Math 290-1 Class 8

Monday 15th October 2018

Inverse functions: quick facts

A function f : X — Y is invertible if any of the following conditions hold:

e f has an inverse, which is a function f~!: Y — X such that f~!(f(x)) =xand f(f~'(y)) =y
forallxe XandyeY.

e Foreach y € Y, the equation f(x) = y has a unique solution x (which is then equal to f~!(y)).
Some nice properties hold, for example:

e If fis invertible, then sois f~!, and (f~!)~! = f.

e If f:X —Yandg:Y — Zare invertible, sois gof: X — Z,and (go f) ! = f~log™!.

Inverse matrices

If m # n then a linear transformation 7' : R” — R™ cannot have an inverse. (Why?) So we only
consider linear transformations 7 : R" — R" and square (n x n) matrices.

If T(X) =¥ is to have an inverse, then we should be able to solve for X and the solution should be
unique. Writing A = (a;;) for the matrix of 7 and B = (b;;) for the matrix of 7!, this corresponds
to doing some sequence of algebraic manipulations involving equations to find 7! (¥) as shown:

anxy +apxy + - + apx, = Y1 X1 = biu1y1 + biay2 + - + biuyn

axx) +axnxy + -+ apxn = X2 = bo1y1 + bxnys + -+ + banyn
PUNN

an1X1 + ap2 X2 + -+ AppXp = Yn Xp = bnlyl + anyZ + -+ bnnyn

These operations involving equations can be represented using elementary row operations of an
n X n matrix augmented by another n X n matrix:

aiy ap -+ ap |l 0 -+ 0 1 0 --- 0|byy by -+ by

a a» -+ axy |0 1 --- 0 0 1 0|by by - by
. . . ~ . . . . .

anl G2 - Aun |0 0 -1 0 0 -« 1|by by -+ by

The matrix B is called the inverse to A, and we write B=A~!. Some consequences:

e T is invertible if and only if rref(A) = I, the n x n identity matrix.

e T is invertible if and only if rank(A) = n.

e If A is invertible, then A~! can be computed via rref (A ‘ 1) = (I ‘ A
e AAT'=A""A=I,and (A"")"' =Aand (BA)"' =A" B!



1. For each of the following matrices, determine whether or not it is invertible and, if it is
invertible, find its inverse matrix.

o ()

o (a5

41 2
© [3 1 2
1 00
110
@ [0 1 0
01 1



2. Find a 3 x 2 matrix A such that

A(_lz _73>_ -2 1
2 -3

3. For which values of b and c is the following matrix invertible?

0 1 b
-1 0 ¢
—b —c O



b

a
4. LetA = (c d

) be a 2 x 2 matrix.

Prove that A is invertible if and only if ad = bc, and that in this case A~! is defined as follows.

1 d —b
A=
ad — bc <—c a >

5. Let A be an upper-triangular n X n matrix, i.e. such that ¢;; = 0 if i > j. Prove that A is
invertible if and only if aj; X azx X -+ X a,, # 0.



