg’s proof [20] of Szemerédi’s The-
orem [39] using ergodic theory, dynamical methods have been used to prove
numerous generalizations (some examples include [22,9, 7, 23, 24]). Among
the many generalizations, we focus on the IP version of Szemerédi’s theo-
rem. An IP, short for infinite parallelepiped or idempotent depending on
the context, is defined as all the finite sums of some sequence (1) jen and
an IP-set is a set containing an IP (for technical reasons, we deviate from
the standard definition and allow an IP to be a multiset). Furstenberg and
Katznelson [23] showed that for any IP-set, any set of natural numbers with
positive upper Banach density contains arbitrary long arithmetic progres-
sions whose common step lies in that IP. To prove this refinement, they
change the type of convergence studied, introducing taking a limit along
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2 B. KRA AND O. SHALOM

IP-sets. This type of limit has been used in other contexts to obtain further
combinatorial and ergodic generalizations, including for example in [10].
In using ergodic methods to prove these results, one is naturally led to

study multicorrelation sequences, meaning sequences of the form

k
(1.1) a(n) = fx [ 1A duco),
i=0

where X = (X,8,u,T) is an invertible measure preserving system and
Jos- s fx € L™(u) (we defer precise definitions and further background
to Section 2). Taking all functions to be the indicator function of some
set with positive measure, showing that the liminf of a multicorrelation
sequence is positive corresponds to proving a recurrence statement, and
such results have led to generalizations of Szemerédi’s theorem along sub-
sequences. Convergence in mean has been shown for many multicorrelation
sequences, including [30, 43, 25, 40]. Further refinements have been given,
such as large intersections for the indicator function of a set in a multicor-
relation [7, 16, 19, 15] (see also [2, 38, 37, 3, 1] for extensions to abelian
groups beyond Z).

For each of these types of results (recurrence, convergence, and large
intersections), it is natural to ask if there are IP versions, and this is our
focus. We start in Section 3 by giving necessary and sufficient conditions
for mean convergence of an average along an IP. Using spectral criteria, in
Theorem 3.3, we show when such an average for a function converges to its
projection onto the invariant o-algebra. This allows us to deduce sufficient
conditions for convergence along an IP in Section 3.2 and an example of
divergence along an IP in Section 3.3. In particular, we show that for IP
sequences with rational spectrum (see Definition 3.7) we can describe the
limit (Theorem 3.8), and this is the class of IPs for which we can describe
more detailed behavior (Theorem 5.2).

In Section 4, we turn our attention to multiple ergodic averages along an
IP. Proving convergence for these multiple averages requires the develop-
ment of [P versions of the tools used for linear averages, including a version
of the van der Corput Lemma (Lemma 4.3), a version of Gowers-Host-Kra
seminorms (Definition 4.5), and IP cubic measures (Definition 4.6). This
allows us to show (Theorem 4.2) that for sequences with rational spectrum,
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the behavior of the multiple ergodic average along an IP is controlled by the
same factors that control the well understood case of linear averages.

We then use the tools developed to derive several applications. In Theo-
rem 5.2, we give a limit formula for certain multiple averages along IPs, and
this in turn is used to derive a large intersection property for progressions
of length three and four along an IP with rational spectrum. The ergodic
version of these results are given in Theorems 6.2 and 6.4, and via vari-
ant of Furstenberg’s correspondence principle for ergodic systems (see [7,
Proposition 3.1]), we immediately deduce an application in the integers (see
Definition 6.1 for the notion of IP density). To state the result, recall that if
E C Z, we define the upper Banach density d*(E) by

4'(E) = lim sup |EN{M + 1,...,M+N}|.
N> yez N

Theorem 1.1. Let (n;)cn be a sequence of natural numbers with rational
spectrum and let E C Z be a set with d*(E) > 0. Then for all coprime
integers {1, {, € Z and all € > 0, we have that both

dip, {n € IP((n))jexr) : d"(E 0 (E = €m) 0 (E = &) > d'(E)* - &}

—IPo

and

dip, {n € IP((n))jer) - d"(E 0 (E = €m) 0 (E = &n) 0 (E = (6 + )n)) > d*(E)* - &

—IPo

are positive for any increasing Fglner sequence ® = (Oy)yen.

As a sample application (see Exmaple 2.4), this applies to the IP gener-
ated by 1,10, 100, ..., which generates the set of all numbers in base 10
that can be written only using the digits 0 and 1.

1.2. Open questions. It is natural to ask if the sets of large intersections in
Theorem 1.1 are large with respect to other measurements of largeness. One
phrasing of this question is the following syndetic version of this question.

Question 1.3. Let (n;);en be a sequence of natural numbers with rational
spectrum, let E C Z be a set with positive upper Banach density d*(E) > 0,
and let £ > 0. Do finitely many translates of the set

{n € IP((n))jer) : d*(E N (E —n) N (E = 2n)) > d*(E)’ - &}

cover IP((n;) an)? Does the analogous statement hold for four term arith-
metic progressions?
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From the example in Theorem B.1, we know that there exist IPs for which
the set of large intersections is trivial, and this leads to the next question.

Question 1.4. Are there IPs other than those with rational spectrum for
which the set of large intersections in Theorem 1.1 for three (or four) sets
is nonempty?

A related question on these intersections is if there is some other bound
for which the large intersection property holds for all IPs. It follows from
Furstenberg and Katznelson [23] that there exists a constant C > 0 such that

(1.2) {n € IP((n))ar) : d"(E N (E = n) N (E — 2n)) > C)

is nonempty, and it further follows from [8] that C = C(d*(E)) is a constant
depending only on d*(E). This leads to the next question.

Question 1.5. Let £ C N with d*(E) = ¢ for some 6 > 0. What is the
optimal value of C = C(¢) in (1.2)?

We note that we phrase this as the optimal value, as in Theorem B.1 we
show that C(6) < 67¢!°29 for some absolute constant ¢ > 0.
A last question that we pose is on IP pointwise convergence.

Question 1.6. Let X = (X, B,u, T) be an ergodic invertible measure pre-
serving system, let (n;)an be a sequence with rational spectrum, and let
f € L= (u). Does the limit

1\lfl—r>rolo EnEIPdw ((njext)

T"f(x)

exist for y-almost every x € X?

While such a result is of interest on its own, it would also simplify the
computations of the limit of an average along an IP in nilsystems, leading
to simplifications of the proofs in Section 5.
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2. BACKGROUND AND ADAPTATIONS FOR IP SEQUENCES

2.1. Measure preserving systems. An invertible measure preserving sys-
tem X = (X, B,u, T) is a quadruple in which (X, B, u) is a probability space
and T: X — X is an invertible, measurable, measure preserving trans-
formation (meaning that u(A) = u(T~'(A)) for all measurable A C X).
When the context is clear, we shorten this and refer to an invertible measure
preserving system as a system. Throughout, we assume that all systems
X = (X, B, u, T) are regular, meaning that X is a compact metric space, B is
the Borel-o- algebra, and u is a regular measure.

Given a system X = (X, B, u, T), let L*(u) denote the Hilbert space of all
complex valued square integrable functions on X modulo p-almost every-
where equivalence. We make the usual abuse of notation, using 7 both
for the transformation on X and for the the associated unitary operator
T: L*(u) — L*(u) defined by f — f o T for f € L*(u). The measure
preserving system is ergodic if the only T-invariant functions are constant
p-almost everywhere.

Let S! denote the one dimensional circle. For t € S', the t-eigenspace is
the closed Hilbert space consisting of all f € L*(u) satisfying T f = ¢- f, and
any nonzero function f € L*(u) in the ¢-eigenspace is an eigenfunction with
eigenvalue t. For any t € S', we let P,: L?>(u) — L*(u) denote orthogonal
projection onto the t-eigenspace.

2.2. Factors and cocycles. If X = (X,8,u,T) and Y = (Y,D,v,S) are
systems, we say that Y is a factor of X (or equivalently X is an extension
of Y) if there exists a measurable map n: X — Y such that 7z = v and
S o = o T holds u-almost everywhere. When the map 7 is also invertible
with a measurable inverse, we say that the systems X and Y are isomorphic.

IfY = (Y,Y,v,S) is a factor of the system X = (X, B,u,T) with fac-
tor map 7: X — Y and f € L*(u), let E(f | Y) denote the conditional
expectation of f onto Y, defined as the unique function in L?(v) such that
fﬂ i fdu= fA E(f | Y)dv for all measurable set A ¢ Y. To avoid confu-
sion, we use E(f | ) to denote the lift of E(f | Y) to L*(u).
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Let X = (X, By, ux, T) be a system and K = (K, Bk, ux) be a compact
abelian group equipped with the Borel o-algebra and Haar measure. A co-
cycle on X with values in K is a measurable map p: X — K. The extension
defined by p is the system X X, K = (X X K, Bx X By, ux X ux,T,), where

T,(x,u) = (Tx,p(x) + u).

A cocycle p: X — K gives rise to an extended map p: Z X X — K defined
by (Idg denotes the identity in K)
SiepTx)  nxl
o(n, x) = Idg n=0
-0 L p(Tix) n<-1
and
T)(x,u) = (T"x, p(n, x) + u).

Two cocycles p,p’: X — K are cohomologous if there exists a measur-
able map F: X — K such that p(x) = p’(x) + F(Tx) — F(x). We note that if
p,p’ are cohomologous then the systems X X, K and X X, K are isomorphic
and the isomorphism is given by (x, 1) — (x,t — F(x)).

Definition 2.1 (Continuous vertical characters). Let X = (X, Bx, ux, T) be
a system, let K be a compact abelian group, and let p: X — K be a cocycle.
A function f: X X, K — C s a continuous vertical character if there exists
a character y: K — 8! and a continuous function g: X — C such that

J(x k) = g(x) - x (k).

We note for use in the sequel that it follows from the Stone-Weierstrass
theorem that the space spanned by the continuous vertical characters is
dense in the continuous functions C(X X, K).

Lemma 2.2. Let X = (X, By, ux, T) be a system, let K be a compact abelian
group and p: X — K a cocycle. The space spanned by the continuous
vertical characters on X X, K is dense in C(X X, K).

2.3. Definition of an IP.

Definition 2.3. If (1) o is a sequence of natural numbers, define IP((7;) jen)
to be the multiset containing all finite sums of the sequence (7;) jex, meaning

IP((n))jen) = {ny, + -+ +my, 2 iy,. .., i are distinct},
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with the convention that the empty sum 0 is included. We refer to the num-
bers (n;)jen as the generators, and when the generators are clear from the
context we refer to this simply as an IP.

Our definition differs slightly from some uses in the literature, where
there is no assumption that O lies in the IP and an IP is defined as a set
rather, than a multiset. The assumption that an IP contains O is merely
for notational convenience, but the use of a multiset is necessary for our
analysis. We could avoid this by taking the generators to be a sequence
(1)) jen that grows sufficiently fast such that n; > Z{:—ll n; for all j € N, but
we prefer to work in the more general setting. We note that in the literature,
a set is sometimes called an IP-set if it contains an IP. However, as we also
prove convergence results, we can not adopt that convention.

Example 2.4. Set n; = 10! for all j > 1. Then IP((n;) ;o) is the set of all
natural numbers that can be written in base 10 only using the digits 0 and 1,
meaning that

IP((n) ;e) = {0, 1,10, 11, 100,101,110, 111, 1000, . .. }.

Note that this IP is a set, not a multiset, as all finite sums are distinct. If
instead we take the generators n; = 2/~! for j > 1, then IP((n;) av) = N.

It is easy to see that there are many subsets of integers that are not IPs.
For example, it is easy to check that an IP contains infinitely many multiples
of a given positive integer.

2.4. Averages along an IP. A Fplner sequence ® = (Oy)yay in N is a
sequence of finite subsets of natural numbers satisfying
@.1) fim (@ OVADM
N—oo Dy

for all a € N, where A denotes the symmetric difference. A standard ex-
ample of a Fglner sequence is taking intervals, such as ®y = [1,N] or
Oy = [N?, N? + N]. We say that a Fglner sequence @y is increasing if
®y = [M, ay] for some fixed number M and a sequence ay tending to infin-
ity as N — oo.

To define averages along an IP, we adapt Fglner sequences to our context.



8 B. KRA AND O. SHALOM

Definition 2.5. Let (n;);en be a sequence of natural numbers and ® =
(®y)nen be a Fglner sequence in N. The IP-Fglner sequence associated
to (Dy)nen 1s the sequence

IPo, (1)) jen) = {n;, + -+ +ny 11y, ...,i € Dy are distinct).

If the Fglner sequence (Dy)yeay is increasing, we say that the IP-Fglner se-
quence IPg, ((n)) jen) is increasing. When the generating sequence (1;) jen
is clear from the context, we omit it from the notation.

Given a Fglner sequence @ = (®y)yey in N and sequence (a;,),en, We use
the shorthand notation

1
T NI R
netPa, (()00) ™ ™ |IPg, (1) )| "
nEIPq:,N ((n_/)jgN)
and when the generators are clear from the context, we write Endp@N a,.

This allows us to define ergodic averages along IPs.

Definition 2.6 (The ergodic average). Let X = (X, B, u, T) be an invertible
measure preserving system, let (72;) jen be a sequence of natural numbers, let
(®y)nen be a Fglner sequence, and let f € L2(u). The ergodic average of f
along the 1P-Fplner sequence 1P, ((n;) jan) is defined to be the limit

2.2) lim E

T}’l
Nevoo —n€lPay, ((n)jerr)

taken in L(u).

Considering the ergodic average along IP(; x;((2/~") jav), von Neumann’s
mean ergodic theorem states that this average exists for all f € L*(u) and
converges to the projection onto the 7T-invariant functions. In contrast, we
give examples of IP-Fglner sequences where the ergodic averages do not
converge, and examples where the averages converge but the limit is not
projection onto the 7'-invariant functions.

3. ERGODIC AVERAGES ALONG AN IP-SEQUENCE

3.1. Convergence along an IP-Fglner sequence. In this section, we give
necessary and sufficient conditions in Theorem 3.3 for mean convergence
of ergodic averages along an IP-Fglner sequence, with criteria for when the
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limit is the projection onto the 7-invariant functions. We start by recalling
some standard definitions and setting notation.
Let 6; denote the Dirac function on the circle S!, meaning

1 a=1
(3.1) 51(0)—{0 @l

Our first condition for convergence is a consequence of the spectral theorem
for unitary operators.

Theorem 3.1. Let (n;);an be a sequence of natural numbers and let ® =
(®n) e be a Fplner sequence. The following are equivalent:

(1) For all invertible measure preserving systems X = (X, B,u, T) and
all f € L*(w), the ergodic averages (2.2) along 1Py, ((n;) ) exists,
(2) The limit
(3.2) lim E ()%

Nesoo nelPoy
exists for all « € S'.
Furthermore, the following are equivalent:
(3) For all invertible measure preserving systems X = (X, B,u, T) and
all f € L*(u), the ergodic averages (2.2) along 1P, ((1;);en) con-

verges to the projection onto the T-invariant functions.
(4) The limit in (3.2) is equal to 6;(@).

Proof. We start by proving the equivalence of (1) and (2). First suppose
that for every invertible measure preserving system X = (X, B, 4, T) and all
f € L*(u), the ergodic averages along IPg, (1)) av) exist. Given @ € S,
take X to be the ergodic rotation on S! by @ and let f: X — S' be the
natural embedding. Then,

(3.3) Enetpo, T"'f = (Encip, @) - f

and it follows immediately that the limit (3.2) exists. Conversely, suppose
that (3.2) exists for all @ € S' and let dp denote the projection valued

T" = f " dp(?)
Sl

measure for 7, meaning that
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for all n € N. Then by the Lebesgue dominated convergence theorem,

(3.4) nmmméﬂzfﬁmﬂﬁ%ﬂwm:f¢mwm
N—oo N Sl Nooo N St

where ¢(f) = limy_ Enerpy, 1" is the pointwise limit which exists by as-
sumption. In particular, we see that the ergodic average converges for all
fe .

To check the equivalence of (3) and (4), note that iff @ = 1, it is immediate
that the limit (3.2) equals 1. Supposing that (3) holds, assume that @ # 1
and again take X to be the ergodic rotation by @ and f: X — S! to be
the natural embedding. Since fx fdu = 0, it follows from (3.3) that the
limit (3.2) is 0. Conversely, suppose that (4) holds, meaning that the map ¢
in (3.4) satisfies ¢(r) = 0,(¢). Using the same argument as in the first part,
the ergodic average converges to the projection p({1}). Observe that

Tp({l})=fslt-51(t) d,O(t)=fS1 01(1) dp(t)

and similarly p({1)T = p({1}). It follows that p({1}) is the projection onto
the subspace of T-invariant functions. O

To refine this characterization of convergence, we use the next result to
rewrite averages as infinite products. This use also justifies our conventions
on the definition of an IP-set, defining it as a multiset and always including
0 in the set.

Proposition 3.2. Let (n))en be a sequence of natural numbers, let ® =
(Dy)new be a Fplner sequence in N, let € S', and set 7 = ”T‘” for j e N.
For every N € N, we have

E "= 1]
nEIP(])N ((nj)jEN)a Zj

JEON
Proof. We have

o [ - R

jE(I)N ]E@N

and by expanding the terms, we obtain

neIPmN((nj),EN) ;
rl %= 0] = Enerpy @ =

JjePn
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Let arg: S' — R/2nZ denote the inverse of the isomorphism ¢ - €. We
have the following criteria for convergence.

Theorem 3.3 (Criteria for convergence). Let (n;) ;e be a sequence of natu-
ral numbers and let ® = (®y)yen be a Fplner sequence in N.

(1) For all invertible measure preserving system X = (X, 8,u,T), the
ergodic average (2.2) along 1Pq,((n;) en) converges to the projec-
tion onto the T-invariant functions if and only if

lim n (1+ cos(zarg(a"-f))

N—-oo

=01(a)
Dy
foralla € S'.
(2) For all invertible measure preserving system X = (X, 8B,u,T), the
ergodic average (2.2) along 1Pq,((n))en) converges if and only if
each a € S' satisfies either

) (1 + cos(arg(a™))
o, n 2 =0
JEDN
or
. ( sin(arg(a’)) )
lim arctan —
N—oo =t 1 + cos(arg(a™))
exists.

Proof. Fixing j € Nand a € S!, set zj = zj(a) = “—g’ Rewriting, we have

that z; = r;e(if);) for some r; > 0 and 6; € (-7, §). Using the identity
1 + cos(arg(a™)) N .sin(arg(a))
l
2 2 ’

. _ 1+cos(arg(a’"/)) _ sin(arg(a'/)) .
we can rewrite r; = 4/ ———5——— and 6; = arctan (m) In particu-
lar, it follows from Proposition 3.2 that

EneIPq,Na’n = (l—[ l’j) -e(i Z Qj).

JEON JEON

Zj(a/) =

By Theorem 3.1, the ergodic average along IPg, (1) jev) exists if and only
if this quantity converges as N — oo. We use the general criterion that
a sequence of complex numbers converges if and only if either the norms
converge to zero or the norms converge and the arguments converge. In the
first case, if the norms converge to zero for all @ # 1, then Enelpqw a" = 6(a)
and so Part (1) follows from Theorem 3.1. Otherwise, since z; is the average
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of two numbers in the unit circle, it follows that |z;| < 1 and so the norm
of Endp@N a" always converges. If the limit is nonzero, then by Theorem 3.1
the limit exists if and only if the arguments converge, proving Part (2). O

3.2. Sufficient conditions for convergence. We start with a simple propo-
sition showing that for the average along an IP to converge to the projection
onto the T-invariant functions, it suffices that the average along the genera-
tors does so.

Proposition 3.4. Let (n)) jen be a sequence of natural numbers and let ® =
(®y)nvew be a Fplner sequence in N. Assume that for all ergodic rotations
Z = (Z,C,v,R,) and all f € L*(v), we have

lim E,cq, f(a"x) = ffdv
N—oo 7

in L*(v). Then for every ergodic system X = (X, B,u,T) and all f € L*(u),
we have

1\1,1_{20 EneIPoN ((l’lj)/'eN)T f - fX f d,U-

Proof. The hypothesis of convergence in the proposition holds if and only
if imy e Ejea, " = 01(¢) for all t € S'. Fix t # 1, and consider

Ay =1{jedy: |t — 1] < 1/10}

Using the triangle inequality, we have that

1 | N
s 57 <l

1 .
* \m 2.

jEAN jéAN
Since |t/ — 1| < 1/10 for all j € Ay, the left hand side is bounded from
below by -2~ Fixing arbitrary & > 0, it follows that for sufficiently large

10|Dy|*
N we have that

Ml (1 - oy
10[@y] = [@y1”
|An]

Choosing any 0 < & < 9/10, it follows that lim sup,,_,, o] < 1, and so
|An]

for all sufficiently large N, we have @y < 1 —cfor some sufficiently small
¢ > 0. In particular, the number of j € ®y satisfying [fV — 1| > 1/10 is

arbitrarily large as N — oco. By Proposition 3.2, it follows that

lim Enere,, ' = lim H(l ztﬂj)

Jedy
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As this holds for all 1 # ¢t € S', convergence follows from Theorem 3.1. O

This proposition applies to many sequences, including polynomial se-
quences (see for example [40]), the primes and polynomials in primes [41,
18], and many other sequences such as those in [11, 17].

A particular class of dynamical systems in which we can describe conver-
gence is when the eigenspaces generate L*(u) and additionally all nontrivial
eigenspaces are associated to rational eigenvalues.

Definition 3.5. If X = (X, B, u, T) is an invertible measure preserving sys-
tem, let K,«(X) denote the minimal factor of X such that any eigenfunction
of X with rational eigenvalue is measurable with respect to K.,(X). The
system X is rational if X = K (X).

Thus K., is the factor generated by the eigenfunctions that are associated
to the rational eigenvalues. It is immediate that any finite system is rational.
A more interesting example is obtained by taking X = Z, is the p-adic
numbers for some fixed prime p, equipped with the Borel o-algebra, Haar
measure, and the transformation is translation by some fixed r € Z,. Any
character y of Z, is an eigenfunction whose eigenvalue x(?) is a p” root of
unity for some m € N, and these characters form an orthonormal basis for
Z,. Note that if the group generated by ¢ is dense, then the system is also
ergodic.

Recall that a function f: X — Cis 1-bounded if |f(x)| < 1 forall x € X
and we let P,: L*(u) — L?*(u) denote the projection onto the t-eigenspace
of T.

Theorem 3.6 (Convergence in K.(X)). Let (1)) jen be a sequence of natural
numbers and let ® = (Oy)yen be an increasing Fplner sequence. Then there
exists a 1-bounded function we: €% — C such that for every invertible
measure preserving system X = (X, B,u, T) and f € L*(11) measurable with
respect to K (X), we have

im B ()T = D o) PP

N—oo nEIPq:, N
ree?iQ

in L*(u).
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Proof. Let (n;)jen and @ = (Oy)yey be as in the statement. We first check
that the limit

(3.5) we(t) = 1\1/1_1)1010 EneIPq)N t

exists for all ¢ € ¢*™2. By Proposition 3.2, this limit is equal to

i (1 + t"f')
lim 5 .
N—oo jedy

We consider two cases. If #/ = 1 for all but finitely many values of j, then

this infinite product is eventually equal to

104)

(i £

and so the limit exists. Otherwise, there are infinitely many j such that
" # 1. Then we can choose some &, > 0, depending only on ¢, such that
‘(%)’ < 1 — &p. Since the Fglner sequence ® is increasing, it eventually
contains arbitrarily many such j and

1+79
Allim ( 5 ) =0
—00 jewy

Thus the limit (3.5) exists.
Since f is measurable with respect to K.,(X), we can write

f= > P

tee2miQ

Since T(P,(f)) =t - P,(f), we conclude that
im B ()T = D @eOPLD),

N—oo nEIPQ)N

tee?niQ

and the statement follows. m|

This leads to the following definition.

Definition 3.7 (Spectrum of a sequence). The spectrum o((n)ren) of a se-
quence of natural numbers (n) cy is defined to be the group generated by
the complement of the set

d .
1 nj
ﬂ{aeSlzlim ( ra ):O}.
d—>c>oj:m 2

meN

We say that a sequence has rational spectrum if o((n;) jan) C €2,
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The intersection over m is taken to ensure that for every @ ¢ o((n;) jen),
and every increasing Fglner sequence @ = (Dy)yean, the quantity

(3.6) wa(a) := lim [ ] (1 +2“nj)

JjeDy

18 zero.

The next result follows quickly from Theorem 3.6.

Corollary 3.8. Let X = (X,8B,u,T) be an invertible measure preserving
system and let (n;) jen be a sequence with rational spectrum. Then for any

increasing Fplner sequence ® = (®y)yen, we have

EnEIPq)N((nj)jeN)T = Z w(I)(t) : Pl

teo((n;) jen)

in the strong operator topology.

For example, for every integer a > 2, the sequence n; = a’~! has rational
spectrum. To check this it suffices to show that for any irrational «, the
sequence o does not converges to 1 as j — oo. Considering the expansion
of arg(@) in base a, taking a power o shifts the digits (j — 1) times to the
left. If @ — 1, this implies that for sufficiently large j all entries in the
decimal expansion of arg(a) are 0, contradicting that « is irrational. On the
other hand, any sequence (n;) jen satisfying lim;_,, 7,1 /n; has uncountable
spectrum (see [6, Proposition 3.5]) and so in particular is not rational.

The next corollary is a direct application of Corollary 3.8.

Corollary 3.9. Let X = (X,8B,u,T) be an invertible measure preserving
system, let a > 2 be an integer, and set n; = a’~".

(1) Forall f € L*(1) and any increasing Fplner sequence ® = (®y)yen,
the ergodic average (2.2) of f along 1Pg, ((n;) ) exists in L*(u).

(2) Furthermore, if X is ergodic and the points e(m/p") for m,n € N
and p any prime divisor of a do not lie in the point spectrum of X,
then the ergodic average (2.2) of f along IPg,((n;) jen) converges to

fodp.

Note that the hypothesis in Part (2) holds whenever the system X is totally
ergodic. We use this to deduce an equidistribution result along IP((a’™!) je).
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Corollary 3.10 (Equidistribution). Let a > 2 be an integer and let a € S!
be either an irrational or be a root of unity whose order is coprime to a.

Then for every continuous function f: S' — C, we have

(3.7) 1\1/1_I>Iolo E,cp fla'x) = fsl fdu

(DN((“j_l)jEN)

forall x € S'.

Proof. By the Stone-Weierstrass theorem, any continuous function on a
compact abelian group is a uniform limit of linear combinations of char-
acters. Thus it suffices to prove (3.7) when f is a character. If f = 1, this
is immediate. Otherwise, choose 0 # ¢ € Z such that f(x) = x’. It follows
that (recall that w¢ is defined in (3.6))

]\111—{130 EnEIPqu f((l’n)C) = (1\1/1_1330 EneIPq)N (a,[)n) f(X)
= wo(@) - f(x) =0,

and since fsl f(x)du = 0, the statement follows. O

3.3. An example of non-convergence along an IP. To produce a sequence
such that convergence fails, fix some irrational @ € S' and the standard
Fglner sequence @ = (®y)yey With @y = [1, N] for all N € N. We use that
the orbit of « is dense to produce a sequence (n;) jex such that

(3.8) I i tan | —S0(@E(@))
’ N = arcam T cos(arg(a’))

diverges while

N
1+ i
(3.9) lim cos(arg(a'))
N—oo 1 2
j=1
converges to a nonzero value. It then follows from Theorem 3.3 the ergodic
average along IP generated by (7)) jay diverges.

To do so, set z; = ‘+g - and write z; = rje(i - §,) for some r; > 0 and 6; €

). For each j € N, choose n; such that % <0< %+]i2 Comparing with

Vs
_E’

the harmonic series we see that )72, 6; diverges, and it follows that (3.8)
diverges. Considering (3.9), we have that r; = 4/cos(;) and taking the

absolute value of the product we obtain limy_,, ]_[?’:1 w =[1% 7
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Combining these facts, we have that

N )2 N
lim []—[ rj] = exp ( lim Z(; In(cos(6;))).
=

j=1
Approximating via the Taylor expansion Incos(6;) = 0(95) = O(1/j*) and
comparing to the convergent series Z?’:O j%, the limit limp_, o, Z?’zo In(cos(6)))
exists. It follows that (3.9) is nonzero.

4. CHARACTERISTIC FACTORS FOR MULTIPLE ERGODIC AVERAGES ALONG AN [P

4.1. Preliminaries on characteristic factors. Characteristic factors were
implicit in the work of Furstenberg [20], and were given this name by
Furstenberg and Weiss [26] in their study of some double averages. They
have been used to prove the convergence of multiple ergodic averages [30,
43], and though there are other methods to prove the convergence (such
as [40]), characteristic factors give more information that can be used to
derive limit formulas and combinatorial corollaries. We adapt these tech-
niques for IP averages, and start by recalling the precise definition.

Definition 4.1 (Characteristic factors). Let X = (X, B,u, T), let (Ay)yen C
N be finite subsets, and let k > 1. A factor Y = (Y, Y, v, S) of X is charac-
teristic for the average

4.1) BueayI"fi - ... T fi
if the difference between this average and the average
EneayT"E(fi | Y) - .- T"E(fi | Y)

where each function is replaced by its expectation on Y converges to O in

L*(u) for all fi,..., fi € L™(u).

Equivalently, the factor Y is characteristic for (4.1) if this average con-
verges to 0 in L2(u) whenever there is some i € {1,...,k} such that expec-
tation E(f; | Y) = 0.

In [30] (and later in [43]), characteristic factors for the average (4.1) with
(An)nen being a Fglner sequence in N are described, defining a factor Z;_; =
Zi—1(X) (known as the Host-Kra factor) of the system X for each k > 1. Our
next result shows that the same factors Z;_; are characteristic along IPs.
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Theorem 4.2 (Characteristic factors for multiple ergodic averages along

IPs.). Let X = (X, B,u,T) be an invertible measure preserving system, let

(n)) jen be a sequence with rational spectrum, let t,, ..., be distinct and

let k > 2. For any increasing Fglner sequence ® = (®y)nen, the factor
. ) k tin £

Zi-1(X) is characteristic for the average ]EndpmN (n)100) [T T fi.

When passing to a subsequence, there is no reason, apriori, that the fac-
tors Z; that are characteristic for the multiple average (4.1) taken along a
Fglner in N are also characteristic for the multiple ergodic averages along
the subsequence. In particular, for an IP, this fails for even the simplest
case k = 1 that corresponds to the mean ergodic theorem, explaining the
assumption that k > 2. To prove Theorem 4.2 in this case, we develop IP
versions of the tools used in the proof in [30], including IP versions of the
cubic systems, the Gowers-Host-Kra seminorms, and the associated factors.
A posteriori, we show that for k > 2, the factors agree with the factors Z;.

4.2. An IP-version of the van der Corput lemma. We start with an IP
version of a standard tool for identifying characteristic factors for multiple
ergodic averages, the van der Corput Lemma. For a Fglner sequence @ =
(®y)yen and fixed M € N, define the Fglner sequence @ = (®¥)yay by
setting @Y = Oy \®@y. It follows immediately from the definitions that ®
is a Fglner sequence for every M € N and that if @ is an increasing Fglner
sequence then so is ®Y.

Lemma 4.3 (van der Corput lemma for increasing IP-Fglner sequences).
Let H be a Hilbert space with norm || - || and inner product {-,-), and let
(X2)neny be a sequence in H. For a sequence (n;) ey and increasing Fplner

sequence ® = (Oy)yen, we have

lim sup ||E X1

Nesoo nEIP(DN ((l’lj)jeN)

< limsupE

M—oco

mymyetPa,, (1)) jerv) hgl_)soljp EneIP(D% (02))exr) (X > Xinmy ) -
Proof. Setting B(n,m) = n + m, we have a bijection

B: Pg,((n)jar) X IP(D%((”J’)]EN) — IPo, (1)) je)
for all N, M € N. It follows that for all M € N, we have

EneIPq, X, = Eperp MEmelpq, Xn+m-
N CI)N M
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By Jensen’s inequality, we have that

2
Enerp, Bnetpy,, Xnim|| < Enerp,,, ||EmeIPq) Xn+m||
(DN M (I)N M

= EnEIPmMEml,mZGIPq)M <xn+m1,n+m2> .
N

Interchanging the order of summation and taking N — oo, we obtain that
for all M € N,

. 2 .
limsup [| Enerpy,, Xull” < By metpy,, 1im sup Epere (X » Xnems ) -
N—oo N—oo N

The statement follows as M — co. O

Combining this lemma and induction, we have the generalization of Corol-
lary 3.10 to polynomial sequences.

Corollary 4.4 (Equidistribution along polynomials). Let a > 2 be an in-
teger and let « € S' be either an irrational or be a root of unity whose
order is coprime to a. Then for every k > 1, integer valued (non-constant)
polynomial p: N — N of degree k, and continuous function f: S' — C, we

have

1\1/1_{20 EneIP(DN((aj,l)jEN) flaP™x) = L 1 Jdu
forall x € S'.

To control multiple ergodic averages along an IP associated to a sequence
with rational spectrum, we introduce the relevant version of the uniformity
seminorms, defined inductively analogous to the construction in [30].

Definition 4.5 (The (rational) IP Gowers-Host-Kra seminorms). Let X =
(X, B, 1, T) be an invertible measure preserving system and f € L*(u). For
k = 1, define the first seminorm || - IIU}P(X,T) by setting

E

I£llys,x.r) := sup sup lim

Tn
P nj)je ® N—oo WEIPQN((”j)jEN)

L2(w),
where the supremums are taken over all sequences (1) e with rational
spectrum and all increasing IP-Fglner sequences ®. For k > 1, define the

2k )1/2k+1
)
Uk (X.T)

(k + 1) seminorm || - llues1 x.1) by setting

™ f-T™f

“f”Uk*l x.7) -= Sup sup lim
w0 (np)jar @ N

(Em1 m2€lPg), ((”j)jEN)
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again taking the supremums over all sequences (n;) e With rational spec-
trum and all increasing IP-Fglner sequences ®.

As in the case of a Fglner sequence in N, these seminorms are charac-
terized in terms of certain measures, inductively constructed analogously to
how the cubic measures are constructed in [30]. Using notation of [30], set
V, = {0, 1}* to be the k-dimensional cube. We write a vertex € € V, without
commas and set |e| = Zf-‘zl €. If € € V, and n € V,, we concatenate them
to obtain an element e € V;,,. Let C: C — C denote complex conjuga-
tion. In [30], joinings are built inductively over the invariant factor, and
in our inductive construction the invariant factor is replaced by the rational

Kronecker factor.

Definition 4.6 (The (rational) IP cubic measures). Let X = (X, B,u, T) be
an invertible measure preserving system, set X!/ = X, and set fil”! = u. For
k > 1, identifying X"+ with X" x X¥ we define the cubic measure j**"!
on X+ to be the relatively independent joining of X'¥ with itself over the
factor F, (XH).

This means that if (f;)cey,,, are 21 bounded functions on X, the measure
f%+11is defined by

j)‘([kﬂ] ® fedpt™! = f[k] E( ® Joo | (Krat) ' E( ® Jor | Wrat) dat.

ecVk+l X neVy eV
We check that rational IP-cubic measures control IP-semirnorms.

Proposition 4.7. Let X = (X, B,u, T) be an invertible measure preserving
system and let k > 1. For every f € L™ (u), we have

ok €] ~[k]
) < da'™.
T fX @

ecVy

Proof. We proceed by induction on k. For k = 1, Corollary 3.8 implies that

@2 Wy = s w3 we- P

midjert © T e (n)) jenr)

2
2w’

where we(f) = limy e [ jeay % Since eigenspaces corresponding to dif-
ferent eigenvalues are orthogonal and |we(?)] < 1 for all # independently
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both of the sequence (n;);av and of the increasing Fglner sequence ® =
(®y)nen, the quantity in (4.2) is bounded by

(I
{t=e27ir:reQ}

On the other hand,

= B Krat X172,

2
L2(u

fefdit = fX E(f | K X)) E(f | KeatX)) At = IECf | Kt XD

X111
completing the base case.

For k£ > 2, by the inductive hypothesis, Corollary 3.8 and the same argu-
ment used in the base case, we have

T

2/{71
2k .
= sup sup lim |E
||f||UfP(X’T) (nI)EN (I)p N—)oo( ml,mzeleN((n_/)_/eN) U]I‘I;](X’T))

. €] rmmy T, £ Aelk-1]
< . 2
< sup SUPAIII_I)IOIO Eml,mzelpmN((n_,)jgN) fx - @ cT™f-Tmfdi
€EVk-1

(nj)jen @
el n
Bty () @ CHT7F
eeVi_y

2
[k—=1]\n €] ~[k-1]
EnEIP‘I’N((n./).fGN)(T ) (® cf )‘ di

2
= sup sup lim dat 1l

(mjjar @ N7 Jxti-l

= sup sup lim

mjen ® N2 Jxi-n eV
< f E( Q) CUf | FaX¥) - E( Q) €l | Faa(XT1) Ot
Xlk-11 eV ecViy
:f ®Clelfdﬁ[k],
Xt ecVy
completing the argument. O

We state a simple lemma on rational spectrum.

Lemma 4.8. If the spectrum of a sequence (n;) jex is rational, then for every

integer a € N, the spectrum of the sequence (a - n;) ey is also rational.
Proof. If a € o(a - (n;)jen), then a* € o((n;) jen) and so « is rational. O

We check that [P-seminorms control multiple ergodic averages along an
IP, and note that it then follows immediately from Proposition 4.7 that ra-
tional IP cubic measures control multiple ergodic averages along an IP.
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Proposition 4.9. Let (n;)jen be a sequence with rational spectrum. Let
X = (X,8,u,T) be an invertible measure preserving system, let k > 1, let
fisooos fio € L) with ||fillisq < 1fori=1,...,k and let t,,..., ¢ be
distinct integers. For any increasing Fglner sequence ® = (Dy)yen, we
have

: fln . . t’kn
(4.3) hivnﬁsgpHEndpmN((n_l_)jeN)T fieo. T

< min ||f; .
2o = ]Sigk”fz”U;fP(X,T)

Proof. We proceed by induction on k, noting that the case k = 1 follows
from Lemma 4.8 and Theorem 3.8. Fixing k > 2 and changing the order of
the functions fi,..., f; if needed, it suffices to show that the left hand side
of (4.3) is bounded by ||fl||u§;l(x,r>- Setting

Xn = Tglnfl L Tfknfk

and applying Lemma 4.3, we have that
2

E x,
2w

lim sup
HEIP(DN

N—oo

k k
X =1 i=1

M—oo ml,m2€IP¢M N—oo nEIP(D%

M—oo ml,m2€IP¢M N—oo nEIPq)%

k=1
=limsup E limsup E f(Tgkm'fkT[kmfk) 1_[ T ton (T["mlfi : T[imzfi) du,
X i=1
where the last equality follows from 7'-invariance of ;. Applying the Cauchy-
Schwartz Inequality and using that || fi||;~( < 1, this last quantity is bounded

by

k-1
i—{ t; 4
EnEIPq)M | | T( on (T mlﬁ .T mz)
N
i=1

By the induction hypothesis, we bound this by

limsupE,, mrelPo,, lim sup
N—oo

M—oo

2w

. ¢ Cimy |
lim sup By, myerpo,,, 1T fi - T fillyir x )

M—o0

and by convexity of the map x x2"", this is bounded by

. ¢ Oy 2K 172k 2
lan_)S:jp (Eml,mzequ)M ||T lmlfl ° T lmzfllluicl;l(x’T)) S ||f1 ”UfP(X,T).
Thus we shown that

. bng . pbngen2 oo 2
11fvn_§oljpIIEndP@N((nj)jeN)T fiooooo T fklle(,,)_ln;lilSr}< 11l ox 7
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and taking square roots, the statement follows. O

Lemma 4.10. Let X = (X,8B,u,T) be an invertible measure preserving
system, let k > 2, and let (f.)eccy, € L™ (1) be 2 functions. Ifllfdlosxry =0

for some € € Vy, then
f ®C'5'f di¥ =
[k]

ecVy

Proof. Let Y = (Y,C,v,§) be an invertible measure preserving system. For
each eigenfuction f € L*(Y) with rational eigenvalue, there exists some £
such that f is S‘-invariant. Letting 7, denote the o-algebra of ¢-invariant
functions, the sequence of o-algebras 1 is increasing and K, (Y) is a sub-
o-algebra of the join \/ oy L 41

Conversely, for each ¢ € N, taking f to be an S ‘-invariant function and
letting &, be the first root of unity of order ¢, we have that the functions

-1 N
- Zg;f T
i=0

are eigenfunctions for all 1 < j < ¢. Since ¥/, ;,'j =0foralll < j< (-1,
we deduce that f = % Zf.:l fj. Thus the o-algebra 7, of {-invariant functions
is a sub-o-algebra of K,(Y), and K (Y) = Ve L 1. In particular, for any
function f € L*(Y), we have that

E(f | Kea(Y)) = lim E(f [ Z0).

Taking the Host-Kra measure y[ TonX = (X, 8, u, T") (see [30, Section
3]), then it follows from this and the definition of fi/*! that for any function
f € L™ (u) we have

e d~[1< _1 f c9f d k]
flk] ® f e 1 ® / He

ecVy

By a theorem of Leibman [35, Theorem 2], it follows that || fllyex. ) = 0 18

f ® Clelf d,u[k]
[k]

ecVy

equivalent to

for all £ € N. It follows that
Jo @erat=o u
Xl

ecVy
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We have now assembled the tools to complete the proof of Theorem 4.2.

Proof of Theorem 4.2. Let fi, ..., fi € L*(u) and assume E(f; | Zi—1(X)) =
0 for some 1 < j < k. It follows from this assumption that || fi|ly«x ) = O
(see for example [30, Lemma 4.3]). By Propositions 4.7 and 4.9, we have

that
k
L’in "’[k]
Enerpy, 1—[ T fil w f ® Jida
=1

=

By Lemma 4.10, we deduce that

k
. tn 4|2
1$T§O||E“GIP¢N] IT ill g
i=1

lim

N—oo

=0

and therefore

k
lim EHEIP(I)N 1_[ T[inﬁ =0. O
N—oo

i=1
5. LIMIT FORMULA IN NILSYSTEMS

5.1. Limits for systems in which the spectrum has no nontrivial eigen-
values. Nilsystems are the natural class that arise in understanding unifor-
mity norms and cubes in [30] and generalizations have been to understand
combinatorial structures associated to arithmetic progressions and cubes,
including work in [12, 13, 14, 28, 27, 29, 32, 33].

Recall that X = (X, B, u,T,) is a k-step nilsystem if X = G/T" for a k-
step nilpotent Lie group G with discrete, cocompact subgroup I', 8 is the
Borel o-algebra, u is the unique Borel probability measure on X invariant
under the action of G on X by left translation, and 7;: X — X is the action
x — 71 - x for some fixed element 7 € G. In case of ambiguity, we include
the space on the measure and write u = ux = Ugr.

As with the ergodic average, the limit formula in a nilsystem depends
crucially on the spectrum of 7,. We start with the special case of a 1-
step nilsystem whose spectrum is disjoint from o () ). Recall that Z =
(Z,B,u,R,) is a 1-step nilsystem means that Z is a compact abelian group,
8 1s the Borel o-algebra, u is the Haar measure, and R, is the rotation by a
fixed element a € Z. This system is ergodic if and only if the orbit of the
element a is dense.
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Theorem 5.1 (Limit formula for two terms). Let Z = (Z, B, u,R,) be an
ergodic 1-step nilsystem, let (n;) jen be a sequence whose spectrum contains
no nontrivial eigenvalue of Z, and let ® = (Oy)yen be an increasing Fplner
sequence. Then for all fi,..., fi € L™ (u) and integers €y, ...,{; € N, we
have

k
1\1,1_{20 netPo,, (1)) jert) ]—[ F(T"x) = fH filx + €it) du(?)
ANIUE z1
in L*(u).

Proof. Since linear combinations of characters are dense in L*(u), it it suf-
fices to establish the formula when fi, ..., f; are characters of Z. Further-
more, since Z is an abelian group, it suffices to assume that they are eigen-
functions with eigenvalues a1, . .. @, respectively. Recall that wg is defined
in (3.6) and ¢, in (3.1). Since the spectrum of (n;) ey contains no nontriv-
ial eigenvalue of Z, we have that we(@) = 6;(@) for all eigenvalues of the
system. By Theorem 3.8, and Fourier analysis it follows that

k k k
lim Eyap,, rl[ JAT"x) = lim Enerp,, ]_1[ o)) rl[ £i(0)

i=1 i=1 i=1 i=1

k
= f [ A6+ &0 duw,
Z =1

completing the proof. O

For a nilsystem X = (G/I', 8, u, R,) and integers {1, ..., {;, set

5 _ A (D) , .
G=Gy..o = {(ﬂgi u) .\ 18 €Guu€Gul <ij <k <G,
where (:1) =0ifm > n. (As {y,..., ¢ are fixed, we simplify the notation
and write G = Gy, ,.) Setting I = G NT¥, it is shown in [34] that G
is a closed subgroup of G*. The discrete subgroup I is cocompact and so

.....

X = G/ is a nilmanifold endowed with a Haar measure fi.
The main goal of this section is prove the following limit formula.
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Theorem 5.2. Let k > 1, let X = (G/T', B, ugr, T;) be an ergodic k-step
nilsystem, let (n;)jen be a sequence whose spectrum contains no nontrivial
eigenvalue of T;, and let (Dy)yew be an increasing Fplner sequence. For all
Sy fx € L™(u) and distinct integers {1, ..., ¢, € N, we have

k k
1\111—1;20 EneIPm ((ﬂ i) N) l_[ fi(Tfinx) - f: n ﬁ(xyi) dﬁ(yf)
NS X iz1
in L*(u), where y = (y1,...,y) € G.

For general (non-1P) multiple averages Ziegler [42] derived a limit for-
mula, and a different method for doing so was given in [7]. Both proofs
rely on the unique ergodicity of nilsystems and the existence of the limit of
the mean ergodic average everywhere for continuous functions on nilsys-
tems. In our context of evaluating the averages along IP-Fglner sequences,
we need a different approach. Instead, we identify a class of functions that
is dense and for which we can show convergence everywhere, and this class
suffices to prove for convergence in L?(u) for all bounded functions.

We start with the case where the set of eigenvalues of the nilsystem is
disjoint from the spectrum of (n;) jen.

Theorem 5.3 (Pointwise convergence along IPs for nilsystems with disjoint
spectrum). Let k > 1 and let X = (G/I',B,u,T,) be an ergodic k-step
nilsystem. There exists an ergodic system Y = (Y,C,v,T) on a compact
metric space Y such that the set of T-periodic points has v-measure zero
and there exists a measure theoretic isomorphism n: X — Y such that for
any sequence (n;) ey whose spectrum contain no nontrivial eigenvalue of
T. and every increasing Folner sequence ® = (Oy)yen, we have that

5.1 10 B,y ()T = | Fol
N J/JE Y

N—oo

for any continuous function f € C(Y)andy €Y.

In general, the isomorphism 7: X — Y need not be continuous. The
hypotheses, and in particular the assumption that the 7-periodic points have
v-measure zero, is used to apply a theorem of Lindenstrauss [36, Theorem
3.1].
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Proof. We proceed by induction on the step k. When k£ = 1, X is an ergodic
rotation on a compact abelian group Z = G/I" and we can take Y = X and
m: X — Y to be the identity map. In this case, there are at most finitely
many 7-periodic points in Y. Let p: Z — C be a linear combination of

p= i bi&;
i=1

for some b; € C and &; € Z. Letting a € Z denote the rotation induced by

characters in Z and write

T., we then have that forall y € Y,

n

LB crey, () PTY) = Z(; g (1\115130 B etpay (0y00) () )fi )

By assumption, no nontrivial eigenvalue of Z lies in the spectrum of () je,
and so for each i, the limit on the right hand side is zero unless & = 0 and
in this case the limit is 1. In both cases, the limit exists and is equal to
by = fy p(y)du. Taking f € C(Y) and & > 0, there exists a finite linear
combination of characters p: Z — C such that ||f — pllc < &/2. Fixing
some y € Y, using this approximation of f by p, and noting that by choice
we have X = Y and T is the rotation induced by a € Z, we have

lim sup|Eyerp,, f(T"y) - f f dﬂ'
N—ooo Y
<limsup |E,erp,, f(a"y) — Eperp,,, P(an)’)|
N—>oo
+ lim sup (E,cip,, p(a"y) — fp d,u‘ + ' ffd,u - fpdﬂ‘
N—oo V4

<2llf = plls <&

Since € > 0 is arbitrary, we deduce that

1\111_1;1;10 EHGIPq;N((nj)jEN)f(T y) = fyfd/l,

completing the case k = 1.

Fix some k > 2. Combining [30, Theorem 10.3 and Section 11], since
X is an ergodic k-step nilsystem, it is measure theoretically isomorphic to a
k-step toral system, meaning that we can assume that the Kronecker factor
Z,(X) is a compact abelian Lie group and each nilfactor Z;,,(X) is an exten-
sion of Z;(X) by a torus for 1 < j < k. Thus we can write X = Z;_(X) X, Uy,
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for some torus U, and cocycle p: Z;_;(X) — U,. Applying the induction
hypothesis to Z;_(X), there exists a system Y;_; = (Ys—1,Cr—1, Vi—1, Ti-1)
that is isomorphic to Z;_;(X) satisfying the properties of the theorem, mean-
ing that X is measure theoretically isomorphic to an abelian extension of
Y,_, by a torus Uy via a cocycle p: Y;_; — U,. Using a theorem of Lin-
denstrauss [36, Theorem 3.1], p is cohomologous to a continuous cocycle.
As cohomologous cocycles give rise to isomorphic extensions, without loss
of generality we may assume that p is continuous and write Y = Y;_; X, Uy
and let 7: Y — Y denote the action induced by the cocycle p. Letting Py_;
denote the set of periodic points in the system Y_, then the set of periodic
points in the system Y is a subset of P;_; X Uy and is therefore of measure
0. We are left with showing that Y satisfies the remaining properties in the
statement.

By Lemma 2.2, the space of continuous vertical characters on Y is dense
with respect to the uniform norm. Thus it suffices to prove the limit formula
for functions of the form f,(y, u) = g(y)x(u) for some character y: Uy — S'
and continuous function g: Y;_; — C. If y is trivial, then the convergence
follows from the induction hypothesis. Otherwise, we have

lim sup [Encrp,, fo(T"(,1)| = lim sup [Encip, &(T4_1y)x © p(n, ) £, (. 1)|
N—oo N—oo

By the van der Corput inequality (Lemma 4.3), we can bound the square of
the right hand side by

(52) hm Sup Eml szIPq) hm Sup EnEIP M g(Tn+ )’)

M—oo N—oo

(T ) - p(my, T"y) - p(my, Ty),

where @Y = ®y\®,, and we have used the cocycle identity p(n + m,y) =
p(n,y)po(m, T"y) for all m,n € N and y € Y. Since p and g are continuous,
using the inductive assumption applied to the convergence in (5.1), we can
rewrite the quantity in (5.2) as

lim sup By, myetpo,, f g(T" (g(T™ y)p(mi,y) - p(ms, y) du(y)
Yi

M—oo

= lim sup |[Eyerp,, 8(T7-, Jo(m, )||L2(Yk D’

M-



ERGODIC AVERAGES AND LARGE INTERSECTION PROPERTY ALONG IP SETS 29

Applying the mean ergodic theorem in Y to the functionf,, the right hand
side of this equation converges to 0 as M — oco. We conclude that whenever
x#1,

Iim E ((ﬂj)jeN)]S((Tn(y’ Hn=0

N—ooo n€lPoy

for all (y, 1) € Y, completing the proof. m|
We are set to prove Theorem 5.2.

Proof. With the preliminaries adapted to the setting of IPs, we now follow
the argument in [7]. For every x € G/T’, let g, € G be a lift of x and set I, =
{(gyigs!s. . evgs) © (v1,...,y) € T}. We consider the nilmanifold
X, = G/T'; endowed with the Haar measure ji,. By [7, Corollary 5.5], the
action of T x - -- x T on X, is ergodic for u-almost every x € X.

Let Y be as in Theorem 5.3 and let f1, ..., fi: X — C be the lifts of some

continuous functions gi,...,g:: ¥ — C (thus f; = g;onwheren: X —» Y
is an isomorphism). By Theorem 5.3 applied to the point (x, x, ..., x), we
deduce that

k
: tin
;35‘30 Enetpy, |._1| Ji(T7"x)

converges everywhere. By ergodicity, it must converge to the integral with
respect to the Haar measure fi,. This holds for all fi,..., f; that arise as
such lifts, and since the continuous functions are dense in L™ (uy), the lifts
of such functions are dense in L™ (uy). Thus, we have convergence in L*(uy)
to the desired limit for all fi,..., fi € L™ (ux). O

5.2. Limit formulae for weighted averages. In Theorems 5.1 and 5.2, we
assumed that the spectrum of (n;);ay contains no nontrivial eigenvalues.
To address settings where this does not hold, we study certain weighted
averages.

Lemma 5.4 (Characteristic factors for multiple weighted averages.). Let
X = (X,8B,u,T) be an ergodic system, (n;) en be a sequence with rational
spectrum, k > 2, fi,..., fr € LX), €1,..., ¢ € N, and let a € Z;(X)
denote the rotation induced on the Kronecker factor Z;(X) by T. If ¢,,{, € N

are coprime, n: Z;(X) — R is a non-negative continuous function with
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E n(na) = 1, and 6 > 0, there exists a (k — 1)-step nilsystem
netPay ((1))jerr)
factorY = (Y, Y, v, T) such that

k
é’,-n _
it (o100 | | T

k
[,-n
By (1n00)110) U B(f | )T 2y < 6
for all increasing Fplner sequences and sufficiently large N.

Proof. We start with the case that 7 is a character. Since ¢, {, are coprime,
we can choose s, € Zsuchthat s- ¢ +1-¢, = 1. Letting 1: X — Z;(X)
denote the factor map, set 7j = o w and write f| = fi - 7°, f, = f> - 7', and
f{ = fiforalli > 3. Then

k k
tin _ 1 crlin
B etpay () 100D l:[ D) =E o, () 1:[ ST ).

By Theorem 4.2, this limit is zero if at least one function f is orthogonal
to Z;_1(X). Since 7 is measurable with respect to Z;(X), the function f/
is orthogonal to the factor Z;_;(X) if and only if f; is orthogonal to Z;(X).
For general i, using the Stone-Weierstrass Theorem we can approximate
n uniformly by linear combinations of characters of Z,(X). Thus, we may
assume without loss of generality that all f; are all measurable with respect
to Z_1(X).

Let 6 > 0. Since the factor Z;_(X) is an inverse limit of nilsystems [30,
43], there is a (k — 1)-step nilsystem Y such that || f; — E(f; | Y)|| < 6/2k. By
the Cauchy-Schwartz and triangle inequalities, we have that

< d/2.
L2(u)

ﬁﬁoT"f"— ﬁE(ﬁ | Y)o T
i=1 i=1

Since limy_, e EnelpmN n(na) = 1, it follows that for N sufficiently large we
have that

k k
[ Bacrvay 1) | | AT (6)) = Bactryy, nna) | [ B 1 DTG,
i=1 i=1

< EnelpmN n(na)-6/2 <9. O
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We make use of various results about nilmanifolds, and refer to [31] for
further details and background. For an ergodic nilsystem X = (G/T’, B, u, T,),
we let G denote the connected component of G and set I’ = G N T". The
nilmanifold G°/T° can be embedded as a subnilmanifold of G/T’, and since
the quotient G/G T is finite, there is some r € N such that 7" maps G°/I"° to

itself and we have
r—1

G/T=| |76
i=0
Let X° denote the associated system (endowed with the Borel o-algebra,
Haar measure u°, and transformation T, =Tp).

Definition 5.5. An ergodic nilsystem X = (G/I', B, u, T,) is synchronized
on G°/T°, or synchronized if the context is clear, if there exist some b € G
and r € N such that

(1) Ty: G/T — G/T maps G°/T"? to itself;

(2) The action of T}, on G°/I"? is ergodic;

(3) The elements b, T € G satisfy b” = 7'

We note that for general nilsystems, property (1) does not imply that
b € G°. For instance, any totally ergodic nilsystem X is synchronized, as
then X = G°/T° and we can take » = 7 and r = 1. Moreover, all ergodic
1-step nilsystems are synchronized, as seen by projecting the rotation 7 of
a compact abelian Lie group Z to the torus part of Z. We show that this
extends to 2-step nilsystems.

Lemma 5.6. Let k = 1 or k = 2. Then every ergodic k-step nilsystem
X = (G/T, B, u, T-) is synchronized on G°/T"° for some choice of G,T.

The proof is technical and relies on results from [30] not directly relevant
to this paper, and so we defer it to Appendix C. While it is not needed
for our current work, it would be interesting to know if all nilsystems are
synchronized.

For r € N, let 1,5: N — {0, 1} denote the function which assigns 1
to any integer divisible by r and O otherwise. Given a Fglner sequence
O = (Dy)yen, set
1,0(1) = 1,n(n)

111’111\/_,oo EneIanN ((ﬂj)jeN) 1,N(I’l)
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This is well defined: the limit in the denominator exists because 1,5(n) =
% Z;;& ", where &, is the first root of unity of degree r, and so is a periodic
function.

Proposition 5.7. Let X = (G/I', B, u, T;) be a nilsystem and suppose that X
is synchronized on G°/T°. Let (n;) e be a sequence with rational spectrum
and let ® = (Dy)yey be an increasing Fplner sequence. Then there exists
some r € N and a set of bounded functions ¥ that are dense in L*(u) such
that for all f € F, we have
0 B, () L0 = [ ) i OT)
j)j€ X0

N—oo n€IPq>N

for pug-almost every x € G, where X° = G°/T? is the connected component

of the identity in X and is endowed with the Haar measure 1.

Proof. Since the system X is synchronized, we can find some r and 7 € G
such that 7" = b" and b maps the connected component of X to itself. Since
1,0(n) # 0 if and only if 7" = b", it suffices to compute the limit

lim E (n)100) 1,0(n)f(0"x).

Neseo  ne€lPo,,

Decompose X = |_|f;51 X; into connected components and note that by
increasing r if necessary we may assume without loss of generality that
r’ divides r. The translation by b induces an ergodic action on each X;.
Thus the function f can be written as a sum of functions on each of these
components. Therefore, without loss of generality, it suffices to find a dense
set of bounded functions f: X° — C such that

(5.3) Jim Enerey,, 1ro(m)f(0"x) = f S0 du’(x).
—00 X0

We proceed by induction on k. For k = 1, the system X° = (X°, Bxo, u’, R},)
is an ergodic rotation on a connected compact abelian group Z. Linear com-
binations of characters are dense in C(Z), and so it suffices to prove the re-
sult for a character f. If f = 1, then it follows from the definition of 1, ¢ that
the limit in (5.3) is 1. Otherwise, since X° is connected, f(b"x) = a"f(x)
for some irrational @. On the other hand 1, ¢(n) = c- Zf;(} &N where &, is the
first root of unity of degree r and ¢ € R is a constant. We have

r—1
1im Buerpy, Lo(n)f(B"x) = ¢ Z; wo(& - @) - f(x)
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where wg is defined as in (3.6). However, since £« is irrational, and (n i) jen
has rational spectrum this quantity is zero, completing the case k = 1.

To proceed inductively, we use a similar argument to that in the proof
of Theorem 5.3. Namely, the system X’ is isomorphic to a system Y and
Y = Y1 X, U for some connected group U and a continuous cocycle p.
We then consider a nilcharacter f,(y,7) = g(y)x(z), where y: U — S'is
a nontrivial character and g: Y;_; — C is continuous. Once again write
1,0(n) = c- Y7y €7, fix some 0 < i < 7 — 1, and set s = £.. Using the same
notation as in the proof of Theorem 5.3 (so T_; denotes the action on Y;_;
and T the action on Y), we have

lim sup [Enerp,,, 8" - f,(T"(. )|
N—o
= lim sup [Encrp,, 8"8(Ti_ )y © p(n, ) £, (3. 1)|.
N—ooo

By the van der Corput inequality (Lemma 4.3) and the induction hypothesis,
this is bounded by

lim sup |[Eeiey,, 8" 2(T1 )0 g, ) =0

M-

Since X" is connected, it is totally ergodic and so the spectrum is supported
on the irrational elements in S'. Therefore, we have the Lz—convergence
of the average limy_,c Endp@N s"f,(T"(y,1)) = O for all rational s € S'Th,
completing the proof. O

As a corollary, we obtain a formula for weighted averages on synchro-
nized nilsystems.

Corollary 5.8. Let X = (G/T', B,u, T;) be an ergodic k-step nilsystem that
is synchronized on G°/T°. Let n: Z;(X) — R be a non-negative continu-
ous function such that limy_, EneIPq)N ( (nj)jeN)n(na) = 1 where a denotes the
rotation induced on the Kronecker factor Z,(X), let fi,..., fi € L™ (u) be
bounded functions, and let {1, . .., {; € N be distinct integers such that £, {,

are coprime. Then there exists r € N such that for every increasing Fplner
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sequence ® = (®y)yen, we have

N—oo HEIP([)N

k
i E o () 10OLo(m) | | AT
i=1

where X° denotes the connected component of X and ji° the Haar measure
on X°.

Proof. As in the proof of Lemma 5.4, we can absorb 7 into fi, f> and so
without loss of generality we assume that 7 = 1. As in the proof of Propo-
sition 5.7, we can reduce to the case that the functions are defined on the
connected component of the identity (note that all of these component are
isomorphic). Using the proof of Theorem 5.2, the limit is obtained by ap-
plying a pointwise convergence result for an ergodic average of a single
function on a particular nilsystem. We therefore obtain the required for-
mula using the same proof as in Theorem 5.2, only replacing the use of
Theorem 5.3 by Proposition 5.7. O

6. THE LARGE INTERSECTION PROPERTY

6.1. Notions of largeness. Depending on the choice of sequence, different
notions of size are relevant.

Definition 6.1 (IP-density). Let (n;) v be a sequence of natural numbers,
let ® = (®y)yenv be an increasing sequence, and let A C IP((n) je) be a
subset. We define the lower IP-density of A with respect to @ as the quantity

ANIP Y.
dyp (A) :=liminf | @, (1)) jerr)|
() N> |IP®N((”])]€N)|

Other notions of largeness for subsets of N also have counterparts for IPs,

and we include a discussion in Appendix A.

6.2. Lower bounds for three terms.

Theorem 6.2. Let X = (X, B,u,T) be an ergodic invertible measure pre-

serving system, let (n;);en be a sequence with rational spectrum, and let
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A C X be a measurable set. Then for all € > 0, increasing Fplner sequence

® = (Dy)yen, and coprime and nonzero integers €, €, € Z, we have

dp {n € IP((n))jen) : WANT AN T 2"A) > u(A)’ — &} > 0.

—IPo

Proof. The factor Z;(X) is (measurably isomorphic to) a rotation on a com-
pact abelian group and we let a € Z;(X) denote the rotation. Letn: Z;(X) —
R be a non-negative continuous function (yet to be specified) such that
limpy_, oo Enelp(pN n(na) = 1. For contradiction, suppose that the statement is
false for some O < & < 1. Then there exists an increasing Fglner sequence
O = (Oy)yen so that

6.1 lim L =1,

N=eo [[Pg, () jero)|

where
Ron = {n € Po, (1)) jary) : (A N T "A N T™2"A) < u(A)® — &}

Since 7 is continuous and Z;(X) is compact, it is bounded by a constant
(not depending on N), and so we have

EneIP(DN n(na),u(A N T—flnAmT—fznA)

<

> nna) (A = &) + Il - ox-eo(1)

HGR&N
< Enetpy,, 1010) - ((A)’ = &) + [1lleo - Oneo(1).

Passing to a subsequence of @y if necessary and taking N — oo, we

[IPq,|

conclude that
(6.2) lim Eocp, n(na)u(A T"ANT?"A) < u(A)® - &.

Choosing ¢ > 0 sufficiently small with respect to &, it follows from Lemma 5.4
that there exists a 1-step nilsystem factor Y such that if f is the projection
of 1, onto Y, then

(6-3) | ]\IITOIO ( EnEIPq,N n(na)/l(A N T_flnA N T—fznA)

= Enerpy, 11(n) f FEFT" 0T x) duy(w)| < &/2.
Y

As a 1-step nilsystem is a rotation on a compact abelian Lie group, we can
write Y = T™ x D for some finite dimensional torus T” = (R/Z)™ for some
m > 1 and finite cyclic group D, with the rotation by the element a = (a;, a,)
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for some a; € T" and a, € D. Letn: Y — R be a function of the form
n(t, d) = ni(¢) - c‘ll{o}(d), where 17, : T" — R is a non-negative continuous
function still to be chosen, 1;p,(d) takes the value 1 if d = 0 and the value
0 otherwise, and ¢ := limy_, Enelpd)N 1,0y(nay). Then equation (6.3) holds
for this . Note that 1,p,(na,) = 1,(n) where r = |D| and so ¢ is nonzero
and ¢! - 1,0(na;) = 1,¢(n). Lifting n to the Kronecker factor of X, by
equation (6.3) and Corollary 5.8, we have that the left hand side of (6.2) is
g/2-close to the quantity

j; fT nOf)f(x + 60 f(x + 60) dur(?) dyy (%)

Let V be small neighborhood of identity in T” and assume that n; is a
continuous function supported on V such that me m du = 1. Since the
action of a; on T™ is totally ergodic, we have that

lim Euip, 11(nar) - ¢ yg)(nay) = fﬂ(l‘) dr=1.
—00 T

It follows that by taking the neighborhood V to be sufficiently small, the left
hand side of Equation (6.2) is &-close to

3
f FOOF () dps(x) ( f £ d,uz(X)) - (A
zZ zZ
In other words,
lim By, n(na)u(A N T"ANT "A) > u(A)* — ¢,

a contradiction of the inequality in (6.2). O

6.3. Four terms. Before extending the lower bounds to four terms, we
derive a result that follows from Frantzikinakis [16, Proof of Theorem C].

Lemma 6.3. Let X = (G/I,8B,u,T) be an ergodic 2-step nilsystem, f €
L>(u) be a bounded function, €, {, be coprime and nonzero integers, and
set o = 0and €3 = €, + £,. Then

3 ‘ 4
f f f [ 1705 dht, ) (1) duto) ( f fdﬂ) .
X JGy IGy i=0 X
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Proof. Since G, commutes with all elements in G, we can rewrite the inte-
gral on the left hand side as

3 ‘
f f ]—[f(yf"y§2)x)duczx(;z(yl,yz)dux(x).
X JG2xG2 i

Taking the integral over G, this becomes
: @)
O O N | F R L A T AL e
X JGrxGrxGy i=0
Reparameterizing the set

[1 52 [l+€2
(i ey e (503 e 6y

as
{(h1, ha, b3, hy) € G hfz_flh§‘+€2 - hﬁz—flhgwt’z}’

we can rewrite (6.4) as

2
|/ ( [ f(hlx)f(hsx)dﬂszGZ(hl,h3)J i () dux ().
X JGy \J(h? "y 2 =h)

By the Cauchy-Schwartz Inequality and a change of variables, this last ex-
pression is greater than or equal to

4
f ( f S (hx) d,ucz(h)) dpax (x).
X Gy

This, in turn, is greater or equal than

4 4
( f f F(h9) du, () dux(X)) _ ( f f(X)dux(X)) |
X JGy X

as required. O

Theorem 6.4. Let X = (X, B,u,T) be an ergodic invertible measure pre-
serving system, let (n;);en be a sequence with rational spectrum, and let
A C X be a measurable set. Then for all € > 0, increasing Fplner sequence

® = (Dy)yen, and coprime and nonzero integers €y, €, € Z, we have

d

dip, i1 € IP((n)jery) = (AN T-"ANT2"ANT O A) > (A — €} > 0.
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Proof. We start as in the proof of Theorem 6.2, identifying Z;(X) with a
compact abelian group and letting a € Z,(X) denote the rotation. Again let
n: Z1(X) — R be a continuous non-negative function such that

[\1]1_1)130 Enelpq,N n(na) =1

and suppose by contradiction that the statement does not hold. Then, as in
the proof of Theorem 6.2, for can find some 0 < & < 1 such that

(6.5) ]\llljrgo Enelpd)N n(na)u(A N T-0"ANT 2" AN T O < ,u(A)4 e

Taking 6 > O sufficiently small with respect to € > 0, it follows from
Lemma 5.4 that there exists a factor isomorphic to an ergodic 2-step nil-
system Y such that letting f denote the projection of 14 onto this factor, we
have that the left hand side of (6.5) is &£/2-close to

6.6)  lim Bep, n(na) fY FOOFT" ) (T x) F(TC2"x) du().

By Lemma 5.6, the system Y is synchronized. Let r be as in Lemma 5.6
and let Z(Y) denote the Kronecker factor of Y. Again write Z = T X D for
some finite dimensional torus T and a finite cyclic group D, and we write
the translation by T as a = (a;,a,) € Z(Y) with a; € T" and a, € D. For
convenience, we assume that r divides |D|, and otherwise we can pass to
an extension such that this holds. Take n: Z(Y) — R to be in the proof of
Theorem 6.2, meaning that it is a function the form 5(z, d) = 1,(£)- ¢ '1,5,(d)
where i7; : T — R is a non-negative continuous function yet to be specified
and ¢ = limy_ e Enelp¢N 10y(nay), and lift this function to the Kronecker
factor of X. Let Y® = N/A denote the connected component of Y. For
notational simplicity, set {; = 0 and {3 = ¢; + {,. Then, by (6.6) and
Proposition 5.8, the left hand side of (6.5) is £/2 close to

3 .
(6.7) f f f mOiA) n f(xyll”')’ZZ)) dp, r, (y2) Aunyr(yr) duy ().
Y In/a Inayng Lo

Let V = B(G,, r) be an open ball with radius r > 0 and choose r to be suf-
ficiently small with respect to € > 0 and such that V has trivial intersection
with the group D. Let n;: T — R be a function supported on the projec-
tion of V onto T and such that the lift to Z satisfies fT () du(t) = 1. Since
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the action of a; on T" is totally ergodic, it follows that

lim Eoipy, 171(nar) - yoy(d) = fﬂl(f) dur(r) = 1.
—00 T

Using (6.7), it follows that the left hand side of equation (6.5) is e-close to

3 .
L T duntnm darto,
Y IN2 /A2 IN2 /A2 Ty

By Lemma 6.3, this is bounded below by u(A)?, a contradiction of (6.5). O

APPENDIX A. ON DIFFERENT NOTIONS OF LARGENESS

There are several other notions of largeness that are appropriate for IP-
sequences, and we discuss relations among some of them. Let (7)) e be a
sequence of natural numbers and let A C IP((n;) jen).

(1) The set A has positive lower IP-density if for any increasing Fglner
sequence (Oy)yen, We have ‘_leq) (A) > 0. Replacing the lim inf in the
definition of C—ZIPq, with the limit or with lim sup, we define positive
[P-density and positive upper 1P-density of the set A.

(2) The set A is syndetic in IP((n;) jav) if finitely many translations of A
cover IP((7;) jen).

(3) The set A is IP-syndetic if it has nontrivial intersection with every
IP-Fglner sequence.

We check that none of these density notions are equivalent.

Lemma A.1. For each of the density conditions (1), (2), and (3), there exists
a set satisfying that condition but not the other two.

Proof. Let (n;) jen be a sequence such that all of its finite sums are distinct
(for example, we can take n; = 10/7").

To construct a set that has positive IP-density but is neither syndetic in
IP((n,) ) nor is IP-syndetic, set @y = [N*,N* + NJ, let ® = Uyey Ow,
and take A = IP((n;) jew)\IPo((n) jerr). The set A is not IP-syndetic because
it has trivial intersection with IPq,((7,) ) and is not syndetic as infinitely
many translates are needed to cover IP((n;);ay). By construction of the
sequence Dy, the set A has positive IP-density.

The set A = {n; : j € N} is easily checked to be IP-syndetic, but does not
have positive lower IP-density and is not syndetic in IP((n;) jex).
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Taking the set A C IP((n;) ) to be the sequence which contains all sum-
mands which include n;, then we have that this set avoids the IP-Fglner
sequence @y = [2, N] and is therefore not IP-large nor IP-syndetic. How-
ever, since A U A — n; = IP((n;) ), this set is syndetic. O

We note that it follows immediately from the definitions that for any se-
quence () ey of natural numbers, if a set A intersects every IP set, then
A NIP((n;) jev) is IP-syndetic in IP((12;) jen).

APPENDIX B. FAILURE OF THE LARGE INTERSECTION PROPERTY FOR NON-RATIONAL
SEQUENCES

We show that Theorem 6.2 does not hold for arbitrary sequences, even
when the notion of IP-largeness is replaced by some other notions of large-
ness, including stronger ones. A set of integers is central if it is an element
in a minimal idempotent in the Stone-Cech compactification 8N of the inte-
gers (see [21] for more on central sets and [4] for this equivalent definition).

It was established in [4] that a central set I contains all finite sums of a
sequences (1) jen however, without multiplicities. Throughout we assume
that all central sets contains O by default. Though our notion of IP differs
from that used in [21], given IP generated by a sequence of distinct elements
(1) jer, we can always find a sub-IP by passing to a subsequence (7,);en
satisfying that n;, > Y/_| n;, for all i > 1. Thus the IP generated by this
subsequence is a set, rather than a multiset, and a central set contains an IP.

Theorem B.1. There exists an ergodic invertible measure preserving system
X =(X,8,u,T), aconstant c > 0, and a set A C X of positive measure such

that any central set I contains a central subset I’ C I with the property that
0£nel :u(ANT"ANT "A) > u(A) e+ = g,

Proof. Consider the space X = T2, where T = R/Z, equipped with the
action T'(x,y) = (@ +x, y+x) for some irrational @ € T. Since « is irrational,
this system is ergodic and it is easy to check that the iterates of a point (x, y)
are given by

T"(x,y) = (na + x,y + nx + (Z)a).
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Set A = TxB for a subset B yet to be chosen. Writing 1,4(x,y) = >,cz @,)"
in terms of the Fourier series for 1, (note that 1, does not depend on the
first coordinate), we have that

WANT"ANT"A) = f 1,-T"1, - T*"1, du
X

= Z amoamlamza’"l(’zl)+m2(22”) fym0+ml+m2xn(ml+2m2) d/.l(X, y)
X

mg,my,myEL

The last integral is zero unless my + m; + my = 0 and m; + 2m, = 0 (note
that n # 0). In this case, the integral is 1. It follows that my = m; = —2m;,
and so

(B.1) HANTTANTA) = ) @ ar,™.
mezZ

Let  be a central set and let p be a minimal idempotent containing /.
For an ultrafilter p € SN, we write p-lim,qy X, = x to mean that for every
neighborhood U of x we have {n : x, € U} € p. Bergelson [5] showed
that p-lim,y T" = Pg converges weakly to the projection onto the Kro-
necker factor. In particular, we have that p-lim,(a™") = 1 for all m € Z.
Therefore, applying p-1lim to (B.1), we deduce that

. -n —2n _ 2
p-lmu(ANT"ANT"A) = > aas,

mez

(B.2)
= f lB(t)lB(t + S)lB(t + 2S) dsdt.
R/ZXR/Z

In [7, Proof of Theorem 2.1], it is shown that for every integer L > 1 there is

exp(—c \flog L)
4

struction of a set of of integers of size L containing no three term arithmetic

exp(—c \/log L)

16L

a set B; of measure , Where c is the constant from Behrend’s con-

progressions, for which the quantity in (B.2) is bounded by
Taking L sufficiently large, this implies that

p- liré;,u(A NT"ANTA) < pu(A)~cloer@®,
ne

It follows that there exists a central set I’ C I such that u(ANT "ANT 2"A) <
U(A)c1o2H@ for all n € I’, completing the proof. O
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AppPENDIX C. ProOF OF LEMMA 5.6

To prove Lemma 5.6, we freely make use of notation and results from [30],
giving precise references but omitting the details.

We start with the following structure theorem for cocycles of type 2
(see [30, Section 7] for definitions).

Lemma C.1. Assume that U, is a finite dimensional torus, K is a finite
cyclic group, and let Z = U, X K be a 1-step nilsystem with the rotation
given by some a = (ay,b) € Z for some generator b € K and irrational
a, € U,. For a finite dimensional torus U, any cocycle p: Z — U of type 2
is cohomologous to a sum of a K-invariant cocycle p° and a homomorphism
¢: K- U.

Proof. Set r = |K|. For z € Z, write z = (x,t) for x € U; and t € K. For
seZand f: Z — U, we write d,f(x) = f(x + s) — f(x). By [30, Lemma
8.1], we have that

Opp = ¢ — 0, F

for some ¢ € U and measurable function F: Z — U. Combining this
equation with the telescoping identity Zf;& Opp(x,t +1ib) = 0, it follows that

r-c= aa(rz-{‘ F(x,t+ ib)).
i=0

Thus rc is an eigenvalue of a b-invariant eigenfunction. Since any eigen-
function is of the form ¢: U; — U for some affine map ¢ (meaning that
Y(x) — (0) is a homomorphism from U, to U), we can write

r—1
(C.1) W(x) = ) F(x,t+ib).
i=0

We claim that ¢ determines F' up to a coboundary with respect to the
action of K. More precisely, the claim is that

It

F(x,t) = 0,F'(x,1) +(
r—1

)t//(X)

I

for some measurable map F’: Z — U, where (r 1) maps all cosets of rZ to

0 other than the coset (r — 1) + rZ, which is mapped to 1.
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To check the claim, note that Zf;(} (":r_’i’ ')zp(x) = Y(x) and so by (C.1) it
follows that

r—

|t +ib|

(C.2) .1

F(x,t+ib) — ( )¢(x) = 0.

1
i=0
Defining F'(x, jb) = Y1) F(x,0 + jb) - (")y(x) forall 0 < j < r -1,
we have that (C.2) implies that 9,F"(x,7) = F(x,1) - (" Jy(x), proving the
claim.

Thus by the claim, we may modify p by the cohomologous cocycle p —
0,F’. Therefore, we can assume without loss of generality that F(x,t) =

It

(r_ l)tﬂ(x) for some affine map : Z — U. In this case
lt| |t + bl 1
Opp = ¢ =0y Yyx)|=c— Y(x +ap) + Y(x)
r—1 r—1 r—1
and rc = 0,,¥(x). This equation determines p up to a b-invariant function.
Indeed, let o: Z — U be the cocycle defined by
/bl

o(x, jb) = 3jpp(x,0) = j - ¢ - (r _

)W(x +ap).

Then 0,0(x,t) = 0pp(x,t) and so there is a map f: U; — U such that
p(x, 1) = o(x,t) + f(x). Since p(x, t) is of type 2, for every s € U, there is a
constant ¢; € U and a measurable map F: Z — U such that

0507 (x, 1) + 05 (x) = 050(x, 1) = ¢5 = 0, F5(x, ).
When ¢ = 0, we have that o(x,0) = 0 and so
0, f(x) = ¢y — 0, F(x,1.)

Choosing 1y such that 7ob = r — 1, we have o(x, tob) = to - c — Y(x + ay).
From this it follows that,

5s¢ﬁ(x + Cl]) + asf(x) =Cs5— 8an(-xa tO)-

It follows that d.(x + a;) = d(x) is a coboundary for all s € U, but this
can not happen unless ¢ = 0.

In this case, d,p = ¢, and again using the telescoping identity Zf;(} Opp(x, t+
ib) = 0, we deduce that rc = 0. Hence, we can define a homomorphism
¢: K — U taking b to c, and then p° := p — ¢ is a b-invariant cocycle and p
is cohomologous to p° + ¢. O
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We use this to complete the proof of the lemma.

Proof of Lemma 5.6. Letk = 1 ork =2 and let X = (G/I',8,u, T;) be an
ergodic k-step nilsystem.

Suppose first that k = 1. Then X is isomorphic to a rotation on a compact
abelian Lie group Z and we can write Z = U; X K for some torus U; and
finite abelian cyclic group K, with the rotation a = (a;,b), where a; €
U, and b € K. Taking r = |K|, we have that ra = r(a;,0) and so X is
synchronized.

Now suppose that &k = 2, and write X = G(X)/I" where G(X) is the Host-
Kra group of X (see [30, Section 5]). By [30, Section 8], we have that
X = Z X, U where Z, U, and p are as in Lemma C.1. Thus, without loss
of generality we may assume that p = p° + ¢, where p° is a K-invariant
cocycle for a finite cyclic group K and ¢: K — U is a homomorphism.
Since K has some finite order, it follows from the cocycle identity that there
exists some r € N such that p(r, x) = p°(r, x). The translation T, on X is
given by the element 7 = S, € G(X). On the other hand we also have
b:=S§ 00 € GX) since d,,p = 0.0° (see [30, Lemma 8.7]) and the latter
maps the connected component of X to itself. Furthermore, it follows from

M ) A r —_ r —_ r 3
the construction that b" = § (@0 = S (ap) =T 88 required. O
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