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Abstract

For a single aperiodic, orientation preserving diffeomorphism on
the circle, all known local results on the differentiability of the con-
jugating map are also known to be global results. We show that this
does not hold for commutative groups of diffeomorphisms. Given a
set of rotation numbers, we construct commuting diffeomorphisms in
C?~¢ for all € > 0 with these rotation numbers that are not conjugate
to rotations. On the other hand, we prove that for a commutative
subgroup F € C'*# 0 < § < 1, containing diffeomorphisms that are
perturbations of rotations, a conjugating map h exists as long as the
rotation numbers of this subset jointly satisfy a Diophantine condition.

1 Introduction

1.1 Background

Let 'H denote the group of orientation preserving homeomorphisms, under
composition, of the circle T and for k > 0 let H* denote the subset of C*
mappings.

In the 1880’s, Poincaré showed that to each such map f is associated a real
parameter « € [0, 1), called the rotation number, and that for aperiodic f the
orbit structure of f is the same as that of the rigid rotation by a, R,(t) = t+«

(mod 1). Letting ¢ € T and f? denote the composition fo fo...o [ of
f with itself 7 times, the correspondence between an aperiodic element of H
and the associated rotation number means that the two sequences { f(1)},cz
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and {jo (mod 1)},cz can be mapped one onto another by an orientation
preserving self mapping of the circle. We use f, to denote a map in H with
rotation number « and assume from here on that « is irrational, even when
not explicitly mentioned. In general we omit the use of the composition
symbol.

Half a century later, Denjoy [2] showed that if D f, is of bounded variation,
then f, is conjugate to the rotation R,. When [ is conjugate to a rotation,
the orbit of every point under the iterates of f is dense and f is said to be
minimal.

For a commutative subgroup of H, it is easy to show that if one of the dif-
feomorphisms of the subgroup is conjugate to a rotation, the entire subgroup
is simultaneously conjugate to a subgroup of rotations. Thus, joint conjuga-
tion of the subgroup is equivalent to the minimality of the subgroup. The
differentiability of the conjugation h will be affected, as for a single diffeomor-
phism, by the differentiability of the diffeomorphisms f.,, fa,, ..., fa, and by
the joint Diophantine properties of the elements of A = {ay,aq,...,a,}.

For a single diffeomorphism, all known local results have been shown
to be global results: so long as f € H?, f is minimal and even if f is a
perturbation of a rotation one needs f € H* to ensure minimality. (This
problem has an extensive history. See [1], [8], [3], [11], [6], [10] and [5] for
results on minimality and differentiability of the conjugating map and [2] and
[4] for non-minimal examples.) In contrast, we show that the differentiability
required for minimality of commuting diffeomorphisms is different for the
local and global situations. In the global situation, the system generated need
not be minimal when the diffeomorphisms are less than twice differentiable.
However if the diffeomorphisms are sufficiently close to rotations, then the
system they generate is minimal. Before stating the theorem precisely, we
need some notation.

1.2 Diophantine assumption

Given A = {a1,9,...,0a,}, a finite set of irrational numbers in [0, 1), let A
denote the finite linear combinations of elements of A,

A:{Zk]aj:kjEZforjzl,Q,...,n}.

i=1



Given any v € A, define the length () of v = >i_o kja; by

i(y) = max |kj].
For v € T, define ||y|| to be the distance from 7 to the nearest integer,
|7|| = mingez |k — 7| The set A is said to have density d = d(A) if there
exists a constant ¢ > 0 such that for any ¢ € T and for all m € N, there
exists v € A such that

I(y) <m
and ||t —~| < em™.

(Note that if A has density d, it also has density d’ for any 0 < d’ < d.) Thus
the density measures how well every point on the circle can be approximated
by linear combinations of the «;, with specific bounds on the sizes of the
coefficients.

This is a general condition: almost all n-tuples in T have density d > n—e

for all € > 0. (See Kra [7] for further details.)

1.3 Statement of results

In Section 2, we show

Theorem 1.1 Given oy, aq,...,a, € T, there exist non-minimal commut-
. 9
z.’lg ma/ps fOZl)faQ)"‘?fOZn E H °

(The notation f € C'*~ means that f € C*~¢ for all € > 0.)

On the other hand, in Section 3 we show that if the maps are perturba-
tions of rotations we have the existence of a conjugating map, even if none
of the «; individually satisfies a Diophantine condition.

Theorem 1.2 Let F C 'H be a commutative subgroup and fo,, foyy -y fan €
F. Assume that A = {ay,aq,...,a,} has density d > 1 and 1/d < 3 < 1.
There exist neighborhoods Ny, Na, ..., N, of Ry, Ra,,. .., Ry, in H® depend-
ing on d, such that if f,, € N; for j =1,2,...,n, then the action of F 1is
minimal and the conjugation h € H'TO-1/d=



See Moser [9] for a local result for n commuting diffeomorphisms of H*>.

We also prove a result in Section 4 where the commuting diffeomorphisms
are assumed to be conjugate in ‘H” to rotations and show that this guarantees
that the conjugation is as differentiable as expected by Theorem 1.2. By
Theorem 1.1, one must assume some extra condition in order to draw any
conclusions.

2 A Denjoy-type example

We show that given irrational numbers ay, a2 € T, there exist commuting
diffeomorphisms f,,, fs, in H*~ that are not minimal. Although we only
consider the case of two diffeomorphisms, the same argument applies for any
finite number. The construction is based on examples of Denjoy. (See [2],

[4])

2.1 The semi-conjugating map

Proposition 2.1 Let F' C T be a totally disconnected perfect set and let
a1, ay be irrationals in T, independent over the rationals. There exist com-
muting mappings fa,, fa, € H such that the limit points of {f1 (t)}ez and
{12, ()} ez, as j — Foo, are exaclly F.

Proof: Enumerate the components {1, } (n,m)ez2 of T\F so that their order
on T is the same as that of {nay + mas} myeze. Define f,, to be linear
increasing on I, ,, with fo,(lnm) = Inmt+1 and complete f,, by continuity.
Fixing n, the orbit of any ¢ € T\F under f,, enters each I, ,, (for all m)
exactly once and so the limit points of {fgy2 (1)},ez all lie in F. Conversely,
any point in F' can be written as a limit point of intervals of the form 7, ,,
with fixed n, and so as a limit point of the orbit of ¢{. By construction
)o(fOQ) = Qa.

Define f,, on {I,0},ez as linear increasing with fs,(/n0) = lu41,0. Define
fa, on the remaining intervals by composition. Thus on I, ,, for m > 0,

fal(x) = f0z2 fOQ(fal( 0721 fo;l(x)))a

where the composition of f,, (or f;.!) with itself occurs m times. (Similarly,
for m < 0, fo, is defined by composition of f'! and f,,, each taken m times.)
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As for f,,, the limit points of {f/ (¢)};ez as j — £oo are exactly F and
p(faq) = . O

Since fu,, fa, commute, the same semi-conjugating map h works for both
diffeomorphisms. However by choosing F' to be a totally disconnected perfect
subset of T, h is not a homeomorphism.

2.2 Differentiability

By taking F' to be a set of measure 0 and determining the sizes of the inter-
vals I, ,,, we can guarantee a greater degree of differentiability for the maps
Jors fay. Again, we define f,, only on {l,0}.cz, fa, on all of T and then
define f,, elsewhere by composition. On the interval 7, o, let

Df,, = 1 on the endpoints of I, ¢
Df,, = 1+42C, at the midpoint of I, g,
where ), is still to be determined and let Df,, be linear between these

values. Then, |I,410| = |Ino| + Cullnol and on {1, 0},ez, D fa, has modulus
of continuity ¢ if and only if |C,| = O(¢(|10])). Let
> 1 1

5= 0%

([ +2)Tog% ([ +2) T 0T 2log” S2

S0
(In] +2)log?(|n| +2)°
Then, |, is approximately L and so D f,, has modulus of continuity 1(z) =

zlog®z on {10} nez.
On the interval 1, ,, let

Df,, = 1on the endpoints of I, ,,
Df,, = 142D, at the midpoint of I, ,,

and |7,|

and let Df,, be affine between these values. Then, as above, |[,, 11| =
|1nm|(1 + Dy) and Df,, has modulus of continuity ¢ if and only if |D,,| =
O((|1nm|)). Letting

P s02log® 2
! (In] +2)log*(|n| +2)
dy
and |1, =

(Im| +2)log*(|m| +2)’
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we have, as above, |D,,| is approximately % and Df,, has modulus of con-
tinuity ¢(z) = z log*(z). Therefore, Df,, € C?~.

By definition f,, is the composition of maps, each of which is H'*? for
all 3 < 1. Since H'*? forms a group, f., is itself H?>~. Therefore, we have
proven Theorem 1.1.

3 The conjugating map in H*~

We consider n commuting diffeomorphisms f,, which are sufficiently close to
the rotations R, for j = 1,2,...,n. Before turning to the proof of Theo-
rem 1.2, we clarify the metric used on H**# and some background material.

3.1 Metric on H*+P

It is convenient to use a translation invariant metric on H*+? which is equiv-
alent to the standard metric. Let ®pip(f) = SUPyeB,, , |¢fllk+s, where
Biys = {¢ € H**P 1 ||¢|lres = 1} and ||¢||r+s denotes the standard H*+P
norm. Define the H**# distance of f to the identity I by

i ([ 1) = log (max(@pps (), Bera( /7)) +sup | /(1) ~

and the H*+# distance between f and ¢ to be

dk+ﬁ(f79) = dk+ﬁ(fg_17])-

3.2 Differentiability and bounds on iterates

The proof uses techniques introduced by Katznelson and Ornstein [5] and
exploits the correspondence between the differentiability of the conjugation
h and bounds on the iterates of f and its derivatives. Herman [3] gives
proofs of the general statement: h € H**# if and only if the iterates {f'},cz
are uniformly bounded in H**?. We use a reformulation of these results
introduced by Katznelson and Ornstein [5]:

Theorem 3.1 Let A = {ay,ay,...,a,} be irrationals in T and let A denote
the subgroup of rotations generated by A. Assume that f,fy =h'R,h (y€ A)



are uniformly bounded in H*, where k € N,k # 0. Assume that the mapping
v fi from {~}, ¢4 into H* has modulus of continuity ¢. Then h € H* and
D*h has modulus of continuity ¢.

3.3 General approach

In order to prove Theorem 1.2 for general F C H, it suffices consider the
properties of a finitely generated subgroup. We plan to show:

Theorem 1.2 Assume that A = {a1,az,...,a,} has density d > 1 and
1/d < B < 1. There exist neighborhoods Ny, Ny, ..., N, of Ro,, Rayy-- ., R,
in H° depending on d such that if fo, € N; for j =1,2,...,n, then f,, is
minimal for j = 1,2,...,n and the conjugation h € H*FF=1/d—,

Let A denote the subgroup of rotations generated by A. Consider the

map
Yy (1)

from the subgroup of the circle A to H'. By Theorem 3.1, the differentiabil-
ity of h can be determined by estimating the modulus of continuity of this
mapping in H'. Since there exists a translation invariant metric on H' (see
Section 3.1) it suffices to check the modulus of continuity in a neighborhood
of the identity. We start by with some notation.

Let ¢ = ¢(d) denote the constant determined in the definition of the
density of the subgroup. Let

En={yeA:l(y) <27}
and
E) ={y€ Ey:|y|| <27}

We check the modulus of continuity of the map in Equation 1 on |, E°
and show that
1D, =1l = O((27 )71 (2)

for v € E2. As it is easier to work with log D f, we show
log D[l = O((27" )71 (3)
for v € EY. Since log D f,, is small, | D f, —1]|ec ~ ||log D f,|| and Estimate 2

follows from Estimate 3.



Once we have Estimate 3, Df, approaches zero exponentially fast in 5
for # —1/d > 0. Thus, for 3 — 1/d > 0 the derivatives Df, are uniformly
bounded and the map v — Df, has modulus of continuity 3 — 1/d. By
Theorem 3.1, h is differentiable and its derivative has modulus of continuity
g —1/d.

In order to obtain Estimate 3, we first show that for diffeomorphisms
that are € close to rotations, for e sufficiently small, we have this estimate
up to a certain mg. This gives a preliminary estimate for all m, and these
estimates can be used to obtain the desired inequality for bigger values of m
and eventually all m.

3.4 Proof of the theorem

We start with E° and proceed by induction. The determination of ex-
actly how large mo must be taken is left until later. Fix ¢ > 0, with
€ < minyeg, |[7]]. Choose neighborhoods Ny, N, ..., N, of the rotations
Roy, Royy ..oy Ra,, so that for all v € E,, |f,(t) — R,(t)] < ¢ whenever
Jo; € Njfor j =1,2,...,n. Then for v € E,,

S5 (8) =t < 2]l (4)
for all ¢ € T. Specifically, for v € E°
[f5(8) = tl < 2] = 0(2™™™), (5)

where the constant (call it ¢,,) is a multiple of the density constant ¢. Fixing
m, the neighborhoods Ny, Ny, ..., N, diffeomorphisms f,,, fa,, ..., fa, with
fa, € Njfor j=1,2,...,n,v € E), and x € T, we estimate log D f,(x).

For every v there exists y = y., such that log D f,(y) = 0. (Since f, maps
the circle onto itself, such y exists.) Thus for arbitrary € T we can write
log Df,(z) = log Df,(x) —log Df,(y). Since A has density d, we can find
§ € E,, with |Rs(z) — y| < 279", By choice of the neighborhoods N;, for
0 € E,, the map f5 is close to a rotation and so

[fs(x) =yl = O(27"") (6)

with constant ¢,,, the same as that in Equation 5.



Write v = 32, pj, 6 = 32, v;, where p;,v; € A, and let v; = 37, s,
6; = Yic; Vi- (Thus the last 5; is v itself and ~ is written as a sum of at
most nl(y) < n2™ terms. Similarly for ¢.) Then:

log Df(z) = log Df_s[fs(x) —log D[ (y)

= log Df,(fs(z)) —log Df,(y) + log D fs(z) (7)
—log D fs(f+(x))
> llog Df,, (£, (fs())) —log D fu, (f, ()] (8)

+ 2 _llog D, (fs,(x)) —log D, (fs,(f4(x)))].

By choice of ¢, |fs(z) — y| = O(2=%") (Equation 6) and since vy € E°,
|fy(z) — x| = O(279™) (Equation 5). Furthermore since v; € E,,

[ Js(@) = L, )] < [ Js(@) = Ry, fs(@)[ 4 [Ry, f5(2) — Ry, (y)]
+ Ry, (y) = f, ()]
S cmZ_dm + |f§($) - y| + ch—dm’

and so
|f'vjf6($) - f'vj(y)| = O(Q_dm)

with constant at most 3¢,,. Similarly, |fs, f,(z) — fs,(x)] = O(27%™) with the
same constant.

Since Df,; € CP,

| log Dfuj (fw (fé(m))) — log Df;tj (fw (y)>| = O(Q_dmﬁ) (9)
and

[log D1, (f5,(x)) —log Df,, (fs,(f1(2)))| = 027" (10)
where the constants depend on ¢, and the Holder constants of f,,, fas, -, fan-

By combining Equations 8, 9 and 10, we have
llog D, (2)] = O(nl()27" 4 nl(6)27477) = O((24m 5114,

since (), 1(6) < 2™. Therefore, we have the desired conclusion for E?,, with
some constant ], depending on ¢,,, the Hélder constants of the f,, and the
number of elements n in A.



Next, we show that the same estimate holds for v € EY . Let ¥ € E}) ..
Once again, to estimate log D f;(x), we write log D f;(z) = log D f5(z) —
log D f5(y), where log D f;(y) = 0. Since A has density d, there exists §e
Ey1 with |Rz(z) — y| < 274"+ As in the expansion of Equation 7,

[log Df5(z)| < |log Dfs(f5(x)) —log D f5(y)| (11)
+ [log D f5(x) — log D f3( f5(x))]-

Since ¥ € E%.,, |||l < 27%m+1) < 279 Furthermore, there exists
v € E,, so that ||y]| <2(27™%) and ||7]| < ||7||. Since the f,, commute, they
are semi-conjugate to rotations and so the order on the circle of the orbit
{/4(1)} 1 is the same as that imposed by the rigid rotations {R,({)} 4.
Therefore, by conjugation we have

|[f5(2) = =] <[f5(x) — =,

and since the diffeomorphisms are perturbations of rotations, the choice of
neighborhoods Ny, Ny, ..., N,, gives (see Inequality 4) | f,(z)—z| < 2¢,,27™.
Thus,
o(2) — 2] < 22

We apply the same reasoning to | fz(z) — y|. By conjugation |fi(z) —y| is
bounded by |fs(x) — y| for some §, at most twice the distance away, and we
already know that |fs(z) —y| < 2¢,,27™?. Therefore, | fz(z) —y| < 2¢,,27™.

These estimates can be improved. As for v € K,,, if p € E, 41 then

| ful5(2) = fu(2)] < 66,27 and | f, f5(2) = fu(y)| < 6¢,.27™%. By expanding
Equation 11 in the same way as Equation 8, combined with the analogous
results of 9 and 10, we have

|log D f5(z)] nl(H)BIf5(x) — y))® + nl(8)(3] f5(x) — z])”
23 (27 4ogmlye (27mdyA
= 4(3%¢)(2md)P=1/d, (12)

<
<

For f —1/d > 0, Estimate 12 gives that |D f5(z)| is exponentially close
to one. Thus for m > mg with mg sufficiently large the action of f5 is
like that of rotation by ¥ for a large number of iterations. Considering the
interval [z, f5(z)] C [z, f,(z)], where v € E,, is chosen as above, f; maps
the interval [z, f5(z)] onto an adjacent interval. The interval of length
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(under rotation by ¥) is divided into a certain number of intervals, and by
conjugation f; divides the corresponding interval into the same number of
pieces. This creates ||v||/]|7]| subintervals of [z, f,(z)], each of approximately
(exponentially close to being) equal size. That is, we have the improved

estimate
|f5(x) — 2| < ¢, 2740+,

where the error in using the constant ¢/ is linear in m, and is accounted for
by the loss of arbitrarily small € in the conclusion of the theorem.

By the same reasoning, we have |f;(z) — y| < ¢, 274"+ Combining
these estimates with Equation 12, we have

llog Dfy(a)] = O(zmH2-ims1i)
= O(( ),
where the constant depends on choice of neighborhoods Ny, Ny, ..., N,, the
number of elements in A, the density constant and the Holder constants of
the diffeomorphisms f, . This gives exactly the estimate needed for F,,,;.
Since any diffeomorphism that commutes with f,, when f, is conjugate to
R, is also conjugate to a rotation via the same map h, given a commutative
subgroup F C H and some finite subset f.,, fa,,.-., fa, € F satisfying the
hypotheses of Theorem 1.2, we have the existence of h € H'*A-1/4= that
conjugates each f € F to a rotation. a

Extensions of these techniques (Kra [7]) can be used to prove local results
for higher derivatives, illustrating the exact loss of differentiability that occurs
in Moser’s Theorem. At this time, a global version of Theorem 1.2 has yet
to be proved or disproved.

4 Assuming H'" conjugation

In this section, we prove a result for diffeomorphisms (not necessarily twice
differentiable) using a slightly different condition than the local assumption
of Theorem 1.2. As the example of Section 2 shows, we need an extra as-
sumption or the conjugating map need not exist. The assumption that A is
‘H" for some 1 > 0 takes the role of the perturbation assumption. We show:

11



Theorem 4.1 Let F C HY be a commuling subgroup with 0 < ¢ < 1 and
let A ={aj,as,...,a,} have densily d > 0. Assume there exists h € H",
0 < n <1, so that for some fo,, fars---sfan € F, fo, = h7'Ro,h for
j=1,2,....n. Then ifne —1/d >0, h € H'FTne=1/d,

We start with a lemma needed in the proof of the theorem.

Lemma 4.2 [el A = {aj,a2,...,a,} be elements in T, let h € H and
fa; = K7 Ro b for j =1,2,....n. Let 6 = Yooy and v = 370 kjay,
with [;,k; € Z for g =1,2,....n. Forz,y € T, e >0 and 0 <n <1, ¢f
|h(z) + 6 — h(y)| < € then

(i) |fs(z
| f5(z
(“) |fwf6
|f'vf5

—y| < c€e” for h € H"

—y| < ce for k™' € Lip(1)

z)— fy(y)| < c€” for h € H"

z) — f,(y)| < ce for ™1 € Lip(1)

NN e e

for some constant c.

Proof: Since h conjugates each diffeomorphism f,; to a rotation R,,, given

e A

[fs(z) =yl = R (h(x) +6) = k7 (h(y))]
< clh(z)+ 6 —h(y)|" < ce,

when h™' € C". Similarly, |f,fs(z) — f,(y)| < c€” for k=1 € C". For
k= € Lip(1), the same argument gives the inequalities with n = 1. O

We now turn to the theorem. The proof follows the same general steps
as the proof of Theorem 1.2.
Proof: Since F is a commutative subgroup, h simultaneously conjugates
each diffeomorphism of F to a rotation. Thus, it suffices to show that h €
CtHne=1/d - As before, we consider the map

v = f,y = h_lRﬂyh

from A to H and estimate the modulus of continuity in a neighborhood of
the identity. Using the same notation as in Theorem 1.2, it suffices to show
that for v € E°

Hog Df, [lo = O((27"" )" 1%). (13)
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Once we have this estimate, the maps D f, are uniformly bounded for ne —
1/d > 0 and Theorem 3.1 gives ne — 1/d > 0, h € H' and Dh has modulus
of continuity ne — 1/d, and so h € H'+7<=1/4,

We estimate log D f., () by writing log D f.,(z) = log Df,(z) —log D f,(y),
where log Df,(y) = 0. There exists § € F,, with |h(z) + & — h(y)| < 279™,
where ¢ is the constant in the definition of the density of the subgroup. Then:

log Dfy(a) = Tog Df,(fs(x)) — log Dfy(y) +log Dfs(e)  (14)
—log D f5s(f(x)).

We estimate the two differences of Equation 14 separately. Writing v =
> Mi, 6 = 30, v; where each pj,v; € A, and setting v; = >, pi, 6; =
> i<j Vi, we have for the first term:

|10g va(fé(x)) — log va(y)| < ZUO% Dfuj (fwjfé(f)) — log wa (fw(y)ﬂ

Since h € H", we can apply Lemma 4.2. By choice of §, | fs(z)—y| < ¢;279m7,
where ¢; is some constant depending on the Holder constant of A and the
density constant. Furthermore, by Lemma 4.2 part (ii), | f, (fs(z)) =/, (y)] <
1279 Therefore, the sum of the first two terms of Equation 14 is bounded
by
O(I(y)n2-%m1¢) = O((27 )=/,

where the constant depends on the Holder constants of the f,,, the number
of elements in the subgroup A and the density constant.

Similarly, by applying Lemma 4.2 to the second difference of Equation 14,
we have

|log D fs(z) —log D fs(f,(x))] = O(1(§)n2-4m7e) = O((27%m)n=1/4)

and again the constant depends on the Holder constants of the f, , the
number of elements in A and the density constant. Combining the two terms,

we have

[log Df, ()] = O((2~" )",
which is exactly Estimate 13. O
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